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Synopsis

A new formulation of the dynamical laws for a system of elementary particles
is proposed. In addition to simple assumptions of a kinematical nature, the for-
mulation rests on the principle that a classical field and classical sources which,
according to the classical theory, describe the same physical situation, also do
so when the classical system is coupled to a quantum field. For the simple example
of the Hurst-Thirring field, it is shown that this principle may be formulated in
finite mathematical terms and may serve as a substitute for the formal field equation
of the renormalization theory, To the third order in the coupling constant—and
presumably to all orders—the perturbation expansion gives the same result as
the usual theory.

No infinities or similar mathematical ambiguities appear in the theory.

Printed in Denmark
Bianco Lunos Bogtrykkeri A-S



1. Introduction

he study of the fundamental assumptions of the relativistic quantum

field theory has to a large extent been concerned with axioms of a
general nature, such as f. inst. the axiom of microscopic causality, the asymp-
totic condition, and the requirement of unitarity. Basic assumptions of this
type, valid in general, could be referred to as kinematical assumptions. It
is well known how to express the kinematical assumptions either directly
in terms of the ficld operators or in terms of various mathematical quantities
closely connected with the field operators. In particular certain distributions,
such as the 7-functions and the r-functions, have been studied. In terms
of such distributions, one may express the kinematical assumptions in
closed form?'® 1P, 2 3a,30)

Various suggestions for the incorporation into such formulations of the
dynamical laws valid for a specific system of interacting elementary particles
have been discussed. Thus Lrumann, Symanzik and ZmamerMANN'® have
pointed out that the forces between elementary particles may be characterized
by means of boundary conditions superimposed on the system of equations
for the z-functions® Recently, Nrsmma® and MuraskiN and Nisariima?
have proposed to use a postulated dispersion relation in terms of which
the boundary conditions may be formulated in a simple manner. It might
be true that the forces between elementary particles most conveniently are
expressed in terms of boundary conditions imposed on equations of a purely
kinematical character. Still, we hardly know the best way of characterizing
the forces. It might therefore be of inferest to investigate also formulations
in which the basic assumplions are directly concerned with the dynamical
properties of the system, and in which boundary conditions are used to
exclude solutions of irregular behaviour only. So far, no direct formulation
of the dynamical laws, such as, for example, an explicit construction in
terms of the field operator of the source term in the field equation, could
be given. More indirect approaches might therefore be acceptable.

* See also ref. 9.

1#*
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The formulation investigated in the present work does not utilize field
equations but is based, instead, on an assumption which concerns the be-
haviour of the quantum system when in interaction with a classical system
of the same type as the quantum system. The assumption has a direct
physical interpretation for the case of quantum electrodynamics. Consider
the situation in which photons and electrons interact with an external elec-
tromagnetic system. The physical state of the classical electromagnetic
system may be described in terms of a classical distribution of current and
charge j, (x). In this case, the interaclion between the quantum system and
the classical system enters into the theory by addition of the classical source
Ju(x) to the operator source of the photon field. However, this is not the
only possibility. According to the classical theory, we might also describe
the physical situation of the classical electromagnetic system by the electro-
magnetic field which, according to the Maxwell equations of the classical
theory, is produced by the classical distribution of four current Ju(x). 1f
this possibility is chosen, the interaction between the classical system and
the gquantum syslem is expressed by an additional term tey, A,y in the field
equation for the electron field, y being the electron field operator. In quantum
electrodynamics, it has always been assumed that these two possibilities
give the same physical result.*

We shall consider an assumption of this type as a basic principle of
quantum physics. Admittedly, a direct physical interpretation of such a
principle is possible only for the case of quantum electrodynamics. However,
the principle may be generalized to other cases and formulated as a definite
mathematical relation. To make the principle and some of its implications
clear we study, in the present work, the simple example of the Hurst-Thirring
field, i. e. the quantized version of the classical real field which satisfies the
classical field equation

(-0 +m®) A (x) = gA? (x). (1.1

Let us for the moment apply the formal version of the quantized form
of (1.1). If the system interacts with an external field A(x) and an external
source j(x), the real quantum field A(x) satisfies the field equation

(—O+m®) A(x) =j(x) -+ 29 A(x) A(x) +j(x), (1.2)
where the formal expression for the source operator is
J(@) = g 4% (). (1.3)

* A proof was given by J. ScHwINGER, Phys. Rev. 76, 790 (1949).
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To emphasize that the field opmatm depends on both A(x) and j(x) we
use the notation A[A4,j; x].

Consider first the situation where j = 0. If retarded boundary conditions
are used we have the integral equation

A(x) = A, (x) +\ g (x-2x") {] () +2gA(x") A(x") } d*a’. (1.4)

The notations used will be found in Appendix A. To give a definite meaning
to the dependence of A on the physical state of the external system, we
choose a representation of the free field operator 4;, in which this operator
is independent of the external field and source. If the formal expression
(1.3) for the source operator is used, one finds that the operator

A(x)=A(x)+A[4,0;:x]
satisfies the integral equation
A (@) = Ay, (2) +{ 45 (x-2") g A? () a2’ + A () - {dg (x-2") g 42 (2') d.
Thus, if we define 44, and j by the classical field equa‘tion

A(@) = A () +§dp(x-2) {g4® () +j(2") } d (1.5)

where
(-O0+m*) 4, (x) =0
we have
A(x) = iy (x) + A (2) +§dp (=) [ g AP (") ) (")) d'x’.
In order to remove the classical radiation field A,,, we apply the time—in-

dependent unitary transformation®
<>

U [Am} - exp( \
If one observes that
U' [4;,] Ay (2) U [4,,] = A,y () = Ay, ()

it is easily seen from the equation for 4 that U [4,,]A (v) U[4,,] satisfies
the integral equation which determines 4o, J; x}. Thus, we have the rc-
lation

— A (). (1.6)

o

0
i ay

Alo,j;a]=A(x)+ UT[4,,] A[A, 0; 2] U[4,,], (1.7)

where the sources j and 4,, are connected with the field A by the classical
field equation (1.5) for the Hurst-Thirring field.

<>

* We employ the notation: f(x) Baﬁ g{x) = f(x) - Bg(x) ()f(x)

Bm O:ca g().
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The equation (1.7) is the mathematical expression for the assumption that
sources j and 4;, and a field 4, which describe the same physical situation,
according to the classical theory also do so when the classical system is
coupled to a quantum system.

In a similar manner, one derives the more useful equation

A[A,j1+8j;x]=0A(x)+UT[6A,] A[A+0A,j; 2] U[84,,], (1.8)

where the connection between the source variations dj, 4, and the variation
of the field is given by the varied form of the classical field equation, i. e.,

O (%) = 34y () + | An(a—a){ g (84 (x))? .9
+2gA (') 0A () +8j () ) d*e. '

The proof given of (1.8), (1.9) is completely formal of course. However,
these relations are in themselves meaningful mathematical expressions and
we may assume that egs. (1.8) and (1.9) are valid quite apart from the
proof given. The formal derivation makes it plausible that, by such an
assumplion, essential characteristics of the dynamics are introduced in the
theory. In factl, similar formal calculations with another expression for the
operator source lead to a completely different result. This is also indicated
by the fact that the characteristic non-linearity of the Hurst-Thirring field
appears explicitly in equation (1.9).

We shall take (1.8), (1.9) as a basic assumption of the thcory. It will
be shown that such a postulate may be utilized in very much the same way
as the formal field equation of the renormalization theory. The advantage
gained is of course that we may maintain the attitude of ordinary mathematics
that divergent quanlities are allowed neither in the fundamental equations
nor in any intermediate step of the calculations.

In paragraph 2, a list is given of the assumptions on which we propose
to build a consistent formulation of the quantum theory of the Hurst-Thirring
field. It will appear that (1.8) and (1.9), which we shall refer to as the
variational equations for the field operator, are not totally of a dynamical
nature. In fact, as a special result, we obtain from the variational equation
for the field operator the reduction formulae of LErMaNN, SymaNzik and
ZimmeErManN'  and of Nismma®®. Thus, the asymptlolic conditions
are superfluous. The boundary conditions which are necessary to avoid
solutions of irregular behaviour are discussed in paragraph 3. It is found
that these boundary conditions may be formulated as a principle of
maximum regularity of certain distributions, called mp-functions, related to
the source operator. The perturbation cxpansion is studied in paragraph 4,
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where it is shown that the theory gives unambiguous answers to the third
order (and presumably to all orders) in the coupling constant. The results
found for the source operator agree with those of the renormalization theory.

The present investigation is of a rather preliminary nature. Several im-
portant problems have nol been solved. Presumably, the validity of the
variational equation for the field operator may be “proved” in the frame-
work of the renormalization theory. From the mathematical point of view
such a proof would be as formal as that given here. Still, a proof should
be given in order to ensure that the correct results of the renormalization
theory are reproduced to all orders in the coupling constant in the present
formulation. This question has not yet been considered. The assumption of
unitarity is not needed for the unique characterization of the theory. Ulti-
mately we shall therefore be faced with the problem to prove the existence
of a scaltering matrix. This question has not been considered cither. Only
the Hurst-Thirring field has been studied and it is well known that this
theory is not quite typical in several respects.

The mathematical techniques used are presented in the usual language
of mathematical physics. Thus, the technical language of modern distribution
theory is avoided, although a certain not loo low standard of mathematical
rigour should be maintained as regards questions of distribulion theory. In
other respects we benefit from the advantages of a purely formal approach,
in particular with regard to topological questions in the underlying Hilbert
space. FFor the purpose of the present investigation this is not dangerous.
In fact it is easily seen that the situation may be remedied by a strict ad-
herence to the weak topology, i. e. all definitions and calculations may be
interpreted as relations between definite matrix elements in the Hilbert
space. However, whether the weak topology is the appropriate one for a
more thorough study of the theory is an open question.

2. The basic equations of the theory

To give a precise formulation of the variational equation for the field
operator we need the connection between the quantum field 4(x) and the
incoming field 4,,(x). We assume that A(x) is so regular that

(dp(x—a) (~O'+m®) A (') d* 2’ (2.1)
exists as a convolution integral, and that the operator
Ay (v)=A@)-{4p(x-2) (-0 +m) 4 (&) d* 2’ (2.2)

is independent of the external fields and sources, and is quantized in the
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usual way.® These assumptions involve two kinematical postulates, one con-
cerning the distribution character of A(x), which serves to guarantee the
existence of 4,,(x), and a quantum rule which characterizes this operator.

For the special case of infinitesimal variations the fundamental dynamical
assumption may now, in accordance with (1.8) and (1.9), be given in the
following form:

dd(x) .. 4 N oA (x) 4
V5 0 e y=6A<w>+5méA<y>di o
i [A @), Ay @) 0di () P,
Yo
where
8j () = (—O+mP—2 g A(x)) 64 (x), (2.4)
and _
84, () = 84 (x) —{Ag (x-a') (0" + m¥) 6A (x) d* a'. (2.5)

A possible definition of the Volterra derivative is given in the Appendix B.
As already mentioned in the Introduction, this postulate allows a derivation
of the reduction formula.

As a final kinematical assumption we take the variational equation®™ 't

04 (x)
37 ()

first proved by PrierLs®: As is well known, this equation holds in the
renormalized theory.

It will be seen in the next paragraph that the variational equations (2.3)
and (2.6) have more than one solution. These equations should therefore
be supplemented with subsidiary conditions, which excludes solutions of too
irregular a behaviour. One such condition is the requirement of relativistic
invariance. In the following it should be understood that only relativistically
invariant solutions are admitted. The non-trivial question of the necessary
boundary conditions will be discussed in the next paragraph.

Before taking up the discussion of the boundary conditions we derive

=19 (z-y) [d (x), A(y)). (2.6)

* Cf. Appendix A.

1 In the present work only the vacuum expectation value of Peierls’ variational equation
is used.

11 For the Hurst-Thirring model it may be assumed that the commutator of two field
operators is so regular that the right-hand side of (2.6) exists as a limit of { & (x—y) [4(x), A(1)]
where "97 (x) is a sequence of testing functions which for T — 0 converges (in the topology of
the space of distributions) to the distribution #(z). In practice this means that the retarded

commutator may be treated as an ordinary product. Such a regularity assumption is not pos-
sible for the commutator of two source operators.
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some direct consequences of the basic equations. First, we show that the
reduction formula follows directly from the variational equation for the field
operator.

Derivation of the reduction formula.

To derive the reduction formula we use twice the variational equation
for the field operator. In the case of d4;,(x) =0, we find from (2.3)*

&, 294 ) 57 ) =S4 +o ey, @7

while for dj(x) = o the result is

oa@{ ST e aty-i{ (4G, 4y @5 s4, . 25)

where

<—-—>

dA (%) =64, (x)+ 1z 294 (x) 34 (x), } (2.9)
K, 384,,(x)=o0. :

The conditions (2.9) should not be ignored in the derivation of the reduction
formula, as these conditions severely limit the domain of the variations
dA(x). Thus, in the formula which results from (2.7) and (2.8),

(SA(;L‘) 4, _ l

VA (y) (K,—29A (y)) 570

- (2.10)
+i{[A (@), 4, <y>]£};éAm<y> d*y, J
an integration by parts is not permitted. Instead, we use
K, 0A(y)=29A(y)0A(y), (2.11)

and find

. 0d(x) 44 (x) s
{64y K, 51 ey i le) K y 0A(y) ) diy -

s i @12
Y[ (), 4, <y>1% 54 () 7.

0

* In the following we use for convenience the notations

R, /(@) =(-0+m"f(x), and A, f(x) = {Ap @) f@)dte.
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Duec to the retarded character of d4(x)/dj(y) we have
34 (x) g 04 (x)
ORI ON

In fact, the difference between these two expressions vanishes for x, {z, and

satisfies as a function of z the homogeneous wave equation. If, further, the
relation

VAp(y—2) K, (2.13)

N K, 04 () = 6A ()~ 84, (x) (2.14)

is taken inlo account, we find from (2.12)
<>

. .0 =
\aAm( )]y (3 ((;) d4y IS[A ('C)’ Ain(y)Jéz;()aAin(y) dgy' (2'15)

With the aid of the well-known solution of the initial value problem of the
wave equation

<——>

04 () =~ A (y- Z) Mm(’)d (2.16)
we find from (2.15) the reduction formula for the field operator
4@, 4w @)= 134K, 5
which alternatively, due to (2.6), may be written in the usual form
A (), 4y, () =4 (G- K, 9 (x-2)[Ad (@), A@]d*z  (2.18)

Thus, the reduction formula gets a heuristic motivation in the formulation
studied here. Further, it might be remarked that in the derivation we have
not made use of asymplotic formulae, which in fact do not form a part
of the basic assumptions of the theory.

For the discussion of the contents of the formulation proposed here, we
found it convenient to work with the source operator instead of the field
operator itself. For the Hurst-Thirring field, in the presence of an external
Lield and external sources, the source operator j(x) is mosl convenienily
defined by the equation

(-O+m*)d(x) =7 (x)+2g4 () 4 (x) +] (), (2.19)
whence by (2.2)
A(x) = A,y () +\ A (=) {F (@) + 294 () A (x)+j (@) pdia’.  (2.20)

We shall refer to the equation (2.20) as the field equation.

dz, (2.17)
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In terms of the source operator, the variational equation (2.7) takes the
form of the variational equation for the source operalor, viz.

B -2ga@I S - T s @@, @20

while the reduction formula (2.17) yields the reduction formula for the
source operator

. .o 07 (x)
. =—i\A(y-

@), A @)= -0 A= E 5 3
Explicit expressions in terms of the field operator for the varialional
derivatives of j(x) and for 64(x)/dA(y) may be found from (2.6), (2.7)

and the field equation (2.19). As an example, we quote the formula

6 (x I ) )
518 ~[K, - 204 (x)] 1K, -2 A (5)) 10 (o) [A @), A@)] |
— K, =294 (x)] 0 (x—y)-2gd (x—y) A (x).

The coupling constant appears explicitly here, where it plays a role in the

characterization of the singularity at @ = y. Outside the singularity the ex-
pression simplifies to

| ji((”jg ~ it (x=y) [7 (@), F@], for x,+y,. (2:24)

diz. (2.22)

(2.23)

This expression is well known from the formal canonical theory® ™,
where the expression is assumed to cover the singularily for « = y as well.
It may easily be scen that the extrapolation of (2.24) and the corresponding
expressions for d7/6j and d4 /A to all values of x—y give the correct result
if the commutation relations between 4, 4 and j of the formal canonical
theory are wvalid.

We see from (2.22) that, if the operalor

: 87 ()
xy) = K, 5= 2.25
J(xy) = Ky 57 () (2.25)
is expanded in the series®
J (@) = flesy) +{f(xsy. 1) Ay, (1) d(1)
1 (2.26)

+§Sf<x”’ 1, 2) 0y (1) Ay, (2):d (12) +. .,

* Haac7). In the absence of bound states, the expansion functions f are c-numbers.
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where :...: denotes the Wick product (se Appendix A), we have for the
source operator
J@) = @)+ Fs1) Ay (1D d (1) l
1{, 9.
+2,5]‘($,1, 2) 1A, (1) Ay (2):d(12) (2.27)

+3l's/‘(x;1, 9, 8): Ay, (1) Ay (2) Ay (3): d (123) = . . .. ]

Here, f(ax)=<0}j(x)| 0> is nol yet determined, but may be assumed to
be subject to the boundary condifion

Olf)|0>=f(x)=0, for A=j=0. (2.28)

We close this paragraph by a few comments on the formal theory which
is obtained if (2.24) is extrapolated in a naive fashion to all values of x
and y. In this formal theory the system of basic equations is easily seen
to be complete. We take j = A =0 and find, by (2.21) and the extrapolated
form of (2.24),

J(xiy) = 18 (@=y) [f (@), J ()] +298 (@—y) A (2), (wrong)
where

A (x) = 4y, (x) + dp j ().
These two equations determine the source operator anyhow if perturbation
theory applies. To the lowest order in the coupling constant we find from
(wrong)
J(xsy) =290 (x—y) A (%),
whence by (2.27) and (2.28) we find for the lowest order term in the source
operator
J (@) =g: 47, ().

When this expression is inserted into the right-hand side of the equation
(wrong) we find to the second order in ¢

JGesy) =i (x-y) lg: i (2):, g:45,(y):]
1296 (x-y) iy, (x) +2908 (x—y) dpg: 43, (x):.

Proceeding in this manner we obtain the perturbation theory. However,
already the second order expression demonstrates that the naive extra-
polation of (2.24) is indeed not possible. The vacuum expectation value of
the first lerm on the right-hand side of the above expression leads to the
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well-known divergent expression for the self-mass of the meson and to a
wave function renormalization, this being finite in the present model.

Still, the formal approach. is not withoul interest. It shows that the axioms
we have chosen are as complete as the usual axiomatic foundation of the
formal canonical theory. It also demonstrates that, in order to have a complete
dynamical theory, we must find the correct solution to (2.24), regarded as
an equation for d7(x)[0A(y).

A direct approach to the multiplication problem (2.24) has not been
found. The complete mathematical solution to the equation (2.24) involves
an arbitrary distribution wich vanishes outside the subspace x =y, and
what in particular complicates matters is, that this distribution is operator
valued. We have instead chosen a more indirect method of investigation.
In this method the arbitrary distribution is c-number valued and the correct
solution may ecasily be characterized. The drawback of the method is that
the external field has to be kept finite until the end of the calculations.
This complicates somewhat the algebraic part of the calculations.

3. Discussion of the boundary conditions

In the following we take the external source equal to zero. Due to

(@) . . 0f (x)
sicy A G WS

we have, by (2.21) and (2.25),

(8, ~28 @)1 (1) p (- d(1) - g 151290 (o)A@, (3:2)

d*z, (3.1)

where we have employed the notation

B(x)=gA(x).

Obviously only this combination is relevant for the problem. The discussion
in the present paragraph as well as the explicit calculations in the next
paragraph will be based on the equation (3.2), the reduction formula, which
will be used in the form of the connection between the Haag series for
J(x; y) and j(x) given by (2.26) and (2.27), and the equations

85 oF ; ;
G 55 @ W)
87 (x)
T8 (y)

(3.3)

=0, for y,>x,,
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which are a direct consequence of the explicit expression (2.23). Actually,
as will become clear, we need (3.3) only in the vacuum subspace of the
Hilbert space.

For j(x)=o the field equation (2.20) reads

A () = Ay (2)+ Ay (G () + 2B (x) A (). (3.4)

Consider for the moment the perturbation solution. Here we regard j
as of at least the order ¢g. For g = 0 we have by the field equation

A ()= Ad,, () + 45 2B (x) A? (x).

By the solution of this equation we find 2¢6 (x—y) 4 (x), i. c. the right-
hand side of (3.2), to the first order in ¢g. Hence we may calculate j(x;y)
to the first order in g. To discuss in general terms how to proceed, assume
that 7 (x) is known to the order ¢” as a functional of B. The right-hand side
of (3.2) and thus j(x;y) may then be calculated to the order g"**. Hence
by the reduction formula, or more directly by (2.26), (2.27), we find
j(x) —<0]j(x)|0> to the order ¢g"*'. To be able to proceed in the
iteration proccdure we need <0 [j(x)[0> to the order ¢” "' or alternatively
g6<0]j(x)|0>/3B(y) to the order g”* 2. This is the point where the vacuum
expectation value of the system (3.3) comes into play. By the knowledge
of j(x)—<0]j(x)| 0> to the order g"** we can calculate

Cla;y) =~ C(ysa) =i<01[f(x), F(]I0> (3-5)

lo the order ¢”*? Thus, what we necd is to solve the system ol equations

6¢0]j(x)|0) 80l |0 .

6<0lf () [0) _ :
5B (y) =0, for y,>x,,

(3.6)

where the functional C(x;y) is known. Observe that C is real valued.

We shall take the perturbation argument as an indication of the fact
that, if we can characterize that solution of the system (3.6) which should
be used in physics, we have a well-defined formalism for the Hurst-Thirring
field. We therefore proceed to discuss the system (3.6) and from now on
drop the assumption of the perturbation expansion. Thus we have converted
the problem of the i#(x-y) [F(x), j(y)] multiplication into a similar,
but simpler, problem where only c-number valued distributions are
involved.
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The complete solution of the system (3.6) consists of a particular solution
added to the complete solution of the corresponding homogeneous system, viz.

al(x) 6l(y) 1

5B(y) 6B(x) &

dl(x)

(3.7)
Sb_@):()’ for xx Y. J

Due to the requirement of relativistic invariarice we need only discuss the
relativistically invariant solutions of the homogeneous equations. Hence we
have replaced the condition x,>y,, which for the homogencous system is
extended to x5 +yy, by the condilion x=+y.

A functional of a function B(x) determines an infinite set of distributions
which we take as the expansion coefficients of the formal Volterra series.
For I(x) we denole these distributions by

lin(X=Y1, =Yoo s T—Yy) = 6nl(m)/6B(yl,) OB (Ya) - - OB (yn>|B=o’ (38)

where we have used a notation which reflects the invariance of [ under
displacements in space-time. IFor the discussion of the equations (3.7) we
found it necessary to restrict the domain of solutions to functionals analytical
in the sense that they are determined uniquely by the set of expansion
coefficients of the formal Volterra series. It need not be assumed that the
formal Volterra series is convergent. To indicate the one-to-one corre-
spondence between the set of distributions /,, and the functional 7, we write*

]

10 .
1@~ > e, ) B B da o dty,. (39

P ¢
7 =1
The distributions /,, (z;, 25, . .z,) are of course symmetric in z,, z,,. .
z, and are invariant under the homogeneous Lorentz group. By the second
equation (3.7), l,(x—y, x—ys,..., x—y,) vanishes outside the subspace
x =y, and hence, by the symmetry, I, (%, z5,. . ., z,) vanishes outside the
intersection of the subspaces z,=o0, »v=1,2,...n, i. e. except at the single
point z; =z,= ... =1z,=0. Thus, by a well-known theorem in the theory of
distributions, 4, (z;, z3,. . .,2,) is a finite linear combination of d(z;)6(zs). ..
d(z,) and its derivatives, viz.
) 9 0
la(z1s 29, oy 2y) = Pl — -:6;)6(21)5(22)---6(%)- (3.10)
“n

3 7*) ..
Dz 0z

Here, P is a symmetric relativistically invariant polynomial.

.

* The summation starts at n=1 due to {0 j(x) | 0>|B:0 =o0.
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We have not yet taken the first of the equations (3.7) into account. This
equation resticts the distribution I, by the condition that I, (x,~xy, x; -5,

o X=Xy 1) 18 symmetric in xy,@,,. .., x,,; as well. Hence, I(z) may
be represented in the form

l(x)=§g[('g, (3.11)
where @ is associated with the formal Volterra series
I
o~ > oy @rman e m, e @) B B B | g,
n=2

cdrxy dix,. . . d*x,.
Thus, due to (3.10), we have
6 [B]={2(B(x), 9, B(x), 3,0,B(x),...)d" =, (3.13)
where the density function ¢ is an ordinary function of B(x) and the de-
rivatives of B(x)*. The function & may involve derivatives of B(a) of ar-
bitrarily high order, but should be in accordance with (3.10) and (3.12).

The results may conveniently be expressed in terms of the Fourier
transform of the distributions. We define

1
L (Z1120, « o s 2 :—S‘} A T l
411( 1242 n) (27z)4n ’L(‘h q1 qn) (3'14)
xexp(—iqua—igazy— . ~iqyz)d* qd g . .d*qy, J
and have the result: B(g¢.qq,- . -, ¢,) 18 a symmetric and Lorentz invariant
polynomium, i. e.

* An interpretation of @[B] may be given in the following manner. 1t may be shown that
the first variational derivative of a scattering operator for the system is given by

_y Y
SA (x)
Here the operator § is defined up lo a phase factor by the equation
A,,@=8"4,@s$,

(i

= §j(x).

and the conditions ol unitarity and causality. It is easily seen that the condition of causality
restricts the arbitrary phase factor to the form exp i@, with ® given by an expression of the
form (3.13). If the source operator is known to the order g” in perturbation theory, we find S,
apart from such a phase factor, to the order g”, and hence j to the order g"+1 is given by
the formula
(@)= —ig8t 0S4 9€
J 9° 58w Y5BR
where @ is of the type described but otherwise unknown.
Thus the discussion in the following would be made superfluous if a characterization of the
c-number phase factor of this scattering operator could he found by other means.
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B(grs qao -5 @) =BG, ~B, -+, ~dh @1 B s> -5 Gn190)
and is symmetric in the indices. This is the result which follows from the
second of the equations (3.7). The restrictions on ¥ which follow from the
first of these equations will not be discussed further here,

The boundary conditions.
We now return to the system (3.6). Let {0]j(x)|0) be represented by
the formal Volterra series®

2, 1
W@~ > "oy @y 2 B - B )
n=1

ntg" (3.15)

cdby, .. dYy,.

It follows from the discussion that, if distributions 75(x-yy,..., x—y,)
define a particular solution to the system (3.6), then
T (71 o 2y) =g (21, - - s zn)+P(aa, ces ,—6—) 3(z)...6(z), (3.16)
z; dz,
where P is a polynomium of the type described.
Thus the boundary conditions we need are those which may serve lo
characterize coefficients of the polynomial P(3/07z).

A simple boundary condition suggests itself at this place. It is tempting
to require that the solutions should be regular at the origin, in other words,
that there should be no é-like singularity. Such a requirement gives the
same (meaningsless) result as the naive approach to the id-[j, j]-multi-
plication problem. The point is that no such solution exists, and an en-
forcement of such an inconsistent requirement leads to mathematical in-
consistencies which manifest themselves in terms of the well-known divergent
integrals.

This is illustrated by a consideration of the simple example of the func-
tion zz (x—y). For this function we simply have the expression i{<0|[j (x),
J@N110)]5_,, for the right-hand side of the first of the equations (3.6). It
is easily seen that this expression may be represented in the form+

(01§ (@), 5 (@]105 |5, = ~§ ()6 (a® +7) f(2) dr, (3.17)

* In the formal theory the interpretation of the functions 7g is easily seen to be

T (B=yy, > =) =(O|RG )7 @y) - F g, N]0),
where R denotes the retarded product. This formal expression is ambiguous, and not of much use.

t See 1. inst. the work of Garding and Roos, reported in the lecture notes of GArping and
Lions?8).

Mat.Fys. Medd.Dan.Vid.Selsk. 88, no. 9. 9
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where f(z) is a distribution with support on the positive part of the real

. . . . _ 1
T-axes, o < T<oo. If we split zp(a) in the symmetric part 7(x) = 5 (7r ()

+7p(—2)) and the antisymmetric part @(x) = —ag(x) + 7z (—x), we have
according to (3.6) and (3.18)
nR(x):ﬁ(x)-én(x), (3.18)
where
yz(x):Se([)(S(xz-}-r)f(r)dT. (3.19)

For @& we now have the equation

Z(x) = —%a(t)n(a:), for t+o. (3.20)

If f(7) is assumed to be sufficiently regular at the origin, we have the solution

7 (x) = ~~;:Sé(nc2+r)/'(r)dr. (3.21)

However, for simple approximations, f. inst. in second order perturbation
theory, we find that f(r) is of the gencral type

F()~ 8 (D). (3.22)
apart from regular terms, where 0" denotes the derivative of Dirac’s d-func-
tion. Assume, for the sake of the argument, that (3.22) is correct® In this
case, the expression (3.21) as it stands is without any mathematical meaning.
To illustrate this point, we proceed in the calculations with complete dis-
regard of the wvalidity of the formal operations, and find the formal result

F(x) =<0 (2 = ét_'t (8 (t-r)+9' (t+1)).

DO | =

To see whether this expression makes sense we apply it to a testing function
p(r, ), and find

5@ 00 da = -5 @D —p o) dr

+

e . .
i \ ACEIRL A
2 r

* It may be seen that the assumption (3.22) essentially is equivalent to the assumption
that the well-known spectral function /7(%?) in the Killén-Lehmann representation for the
vacuum expectation value of the commutator of two source operators behaves like a constant
for large values of 2.
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The last term diverges logarithmically at the origin. This of course is a
manifistation of the well-known divergent self-energy. Thus the symbol
8 (x?) does not represent a distribution.*

In the renormalization theory the situation is saved by an additional term
in the solution of the type dm?d(x), where dm® is a conveniently chosen
logarithmically divergent constant. The renormalizalion theory gives of course
the right result, but the detour over the mathematically undefined (divergent)
expressions should be, and in fact is, superfluous.

As the above example shows, in our formulation the inconsistencies
originate from mathematically inconsistent regularity assumptions. The
mathematical form of (3.18) suggests a formulation of consistent regularity
conditions in terms of the notion of the order of a distribution at a point
(here the origin). Such a formulation may easily be given and mightindeed be
the most adequate one for the investigation of the fundamental problems of the
theory, such as, for instance, the problem of the existence of rigorous solutions.

However, the concept of the order of a distribution at a point is difficult
to work with in practical calculations, where concepts pertaining to the
momentum space formulation are much more convenient. To avoid mathe-
matical complications we assume that the mg-functions are tempered distribu-
tions such that they possess a Fourier transform, and study the asymptotic
behaviour of the Fourier transforms of the distributions instead of the singu-
larity at the origin of the distributions themselves. ’

We here adopt a simple characterization of the asymptotic behaviour
in momentum space of a tempered distribution given f. inst. by MEpvEDEVY,
Let T(z) = T(z,...,z,) be a tempered distribution with the Fourier trans-
form T(q1,...,q,). We define the rate of growth al infinity in momentum
space of T'(z) as the smallest integer N = N(T) such that &Y% increases
faster than T(&qq,...,&q,) for &>o and any value of «)o. Correspond-
ingly, we call S more regular than T if N(S)({N(7T). If N(T) is negative
we simply say that T is regular. This ordering of distributions with respect
to regularity is quite rough, as is illustrated by the remark that 7 and
T+ P(0]/0z)3(z) are equally regular whenever the degree of the polynomium
P does not exceed N(T). Still, the above characterization is sufficient for
the discussion of the perturbation theory in the mnext paragraph. A more
refined ordering of distributions with respect to regularity is proposed in the
Appendix C.

* In contrast hereto, the distribution symbolized by &(f) &"(x?) is perfectly well defined,
as one sees by a similar calculation. A parallel, but simpler situation would arise in a two-dimen-
sional theory (one x and one {), where §(x?—¢?) is divergent, but £(f) (x2—{%) is convergent, if
the usual way of treating J-functions in mathematical physics is adopted.

2%
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Consider now the 7,-functions. If the system (3.6) does not admit regular
solutions, we may instead look for the most regular solution. The rate of
growth for the various ng-functions of such a solution might be looked upon
as constants characteristic of the singularity required by the interaction. Ad-
ditional terms of the type P(9/0z)d(z), when they make the mp-functions
less regular, introduce singularities of a complexity not required by the
interaction. It is natural to assume that such singularities do not belong to
the theory. This motivates the following formulation of the boundary con-
ditions for the equations for the source operator: The funclions my(zy, . . .,2,)
are as regular as compalible with the basic assumplions. This boundary con-
dition will be referred to as the principle of maximum regularity.

The principle of maximum regularity is not new, but has always been
adhered to in the usual formulation of the theory. An explicit formulation
of the principle may be found in the book by Bocoriusov and Smirkov!®,
In the renormalization theory one simply introduces such renormalization
constants, only, as are required to remove divergences according to the
experience from the perturbation theory.

If the rate of growth at infinity in momentum space of a @p-function is
N, an additional singularity of the type P(0/0z)d(z), where the degrec of
P does not exceed N, is left arbitrary. The coefficients of the various terms
in the polynomial are thus arbitrary constants in the theory so far formulated.
If this situation should occur, these constants should be determined by
further conditions of the character of normalization conditions. Presumably
no such arbitrary constants remain in the case of the Hurst-Thirring field.
The situation in this respect might be different in, for instance, the z-meson
theory, this theory being more singular. Alternatively such constants could
be regarded as subject to physical interpretation, and thus as parameters
belonging to the theory in the same way as the mass and the coupling constant.

4. Perturbation theory

As mentioned in the Introduction, we have not yet been able to prove
that the theory proposed here gives the same results as the usual theory
to all orders in the perturbation expansion. In the absence of a general proof
we show in this paragraph that the two theories agreec to the third order in
the coupling constant. As the methods of calculation are somewhat different
from the usual methods we present the third order calculation in some detail.

In perturbation theory we assume that the source operator is at least of
the order ¢, and expand in powers of g. When only results for B = ¢ are
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desired, it suffices to expand in powers of B as well. To indicate for a quantity
F the sum of all terms of order g2 B, with ¢ <r and ¢ <s, we employ the
symbol F®. Tt is easily seen that in the n’th order calculation we must
calculate all terms j(x;y)*¥, with r+s<n and s<n.

Second order perturbation theory.

To the first order in g and for B = o we find from the variational equation
for the source operator (3.2)

J st =290 (x-y) Ay (2); (4.1)

whence, by (2.26) and (2.27),
J @Y =g 4f, (). ' (4.2)
For g = 0 and to the first order in B we have, by the field equation (3.4),
A @)Y = Ay () +2§ A (2=1) B(1) 44y (1) d(1). (4-3)

These formulae allow us to caleulate the operator j(x; 7)Y from (3.2).
From the resulting expression

j(m‘;y)(“l’=295(50—51)441-%(%)-'495(1'—.1;).\'An(x*l)B(l)Am(l)d(l)} (1.4)
49 Ay () Ag (x—y B(y)
one finds, by the use of (2.26) and (2.27),
F@BV-C017 (@) 10550 = g: 47, (x):
49§ Ap(x—1) B(1): sy (2) Ay (1):d (1), } 2

As explained in the beginning of paragraph 3, we determine the unknown
vacuum expectation value (0|7(x)[0>"? by means of the system (3.6).
A simple calculation gives for the right-hand side of the first of the equations
(3.6) the result

¢ (x)(Z;O) =i{0| [] (a:)(l;o), j(o)(l;o)] K

- \ A () T (%) d 2,

*~4m?

} (4.6)

with

2 —2;‘ 2
”(2)(”2)29_1/% dm? 4.7

8x? P
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Thus; to this order, the system (3.6) becomes

1o (x)(z;o)_ Ty (~x)(2;0) = — \.44 (xc;%%) [1® (%% d»?, l (@.8)
4 m?2 l s

ap (2)9 =0, for x,<o0.

We have here used

ga<0|f(x)| 0"
B (y)

It is easily seen that, for az(2x)®?, the naive #-multiplication leads to a
meaningless result. However, a particular solulion to the system (4.8) is easi-
ly obtained by means of the identity (~0+a®) 4 (x;%%) = (a®—x2) 4 (x;%?).
For the sake of convenience, we choose az<4mz and have the solulion

“ 4 s 32
—R% ) 179 (x2) dac?. (4.10)

= g (x—y) &0, (4.9)

g (1) @0 — (—D+a2)x

e/Am?
Hence, the complete solution to (4.8) is given by
ap () B0 =7, ()B4 g2c, 6 () .. rgiey ()Y (),  (4.11)
where ¢,, ¢;,. .., cy are constants and N is an arbitrary positive integer. By
the use of (4.5) and the above expression for the right-hand side of (4.9)
we find, from (3.2),
J (@)@ = mg (=)0 + 296 (x-y) 4y, ()

+2g%\ Ap (x~1): 4%, (1): d (1) 6 (x—y) (4.12)

+49% Ap (x-y): Ay () Ay (9) - [
Following the general pattern we next obtain j(x), to the same order, with

the aid of (2.26) and (2.27). Due lo - O4d,,(x) = — m*4,,(x) and the
general formula

Vg (x-y) Aiy, () @ y = ¢ Ay (), (4.13)
where ¢’ is a constant, we find
J (@) = "y (2) + g1 A, () | (a10)
+2g2 0 Ap (x—1): Ay, () A2, (1): d (1). |
Here the constant ¢’ is given by ¢’ = ¢’ +g%¢c,+.. . +g*(-m*)Yey. To fulfill

the regularity condition that (2.1) exists as a convolution inlegral, ¢ =o
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is required in order to avoid a 8(p*+m?)®—catastrophe in momentum
space. Hence, by the field equation (3.4), we find the complete second-
order expression for the field operator, viz.
A ()"0 = Ay, () +§ Ay (x-1) g: A7, (1): d (1)
+202{ dg (a—1) Ay (1-2): A,y (1) 43 (2): d (12).
The function g (x)®% may now be calculated with the aid of the explicit
expression (2.23). A simple calculation gives the result

} (4.15)

, 6017 (x) 1050
g (2= = g -
0B (y)
e (g (4.16)
x—Y;x
:Kyig CRITIE IO () da®. {
/4m? (111 g )
From (4.16) we find ¢;=...=cy =0, and explicit expressions for ¢, and

¢; could be found. The results (4.16) and (4.15) are of course the well-
known results of the renormalization theory.

Thus we see that, in the second order approximation, the funclion
7wp(x—y) is uniquely determined without the use of the principle of maximum
regularity. Indeed, it may be shown by similar considerations as that ahove
that this result is exactly true on the assumption that the spectral function
[T(%*) in the Killén-Lehmann representation for i<0|[F(x), j(0)]|0>|z_, is
bounded for large values of %2, If this is true one finds, as above, that the
first of the mp-functions is given by

AR(:c;xZ)

4mz(m2__%2)2

7 () = Kj\ TT (%) da®. (4.17)
This expression gives the well-known result for he polarization of the
vacuum by a weak external field.

Third order perturbation theory.

For the higher-order calculations, the principle of maximum regularity
is needed to determine the mp-functions depending on two or more variables
Z1, Zg,. .. It will be convenient to have a notation for the terms in a quantity
F*38) which are proportional to g" B®. We shall denote these terms by the
symbol FU%. Thus j(@)®? = 7(2)® 9 4 j(x)® %, Hence, in the third order
calculation, as we already know j(x)#®, we need only calculate j(x)3:.
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To calculate this operator, we start from j(x; y)*® and follow the method
outlined in the beginning of paragraph 3. By the variational equation for
the source operator (3.2) we find
J @™ =290 (x—y) 4 (@) P+ (@) BV Ap (e-y) d*22B(y),  (4.18)
where due to (4.4)

F(x;2)P PV =4g8(x-)\ 4 (x-1) B(1) 4, (1) d (1)
49 Ay, () g (x-2) B(2),
while 4(x)"?® is given by the field equation (3.4), viz.
A@) P =45 (x~1)2B (1) 4 (1-2) 2B (2) 4, (2) d (12). (4.20)

Application of (2.26) and (2.27) —i. e. of the reduction formula for the
source operator — yields the result

F@BP-0f @2 0>
= SgSAR(x‘l)B(l)AR(1—2)B(2):Am(cc)Am(z):d(m) (4.21)
+4gSAR(x'—l)AR(ac—2)B(1)B(2):Am(l)Am(2):d(12).

} (4.19)

According to the methods described in paragraph 3, the next step in the
calculation consists in the evaluation of g<0]d7(x)™?/8B(y)|0)> by the aid
of the system (3.6). By (3.5)

Ca;n)®P=i<0] [F@", j U100 - (zesy), (4.22)
where the relevant source operators are given by (4.5). One finds
C(x;)® V=K (2, y;2) B(x)d"z, (4.23)

where the kernel K(x,y;z) is given by
K(x,y;2) = 4g” Ap (-2 { 4V G- A (y-a) - A z-p) 4V (y-2) } |

4.24
g An (D AV ) A @)= A -y A0 @) | Y
In this case, the formal solution of the system (3.6), i.e.
<015 @)H P05 1¢ . -
— 63(79—)** =§S 7p (x—y, x—;)(3’0) B(z) d*z, (4.25)

with
Tp (x-*y, .’E—z)(S;O) _ 493AR (’r*‘l]) { AR (.T_Z) A(l) (Z—y)
+4r (y-2) AW (z—2) ) (4.26)
+4g° A (x—2) Ag(z—y) 4 (2—y)
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has a meaning, and defines a distribution. Simple considerations show that
this distribution is regular in the sense defined in paragraph 3. Further, it
is easily verified that all of the basic equations are fulfilled by the corre-
sponding expression for j(x)"*. The solution (4.26) is thus the one re-

quired by the principle of maximum regularity.

We may now calculate j(x;7)*". By (3.2)
. ) 85 (x)(1;2)

e 2 9068 (et A () D 4
x; 2¢6 (x x

ICH) go (x—y) 4 (x) 975B &) (4.27)
+$7 (2" Y Ag (z-y) d*22B (y).

Here 4 (x)" may be obtained from the field equation (3.4) and the formula

§ @0 = @D B (1) d0)

(4.28)
+4gYdp (x=1) B(1): Ay, (2) 4y, (1): (1),
which is a comnsequence of (4.5) and (4.9). Thus,
1
A(m)“;l’=—SAR(x—l)nR(kz)(Z;“)B(z)d(12.)
g
(4.29)

+4g{dg (x=1) 4 (1-2) B(2): Ay, (1) Ay (2): d (12)
+2g9 A5 (- 1) B(1) Ag (1-2): A2, (2):d (12).
An expression for gd5(x)**®/6B(y) may be found from (4.21) and (4.25).
Finally, j(x;y)®® is obtained from the expression (4.12). In this way
F(x:)®Y may be calculated. The result is
(™Y =017 (sy)® 105 +f (s, (4.30)

where j(:c;y)g;l) denotes a two-particle term. The vacuum expectation
value is found to be

017 )™ P10) =28 (@-y) § A (e-Dmp (1-D)* Y B(2)d (12)
+ 2§ 7mp (e~ 1)® Y A, (1-y) d (1) B (y) C(4.31)
+ () g (x—y, 2= 1) O B (1) d (1), I
while the two-particle part of the operator j(x;7)®" becomes identical
with the (meaningful) expression found by the application of the formal
unrenormalized canonical theory. The first two terms on the right-hand side

of (4.31) originate from the first and the last term on the right-hand side
of (4.27), respectively. Thus both these ‘“dangerous” terms are brought into
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the third order calculation not by the second term on the right-hand side
of (4.27), but by the two other terms and in the already properly normalized
form obtained by the second order calculation.

By the expression for j(x;y)®" and by (2.26) and (2.27) we find
F@®BY -0V |0>. Tt is easily seen that, in fact, the vacuum ex-
pectation value is"equal to zero. I'or by (3.6)

80 1)V 10>

L e = O350 (. ,
5B () (xe=y) = C 7 (x3y), (4.32)
where by (3.5)
C(x;)® 0 =i 0] [F (@)Y, 7MY 0> - (xesy), (4.33)
i.e. by (4.14)
C(a; )% = 209>\ Ap (x—-1) O [ [: 4y, () ATy (1) 251 A7, (9):110> )
(4.34)
—(@ey)- J
Hence
Clx; )@ =o, (4.35)

due to the fact that the vacuum expectation value is required for an odd
number of incoming fields. Itis now easily scen that the principle of maximum
regularity requires
801 @ RI0>
0B (y)

The equation (3.2) gives the expression

0. (4.36)

07 ()™
3B (1)

Here A(x)*% is given by (4.15) and j(x)®? is known already. From the
resulting expression for j(x;y)®® and with the aid of equations (2.26)
and (2.27) one finally finds the result, well known from the renormalization
theory, that

F @& —2g8(@—y) A ()% +g (4.37)

J @ =j (@) +7 ()F, (4.38)
where the two-particle part is given by

F (@) = gl ag (@-1)®9 4, (1-2): 42, (2):d (12) |
+2g%{ Ap(x-1) Ap(x-2) AV (1-2): 4,,(1) 4,,(2): d (12)

(4.39)
g} A (o 1) AV (2=2) A (1=2): Ay (1 Ay (2): 412, |
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while the four-particle part® j(x)P¢? is identical with the four-particle part
found by usc of the formal theory.
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In particular my thanks are due Pour WeRNER NIELSEN for much helpful
criticism and valuable suggestions.
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APPENDIX A

The notations used for the theory of free mesons

We use the pseudo-Euclidean melric, x = (x;, x5, 23, ;) where x, = ix,.
Further, x® = Xy, X, —2 - xg, and — 0 = — A + 8%/0 x3. The free field operators
A;, (x) are self-adjoint operator valued distributions which satisfy the com-
mutation relations

[Ain (x), 4;p, (yﬂ = I.A(.’C"‘l]),

where
A(e—y) = —i(2m)*{d* pe(pg) 0 (p° + m®) exp ipz.

Here, £(po) = po/| pol . The retarded Greens function is 4, (x) = — #(x) 4 (x),
where #(x) is the Heaviside function

Y { 1, foraxy>o

o, for xy <o.

The value of 9(a) for xy =0 is not important.
The Wick product is denoted by :...:, and designates that the operators
inside the double dots are ordered such that any positive frequency part
stands to the right of any negalive frequency part. Useful rules for the cal-

culation with Wick products are found for instance in the book by Bogo-
riusov and Surrrov®,

* I.e. an operator of the form
1 .
= Sf(a:; 1,2,8,4): A, (1) 4,,(2) 4,,(3) 4

o (1)1 (1234).
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APPENDIX B

Volterra derivatives

Volterra derivatives seem to be an indispensable mathematical tool for
the theory proposed here. It might therefore be useful to give a brief in-
troduction to the theory of variational derivatives.

Consider a functional @[], which maps from a certain space of functions
J into the complex plane. Useful definitions of differentiability of such
functionals are all of the following general type: The functional @ is called
differentiable of j if the variation of @ is of the form

D[j+0j]-@[j1 =\ Vi) dj(x) d*x+0o[], /], (B. 1)
where \ ¥[j; x] 6j(x) d*x is a linear functional of 6j and o[}, 8;] has certain
properties. Roughly speaking, it is required that for j fixed and 6j+ o, o[j, dj
tends to zero “‘faster than’ §j. Hence, to give a precise definition of dif-
ferentiability, one has to specify

(i) the meaning of d;—~ o0, and
(i) the meaning of the term ‘‘faster than®.

For any such specification, we call ¥[j;x] the Volterra derivative of @,
and use the symbol

sD[]]
i) = 00 (B.2)
6] (%)
A simple possibility is the following:
(i) 6j— o means 6/ = £;%, where jV is fixed and £ o,
(ii) o[, &) is required to be o(&) for j and j& fixed, i. e.
.ol "]
lim—~—"— =
E+o ¢
This immediately leads to the relation
. dd[j+ &N
(W L] O () e~ TS (B.3)

dé

s=0

We stress here that, to our knowledge, no argument is known which in-
dicates that this particular definition is the most adequate one for use in
the quantum field theory. However, other reasonable definitions seem to
be more resirictive. Thus, in general, the existence of the right-hand side
of (B. 3) will be a necessary condition for differentiability.
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As mentioned in the Introduction, when operator valued functionals are
considered, the weak topology in the Hilbert space may be used to give
the relations in the text a well defined meaning. If further the definition
(B. 3) is adopted, and if the field operator is regarded as an operator valued
distribution, a symbol like 64 (x)/8j(y) becomes endowed with the inter-
pretation

<Al§ L @y ata By - Al A@ @ de B, By

0j () 0j ()

where y(x) is a testing function for the operator valued distribution 4(x),

and the variational derivative on the right-hand side is the one defined above.
Finally, a remark about certain interchanges of limiting processes, fre-

quently performed in the text, may be in its place. As an example consider

the relation

6d(x) b
i ()  4j(y)

If the possible interpretation mentioned above is employed, this equation
means

(— 0O, +m*® (—Dp+m®) 4 (x). (B.5)

i<~Dgf=—mz)<A|ALi+5j‘1>;xmé> ]
(B.6)
= (—[D,+m )-<A|A[;+§/<” x]| B ‘

for & = 0. This only requires an interchange of two ordinary differential
operators. The validity of such relations is assumed in the text.

APPENDIX C

On the formulation of the principle of maximum regularity

In paragraph 3 the concept of the rate of growth at infinity in momentum
space was used to formulate the principle of maximum regularity. Such a
formulation is satisfactory due to its simplicity, but might not always work.
It presupposes that the mgz-functions are tempered distributions for which
the Fourier transforms are functions for large values of the momenta. Both
these properties might be difficult to prove without recourse to an approx-
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imation method. In this appendix we propose an ordering of disiributions
with respect to regularity which avoids these problems. Only standard
notions in the theory of distributions are used, and for these we refer to
the book of L. Scawartz'?.

We consider distributions 7(&) defined on a f~dimensional Luclidean
space, & =(%;, &, ...,&;). Dillerential operators are denoted by D% =
%tEt ey [gER 9Fa. 08K, and || =0y +oy+. .. +oy is the degree of
the differential operator. As only local properties are considered, we need
not specify the type of the distribution. Let © be an open bounded set and
D(2) the totality of testing functions which vanish oulside £. To deline the
concept of the order of a distribution in £, we need the seminorms

Pr (¥) = max max [D¥yp(&)]. (C. 1)
la|=k £eD

The notion of the order of a distribution, as given in the book of Schwartz,
is easily seen to be equivalent to the following definition (valid for bounded
sets © only): The order of the distribution 7 in O is the smallest integer
myp(Q) for which there exists a constant €, such that

ST @@ dE1<C py (o) (W) (C.2)

for all we D(L). We define the amplitude 4, (L) of T in £ as the infimum
of the possible constants € in (C. 2). The order and the amplitude of the
distribution T at a point, say the origin ¢ of £-space, may now be defined
as follows: The order of T at o is the smallest integer my for which there
exists a neighbourhood L of o in which the order of T is my. The amplitude
of T al o, Ay, is the infimum of the amplitude over all neighbourhoods of
0,1. e. Ap = inf A, (D).
Dso

The two numbers, my and A4,, may now serve to order distributions
with respect to their behaviour at § = 0. We say that S is more regular than
T at the origin if mg{my or if mg = my but Ag{A;. In this manner all
distributions may be compared to each other, and in particular o derivatives
of 4. However, the comparison is quite rough. In general, if mg{m,, the
distributions 7'+ 8 and T are equally regular at the origin.

The formulation of the principle of maximum regularity may now bhe
taken over from paragraph 3.

It is obvious that the #-multiplication thus defined (although not always
uniquely defined) constitutes a generalization of the ordinary product of two
functions. Indeed, for sufficiently regular distributions, 1. e. for distributions



Nr. 9 31

of the order zero and of the amplitude zero at the origin, the requirement
of maximum regularity gives the same result as the “naive” d-multiplication
which succeeds in this case. It is easily seen that such distributions locally
are measures continuous at the origin.

The concepts of the order and the amplitude of a distribution at a point
are much more powerful than the concept of the rate of growth at infinity
in momentum space to analyse the dominating singularity of the distribution.
This tact is revealed by the following theorem, which we give without proof:
1f m is the order at the origin in (xy, xy,...,x,)-space of the dislribution
(X, &5, . .,1,) lhere exists a unique relativistically invariant and sym-
melric polynomial P, (8]/0x;; 0]0x,,...,0/0x,), homogeneous of the m'th
degree, such that mp—P,, 6 has the amplifude zero at the origin.

The main point is that the polynomial exists and is unique. The re-
lativistic invariance and the symmelry of the polynomial are then a trivial
consequence of the fact that the statement that the amplitude at the origin
is zero involves symmetric and invariant concepts only. In general one
cannol reduce the order by a regularization process f this type.
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