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It is shown that the appropriate mathematical formalism of the field theoretical
model recently proposed by T. D . LEE must use an indefinite metric to describ e
the norm of the state vector in the Hilbert space . The appearance of the. indefinit e
metric is intimately connected with a new state of the V-particle having an energ y
that is below the mass of the "normal" V-particle . It is further shown that the
.S-matrix for this model is not unitary and that the probability for an incomin g
V-particle in the normal state and a boson, to make a transition to an outgoin g
V-particle in the new state and another boson, must be negative if the sum o f
all transition probabilities for the incoming state mentioned shall add up to one .

Introduction .

I
n a recent paper y, T. D . LEE has suggested a very interesting

model of a renormalizable field theory. This model is simple

enough to allow a more. or less explicit solution, but compli-

cated enough to contain many features characteristic of mor e
realistic theories . It uses not only a renormalization of the mas s
of one kind of particles involved, but also a renormalizatio n

of the coupling constant g describing the interaction between th e
particles . In the explicit solution found by LEE, the ratio betwee n
the square of the renormalized coupling constant g and the squar e
of the unrenormalized coupling constant go is given by an ex-

pression of the form

a

go

	

1- A•g 2,

where A is a divergent integral. The ratio (1) is thus equal to
-co . This is a very remarkable result, as according to very
general principles 2) , this ratio should lie between one and zero . I t
is the aim of the present note to investigate the mathematica l

origin of the result (1) and to show that the violation of general
principles implied by (1) also has observable consequences
insofar as the S-matrix of the theory turns out not to be unitary .

1*

(1)
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To avoid the manipulation of divergent integrals we introduce a
cut-off factor in the interaction . It will then appear that abnormal
values of the ratio (1) are also obtained for a finite value of the
cut-off and are not immediately connected with the infinities i n
the original formulation . To make our discussion reasonably
self-contained we start with a survey , of the foundations of th e
Lee model and with an outline of the way in which the renor-
malizations have to be performed in this case .

I . Renormalization of the Lee Model .

Let us consider a system with three different kinds of par-
ticles which, following LEE, we call V-particles, N-particles, and
0-particles . To each kind of particles corresponds a field that wil l
be denoted by vy,VN, and a, respectively. The system is governed
by the following unrenormalized Hamiltonian :

H = Ho + Hiat ,

Ho =

	

Ev (P) ~Vv (p) yv (P) + EN (p) ~rr (P) yN (p)
p

	

p

+(k) a * (k) a (k) ,

Hint - -
g0

	

7 J(w) å

	

:

	

x

	

r

yV_ _
y~ 2w (~Vv(p )?Pnr (p

r
) a (k)+ a* (k)~Vn(p)yv(P) )

p = p ' + IE

The operators in (3) and (4) can be thought of as being written
in p-space and in a Schrödinger representation. The model does
not have invariance with respect to the Lorentz group and it wil l
not be necessary to use the more sophisticated representations o f
relativistic field theories . The energies Ev (p) , EN (p), and w(k)
are, in principle, arbitrary functions of the momenta involve d
and the theory can be treated for any form of these functions .
However, for our purpose, it will be sufficient to consider the
following special case ,

Ev(p) = Elv(p) = m (independent of p) ,

co () = j/k 2 +,u2 .

(4)

(2)



Nr . 7

	

5

In particular, Eq . (5) will simplify the formal expressions to some
extent without interfering with the interesting features of the
result. If one wishes, this choice of the energies as functions o f
the momenta can be thought of as giving a model for the inter -
action of very heavy V- and N-particles (with equal masses) wit h
light, relativistic 0-particles . The function f(co) in (4) is the
cut-off function mentioned earlier and is introduced to make th e
sums, appearing later, convergent . The quantity V is the volume
of periodicity .

The field operators obey the following commutation and anti -
commutation relations :

{14 (13), yv(p') } ° { ~N(p), wrr(p') } = 6 T, T) , ,

	

(7)

{ ~V(p), vv (p ')} = {vv GO, vN (p')} =	 = o, (8)

[ a (k), a* (k' )] = d1z k,

	

( 9)

(k), vv (p)] = [a (k), vw (p ')] =	 = 0 .

With the aid of these commutators we can set up a representatio n
in the Hilbert space, where each state is characterized by th e
number of particles present . Further, each state in this repre-
sentation is an eigenstate of the free-particle Hamiltonian Ho in
(3), but not of the total Hamiltonian (2) . Let us denote thes e
states by

I ny,nN~ n k i ,

where nv, nN , and nk are the numbers of "free" V-particles ,
N-particles, and 0-particles present s) .

With the aid of (7)-(10) it can easily be verified that th e
following two operators commute with the total Hamiltonian .

Qr =

	

vv (p)wv(p)+ vr (p)N(p

)n

	

p

Q2 =

	

(p) yiv (p)-Z a* (k) a (k) ,

	

(13)
p

	

k

[H, Q i ] = 0, i = 1,2 .

	

(14)

(10 )

(11 )

(12)
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As each state (11) is also an eigenstate of the operators Q, i t

follows that the eigenstates of the total Hamiltonian H can b e
built up as linear combinations of states (11) belonging to the
same eigenvalue q i . This will considerably simplify the problem

of diagonalizing the total Hamiltonian and, in some cases, eve n
give an explicit solution. As an example, we may mention tha t
there is only one of the states (11) which has q,_ = q 2 = 0, viz .

the state 10, 0, 0 > or the "free-particle vacuum" . Hence, this state
is also an eigenstate of the total Hamiltonian, and a simple cal-

culation gives the eigenvalue zero for this operator . The "physica l

vacuum" is thus the saine as the free-particle vacuum for thi s
model . In the saine way, we can show that the physical N-par-
ticle states and the physical 0-particle states are identical with
the corresponding free-particle states, but that the free V-particl e

states are not eigenstates of the total Hamiltonian . It will be
necessary to consider a linear combination of the states 1 v, 0, 0
and 10,1 N , lk ; to construct an eigenstate of the total Hamiltonia n

for this case . We shall later return to this point . For the

moment we only remark that, under these circumstances, it will
not be necessary to introduce renormalizations of the masses o f
the N-particles or the 0-particles . The mass renormalization i n

the model is now performed by adding the following term to th e
Hamiltonian (this term will not change the conservation equa-
tions (14)) :

The constant ånt in (15) should, if possible, be determined i n
such a way that the state corresponding to the physical V-particle
has the mass in appearing in Ho . Following the custom in quan-

tum electrodynamics, we also introduce a renormalization of th e
coupling constant go and of the field operator 7pv by a factor N
in the following way :

g = go . N, (16)

Vv (P) _ Vv (P) N . (17)

It is important to realize that the constant N in (16) and (17 )
can by definition be chosen to be real, as there is always an

arbitrary phase factor in the field operators . The choice of a

~SH - - bin S y v(P)~Vv(P)
n

(15 )
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real N only fixes the phase connection between yv and yÇ and

can have no physical consequences . The value of N is determine d

by the condition 4)

<0 tVv(P)I V % = 1 .

The state I V > in (18) is the physical V-particle state and th e

state I 0 > the physical vacuum . In what follows, we drop th e

dash on the renormalized eyv-operator as the corresponding
unrenormalized operator will not be used again . In terms of our

renormalized quantities the Hamiltonian and the canonical com-

mutators will now rea d

H = Ho -{- Hint + åH,

	

(19 )

Ho = mN2 ~ ,14:, (p) ipv (p) + ~~~ ~ ~nr (p) w. (p) + ~ w (k) a~° (1) a

	

(20 )
p

	

p

	

R

Hint =

	

g

	

f
(w) (vv (p) viv (P ' ) a (k) + a* (k)

	

(P') vv (p)) ,
Vv_V2 w

p=p ' + k

bH = 8m N2 ~ tVv(P)~Vv(P )
p

t ßi4 (p) , y~v (p ' ) } =
N2 8

1,

	

(other commutators unchanged) .

	

(23)

Eqs . (19)-(23) will be the foundation for the following discussion .

II . The Physical V-Particle States and the States Describing
the Scattering of one N-Particle and one 0-Particle .

We now try to find an eigenstate of the total Iamiltonian o f

the form

Izi = I 1 v , 0 , 0 >+Y Ø (k)I0, 1N, 10 .

	

(24)
If

In this expression all terms have the same total momentum . In

the following formulae, a factor expressing conservation of three -
dimensional momentum is very often left out . Calling the eigen -
value of the state (24) m + wo, and using (19)-(23), we obtain

after some straightforward calculations

(18)

(21 )

(22 )
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wo+åm = -

	

g (k)f(w) (25)
N j/V V2 w

(w-wo)(k) =

	

g__f(a)) (26)
NVVV2w

Eliminating i (k) from (25) and (26) we get the following equatio n
for the determination of the eigenvalue wo :

	 g2	 ~ f2 (w) 1
'0° { öm+ 2N2V ~

	

= O .

	

(27)
co w - w

lc

The constant cam is now determined from the condition that
wo = 0 should be one solution of (27) . The corresponding eigen-
state (24) is, when properly normalized, the physical V-particle
state . This gives us

åm =	 g2 1

2 V N 2

/ f2 (w)
! w2 ' (28)

Ilv 0,0
>+NV2V,w(3)

I 0,1N,1k>l,

	

(29)
k

	

J
C 2 = 1+	

g2
\' f 2 (w)

2 VN 2 ,_ w a
k

Furthermore, using Eq . (18), we get

IV > = C

(30)

or
C = N (31 )

I V> = NI lv, 0, 0
>+ ~/

g

V~ 3120
1v, 1 x >

k

N 2 _ 1_	 g2~ 72 (w)
2V

	

w 3

The results obtained so far in this paragraph correspond exactly
to those obtained by LEE. In particular, Eqs . (33) and (16 )

(32)

(33)



together give LEE'S result (1) if the' form factor is put equa l

to unity for all values of w . However, if we have a finite cut-off ,

Eq. (33) can be written

2

N 2 = 1

	

9,_

g erit

_2

	

,

f2(w)

gcrit

	

- 2 V

	

w g

lc

The value (34) of N 2 lies between zero and one, as was to be expec -
ted, only if the renormalized coupling constant g is less than a

critical value grit depending on the cut-off function and defined b y

(34 a) . If there is no cut-off, the critical value of the coupling i s

zero. Further, if the renormalization of the coupling constant is not
performed explicitly, but if all quantities are expressed in term s

of the original constant go, we have to substitute the expressio n

2

	

2/~

2
=

.7 0 gcrit

g

	

go + g~rit

for g 2 everywhere in our formulae above . Eq . (35) contains th e

definite prediction that the renormalized coupling is always les s

than the critical coupling if the Hamiltonian is hermitian, i . e . if
go is real . As stressed by LEE, it is of some interest to investigate

also the case of the renormalized coupling being larger than th e

critical value and the Hamiltonian being non-hermitian . The cru-

cial question to be answered is whether this violation of the ordinar y
methods of quantum mechanics will have any observable con -

sequences or if we are able in this way to get an at least partially

satisfactory theory .
We now turn to the investigation of the other solutions to th e

eigenvalue problem (27) . Making use of (28) and (33) we ca n
rewrite Eq. (27) in the following way :

12(wo) - wo

	

~	 g2	
f 2 lwl wo

	

= o . •
2 V

	

w 3 (w wo)

(34)

(34 a)

(35)

(36)
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The second factor in (36) has a pole each time wo w i , where
w i is an eigenvalue of the unperturbed Hamiltonian Ho . As the
derivative of the last factor in (36) with respect to wo is always
positive, this factor must vanish once, and only once, in eac h

interval (wi, w i 11 ) . The corresponding eigenstates (24) describ e

the scattering of one N-particle and one 0-particle . After some
formal manipulations these states can be written ,

N, 0i = 1 0, 1N, lk > + a(k,k')I0, 1N . , 1 k,i+ß(k)N1 1v, 0, 0>,

	

(37 )
%-

a(k k)-	 gß(k)f(w
,
) P -1 +inå (w -w)

V2 V

	

vcw '

	

co ' - w

ß(h ) _ -
gf(w)

	

+ '

	

y2 Vw3j~

	

2 V

In (38) and (39), the limit V-> cc has been anticipated and these

equations contain a prescription how the denominators must b e

treated when the integration over k' is performed. This prescrip-

tion corresponds to only outgoing waves in the second term of (37) .

The only incoming particles in these states have momentum k .

From the formulae above it is possible to compute that part o f

the S-matrix which corresponds to the scattering of N-particle s

and 0-particles by each other . The result is the unitary matrix

<N, OISIN ' , 0' i

	

T, +i
~2f2(w)
	 å (w' -w)w)	 (40)

h (w)+ i 4~c l k I f2 (w)

From (40) we get the differential cross section

da

	

1

dS2

	

k,I 2sin 2 d

4 :r h (w)

	

(41 )

tgå- 92 1k If2 (w)

Again, this corresponds exactly to the results . obtained by LEE .

In the last three formulae, the limit V - is performed and th e

1

	

\~-1
	 P	 -+izcS(w' -w)

w '3

	

w ' -w

(38 )

(39 )

with

(42)
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V_ >

integral appearing in h (w) (Eq. (36)) is defined to be a principal

value .

It remains to discuss the important question whether the state s
(32) and (37) obtained so far form a complete set or if there are
possibly other states of the form (24) which are also eigenstates o f
the total Hamiltonian.. If other states exist, they must correspond t o

other solutions of the eigenvalue problem (36) . We therefore begi n

by a more detailed discussion of this equation . The argument
given so far has exhausted all roots of this equation in the domai n
wo > N* . For wo < ,u, we find that the second factor of (36)
still has a positive derivative and that it approaches the valu e
N2 = 1 - g2 /g2erit for very large values of I wo I . If the couplin g
constant is less than the critical value, we have no extra root o f
(36) and the states considered so far form a complete set . On
the other hand, if the coupling is larger than the critical coupling ,
there will be exactly one extra root of (36) for we <,u . The cor -
responding eigenstate is not a scattering state, but will represen t

another state of the V-particle .t This state can be constructed

explicitly from the formalism given here, and the result i s

	 1	
[N'l

1v,0,0i- ~ 	
gV

	

Î (
l/

w
w

) 	
+(-

	 	 1

	

1N ' lki~, (43 )1~2G

	

w .l
k

h (- A) = 0 ; A > O . (44)

The normalization of the state (43) is chosen in a way that wil l
be justified in the next paragraph .

It will be shown in Appendix I that Eq . (36) has no non-real

roots .

* If the cut-off function vanishes exactly for w larger than some value Q ,
the domain wo > Q needs a special discussion, as the argument after Eq . (36) will
not be valid there . Actually, it can be shown that there is an extra root in thi s
domain if g is less than the critical value gcrtt . To avoid inessential complication s
of the argument, we therefore consider only cut-off functions that have a long tai l
as, e . g., f(w) = e w/ Q , where this question will not appear .

t In footnote 4 of LSE's paper, the possibility of another stable state o f
the V-particle is briefly mentioned, but no detailed investigation of its propertie s
is given. In our discussion, this state will be of paramount importance .
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III . Introduction of an Indefinite Metric in the Hilbert Space .

The negative sign for N2 in (34), if g is larger than gcrit, ob-

viously leads to difficulties with the normalization of the physica l

V-particle state (32) . If we try to correct the normalization o f

this state by multiplying it with a suitable factor, we are ultimatel y

led to a modification of our renormalization prescription s

insofar as we can no longer use the same factor in (16) and (17 )

to renormalize the coupling constant and the field operator vv .
In this case, extra factors have to be inserted in the interactio n

Hamiltonian (21), and it can easily be seen that it is not possibl e

in this way to make the theory mathematically consistent . The

only possibility of saving the normalization of the state (32) is then

to define the norm of a state cc Inv, n N , nk > to be (x12(_ 1)"
vAsN 2 in our case is real and negative, this indefinite metric wil l

be the appropriate mathematical framework for the Lee model . 5 )

The introduction of this device will not change many of the forma l

operations performed earlier, and particularly the scattering

states (37) and the S-matrix (40) will be uninfluenced by it. On

the other hand, the norm of the state (32) will be one as it stands

in the new metric . The norm of the state (43) will be

z

	

fz

h' (1 2) [N2 + 217~ co (co -}-,1) 2 ]
k

	 1+
g z

\~

f2 (w) 1

	

1

I h'(
-A)I[

	

2V

	

w [(w--2) 2 w 2 ]
k

1

	

g 2 ~f 2 (co)

	

1

	

1

	

1z+

	

' (- ~,)

- 1 .
h ' (-2) I 2 V~ co

	

-o

	

+-%)2 co' co' (co ~-7~)J

	

h' (- I -

i<

The norm of the state 1 V_4, > is negative and has been nor-
malized to -1 in (43) .

To make the formal discussion as simple as possible it wil l
now be convenient to introduce a "metric operator" 175) which
has the following matrix elements for the free-particle states (11) :

< n v , ~n,, nk i V 7In, n , n'k > = 8

	

~ ~ 8

	

. (-1r v (4G)~4

	

n j,ny n~,nn, n~n'1c
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For the physical states considered up till now, we have

(47)< VI ~7 I V i =

	

<N, 01

	

N, > = I ,

<V > = . (48)

The non-diagonal elements of 77 between these states are all zero .
The condition for an operator F to have real expectation value s
is no longer that it is hermitian, but rather that it is "self-adjoint"
in the following sense :

F = F+ 17F"'y .

	

(49)

A detailed examination of the foregoing calculations show s
that the introduction of the indefinite metric will make th e
mathematics formally consistent if the adjoint operators v ,
1gT , and a+ are introduced in Eqs. (20)-(23) instead of the
operators zpÿ, yk, and a*. This will make the Hamiltonian self-
adjoint . On the other hand, the right-hand side of (23) will n o
longer have a definite sign, and a negative value of this c-numbe r
will not necessarily be inconsistent with the foundations of th e
theory. A special case of the expectation value of this anticorn-
mutator is examined in Appendix I .

If the transformation leading from the free particle states

I
n > to the physical states I P > is written as a matrix U ,

I P > = ~ I n i<nI U1 p >,

	

(50)
In >

this matrix will not be unitary, but have the property

U+ U=U*r7U=1 .

	

(51)

It is then important to decide whether the S-matrix of th e
theory also has the property (51) rather than being unitary. This
expectation is not in contradiction with the result (40), as th e
operator 77 has only matrix elements + 1 for the physical state s
involved there . Eq . (51) will have non-trivial consequences only
if physical states with a non-positive norm are involved . The
simplest process of this kind is the scattering of a 0-particle b y
a V-particle either in its normal state or in the state 1 V_ i >. In
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the former case, it is to be expected that transitions of the V-par-
ticle to its new state take place and that these transitions possibly

occur with "negative probabilities" . The following paragraph i s

devoted to a discussion of these problems .

IV. The Scattering of 0-Particles by V -Particles .

We will now study eigenvectors of the total Hamiltonian o f

the form

iz> =

	

~ 1 v, o, I k>+ 052(k, k')o,

	

1 k , l k'>•

	

(52)

If the eigenvalue is again called in + wo, a straightforward cal-

culation will yield the following equations for the coefficient s
in (52) :

0 1(k)(w-wo-ôln) =~~2g~~V
~

2 (k,1c ' ) ~~),

	

(53)

k '

02 (k , k ') (w + co' - wo)
= 1,/2 V

2[Ø1(1,) f~/w')
+ Ø 1(k ) f(~) (54)

In this case, we are not interested in the complete set of state s

(52), but will only try to find those special states correspondin g

to the scattering of a 0-particle by a V-particle in its norma l

state. In other words, we look for solutions to (53) and (54 )

where 0 1 (k) is of the form

Ø1 (k , ko) = Sn, xp +TV (k, ko)

	

(55)

with outgoing waves only in p (k, ko) and in 0 2 (k, k ' ) . The last

condition gives u s

Ø 2 (k, k', ko) = q

	

01(k, ko) t(w')

J/2 V 2

	

)/w

	

~

	

l

	

(56 )

+ Øi(k' , ko)1(w)
[P
	 -I-
w } w' -

woinå (w-{-w'-wo)J f
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or, using (28) and (33) ,

Ø1(k , ko) h (w o - w)

f(w') 01 (k~, ko)	 1	 	
ll

L
P 	 + i~zS (w + w - coo)] .

vw

	

w-{-w'-w o

Contrary to the situation in paragraph II, it will not be possibl e

to find an explicit solution to Eq. (57) . However, this will not

be necessary for our purpose, as it is sufficient here to investigat e

the properties of the S-matrix . This can be done with a metho d
very similar to MOLLER ' S proof of the unitarity of the S-matri x

if the Hamiltonian is hermitian . 0 Following MOLLER, we intro-

duce the following quantity

_
g2

f(w )

2 V Vw

(57)

U (k, ko)

g2 f (w)

	

f (w') Ø 1 (k' ' , ko) rI,

	

1i	 	 	 L	
2V yw

	

yw'

	

w+w'-wo
k'

+i7cå(w+w ' -wo)
]

From Eq . (57) we then conclude

% Øi (k, ko) U (k, k =
g2

2 V _
k

	

h'

X
L
P	 -	 1,	

a +
i :7rå (w + w"- wo)] ,

w+w -w

2
(k„

ko) Øi (k" ko) = - i	 g
2V_ -

k"

	

k, k"

P	 1,	 	 (w -+ - w" - wo)
J

.
w+w -wo

The sum of (59) and (60) vanishes, as does the correspond -

ing sum in MØLLER ' s paper, only if wo < 2 ,u. In this case ,

w + co"- wo never vanishes in the physical interval (u, oo) of
the frequencies w, w", and the transition V+ B ->N + 0'+ B"

cannot occur on the energy shell . In the opposite case, wo > 2 ,u ,

this transition causes a slight complication and we ge t

' Øi (k , ko)f(w) f(w„)Øi(Ic" , Ico )

Vw

	

Vo)"

	 i(k , ko)f (w) f
(w„

)	 (k", k o)

vw

	

va) , ,

X



16

	

Nr . 7

å (coo- wo)

	

(k , ko) U (k, ko) +

	

U. (k, ko) Ø1 (k, ko) ~

k

7E
.~

2 å
(wo - wo) ~ Øi (k ko)

f (w)
~

G

f (çv 	
) 1 (k" k

o)
a (co + co"- co

With the aid of (55), (57), (58), and the vanishing of h(0), we hav e

y (k, ko) h (co o- (0) = i u (k, ko) .

	

(62)

We write the solution of (62) symbolically as

(61 )

zp (k, ko) _

U (k, ko)

h (wow)+ '
(63)

where the plus sign indicates that outgoing waves are to be chose n

at the zeros of h(wo- w) . Using this result, we can write (61) as

b (wo -(0o) [ U ao , ko) + U* (ko , ko) ]

+ iå (co o - wo)

	

U* (k, ko) U (k , ko) [h (wo-w)+ h w w

	

k

	

(o

	

)

+ -~2 S (wo- wo)G Øi (k , ko) f(w)f (w„)
Ø1(k„

ko) ô (w + w"- wo) = 0 O .
~

	

k, k" V ww

The second bracket of (64) can be rewritten in the following way :

h (wo- w)+ h (wo1 w)_ - 2 ;r i >
h' (ec)

å
(wo-

w- Pi) , (65)

where the summation is over all the roots of the equation h (x) = 0 .
To simplify the notations further, we introduce the matrices

< V, 0 1 R( 1 ) I V', 0 ' > = 2 nS (w -w') U (k, k ' ) ,

	

(66 )

< V A , 0 I R(2 ' V, 0 ' > = 2nå (w + a,	 co')	 (k ° k)

	

(67)

y- h' ( 2)

1

(64)
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<N 0 ' 0" I R(3) I V 0 >

= 2 a ô (w' + co"- w)	 g1 H (Ir' ) f(w„ ) +

	

f(w ' )
y2

	

Vw

	

J/w

It can be shown that the sum over all the roots in (65) correspond -
ing to the scattering states in paragraph II and the last term o f
(64) can be expressed in terms of the matrix R (3) . Using this ,
we can write (64) as

< V 0 I R(1) + R(1)* + R(1) * R(1) V' 0' >

- < V, 0 R(2) * R(2) 1 V ' , 0' > -~ < V, 0 I
R(3) * R(3) V ', 6 ' >- = 0 . .

It now follows that the S-matrix of the Lee model which, for the
states considered in this paragraph, is given b y

S = 1 +R(1) +R(2)+R(3)

	

(70)

is not unitary, because the probability for the transitions V + 6
V_,t + 0 ' is to be counted negative in (69) . As was suggested
earlier, we see instead that the S-matrix has the property

W0=1

	

(71)

if the diagonal elements of belonging to the states I 0 > are
put equal to -1 . It can also be shown that, if transitions from
the states

I
V_ 2, 0 > are considered, a similar result will be ob-

tained. The non-unitariness of the transformation (50) between
the free-particle states and the physical states has its close cor -
respondence in the non-unitariness of the S-matrix and make s
the model unacceptable for physical reasons .

At this stage, one might ask if it is not possible to reinterpre t
the formalism with the aid of an argument similar to hole theory
in quantum electrodynamics . One would then, e . g ., call the state

V_ 2 > the vacuum, and the state which is here called the vac-
uum a state with one " anti-particle". However, it is easily see n
that it is not possible to make the formalism consistent in thi s
way as no reinterpretation along such lines will ever change the
non-unitary properties of the S-matrix in (69) .

Dan.Mat .Fys .Medd .30, no .7 .

	

2

(69)

(68)
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The conclusion of our discussion is then that the model sug-

gested by T. D . LEE is in accordance with the physical probability
concept only if a cut-off is introduced and if the renormalized

coupling constant is less than the critical value given by Eq.
(34 a) . In this case, the constant N2 lies between zero and one ,
as is expected from general arguments . 2) If there is no cut-off,

the critical value of the coupling constant is zero .
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Appendix I .

In this appendix, we show by an explicit calculation how th e
indefinite metric is able to account for the negative sign on th e
right hand of the anticommutator

1

	

(A.1 )

We compute the vacuum expectation value of this quantity fo r

g > 9erit and p = p ' , and obtain

<oI{wv(P),wv(P) fIa> = ~I< o lwv(P)I z > I 2 < z I~1I z > . (A.2 )

In (A.2) the summation is performed over any complete set o f
states. We can, e . g ., sum over all physical states and get contri-
butions from the physical V-particle state, the state I V_,t >, and
the scattering states IN, 0 > . According to the result of paragrap h
II, these contributions will be

<a{vv(P),yv(P)o> =
1+ß(k)I2-Ih,(1

Å) IT.

1

	

} (A .3)

k

	

h'(-)

	

J

If there were no indefinite metric, the right-hand side would b e
positive and larger than one . This is also the usual proof2> that
N2 is a positive number less than one . In our case, the last term
has a negative sign, and there is no general principle according
to which the right-hand side of (A .3) has a definite sign . We
shall now show explicitly that this quantity has the correct valu e
given by Eq. (33) . The proof is essentially based on the fact
that the function h (z) defined by (36) and extended to the com-
plex plane by

2 *

= 1 +SIß(k)I2+
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(A.4)

has zeros only on the real axis . Indeed, one has with z = x + iy ,

Iln h (z) = g2Im >
f2( w) z

	

g2 `
-7
	 f2( co ) y	 (A .5 )

z

	

2 V

	

w 3 (w-z)

	

2 V .--, w2[(co-x)2-+2] '

k

	

k

which is always different from zero for y + 0 .

Moreover, passing to the limit V -> , h (z) transforms into an
analytic function given by

h(z) = z [1 +yzÇ f 2 (w) Vw2-,u2dw ]

	

(A.4a)
1111

	

µ

	

w 2 (w-z)

l with the abbreviation y = g2 which is unique in the complex
4 z 2

plane cut along the real axis from ,u to positive infinity . The

imaginary part of h (z) is discontinuous at this part of the rea l

axis, having opposite signs in the upper and the lower half plane ,

whilst the real part is continuous . To this ambiguity of h (z)

corresponds the circumstance that z = ,u is a branching point o f

the square root type of h (z) (cf. the explicit form given in Ap-

pendix II for the particular case f (w) = 1) .
These properties of h (z) enable us to evaluate the integra l

along the path illustrated in Fig . 1 in two different ways . We first
remark that

IC

	

2
w / w 2 - 42dw

	

2

	

/w2_/

J

	 212

1y.f ( )l'

	

[h2(w) +(	 f ( co ) v

ø

- 1 lim Im	
d co

o

	

h(w -is) .
~

We now divide the path C into two parts . One of them, C 1, start s
from a point z = R - is with arbitrarily large R and arbitrarily

A.6)



small, positive s, goes below the real axis at a distances fro m

it, encircles the point z = p in the negative direction, returns

above the real axis at a distance s, and ends at the point

z = R + is . The second part, CR , is a large circle with radius R
of which a small part near the positive real axis is omitted .

Performing the limiting process s --k 0, in which the contri-

bution of the circular arc of C 1 gets arbitrarily small, one firs t

obtains

~

lim
dz

= -2 i lim Im	
dz

	

= -2
n

i I
Ak, I 2 .

(A . ')o h( z)

	

o

	

h(z- is)

	

k
C=

In this limit, the second part CR of C goes over into the full

circle CR . The corresponding integral is easily evaluated wit h

the aid of the asymptotic form of the function h (z) (cf. the remarks

before Eq. (43)) and gives

~~	
,z)

= 2 TG i 2 .

X

(A.8)
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Hence, in this way we obtain

2nih(z) +ß(1)I2

	

N2'

	

(A .9)
k

On the other hand, the absence of non-real zeros of h (z) and a
knowledge of the residues of h (z)-1 at the poles z = 0 and
z = - A permits a direct evaluation of the integra l

1 ~ dz _ 1+ 1

2n i h(z)

	

h ' (-A) .
c

1+~~ß(k)I2 { h, ( 1~) = N2 .

Eqs . (A.11) and (A.3) together give the expected result (A .1). If
the coupling constant is less than the critical value, the integran d
in (A.9) will have no pole at z = - A, and the last term in (A.10)
will be missing. Other matrix elements of the commutators an d
anticommutators can be treated in similar ways .

Appendix II .

In the particular case of no cut-off f (w) = 1, 1/N = 0 the
function h (z) (cf . (A . 4 a)) can be expressed in closed form :

h(w±is) = a>~--yLw-~ ~!u- 1/~w2-,cc2 ( log w 	 IVa> 2 - a2
+ in)]

(A .12)

if a>> ,u and c>0 ,

h(- A) = -A-{-y r-2+ 1''±1 +1/7~ 2 -,u2 log
.~~- ~A2 - FL21 if 7~> ,u .

	

(A .13)

Apart from the imaginary part in (A . 12) these two cases can als o

be represented by the same fomula if an absolute value is take n
for the argument under the logarithm. For the third interval o f
the real axis, one ha s

Hence,

(A.10 )

(A.11)
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2

h(w)=w-~y-aresin
w

~--~

	

~	 if -,u <a><,u . (A.14)[w_vU 2w2
,c~

	

2 F~ +I/p 2 - co 'J

These expressions can be used to find the position of the root

h (- A) = 0

	

(A.15)

both in the weak and in the strong coupling limit . For weak

coupling, we find from (A .13)

.1 . 2 e 1Jy if y « 1,

	

(A.16)

which excludes any kind of power series expansion .' In the strong

coupling limit the application of (A.14) gives the following ex -
pression for the root :

4

	

if y»1

	

(A.17)
y

with a possibility of an expansion in powers of y-1.

* This is of some interest in connection with the failure to obtain a power
series with a finite radius of convergence by application of perturbation method s
to some examples of renormalizable field theories . Cf . C . A . HURST, Proc. Cambr .
Phil . Soc. 48, 625 (1952) ; W. THINNING, Hely . Phys . Acta 26, 33 (1953) ; A. PETER -
MANN, Phys . Rev. 89, 1160 (1953), and R . UTIYAMA and T . IMAMURA,Prog . Theor .
Phys . 9, 431 (1953) .
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