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Synopsis

The Schrödinger eigenvalue problem is treated by a matrix method_ A proce-
dure for obtaining eigenvalues is developed for the following rather general cases :
1) l = 0, and the potential function is assumed to be integrable in the Lebesgue
sense over a finite interval (0, L), vanishing elsewhere ; 2) 10, and the potentia l

a b
is assumed to be of the form - -- + Vo (r), Vo (r) possessing a power-series expansio n

r2 r
within the interval (0, L) and vanishing elsewhere (this expansion will not, how-
ever, be needed in the calculations) . The eigenvalues appear as roots of a rapidly
converging power series. The eigenfunetions are expressed directly in terms o f
the functions obtained in the process of forming the above power series .
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1 . Introduction

In the present paper we are going to consider the SCHRÖDINGER eigen -
value problem

2 2
dr2R+

r
dR-1(1r21)R+k(A-v(r))R = o

R(0) < co and R (r) ~ 0, as r -> o0

in the following two-fairly general-cases :

CASE I: 1= 0, and the potential V(r) differs from zero only within a

finite interval [0, L] . Besides that, we only assume that V(r) is integrable
in the Lebesgue sense over the interval [0, L] . By doing this we believ e
to have included all potential functions of practical interest with the sol e

restriction that the possible singularities of the potential function for som e

is [0, L] must be of the order (r - r ' )- ", where a < 1 .

CASE II : I� 0, and the potential is of the for m

a b
V(r) = r2 -

r
Vo (r) ,

where necessarily a � 0 (more precisely : V(21+1) 2 +4 ka must not be an
integer) . Furthermore, Vo (r) is assumed to be different from zero only

within the interval [0, L], possessing there an absolutely convergent power -
series expansion . This expansion will not, however, be needed in the cal-
culations .

The basic idea of our considerations is the following : we throw the

differential equation (1 .1) into the matrix for m

d
dr(R)

- 2 1(1!1) +k(2 V(r)) (R'1 = 0J

	

(1 .2)

o
1*



and are thus led to consider a matrix differential equation of the first order ,

to which many useful mathematical relations apply .
Let us write (1 .2) more briefly as

dz
dr -B(i)z=0, (1 .2 a )

where z and B(r) are clear from (1 .2) .

In CASE I it is easy to find a matrix D(r) such that the transformatio n
z = D77 leads to a matrix differential equatio n

dr-A(r)7p=0

	

(1 .2 b)

in which the elements of B(r) are functions integrable in the Lebesgu e
sense over the interval [0, L] . If we now require that 77(0) = rho, then the
unique solution of (1 .2b) will be the well-known matrix series

= (I+Çdr+Çri

So

dr 2 + . . .
1

I 77o = Dô (A) 77 0 ,

	

(1 . .3 )

where I denotes the unit matrix . The matrix Qo(A) is usually called a matri-
zant. The properties of the matrizant will be discussed in section 2 .

The conditions which were imposed upon R(r) are now written into
matrix form, and finally-as will be shown in section 2-the formul a

det { .S~o (A)(
a

) ,
Vi

1
~~1 =0

	

(1 .4 )

for the eigenvalues is obtained .
As we see from (1 .4), the matrizant Qo (A) is the core of our eigenvalu e

problem.

The forming of Do(A) is possible, but highly unpractical to carry ou t
by means of the definition (1 .3). In section 3 a procedure is develope d
which, avoiding the direct use of (1 .3), gives the matrizant .Qo (A) as a
power series in 2, . This procedure is very little sensitive to the form of the
potential function ; only the above-mentioned Lebesgue integrability i s

needed to assure the convergence of the series obtained . The procedure
is particularly well suited for handling eigenvalue problems where the
potential is given in tabular form . The left-hand side of (1 .4) becomes an



infinite convergent power series in I lk I 21 whose real zero points-when suc h
points exist-are the discrete eigenvalues of our problem . As an application,
the case of a square well is considered in section 3 .

In CASE II, where 1 � 0 and where the potential function is of the form
(1 .1 a), it is impossible to find a matrix D(r) such that the transformation
z = D(r)r1 leads from the differential equation (1 .2a) to a differential equa-
tion (1 .2b) in which the elements of A(r) are functions integrable in th e
Lebesgue sense. The simplest form which one may obtain from (1 .2a) in
this manner turns out to b e

chi
dr

-(C
= 0,

	

(1 .5 )

where C is a constant matrix and where G(r) has the same properties a s
A(r) in (1 .2a). As is well known, the matrizant (1 .3) does not exist fo r

the matrix Ç + G (r) . It is possible, however, to obtain-by application o fr

well-known theorems from the matrix calculus-a matrizant-like solutio n
of (1 .5), as is shown in section 5 . Also a procedure of giving this modified
matrizant as a power series in A is developed there .

The eigenvalue equation for CASE II is derived in section 4 . The formula
obtained is very similar to the formula (1 .4) . It contains, besides the modifie d
matrizant, Whittaker functions . The eigenvalue problem of CASE II is

somewhat more complicated than that of CASE I. There is, however, n o
essential difference in the handling of the two cases .

In both the above cases the functions we obtain when forming the matri-
zant yield the eigenfunctions without further calculations .

2 . Case I

We shall consider the eigenvalue proble m

d2R 2dR

dr2+r dl. -k
(I A I+ V (r)) R=0

(2.1)

R(0)<oo and R(r)--0, as r-->oo

arising from (1 .1) when we put 1 = 0 . Here ~ A I denotes the absolute valu e
of the negative eigenvalue A . The potential function V(r) has the properties
given on page 3 .
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The substitution
w

R =- (2 .2)

brings (2 .1) into the form

de w

r

0- dr2 - k (I A I+ V (r)) w =
(2 .3)

We now throw the eigenvalue problem (2 .3) into matrix form as follows :

l	
\

/0 k(IAI+V(r)) dom
dr

	

\

d

where G 1 is a real constant. At r = 0, the above is a necessary conditio n
for w (r) = 0 (rv ), v > 1 . It is, however, also sufficient, as will be seen late r
(cf. (2 .15)) .

The differential equation in (2 .4) is of the form

dz
--Az- 0 ,
dr

where, in our case ,

w(r) = 0 (r v), v> 1, as rio, and w(r)->0, as roo . J

dr \Iv/ \1

r-o

= 0

, as r-+oo ,and

(0\

->

\01

(2 .4 )

(2 .5 )

and A =

JO k (1 2 I + Vo(r)) l

0
z =

If it is required that z (0) = zo (= const .), the unique solution of (2 .5) wil l
be, according to what was said in section 1, the serie s

r

	

2 i

z (r) = l I + \ Ad z l + Adri
1

Ad T 2 + . . . zo - S2o (A) zo,

	

(2 .6)
\

	

o

	

co

	

t o

where I is the unit matrix .
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For our present purpose we mention the following facts about the matri-
zant (1) :

Let the elements A 15 (r) of A be functions integrable in the Lebesgu e
sense in the finite interval [0, L] . Then

1° the series (2 .6) converges absolutely and uniformly in [0, L] ,
2° the inverse of Qo (A) exists for every re [0, L] ,
3° S-4 (A+B) = Sko (A) .Q; f [O ro (A)]-r BSA' (A) } ,
4° for a constant matrix A we shall have Sko (A) = exp (Ar) ,

5° det Dr:, (A) =esp (1 rTr Ad T
t

o and

We now return to the eigenvalue problem (2 .4) . Let us write

AI _ (0 k(1Al+V(r)))

1

	

0

	

/I

_ (0 kl2l \

(̀ 1

	

0

raI (r) for re [0, L]

w11(r) for re [L, co] .

Then, according to what was said above,

/d

u~

	

~o

w7

	

CI)

I

= S2ô(AII) z77,

	

(2 .8)

where z1I is a constant vector . Since All is a constant matrix, we hav e
(according to the property 4° of the matrizant )

All

t.a (r) _

dr

\

	

(AI) \
0

	

(2 .7)

S2ô (All) = exp

o klAl
l

1

	

0 )
I~ (2 .9)

This may be rewritten by the aid of the Sylvester expansion as follows :



where

/ 0 k12 1
expl

L \1

	

0
= exp(Vkl .llr+exp( - Vk I 2 I r)(2.9a)

(2.10)

and

1
2= 2

/

	

1

	

-l%kl2l \

1
(2 .11 )

l/kl21

	

1

Since we require in (2 .4) that

dmrl

	

0 1
dr

l as r -*
1011

	

O '

the vector zrr in (2 .8) must be chosen so that n 1 zrr = 0, i . e . ,

=(-V
1 /
k l 2 l \

z1 1

C 2 being a real constant . We then have

C 2 , (2 .12)

(2 .8a)e

	

(du),

	

ld~Ir

	

dr

	

dr
It is now required that the vectors

	

and

	

become equal at
r = L :

	

\ tat

	

\ tvrr

) (1) cl

	

-~1cI 2 IL~-l~kl 2 l \

SZo (Ar 0

	

= e

	

1

	

1
C 2 . (2 .13)

Since C 1 � 0 and C 2 � 0, we must have

S2ô(Az)I 1)

	

V1cI
2I}0.

	

(2 .14)det{
(

l

	

`Ol

	

1
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This is the equation which must be satisfied by the discrete eigenvalue s
of the eigenvalue problem (2 .1) . The problem of determining the discret e
part of the spectrum of (2 .1) is thus reduced to the problem of forming th e
matrizant 20 (A I ) . In general, the left-hand side of (2 .14) will appear a s
an absolutely convergent power series in Vk I A I .

The eigenfunction of (2 .1), which belongs to the eigenvalue obtaine d
from (2 .14), will be, according to (2 .2), (2 .7) and (2.8 a) ,

r1 (0 , 1 ) ~ô (Ar) 1)
IA

	

Cl for re [0, L ]
\0

	

=R (r)

	

1 e 6xl ~ Ir x~~ i l C 1 for re [L,oo] .
r

The factor x(I rl. i I) is obtained from (2.13) and the constant C 1 determined
from a normalizing condition . As is seen from (3 .1c) below, R(r) behaves
at the origin as was required in (2 .1) .

3 . Procedures for Forming the Matrizant Qo (A r )

Because of the special form of AI the matrizant S2'0(AI) may be forme d
rather easily (2) (3) :

r

{ S2ô (Ar) } 11 = 1- k ( I 2 I+ V (r1)) dri

+ r

~ dr2
co

	

e, o
+r

	

r,

+ k2 ( ~ 7, ~ +V (r1)) dr i dr 2 ~ ( I A I -I- V (1' 3)) dr 3 dr 4 +
o

	

co

	

co

	

t o

r

i 2ô(Ar) }12 = -k (I 2 I + V (r1)) dr 1
co

(2 .15)

r

	

rl

	

(+r

+ k2 ( I 21 + V (ri)) dr1 dr2 ( 12I + V (r3)) dr 3 + .
to

	

co

	

t o

S

r

~ô(Ar) = r-k dr l

s r,

(1rl,+V(r2))dr2 + . . .

	

(3.1c)

S- ô( lr) }22 = 1-k dr 1
ç r,

(1 A ~ +V (r2)) dr 2
co

	

t o
r,

	

r
+ k2 dri ( I .1 ~ + IT (r2)) 6' 2 dr 3 \ ( I À I + V (r4) ) dr4 + . . . .

0

	

0

	

to

	

co



/ 0 )j Aw "
L)

\1

	

0

2

	

2 0 1
+ L2 (

.1 A°) 0
0

/

10
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It remains, however, to rearrange these into a power series in 1 A I .
In the following we shall introduce a procedure which yields more

directly the matrizant as a power series in A . First, however, we write th e
potential function V(r) into the more convenient form

V(r) = - V° +V° m (~
)

,

where - V° = min V(r) and where w O is a function integrable in the Lebesgu e

sense over the interval [0, 1] such that w (L I = 1 for 1.e (L, co] . Then we
rewrite the matrix AI as follows :

	

11

(0 k ( I A1 - V° +V°w(L)

)\1

	

0

t

	

2

	

2=AIo+L2(A - °)AAI ,

where we introduce the dimensionless quantities A2 = k l A J L2 and Ao = k V°L 2 .
By applying the property 3° of the matrizant we obtain

A2 - A 2
Dô (Ar) szo (A ro) Dô [ ,Q ô (Aro)]-i

.
Ar D 'o' (Aro) L 2 ° } '

The second term on the right-hand side now appears as a power series i n
!AI . The convergence of this series for all 1. 8 [0, L] and, as a matter of fact ,
the existence of such a power series, follow directly from the properties
of the matrizant.

We see that the forming of the matrizant

	

(Al) will. take place by the
following four steps :

1° The forming of Q'O (A 1 ) .
2° The forming of [ .Q; (A,0 )]-I .
3° The forming of the matrix S = [Qà (Aro )] -1 Aro Q (AI) .

2
4° The forming of the matrizant S2ô

(A2
L2° S) .

3 .2)

(3 .3)
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Step 1 ° : The matrizant 20 (Ara) is formed most conveniently by means o f

the following relationship (4) :

11

	

0

r
~ L

~
211 (r) =

	

Ä, I n a 21n (~)
n= 0

co

0 22 \r) = 4 n (C (O
n= 0

a2n = w (e1)

	

d~2

S P
LU (~3 ) d e3 . . . LD (~2 n-1) d$2 n -1 ~ da 2 n

0

	

vo

	

tt0

	

ee

	

!l
1
)0

	

0

	

S a

	

2n-2

	

2n- I

asn =

	

LD( $ 2) de2Ç

	

. . ` da2n-1 1 w (e2n) d$2 n
0

	

!o

	

Go

	

o

	

. o

aôl ~ = 1

ao2 ~ = 1 .

Step 2° : The inversion of 20 (Aro) is particularly easy to carry out :

2 11 212 -1

	

2 22 -2 12
[20 (A ro)] 1 =

	

)

	

S~ ô

221 222/ =
[det

	

(Aro)]-1 -021 2 1 1

But according to the property 5° of the matrizant, since Tr Aro = 0, we hav e
det 2'o' (Ar a ) -- 1 .
Hence

[2 0 (AI) ]-1 = ~
222 - .2 12

\- 221 2 1 1

Step 3° : Both 20 (Ar0) and [.20 (Ar o )] -1 converge absolutely for all re [0, L].
Consequently we may form the product

[20 (Ar) ]-l Oro 2ô (Ar) ,

with

r 0

2
r
0

/
L2 0 ~ ( r)\ /2 ll (~)

	

L À ~ Ll7 (~1) 2 22 (1) del\

	

p

\L ~ô 11 ($1) d ~l

	

222 (O

(3.4)

(3 .5)

(3.6)
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which will also be an absolutely convergent series for all re[0, L] . By
using (3 .4), (3 .5) and (3.6) we obtain

/0 1~

	

ø
[ Do ( Al)]'

	

(AI) -

	

g A2 q
1~

o

	

q= 0
with

~La(2) (~) (S b&a(1)

	

d

	

2
2m

	

0
2 (q m) (1) ~l /

	

a 2 m (O ae(),--ni ) (O

7n

	

L 2 (QØm ($1) d( ~
A%_.) (1) d~1) - L (S a 2 1na

	

a8(q-m> (0
))) 0

	

0

	

/

	

o

22_ 22 ~

`•0 (AIo) L 2

	 0
f

x

	

m

	

I -

	

i n

> 1 (2 2 -220 )n

	

%i2 2,t
0 [

	

I

	

~
n=0

	

i.,,= 0

22 i n

i 2

	

r
L

	

A 2 i,

	

Ç A2 (is -ir) (~2) c1 2 . . .
iz=o ir=0 to

	

t o

C
•~irt 2

	

Ç A
2(n-1 - n -2) C-)~2a-2n -]~ ~~ Z n/ d ~ 2 nto

	

t o
L
r

= I+ (7~2 - .1ô) ~ Aô i, 1 A 2
ir (1) d

	

i l =o

	

c o

(3 .7 )

Step 4° : By using (3 .7) we now obtain

/0 1 \
~ô { [~ô (AIo)]-1

\0 0/

(3 .8)

-i- (2 2 - 20) 3

x

22 i,
0

i,= 0

iz

	

r

	

(1\~~

	

~

	

-

A2 i 1 (1) d el A 2 (i2-ir) (~2) d e2 Ç A 2 (is-iz) (~3) (1 E3
. iz = 0 ir =0 t 0

	

t 0

	

't 0

. I

	

$ r

A 2 i,(e1) d el~ A 2 (i 2 -ir) C~2) d 2
0

	

to 122 =

+ (A2 7 ô) J ~ % , ,lo i2

i
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The absolute convergence of the above series follows from the absolut e
convergence of the matrizant and of the series (3 .7) .

In practical applications one would use, instead of (3 .9), an approximat e

expression consisting of a finite number of terms . The accuracy of the

approximation is easy to control when the formula (3 .9) is applied .

We shall now consider the simplest eigenvalue problem of CASE I,
i . e . the square well, applying to it the formulae (3 .4) and (3.9)1 .

It is clear from these formulae that the treatment of a more genera l

case would be essentially the same .

Now we have

AI - AIa + L2
(22

- 4) AIi

70 0\ 1

	

~0 1
2 (22 ,`0 )

\1 0/ L

	

0 0

/0 1 \

\0 0/

from which it follows that

and

Hence

[Dô (A ro )~
-i Le

	

1
\

(Qô (Aro) - -
L 2 2 _Le/

Qo (Al) _ (3 .11 )

/ LS

	

1 1
`-L 2 2 -L I, but A 2 ,- 0, as q>0 .

We then obtain from (2 .14), (3 .9) and (3 .11)

i Actually the matrizant method yields the well-known transcendental equatio n

2
cot l ~ o -1 2 -

	

~2~ ~2

	

(3.10 )
0

for the discrete eigenvalucs in the case of a square well . If we make use of the fact that Al i s
now a constant matrix, we first obtain (3 )

/cos j./?o -

	

$

	

L VAô 12 sin 1/2,(2) - 2 2

	

\

Dr() ( A !) = exp ( A rr) =

	

L
sin IA -72 cos j/ -R2 s~\

	

,ar,

	

À2
/

after which the above formula is easily derived from (2 .14) .

Ao =



14

	

Nr . 4

1-
2 (Ao - A2) + 24

(Ao 22)2
720 (Aû - A2 ) 3 + . . .

A=

(20~2)+120(20 - 2)2 - 5040
(20-X12) 3--6

	

-

	

+ . . .

Let us choose 2,2, = 4, in which case there will be only one discrete eigenvalue .
Our formula gives A2 = 0.4102, and the exact formula (3 .10) gives A2 --
0 .407118. The error thus amounts only to about 0 .74 per cent .

4 . Case II

We now have 1� 0, a � 0, and b � 0 in (1 .1) and (1 .2) :

drR+2
dRd

	

k~A~+ 1(1+
Î
)+ka_kb_

kV
ol

R = 02
(4 .1 )

R(0)<oo and R(r)--> 0, as r-> co ,

where 121 is again the absolute value of the negative discrete eigenvalue .

It is convenient to replace r by the dimensionless parameter s = r , a being
a length suitable for the problem considered :

a

d 2 R 2dR (A+l1)+A G
ds2 + s ds

	

s 2

	

s -VI (s)) R = 0
(4.2 )

R (0) < oo and R (s) -> 0, as s -)-oo ,

where we have written

A = ka 2 121, A = ka, G = kab, and Vl (s) = ka2 Vo (as) .

We must again find the solution of (4 .2) separately for ss 0, I,J , wher e
rr

	

1

	

6
Vl (s) � 0, and for ss I L , ocl , where V1 (s)-0 . The equation for the eigen-

L a

values is then obtained, as in section 2, from the condition that these solution s

must be equal for s= L .

We substitute

R = sp cr~ (s),

	

(4 .3)

V f`2
where p=

	

1+ ,-~ I +A- 2 , in (4 .2) and find by a straightforward calculation
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1 5

d

	

s
_ J1 / -2(p+1) -G +f017.-V1(s)

	

/
dis = 0

ds
iv

	

I s \

	

0

	

0

	

0

	

~ zv

(4 .5)

/d
ds \

	

< Do and d
(sp

	

-4-0, as s -4-oo .

111J/s = o

	

sp m /

The matrix differential equation (4 .4) is of the form

dz P 1

	

11

ds

	

s	 +Plz= O

dm

	

/ -2(p+1) -G\

	

/011.-Vi (s )
ds

w

	

P1
\

	

0

	

0/
andP=

,1

	

0

The solution of (4 .5) is not the matrizant Q I
P

s
1 +P J, because the . ele -

111

	

l
ments of the matrix

s
	 -+P are not all integrable over 0, 6 . We shall use

temporarily the expression

\

	

(s) ~1/
C 1

	

(4 .6 )

for se 10,
Ll

and postpone the determination of this form to the next sectio n
LL

	

a
(the matrix Ø (s) is given there by (5 .17)) .

We now want to find a solution of (4 .4) for se L ,

	

(where V1 (s) - 0)

such that

	

\a

with

/dB

	

/0
ds

R

as s-÷ oo .

It will be convenient to start from the equation (4 .2) . By substituting

R (s) ~~x) , x = 2 1/A s (4 .7)
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we arrive at the Whittaker differential equation (` )

- M 2

where k =
2
	 ~~ and m

	

(1-1- 2)
z
+ A .

The general solution of (4.8) is, according to ref. (7),

r.a (x) =h 1 Wx,m(x)+ h 2 W k,m( -x),

	

(4 .9)

where
z

	

~oo
~ 2 xk

	

+m +-t r 1+m
yVk,m(x) = 	 - t k 2

	

(1+-) 2

	

ét dt

	

(4.10)x
I'(2 -k +rn o

and where h l and h 2 are arbitrary constants . Since Wk, m (x) -> 0 but
Wk m (- x) -> co, as x co, we must set h 2 = 0 . The solution of (4 .2) is
thus given by

R(s)=h~Wk,m (2V As) .

	

(4 .11 )
s

By making use of the identity (cf . ref. (7))

dWk,m (x)
k-2x

	

(k 1 ) 22

dx

	

x
	 Wk'm (x) -

	

x
_	 Wk-1, m(x)

	

(4 .12)

we obtain

The solutions of (4 .2) which are valid in the intervals 10, -] and [ L-, 0c
1L

	

a

are given by (4 .6) and (4 .13) respectively . At the point s = L they must becom e
a

equal :

~ w
dx2

+ 1-4 + ~ +4 x2 ~ iv = 0, (4 .8)

2
(I + I/As)] 1,17k,m (2 1/As)- m2-(k -2 ) ~Wk hm(2 VAs)

sWk, m ( 2 V A s)

	

(4 .13)
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1 7

a!
(
~~

	

1

_

~k

	

+~~~wkmV~)-~(Ic-2) TVk 1,m(2~4.~)

	

(4.14)

L

	

L

	

L \
a.Wk,m(2VA 6

	

J/

In the same way as (2.14) was obtained from (2 .13), we have from (4.14)

LI]

	

l ~ L1

	

2

	

1 2 -

-

	

(2

	

Ll(1 +~~11

	

`~ km (2V 6)- n~

	

k 2)
Wk-l m 1VA l

1

	

/
L

	

( 2 vA-L)
a

	

o.

The equation (4 .15) is now the equation for the discrete eigenvalues
of (4 .1) . The solution of the eigenvalue problem (4 .3) is thus reduced-i f
we consider the Whittaker function Wic,m (x) as a standard function-to th e

forming of the matrix Ø (L , a task which we shall undertake in the nex t
section .

	

e

The eigenfunction Ri (s) which corresponds to the eigenvalue A i i s
obtained from (4 .6), (4 .11) and (4 .15) :

	

(0, 1) [Ø (s)]A

	

C 1 for se

	

-
Ri (s) =

us k,m(2 1 /A i s) x (A i) C I for se -, oc ~ ,

where the factor x (A i ) is defined by (4 .14). The constant is obtained fro m
a normalizing condition .

5 . The Solution of the Matrix Differential Equation
dX (I

	

_
-1

	

)

ds s
	 +P X= 0

An excellent account of the properties of matrix differential equation s
of the form

dX (P_ 1
ds

	

s
+P(s) X = 0

may be found in the book by GANTMACHE R
B1 at. F,ys .lYledd . DiLnGid . Selsk . 32, no. 4 .

	

2

det . (4 .15 )

(4 .16)

( 1 )
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The following theorem, a special case of a more general theorem b y
GAMTMACHER (1), holds true :

Theorem : If (1°) the power series of

P 1

	

m
S

	

oP (S) =	 -f- Z Pm s

is convergent for se I0, L
J

, and if (2°) no two eigenvalues of P_ 1 differ by
LL

	

a
an integer, then the solution of the matrix differential equatio n

dX_
P (s) X = 0

ds

will be of the form

X = A (s) exp (P_ 1 1ns) = A (s) sP-1 ,

	

(5.2)

where the matrix function A(s) is regular at s = 0 and where A(0) = I .
Our matrix differential equation (4 .5) satisfied the conditions 1 ° an d

2° of the theorem . Indeed, according to what was said on page 3, the matri x
P(s) may be expressed as a power serie s

.P ( s ) _ Y PmSma

m = o

absolutely convergent for se [o . L
J

. Furthermore, the eigenvalues of P_ 1a
are zero and -2 (p + 1) = -W(21+ 1) 2 +4 ak +1], where, according to ou r
assumption about 1 and a, the eigenvalue - 2 (p + 1) is not an integer .

Our problem is now to form A (s) . This we could do (cf . refs . (1) and (6) )
by forming and solving an infinite set of equations for the matrices A n of

A (s)

	

A n s n .
n=o

But this would be nothing else than solving (4 .1) by the power series sub-
stitution

R (s) = s9 Y anse ,
n=0

a procedure which would not be very efficient . In the following we shal l
develop a procedure which is very similar to that employed in section 3.

(5.1)
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It will be convenient to replace the matrix X of (5 .1) by the new unknown

matrix Y defined as follows (1) :

Y = TXT -1

	

(5 .3 )

where

/ 1	 G
2(p+1 )

\0

	

1

	

i

We then obtain from (4 .4) the following differential equation for Y :

ds (~ -i- y (s)
) Y= 0,

	

(5 .4)

where

T =

Ø

	

- 2(p+l) 0 \
=

0

	

0/

(5 .4 a )

and

(fl1

	

/

} -ß2 + 11 - V1 (s)1
y (s) =

	

G
, ß= 2(p+1

)

According to the theorem on page 18 the solution of (5 .4) will be of the form

Y = A (s) se ,

	

(5 .5)

where A(s) is regular in 0,
L

a

following equation for A(s) :

d+s (AØ -ØA) -yA =

We substitute here, as EnouciN does in a different connectio n

A = s0 C(s)s-e

and obtain the following differential equation for C(s) :

dC
ds

-B(s)C= O ,

where

. The substitution of (5 .5) in (5 .4) yields the

(5 .6 )

(5 )

(5 .7)

(5 .8)

2*
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B (s) = s e y s e

= \ ß

[ - f3 2 -i- A- Vi (s) ] sul
s a

	

-ß

	

J

a = 2(p+l) and

The equation (5 .8) is satisfied for sr /so, - j , so> 0, by the matrix series

((~S

	

s
S 2 (B) ~ 1+ Bds 1 + Bdsi

1
Bds2 + . .

	

(5 .10 )

where, in carrying out the integrations, we put constants of integratio n
equal to zero in all . terms . The uniform and absolute convergence of (5 .10)

I L
for se so, - , so > 0, is easy to verily . Consequently

a

f( iS

	

Si

	

~

A(s)=1+s e Bds1 s0
+se tBds l ~Bds2 .0; + . . . .

	

(5 .11)
\v

	

/

	

`
JJ

	

/

is an absolutely and uniformly convergent series for se so, - . But the series
G

(5 .11) converges in an arbitrary neighbourhood of the origin .
Indeed, if

no = max ti f3, 1-ß2 +11- V1 (s), -ß,
we have

\S"

	

1 /
s
BdslBds2C2yjôs2

(

~.

	

~

	

s

	

s'\

1 /

fi
G

(5.9)

1

s

	

/

	

sa
Bdsi < no s

Ĥ
5I

	

S „

. . .

	

B dsnL7 .
C

	

C

C 2n_1 y~o sn l 1a

\ s

IX

1

as is easily shown by induction . Here use has been made also of the fac t
that a> 2. Hence

s

	

•Sl

	

(•s ,
se Bdsi Bds 2 . . . Bds,t+l s e < 2n-1 no s n

.
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The series (5 .11) thus converges absolutely and uniformly for se 0,

	

1

	

I ,
2 no

0 <n o <oo . It follows that the matrix series s 0 (B) s-e converges absolutely

and uniformly and satisfies the differential equation (5 .4) in the whole

interval I0, L , . Since Vl (s) in (5 .9) is an absolutely convergent power serie s
LL

	

a
in s, it follows-as would be easy to show-that all terms of (5 .11) have
power series in s as elements . Besides, s e £(B)s 0 ->I, as s-+0 . From the

theorem on page 18 we conclude that

Y={se S2(B)s-0 }s e

	

(5.12)

is a solution of (5 .4) (we do not write Y = se t (B) since we want our
solution to appear in the form suggested by the theorem) . From (5 .3) i t

follows that the general solution of (4 .5) is given by

z-T_
1

{se SZ(B)s 0 }s e Tzo,

	

(5 .13)

where zo is an arbitrary vector . From (4 .3) and (5.13) it is then seen that

T-1 { se SZ (B) s- e } s B Tz° .

	

(5.14)

The vector zo must be chosen so that the condition R(0) <oo (cf. (4.2))

is fulfilled . Now

	

(-2 (p+l) ()

	

1	 G

	

/S2(p-1) s 2 (p+l )	 G	

2(p+1)

	

2 (p+1 )
se Tz° =

	

1

	

0

	

1

	

1° \0

	

1

	

z
°

From (5 .14) and (5 .15) it is clear that we must set

	 G	

2 (p+1 )

1

	

l Gl '

C, being a constant . Finally we obtai n

G

	

(dR

=SP-1
s

p 2(p
	 lis

seS)
O
B s-e 1l 0 C 1 (5 .16)

R

	

0

	

s

	

{

	

1

z °

(5.15)
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The Ø(s)-matrix of (4 .6), (4.14), (4 .15), and (4.16) is thus

is

	

Gp_
2(p+1) s ß

s

	

{sO S2(s e ys
O)s e 1,

	

(5 .17 )

the matrix y having been defined in (5 .4 a) .

The eigenvalue A is contained in y . In practical applications one prefers ,

however, to have the matrix O(s) in the form of a power series in A . In

order to achieve this, we first rewrite y as follows :

y = Yi. + A Y2 ,
where

0(s) = sp
1

iß

	

/32 - Vl (s)'
and y 2 =Y1 =

The differential equation (5 .6) will then appear in the form

ds
+

s (A 0 - 0A)- (y l _!_ A Y 2)A=0 .

	

(5 .18)

We substitute

A = A 1 D,

	

(5 .19)

with

A1=sBS2(s 0 Yl s0 ) s B,

in (5 .18). As is seen at once, Al is the solution of

dAl 1

ds
	

+ s
(A 1 0 - 0A1) - yl Al = 0

	

(5 .20)

A1(0)=I.

	

J

Remembering that the inverse of Al exists for every st 0, 1= (cf. ref. (6)) ,
6

we obtain the differential-equatio n

dD
(DO-OD)-A(Ail Y 2 A 1)D=0

	

(5.21 )

for D. Since A(0) = A1(0) = I, we require that D(0) = I. Before we are able

to write down the solution of (5 .21), we have to consider the matri x
Ail yl Al a little more closely. Instead of directly inverting the matrix A l,

we may proceed as follows : It is easy to verify that Al l satisfies the differ-

ential equation
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ds+s (Y0 -OY)+Yy1 = 0

and furthermore, when we require Y(O) = I, that

Y= se ( - - seyl se ) s0

for ss 10, L
J

, where
111

	

6

(F standing for s-e yl se ) . The matrix seÿ~(s0y1s0) s-0 is an absolutely

and uniformly convergent power series in s, as is easy to show by a proce-
dure practically identical with the one used in connection with (5 .11) .
It follows that the matrix A Ai 1 y2 Al is an absolutely and uniformly con-

vergent power series in s . We conclude from this that the solution of (5 .21)

satisfying the condition D (0) = I is given by the matrix

D=s e S.) { As 0 [s e (-s
°
yl se ) s 0

]
y2[seSZ (s e yi se) s0]se }s-e . (5.25)

Finally we obtain from (5 .17), (5 .19) and (5 .25)

p-,
G

lS

	

(p+1)S

	

IlØ (s) = sp 1

	

se Q (s e yi se) s-°

	

(5 .26)
\0

	

s

	

ls O D f As B[seÿ-seyl se ) s

	

y2[soD (s Bylse)s e]se}s e ,

which is clearly a power series in A . In (5 .25) and (5.26) we have-maintained

the forms se ,S2 s- 0 and s 0 ip s--O since they are matrices with power series in

s as elements. Everything that was said in section 3 in connection with

(3.3) will hold for (5 .26) .
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(5.22 )

(5.23)

s

	

. s

~ dsl

	

dsl
1

i (-F)=I- F

	

+ ~

	

F ds2 F(s1)- . . . .

	

(5 .24)
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