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1. Introduction

here are three main mechanisms of electromagnetic radiation in a high-

temperature plasma. These are: 1) bremsstrahlung due to Coulomb col-
lisions of electrons with massive particles, 2) synchrotron radiation from
electrons spiraling in a magnetic field, and 3) Cherenkov radiation. All these
radiation processes take place inside a plasma volume.

However, in addition to these, electromagnetic radiation of another type
must cxist in a plasma. It is the bremsstrahlung from the electrons of a
space charge near a plasma surface due to their deceleration in a self-
consistent electric field. In the following, we consider the simplest model for
such a radiation, its intensity, frequency spectrum, and the pressure which
acts on the emitting surface as a result of a radiative reaction.

With regard to the radiative pressure, it should be noticed that usually
it is regarded as part of a total pressure, which causes the expansion of the
system (e.g., inside stars). However, this is true only for a radiation inside
a cavity which, while it reflects from the walls of the cavity, causes an out-
ward pressure. In the case of an open system, the radiation emitted into the
outer space acts on the radiating surface with a force of reaction directed in-
wards. Thus, the momentum carried out with the radiation from the unit area
of the surface per unit time is equivalent to a pressure compressing the system.

If a plasma existed radialing like a black body at sufficiently high
temperature, the radiative reaction would produce an effect of ‘“‘walls”
prevenling the system from expanding. [n that case, the radiative pressure
would be equal to ¢T%/C according to the Stefan-Boltzmann law.

Since the kinetic pressure in a plasma p can be expressed by its tempe-
rature &7 from the equation of state for the perfect gas p = nk7, where
n is the numerical density of plasma particles, it is seen that, at 7" = 105 °K,
the radiative reaction would be able to compensate the pressure of a plasma
with concentration n = 1016 particles/cm3 (that is enough, for example, if
the thermonuclear fusion took place in a deitherium plasma). At a tempe-
rature 108 °K, the “confinement concentration’ is equal to 1025 parlicles/em?.
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Actually the radiation from a tenuous plasma is considerably less than
that of a black body and therefore the contribution of its reaction to the con-
finement, though positive, is very small. At the same time, in the case of a
more dense plasma of stars, the contribution can be rather essential. It is
especially important in view of the well-known feature of gravitation that
cannot provide the stable existence of a finite hot system in vacuo. There is
also a chance that, in a future device for controlled thermonuclear fusion,
the radiative reaction can help essentially to a main confinemen{ mechanism

if the process takes place in a dense plasma and the energy is utilized through
the radiation.

2. Situation near a plasma surface

We consider a quasi-neutral plasma in which an electronic charge is
compensated on the average by a positive ion background. Like any hot
conductor, the plasma must be surrounded with a cloud of a space charge
which consists of thermo-emission electrons crossing a plasma surface
owing to their thermal motion. These electrons and the plasma surface itself
produce an electric field.

To obtain an electrostatic potential of that self-consistent field, we have
to solve the Poisson equation with the density of the thermo-electronic space
charge in the right-hand side and the boundary condition corresponding to
the equality between a surface charge density and the total space charge
under unity area (neutrality condition). Since a layer of the space charge
is very thin (its thickness has an order of the Debye length), one can restrict
oneself to a one-dimensional solution of the Poisson equation that provides
an expression for the electric field near the plasma surface independently
of a configuration of the system.

With a usual assumption, the electron density of the space charge obeying
the Boltzmann distribution law and taking the z-axis along an outward
normal to a plasma surface, one has the following solution for the polen-

tial ¥ (z)Y):
W(z) = —¥In(2+l>, (1)

where kT is the temperature in energy units, e is the electronic charge,
a= I/ET/2ne2n0 is the Debye length, n, being an electron density at z = 0
(at the plasma surface).
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This gives the electric field E:
E,=—-0¥]0z =2 kT/e(z+a), Ex = Ey = 0, (2)

which acts on the electrons of the space charge and returns them backwards
into a plasma.

Such a motion of electrons must be accompanied by an electromagnetic
radiation. The power dW,(f) radiated by one charge into the solid angle
df2 = sin@dOdP in the direction of the unit vector z is?)

CBYB - 2
W) - 2 {&ﬁ_mz By, P

L

dme| (1-m Pyt (1-n-P)> @
_a-me -y,
(1-n-p) ’

B = V/C, V and V being a velocity and an acceleration of the charge, re-
spectively.

Expressing the acceleration ¥ by an electric field E from the relativistic
equation of an electron motion and taking into account that the field (2)
has a constant direction along the z-axis, we can rewrite (3) in the form

B2 [(1-8)(1 -2 (1% (cosO— o)
dW"(t):mmzcﬂ A-n-B2 (l-n-py }d‘o' )

Here, E is the Z-component of the field (2) and a polar axis has been

taken along the z-axis (i.e., along the direction of the field E). With such
a choice for the polar axis, we get

1-n-p= 1—ﬂzcos@—(ﬂwcos¢+ﬂysin@)sin@f (5)

Since we are inlerested in the total power radiated, we have to take a
sum. of expressions like (4) for all the charges crossing the unit area of the
plasma surface. The electrons cross the surface with different initial velo-
cities, but we consider for a while only the particles which pass through a
plasma surface element AS having almost equal initial velocities ¥, in an
interval dV,. These particles are moving in the field (2) inside a narrow
current tube, which would have a parabolic shape if the motion were a non-
relativistic one and the field E were uniform (projectile motion).

Since electrons in the space charge are supposed to have a slationary
distribution, the same number of particles pass any cross section of the tube
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per unit time. This is just the same number of parlicles that leaves the
plasma and enters the field through 4S per unit time and returns back in
another place having the same magnitude but the opposite sign of the Z-
component of the velocity V..

To obtain a radiation from the current tube, consider its elernent of
length di. A volume of the element equals 4S,dl, and the number of particles
inside is ndSadl, where n is the electron concentration in the tube and A4S,
is its normal cross section (both values are varying along the tube). Then,
the radiation of the particles is

dw, dVV

where the integrand is the radiation power for one parlicle (4) and the
integral is to be taken along the current tube.
Using the time of the motion ¢ as a parameter and taking into account

that dl = Vdt, we can rewrite the expression (6) as an integral along the
path of a particle:

d‘V

where 7 is the total time of the particle motion in the field E.

It is evident that nv = j is a current density in the tube and j4S, is the
total number of particles that cross any section of the tube in unit time. In
view of the stationarity,

nAS,V = dN(V)48S, (8

where dN(¥,) is the number of particles hitting AS from the plasma interior
per unit time with the velocity V.

The number dN(V;) can be expressed with a velocity distribution func-
tion of electrons fo( Vy), which is regarded as independent of a velocily vector
direction. If @, is an angle of incidence, we have

AN (Vy, Op) = nof Vo) Vocos Oy 2aVisin Oyd@ydV,, (9

where 27V2sin §,dBydV, = VidV,dQ2, is a volume element of a velocity
space, which has been integrated over an azimuthal angle @,.

After integration (7) over all possible V; and all directions &, correspond-
ing to outward motions of electrons from a plasma, we have the final ex-
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pression for the total power emilted from the unit area of the plasma sur-
face in the direction of n:

- 2
dw, '
7)) = 97110f V3F(V)dV, jcos@ sin 0,d6, f dt (10)
df2 tot
0

0

3. Total power of the surface radiation

Since we are interested in a total energy emitted into the outer space,
we have to integrate the expression (10) over all directions of n, correspond-
ing to the outer hemisphere. For the power (dW,/df2); radiated by one
particle, an integration of the expression (4) over the azimuthal angle @
in dQ leads to the integrals

27
dd 2pt+gttr?
(p+qcos@+rsin¢)3 - (p - r)°?’

(11)

27

J‘ 8 pt+ 24p2(q2+r2)+ 3(q2+1.2)2
=7 \ ,

) (p+qcosd>+z sin @)5 4(p?— g2 — 12)¥

where p = 1-§,c086, g = f:5in 60, r = f,sinH.

Inserting the notations g, = Vﬂi +§§ and cos® = x (thal is not the @),
we obtain the following expression for the power radiated from the current
tube (7):

T 1
W 4m~c3J.E2(1‘52>“1(w)dx} dt, 12
where 0 0
1y - 2B AU
2 1087(1 -a?)  3587(1 -a?)? (13)
e )2{3" TR iR }
and

R = lpzﬁq —r? = l/ﬂ%:z “)ﬂm+1—ﬂr
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If we ignore the influence of the radiative reaction force on the motion of
the particles, we can regard their total energy as a constant. This means
that their motion during the first half of the total time of motion v (while
they are “‘raising”’) coincides with that during the second half (while they
are ‘‘falling’’) il we change V;——V, Thus,

. /2 Jl
! e N
W= 4 m2c3 [f Ez(l */3)2) lf [(x,Vz) ddl
0 0
T 1
+fE2(1~ﬂ2) f](x,Vz)dx dt (14)
z/2 0
. /2 1 1
- ]fEm—Bz) f[(m,Vz)dx+fI(x,—Vz)dx dt.
4 m2c3
Jo 0 0

From (13) it is seen that the integrand I(x,V.) has the following pro-
perty:
I(w,‘,z) = I(—‘LU,“Vz); (15)

but from this it follows that
1 0 0
f](a:, —V)dx = fI(—-x, - Va)de = fI(m,Vz)d:c.
0 -1 -1

Taking this into account, we have from (14):

/2 1
4
W f F2(1— ) f I(x, Vo) day dL. (16)
4 m2c3
1] -1

The integral over x in (16) expresses the total intensity of the radiation
over all directions and for this we may use the Larmor formula.?) In that
case, we obtain

4 TIZEZ( 2)
2e e(1 —
W= 2 dt. 17
3m2c3J‘ 1-p2 an
0

Thus, we have the following theorem:

the energy emitted by a charge in a ““projectile” motion in a constant
electric field into a hemisphere in the direction of the field during the
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total time of its motion is equal to the total energy emitted during half
of this time (ignoring the influence of the radiative reaction on the motion
of the charge).

Substituting the expression (2) for the field E into (17) and using the
4-velocity u = B/)/1—f%, we have
/2
22(2kTY [ 1+d2
3 m2c? ) (z+a—)2

W= (18)

With the aid of the equations of motion for a relativistic eleclron in the
field (2):
' du, du; 2T
— =0; — = —-——", (19)
dt dt me(z+a)
we can come in (18) from the integral over df to an integral over the ¢-com-
ponent of the 4-velocity u,:
Yoz
, 4e2 kT 2 dig
W' = P 1+ul) sid (20)
0
Here, we have taken into account that u, = consl, in accordance with
(19), and also that during the first half of the motion a particle reaches the
maximum distance from the plasma surface where the z-component of its
velocity u, becomes zero.
Expressing (z+«a) from an energy integral for equations (19),

mc? Vl +u? = me? VI +ud—2kTIn (E + 1), 21
a

and inserting it into the integrand of (20), we have

Uog

,  4e2kT me® , —— - ‘
Y = e L) CXP{*21‘-T<V1+u%—Vlwﬂ}duz. (22)

0
After the substitutions
Uz = g, &, Uz = UpcosBy, Uy = gy = UysSinB,,

the expression (22) becomes
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1
me? (e T
1+ugsin?@y)uycos @ e—2kT(HHM lHu)df, 23
b 0

0

4e2kT

3 amc?

w’

wherein the integrand u® = uf (sin? @, + £2cos? @).

To obtain the final expression for the power radiated, we have to inte-
grate (23) in accordance with (10) over all uy and @,. In the relativistic
case, we ought to take for f(u,) the Jiittner-Synge distribution function?)

fa = {_ WM}

— 24
47k TR, (m [Ty 7 kT @4

mc?
with the modified Bessel function K, (&) of second order.

T

Then (10) and (23) give

(25)

1
2 S
X f [1+ug(1—xd)]adexp {— én%j’ (3 l,/l +ug— 1+ 112)1 dxg,
0

J

where x, = cos @,.
Considering a weakly relativistic case u,<{{ 1, we have

2 -
%(3[/1 +ug - /14 ud)

9 T T e % 2 2\2_ .4 4 (26)
%mrc I/l + Ul (1 et 5‘“2)—# Ame’(1 - &)
kT

2 0 32T

and

3mc?x} (1 - &%l _ 3mcag (1 - £2)2ud
expy-— — ——— Sl =1 10 -2,
32,7 | 324T

so that the expression (25) becomes




1 1 0

2 2

W oec fdxofdsﬂua—xg)ug
SQKZ( 0 0 0

,2 4 1 22 _met —z—,l_éT*——
LGl e O
32kT

Replacement of the variable

e
uol/1+—2§4xg =17

leads to
9020 < 2
W 2e ('HO,._’i - 3 mc L, (27)
3ak,(me/kT) 32T %
where
1 ® —
J‘ J‘ dxof _mc*)1+ 772] .
e —— dy,
ntexp T I 7
0 0
1
— 2
dEJ‘(l ro)r d’tOJ‘ ﬁexp{ mc le+nld7},
0 J (28)

kT
0

1
o] 0
1 S )
I - f(1 52)2d§f"’° fwse‘cp{ met /1 }d}y,
0 0

R = V1+

The integrals over x, = cos®, and & = u,/u,, are rather simple and the
integrals over % can be expressed by the modified Bessel functions. Thus,

we have
4 e%cngo? Kol 420l & 1 1 K 1
= ——_—— a —_— —_—— — s
9aka(x™1) s )+ 21 Ky 2 6\

where « = kT/mc?.
In accordance with our approximation (26), we have to take here the
asymptotic expansions for K, corresponding «<{{ 1. Finally, we have
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o LV2me (k) [1 . iﬁ(ﬂﬂ

9m2c3 3 \mc

(29)

for the total power radiated from the unity area of a plasma surface.

4. Radiative reaction

It has already been pointed out in the introduction that the radiative
reaction is equivalent to a pressure compressing the system. The pressure
is equal to a normal component of the momentum carried out with the
radiation from unit area of the plasma surface per unit time.

In accordance with (7) and taking into account the connection P = (¢/c)n
between the energy ¢ and the momentum P of an electromagnelic wave,
we have for the radiation pressure of particles belonging to the current
tube (6) by analogy with (12);

T 1
et [ .
p = sz(l - 5% fxl(:r)dx dt, (30)
4 m3ct l
0 0
where again « = cos®, and for I(x) we have to talke the expression (13).
Here we also have taken into account that we need only the z-component of
a wave’s momentum which is equal to ecos@/c = gxfc.

Like the case of expression (14) we can write again, taking into account
a reversibility of the motion:

" T/2 1 1

e

= 4 m2ct fEZ(I_ﬁZ) fxl(x’uz)“"fmf(w,*llz)dx df.
0 o A

However, now the integrand xI(a, V;) does not possess the property (15)
and a theorem analogous to that of section 3 does not take place. This makes
the calculation rather long, and at last we come to the expression

p = e
3m3ct

1-p Vi-4
+a#@awa__3aww_}m
S(L-pHY1-p2 8(1-pH)1-p2

;e TE{ggwmﬁT@ -
81)

i
|
i




Nr. 5 13

or, expressing this with the 4-velocity «,

72 -
et 1+

! = Ez)/ —22(1 +u?

P 3111204,[ I/l-l—uz{ ( *)
0

t+u? 1 1+ 3 1+d? |
- CR CRC v ( U

1+, 8§(1+u) 8(1'*'%,)[

(32)

This expression has to be averaged over all the magnitudes of the initial
parameters (u,, cos ®@,) with a corresponding distribution function. We
restrict ourselves only to a non-relativistic approximation. Ignoring in (32)
all the u; in comparison with unity, we have

T/2
e f peat = 2V (33)
P imee 8¢’

0

where W’ is the power radiated, for which we have the expression (17) in
which we have to ignore 2 and % in comparison with unity.

Equation (33) saves us from repeating the calculation with a distribution
function. Using the first term of formula (29), we get the following final
expression for the compression of a radiating system:

/27 €3
= L?@(IIOICT):;/Z. (34)

From the expression (34) one can see that the pressure is proportional
to the gas pressure nkT in the powcr 3/2. At the same time, the factor
e3[m3ct is very small (of an order of 1076 in C G S units) and therefore the
pressure is negligible in the laboratory. Nevertheless, in cosmic situations
it can be essential, because with it the Boltzmann law in a gravitational field
can give us the finite size for a radiating system (it is known that the Boltz-

mann law with gravitational force only leads to an infinite size for a hot
system).

5. Surface radiation spectrum

To detect the surface radiation experimentally one has to know ils fre-

quency spectrum. For one particle the energy radiated per unit solid angle
per unit frequency interval is?)
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T —> 2

Ar'@) et |- B)B] e mear ;
40 dnte !; a ‘:'E)Z dt|, (35)

where the integral is spread over the trajectory = = r(f) of the molion.

To find the spectrum of the total surface radiation, one has to multiply
the expression (35) by the number of particles (9) that pass through the unit
area of the plasma surface per unit time and integrate then over all the ini-
tial velocities V, and over all solid angles d22 and d€,, corresponding to
outward directions for the radiation and outgoing particles.

However, for the calculation of the integral (35), one needs a solution
of the relativistic equations of motion (19) that is not expressible in a closed
form. To simplify the problem, we can change the real field (2) in which
the motion of electrons takes place with a uniform field E* independent
of the coordinate Z. Then, we have to choose E* in such a way that the
result for a total power radiated would be as close as possible to the correct
expression (29).

If we calculate the power radiated, assuming the eleclrons to move in
a uniform field E*, we get

ce3E ¥ nga
 3kTKa(aY)

17

{Ks(a V) +2aKa(a 1)}, (36)

where again o = kT/mc2.

In contradistinction to the result (28), this expression is precise, because
in yielding it we need not make any approximation like (26) or so on.
Comparing (36) with (29), one concludes that, if we put

. AkT 2
E* = 7}; = :;Emax; (37)

where Epax = £(0) in the formula (2), we will have almost the same result
for W with E* as with (2) (with an error within 3 9/,).

Although the calculation becomes simpler now, we are still not able to
perform the Fourier analysis in a relativistic case in accordance with the
expression (35). Therefore, we consider only the non-relativistic limit,
when (35) becomes

T

JnX(nX V) ef®dt. (38)
0

dl’(w) e?
dQ 4=
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In the case of a uniform field E*, we get for the radiation of one particle

2e2E*

I'(w) = — —— (1 —coswT), (39)
37 P
where 7 = 2mV,;/eE* is the total time of electron molion in a field E* and
an integration has been performed in (39) over solid angles, corresponding
to the radiation leaving the system.

To obtain a spectrum of the total radiation, we have to average (39)
with the aid of the Maxwell distribution function

4(eE*Y /T m - . (moV,, _T@
I{w) = Py l/QWka Vozsin2 T edvfz’»T. (40)
0

The integral in (40) can be expressed with a confluent hypergeometric
function (e, y, z).

After substitution of the expression (37) for the effective field E* and
using the Kummer transformation to transform F(a, y, —z) into F(y —a, y, 2),
we have the following final expression for the spectrum:

16 kT (nge)? | /ST _ | s 11
1 g @il . 2,2 41
57 l/mn xl e I 505 @ Jwg e, (41)

where w, = Vi?e%}m has an order of a reciprocal time that a particle
with the thermal velocity |/kT/m spends in travelling a distance equal to
the Debye length a = JkT/2me?no.

The function I(w) decreases steadily from its maximum value when
w=0:

I(w) =

Inmux(®) = 1(0) =

32k T (nge)? /sTT'
27 ¢3 l mm

to zero when w —eo, so as for large w it tends to zero like (1/w?).

6. Discussion

- The mechanism of the generation of surface radiation is a rather general
one. Such a radiation must take place not only in the case of a plasma but
from any hot system, if only the system contains free electrons. The power

of the radiation in any case will be of the same form as (29), though maybe
with another factor.



16 Nr. 5

A characteristic feature of the surface radiation is its dependence on
the temperature 7 and the electron density n in the combination nkT.
In contradistinction to the usual bremsstrahlung due to Coulomb collisions?),
the surface radiation has a stronger dependence on the temperature (power
3/2 instead of 1/2).

Our expressions (29), (34), and (41) are valid independent of the plasma
configuration and the confinement mechanism. This is so because only a
very thin layer of a space charge is responsible for the surface radiation.

Since we have ignored the influence of the force of radialive reaction on
the particle motion, all our theory is a zeroth approximation in 2e2/3m(C3,
the ““noncausality”” time. Nevertheless this does not prevent us from evalual-
ing the radiative reaction pressure (34) in that approximation.

In obtaining the expressions (29), (34), and (41), we have assumed that
only the radiation direcled outwards leaves the plasima, and the part of the
total radiation that falls backwards into the plasma has been absorbed.
If the reflection coefficient for this radiation differs from zero, its intensity
and pressure reaction would be larger than those given by the formulae
(29) and (34). Thus, our expressions give the lower limit for the respective
values. At the same time it must be pointed out that the radiation from the
surface layer which is directed inwards cannot be considered macroscopically,
and therefore neglecting its reflection is not equivalent to the assumption
of the plasma being a black body.

Finally, we have to notice that our formulae are valid only if the energy
emitted is compensated by its storage, e.g. as a result of some reactions,
because our considerations imply an equilibrium. Moreover, the energy
transfer in the plasma interior has to be fast enough, otherwise the radiation
will cause a cooling of the surface layer.
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