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Synopsis
The angular distribution of scattered particles in Coulomb excitation is cal-

culated for the case of electric quadrupole excitation and vanishing energy transfer ;
numerical values are given for a number of scattering angles and incident energies .
Furthermore, an expression for the cross section at a deflection angle equal t o
zero is derived, valid also for finite energy transfer .
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I. Introduction

The detection of the inelastically scattered particles in Coulomb ex -

citation has recently been used in the investigation of low-lying nuclea r

states .
This method has certain advantages over the one consisting in detectio n

of the subsequently emitted gamma rays or conversion electrons . Par-

ticularly, it is profitable in that it gives information about excitation energie s

and cross sections which does not depend on any knowledge of the deca y
scheme and the conversion coefficients .

On the other hand, determination of the cross sections by this metho d

requires either measurements at several deflection angles of the scattere d

particle or knowledge of the theoretical angular distribution . This angula r

distribution is essentially independent of the nuclear structure and, whe n

the multipole character of the excitation is given, is calculable from electro-

dynamics alone. bl fact, such calculations have been made by ALDER and

WINTHER and the result expressed in terms of the function df(~'	
17,	

)
dQ

(ref. 1, II B. 34), where V is the deflection angle of the scattered particle ,

and 11 is defined by

Z1 Z2 e
2

77
-

	

~Iv '

where Z1 and Z 2 are the charge numbers of the projectile and the nucleus ,

and v their relative velocity . $ is defined by

_ - 77f,

	

(2)

where the indices i and f refer to the initial and the final state respectively .

In the case of electric dipole excitation, an explicit expression fo r

dfE0''7 ' in terms of hypergeometric functions was found, but for th e
dQ

other excitation types calculations were only made in the limit of ri oa ,

(1 )

1*



4

	

Nr . 5

where the motion of the projectile can be described by a classical path, an d
in the Limit of ti -> 0, where the Born approximation applies . In the mos t
important case, namely that of electric quadrupole excitation, the total
f-function (integrated over i9') was also calculated for intermediate n-values .
It was found that the classical approximation was good to 5°/0 down to
n-values of the order 4. However, the angular distribution of de-excitatio n
y-rays, expressed in terms of the a-coefficients (ref . 1, II C . 26), showed a
considerable deviation from the classical limit, even for rather high value s
of i (ref. 1, fig . II . 8) . Accordingly, it was thought to be questionable whethe r
the classically calculated differential f-functions could be used in the region s
of energies and charges where the experiments are actually made, and a

further investigation of
d~

for intermediate values of

	

was considered
desirable .

	

In the present work, dfE2 (dP--	 0)
has been calculated (by mean s

of an electronic computor) for ten different angles and six different values
of 7) . The case of = 0 was chosen in order to simplify the calculations .

Besides, an exact expression for dfE2	 (	 '	
n')

(in terms of hypergeometri c
functions) is given .

(ID

II. Numerical Calculations of the Angular Distributio n

The calculations reported here were made from the non-relativisti c
expressions II B . 34 and II B . 45 of ref . 1 :

tt
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with
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Here, a is half the distance of closest approach, a = Z1 Z2 e2
(the reduced

1n0viUf
mass of the target nucleus and projectile being m0). The multipole order of
the excitation is A, the expressions in the long brackets are the Cl.ebsch-

(4)
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TABLE I

d fE20)
d r?

19.\II 0 .5 1 .0 1 .5 2 .0 4 . 0

0° . . . . . . . . . . . . 0 .1580 (-3) 0 .1267 (-4) 0.3425 (-4) 0 .5857 (-4) 0 .2065 (-3)
20° . . . . . . . . . . . . 0 .3014 (-1) 0 .6867 (-1) 0 .9909 (-1) 0 .1039 0 .102 7
40° . . . . . . . . . . . . 0 .2781 (-1) 0 .5826 (-1) 0.7614 (-1) 0.8455 (-1) 0 .9059 (-1 )
60° . . . . . . . . . . . . 0.2624 (-1) 0 .5362 (-1) 0 .6565 (-1) 0.7302 (-1) 0 .7698 (-1 )
80° . . . . . . . . . . . . 0.2553 (-1) 0 .4972 (-1) 0 .5985 (-1) 0.6527 (-1) 0 .6890 (-1 )

100° . . . . . . . . . . . . 0.2512 (-1) 0 .4699 (-1) 0 .5616 (-1) 0.5988 (-1) 0 .6315 (-1 )
120° . . . . . . . . . . . . 0.2475 (-1) 0 .4531 (-1) 0 .5342 (-1) 0.5800 (-1) 0 .5965 (-1 )
140° . . . . . . . . . . . . 0 .2448 (-1) 0 .4420 (-1) 0 .5164 (-1) 0 .5453 (-1) 0 .5752 (-1 )
160° . . . . . . . . . . . . 0 .2432 (-1) 0 .4344 (-1) 0 .5043 (-1) 0 .5321 (-1) 0 .5603 (-1 )
180° . . . . . . . . . . . . 0 .2429 (-1) 0.4304 (-1) 0 .4987 (-1) 0 .5250 (-1) 0.5522 (-1)

TABLE II

lim (dtE 2 ( 0 )
d Q

7 _ 2
7

a o

0	 r (0.5585 1 )

20° . . . . . . . . . . . . . . . . . . . . 0.2189
40° . . . . . . . . . . . . . . . . . . . . 0 .2220
60° . . . . . . . . . . . . . . . . . . . . 0 .224 1
80° . . . . . . . . . . . . . . . . . . . . 0 .2238

100° . . . . . . . . . . . . . . . . . . . . 0 .223 1
120° . . . . . . . . . . . . . . . . . . . . 0 .223 1
140° . . . . . . . . . . . . . . . . . . . . 0 .2235
160° . . . . . . . . . . . . . . . . . . . . 0 .223 2
180° . . . . . . . . . . . . . . . . . . . . 0 .2232

TABLE II I

~1 =x

dig 2 ( 9')

d ~

0° . . . . . . . . . . . . . . . . . . . . . 1 .676 (-1 )

10° . . . . . . . . . . . . . . . . . . . . . 1 .385 (-1 )
20° . . . . . . . . . . . . . . . . . . . . . 1 .178 (-1 )
30° . . . . . . . . . . . . . . . . . . . . . 1 .027 (-1 )
40° . . . . . . . . . . . . . . . . . . . . . 0 .916 (-1 )
50° . . . . . . . . . . . . . . . . . . . . . 0 .832 (-1 )

60° . . . . . . . . . . . . . . . . . . . . . 0 .768 (-1 )
70° . . . . . . . . . . . . . . . . . . . . . 0 .719 (-1 )
80° . . . . . . . . . . . . . . . . . . . . . 0 .680 (-1 )
90° . . . . . . . . . . . . . . . . . . . . . 0 .650 (-1 )

100° . . . . . . . . . . . . . . . . . . . . . 0 .627 (-1 )

110° . . . . . . . . . . . . . . . . . . . . . 0 .608 (-1 )
120° . . . . . . . . . . . . . . . . . . . . . 0 .593 (-1 )

130° . . . . . . . . . . . . . . . . . . . . . 0 .582 (-1 )
140° . . . . . . . . . . . . . . . . . . . . . 0 .573 (-1 )

150° . . . . . . . . . . . . . . . . . . . . . 0 .566 (-1 )
160° . . . . . . . . . . . . . . . . . . . . . 0 .562 (-1 )
170° . . . . . . . . . . . . . . . . . . . . . 0 .559 (-1 )
180° . . . . . . . . . . . . . . . . . . . . . 0 .558(-1 )
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Gordan coefficients in Wigner's notation (see II A . 1 and II A . 6 of ref. 1) ,
the Yeah are the normalized spherical harmonics, the a' s are the Coulom b
phase shifts, 6e = arg I' (1 + 1 + in), the M's are the radial matrix element s
for Coulomb excitation defined in ref . 1, II B . 46, and the wave vector of

the projectile is denoted by k .

If A = 2 and $ = 0 (ni = f = n), and if furthermore the direction of k i

is used for the z-axis, this expression may be written a s

d _4 2

	

-
d,Q

	

53
SI<kflr 3Y2,itl k,t> 1 2

with

=1,2 -2,tr,lt +2

	

0 0 0

	

0 -/G,IG

1 ( I
f -0 ! 1 2 1

I ~It tr 3
Plr (cOS 79) e l~~

(If +,~) •

=Mt+2,t =
(6 I 1 + 1 + in 1 1 1 + 2 +iri I )-1

= (21(1+1)(21+ 1 ))-1 (21+1 -7rn +271Im(ip (1 + 1+i n))) . (7b)

Here P1 (cos 79) denotes the associate Legendre polynomials with the usua l
normalization .

The procedure of the calculation was to perform the summation fo r
0 < la < 64. The phases and matrix elements were evaluated by means o f

recursion formulae, and so were the Legendre polynomials . A fixed maximum
value for li was considered convenient for computational reasons, and 6 4

was chosen to ensure a reasonable accuracy in the regions where experiments

were made. The result of the calculations is shown in table I and fig . 1 .

For n 0 the value of dfd9 'i) tends to zero . Table II shows the functio n

r~ 2 df O, n)
J

	

calculated in the same way . This function is a step
11m

	

d,f2

	

n-)- o

function, having a value for '19 = 0 equal to 1 / 4 of its value for a9 + 0 (se e

below). For comparison,
df(~ ' d~~ ') with = 0 calculated by ALDE R

and WINTHER by the semi-classical method (ref . 1, table II) is shown in

table III and fig. 1 .

and

<kf lr 3 Y2 ,uIkE >

54 (4,01 Liti (_1)µr¢(21a+1)(21f+ 1)
(Ir

	

l~lf 2)(1f 2)

(5)

(6)

(7 a)
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III . Errors Involved in the Calculation

The errors involved in the present calculation are of two kinds : 1) the
systematic errors introduced by stopping the summation at /max = 64 ; 2) the

more accidental errors arising from the numerical methods employed .

The errors of the first kind behave quite differently for small and fo r
large deflection angles 'O . This is due to the fact that the signs of the Legendr e
polynomials Pm (cos '0) are changed when 1 is increased by an amount o f

approximately 7 . Thus, for

	

i the series are alternating apart from th e

slowly varying phases of the M's and the a's . The omitted rest is then smalle r
than the first omitted term, which, compared with the whole series, is o f
the order of magnitude (7/1max)2 . A comparison betwee n

df(mI=n,i1=4,C=0)
and

df(9' =n,i=,E=0 )
dQ

	

d,Q

seems to indicate that the actual error is even smaller .
For small deflection angles, the error may be estimated in another way .

The expression

P- 2
~' it

.

	

4 7pß

	

2

	

e (/ +n/2) 5 (~

	

1)/z
(2 1/~1)-(a+ ~ +

1)i2

	

(8 )

r
(A	 1 2 _

)

(ref. 1, II E. 83) ,

valid for li» 1, shows that, owing to the exponential function in M, terms

with 1 > contribute but a negligible amount to dQ . A break-off of the sum -

mation at 'max >1 therefore has a minor influence on the cross sections .

Apart from the exponential, the M's and the phases are smoothly varyin g

functions of e in the neighbourhood of zero . Thus, a calculation for C = 0

where the summation over 1 is stopped at a large 1 = Imax, yields a result
that does not differ very much from the cross section for e = ri/'max . The

effect of the break-off is then that the differential cross section for smal l

angles calculated here corresponds to the case of C = 64 rather than to that

of e = O. By comparison with the classical calculations for C + 0 (cf . ref. 1 ,
table II .8 and fig . 1I .7) one must thus expect to find that the result of th e

present calculation is much smaller than the true value of
d~

for < 4 .
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The second kind of error arises from the numerical calculating pro-

cedure . Since each step in the calculations was made with the relative erro r
10-12 , the accuracy of the result rests mainly on the numerical stability o f
the recurrence formulae used . The matrix elements M and the phase factors

were calculated in a straightforward manner from the formulae, and it i s
easily seen that a relative error 4 i in the 1th term leads to the same relative
error in all subsequent terms, which means that no serious error is intro-

duced in this way .

The error introduced by employment of the recurrence formula for th e
Legendre functions may be estimated as follows . Let the fractional error of
the Legendre function at a certain step, n, be A n (x), i . e ., the exact valu e
Pn (x) is replaced. by 11(x) (1 + 4 n (x)) . This may also be written

(x) (1 + An (x)) = Pr (x) (1 + 4: (x)) +

	

(x) 42 (x),

	

(9)

where the 4n (.x) and 42 (x) are chosen so that, when the fractional error

at the nearest preceding step is 4 n_ 1 (x), one has

Pn1(x) (1 + 4n_1(x)) =Pn (x) (1 +dn(x)) + Qn 1(x) A2(x)• (9 a)

Here Qn (x) is an associated Legendre function of the second kind . As such
functions obey the same recursion relations as the P's, the computed value

at any later step, 1, derived from n 1 and n, i s

Pr (x) (1 + 4n(x)) + Qr(x) 42(x),

	

(10 )

which indicates a fractional error

m

dp + Q 4Qn pm n

Pn Qn-1 4n -Pn1Qnt4n-1 + (QizlPå)(4n-i-4n.)Pn 	Pn 1

T-
Pm Q m

n

	

1

	

n-1 n

(Qr
D. m

	

m m~r

	

(11 )= 4 - (4-41)1P P1 pm.

	

nnn_
P
mnn-

	

f

/

/

TI1 +n	 m
!r(1

+n- m)

x (-1)m -- --
\\	 2 J

	

2

22m+1 1,(n	 +mlr (l , + n + m
2 J

	

2

	

)

This might lead to large errors at the points where Qln or Qn tend towards
infinity or Pm towards zero . Christoffel's formula (ref. 5, 3 .6 (26))
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(12)Qp (x) = Q0 (x) Pp (x) - lV2, -1 (x )

(tilp_ 1 being a polynomial in x) together with corresponding formulae for
the associated functions, obtained by differentiation of (12), shows, however ,
that the singularities of the Q's play no part here .

As for the zeros of Pr, the asymptotic formula for large 1 (ref . 5, 3 .5 (5))

I'(1+ 3 ) Pm (cos ~)=2 1 (a sin 0) I'(I+m+1 )

(1+m) 1 - rn~

	

(13)
x~ ( 1)s	 2	 s~2	 sinI+2+(

2
+ 4 a + 2 ac

s=o

	

s! (sin Ô') s ( l 1-
s
,5-
- s

may be applied. The method of Txicom' 6) then leads to the expressio n

m 1r- Z 4
	 1--+0(1-2 )

1+ -
(14)

for these zeros (r integer) .
The distance of the zeros from any of the points for which calculation s

are made is of the order of magnitude I -1 , and, as the functions vary rapidl y

near the zeros, the ratio pm is at most of the order of magnitude I . For
l

m = 0 it would still seem that (11) could give a relative error of the order
of magnitude n . 1(4n -4n_1) 12 4. for n ti 1 . However, the formula

Qn Ql

Pn Pl
(11a)

shows that in this case the error is rather of the order of magnitude 1 (I - n)

On- 4n-1) •

As regards the error in the final result caused by 4 n_1 and A n it must
furthermore be remembered that the coefficients M etc. decrease with in-
creasing I . In conclusion it may be stated that the errors introduced by th e
employment of the numerical methods are negligible compared with tha t
which is committed by breaking off the summation at l = 64 .
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IV . The Cross Section for Vanishing Deflection Angle

In the preceding section it was shown that the decrease for small $ of

the df()
obtained in this calculation is due to the introduction of a finit e

d,Q

1max • As the expansion on associate Legendre polynomials is a Fourier
analysis, this effect seems to indicate that the cross section (5) for e = 0 as

TABLE IV

1/2	

1	

a function of V. is a step function at '0 = 0 . This is supported by the fact
that the classical cross section is a step function with the value 0 for = 0
when one defines it by the limiting procedure C -~ 0 . Also in the Born-

approximation limit the function lim (('' ,	 n)

	

turns out to be a
u ' Ir~~o

step function . In this case, the summation in (6) is easily carried out fo r
z3 = 0, the result being just one fourth of the value for + 0 .

It would seem to be of little importance to calculate the true value o f
df (d,ri	 =0)

for '0 = 0 . However, it is possible to give a closed expressio n
dD

for this function, even in the regions of C + 0, + 0, where the cross sectio n
shows a smooth behaviour in the neighbourhood of = 0 .

Starting from the expression

0 .171 (-3 )

0 .328 (-5 )

11/2	 0 .203 ( - 7 )
2	 0 .143 ( - 9 )
4	 0 .252 (-19)

kf
dfF2 =

4 k i

5 3 I <kf I rp 3 Y2p (ep, op) ~ -iii> I 2 dQ

	

(15)

with
it

ki e 2~~'I'(1+iN)e

	

(-,1 ;iki r(1-cos 0 ))
ik i r cos O

(16)
-~'Ï fIkf =e 2 I'(1-inf)e

ikrrcosa}
Ø (i~f ,1 ;-ikf r(l+cosz9.) )

(Ø being the confluent hypergeometric function (see ref. 5)), where the corn -

mon direction of ki and kf is chosen as z-axis (ref. 1, I1 B, eqs . 34, 40, 41) ,

one arrives, as sketched in the appendix, at the formula
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dfE2 = 0, a7, e) 4 77 2

dS2

	

=
-~3

5TCexp(-TCn)P(1+i~7(1 - S))P(1+i~7(1 +8))

_

x

	

+ 1 2 i a7 { - 1+ (ia7 (1
-62))-1+2(I~~( 1
	 ~262)

_
_

x(-~)-~~a 6> (~ ) ~~~~+6,FP(1 +2 i n)P(-in (1+6))
2P(1+ia7(1 =6))

x (= 26 ( 1 + 60-2i 1 (( 1 -6)/(1 +6))in (1=6 )

+(-1)~~a+ s,(2i n (1 +0)-1 ( -6)-2i'i xF(-2in ,1,1- îr7(1+6) ;

+6(1 +2in)-1 (1+6)-1 F(1, 1 +in (1 +6),2 +2i n ;26(1 +6)-1)]

a7 i + Y] f
n

	

2

'!f- " I z6=-=	
2n nf+ 1 i

and the F's are Gauss' hypergeometric functions . To zeroth order in 6
the result is

2

where

(17)

V 5 n exp ( - ny7) (I' (1 +(	 3 ( 1
	 +I

2
r7	

ia7)
_(_6)-2å'7)

~
4 )72

53

2

	

(18)

This expression is at first indeterminate, but one may make it finite b y
multiplying r7 by 1+ ie and letting e tend towards zero .

	

The results of the calculation of df
- 07 '	

_ 0) from (18) are shown
in table IV. The deviation of that table from the column with = 0 in table I
seems to be due to the errors in the calculation of the latter . In the limit

of y7 -> 0 there is an ambiguity in the calculation of aj-2
df(O,, 0) from (18) .

If the limit of a7 i 0 is used first, and then $ -> 0, the result is Q2å ; if the

procedure is reversed, the result becomes 225 . This seems to reflect th e

ambiguity in the calculation of lim

	

df (O -0) )
~	 	 mentioned above.

	

''-

	

Born



12

	

Nr . 5

V. Concluding Remark s

Since the calculation of nuclear matrix elements of Coulomb excitatio n
from measurements of the scattered particles has hitherto been based on
the classical calculations, which have been made for a number of value s
between 0 and 4, the most important result of the present calculation seem s
to be the fact that it shows a very good agreement with the classical ones .

For 77 = 4, the deviation of	
d

df (~ = 4,	 =0)
from	

d.Q
df (77

	

co,

	

0) is less
.2

than 2°/a in the whole angular region where the present calculations ar e

valid 0 > 20°). When 77 is smaller, df(~~ 0) lies somewhere between the

value from the classical calculations and that from the Born approximation .
In fig. 1 the curves are tentatively continued into the region of small

angles in the way suggested by the above discussion . The uncertainties which

still exist in the evaluation of the ~~ functions for small 79 are not very

serious, judging by the fact that this is a region where the sources of ex-
perimental errors are very considerable, and at the saine time a region
which contributes but a negligible amount to the total cross section .

Also the calculation of df
(d.Q

0) shows good agreement with the classica l

calculation. Furthermore it shows that for + 0 the cross sections mus t
decrease considerably in the forward direction, even for rather small 77
values .

At present only one set of measurements of the angular dependence of
the Coulomb cross section seems to be available . The experiment concerne d
was made by ELBEK and BoCIELMAN 2) , who used 6-MeV protons on gol d
and detected the scattered particles from excitation of the levels at 545 and
279 keV, at angles 60°, 95°, 110°, and 130° with the incident beam. In these
cases 77 = 5 .0 and e = 0.25 and 0.12, and thus the classical theory is expecte d
to be quite accurate . The experimental results certainly agree with the theory ,
but the test is not very critical owing to the rather large experimental un -
certainties .

Fig . 1 . The calculated values of
df~	2	 ~) plotted as functions of O .

As a consequence of the finite number of angular momenta involved in the calculations,

the latter are only valid for angles 79' > 4 (see section III) . In the region of smaller angles th e

curves are tentatively extrapolated (the dashed part of the lines) in a way suggested by th e
classical curve (77 = oc) (also dashed) and the isotropy of the Born-approximation angular

distribution (7) = 0) .
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Appendix

The integration in the matrix element (15) may be performed in th e
following way : the cp-integration is first carried out, leading to 0 for m + 0
and to 2 r for m = 0 . The wave functions are transformed by means o f

Ø (a, y, z) = exp (z) Ø (y - a, y, - z)

	

(A. 1 )
(ref . 5, 6 .3 (7)) and

Ø (a, 1, z) = aØ (a + 1, 2, z) - (a - 1) Ø (a, 2, z)

	

(A . 2)

(ref. 5, 6.4 (4)) ,
and the Y20-function is expressed as a Legendre polynomial P2 (x) (x = cos 0) ;
the fl-integration then become s

3 + 1
I= --`dx(1 -x)(1 +x)

2 ~ 1

x [ßØ(ß+1,2 ;-ikir(1-x))-(ß-1)Ø(ß,2 ;-ikir(1-x)) ]

x `[ß'Ø(ß'+1,2 ;-ikfr(l+x))-(ß'-1)Ø(ß',2 ;-ikfr(1+x)) ]

+
J

dx0(ß, 1 ;-iki r(1 -x))Ø(ß' , 1 ;-ikf r(1 +x)) ,

where ß = 1 + iris, ß ' = 1 + irif .
This integration may be carried out by means of the theorem

{~ uy
,lo r (Y)

Ø (ß, y; Au) (t

	

1r (v) Ø (ß ' , y', A' (t - u)) du

ty+Y- 1

r
(y+y ,- Ø 2 (ß, ß ' , y+ y' , 21, 2 ' t) ,

which can be proved from ref. 7, 5.4 (9). Here 0 2 is a confluent hyper -

geometric function of two variables, defined in 5 .7 (21) of ref. 5 . By means
of the recursion formulae

(A.3)

(A . 4)
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Ø2(Y+ 1) x=y ( Ø2- Ø2(ß- 1 )) (A. 5)
and

y (Y- l ) 0 2 (Y -1 ) = y(y- l ) 02+ß x02(Y + 1 , ß+ 1 )+ß'yØ2 (Y+ 1 , ß ' + l) (A.6)

the result may be transformed into I =

2 U, 02(ß+ 1 , ß'+ 1,5,x1 ;y1)

	

+IT (Ç) y 1

	

(ß, ß' + 1,5 ; X1 , y )

xi 02(ß+ 1 ,ß ' , 5 ; x1,91)

	

(A.7)

+x
1 Ø2 (ß+1, ß ' ,4 ;x1,91)

+Ç91 Ø2(ß,ß ' + 1 , 4 ; x191) ,

where x1	 -2ik i r, 91 =-2ikf r .
If a small imaginary number is added to kf , the r-integration may be carrie d
out by means of the Laplace integration formul a

(ref . 7, 4 .24 (4)) ,
where Fl is a hypergeometric function of two variables, defined in 5 .7 (6 )
of ref. 5 .

The result may be contracted considerably by the aid of the recursio n
formula on pp . 20-21 of ref. 8 and the fact that the variables in the F1 -

function become x = -
2

ki +
k2

kf
and y =

ki

2
+
kf

kf'
obeying the relations x + y = 2 ,

x(ß-1)=9(ßt-1)=i
(

In this way we get

i (x +x~) r 1

	

2	 inIe r

	

r dr=- 3+ 1 -21(k)2(F,(1 ,21?l ß,ß, 2 ; x,9)S
+Fl(l,ß,ß,l ;x,9)x1-2x(ß -1))+

	

1

	

l
x(ß-1)

	

ix.(ß -1) - 1
1

-

cif e-Pt 1.a-1 Ø2 (ß, ß' , y, xt, 9t)
Jo

x 9
=I'(a) p-" Fl (a, p,ß, y , P ,

P

( 2 n)2/

	

T/i
`+J
	

yf ~
.
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Nr . 5

According to ref. 5, 5 .11 (1),

FI(Y=1)=(1 -x)-ß (1 -

	

(A. 9)

whereas, according to the formulae 5 .11 (2), 5 .11 (10), 5 .11 (11), and
5 .10 (2) of ref. 5, the function Fl (y = 2) may be expressed a s

(l-x) 1 ( 1)ß'~1P_ß,11x)F(l,ß',ß+ß, ;(	
1)

)

2-ß-ß '

ß	 1	

1
(1_x)

	

(- 2) 1

x2
ß ß F( -ß-ß , 1 ,

2
-ß , 2 l

r(ß+ß'-l)r(1-ß') 1-x )2
- ß -ß '

(ß)

	

(2)ßxß+1F ( 1-ß ß' ß' ; 2)J ,

where F is the ordinary Gaussian hypergeometric function ; here again ,

\

	

ß =
according to 2 .8 (4) of ref . 5,

	

ß ' ; a _ (1 - 2 /

	

and, to zeroth

order in (t), F(2 ß-ß' , 1, 2-ß' ; 2) = r(~~~ß ß)z)
(ref .

	

2 .8 (50)) .

This immediately leads to the expression (17)-(18) .
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