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Synopsis.

An attempt is made to generalize the Hilbert space of quantum mechanics
in analogy with the development of the general relativity theory from the
theory of special relativity. The state vectors, ¥, 3, of quantum mechanics are
found to be analogous Lo the four-velocity, »#, of relativity and thercfore co-

ordinates, ¥, ¥, are introduced, corresponding to the coordinates z* of a par-
ticle, such that the time derivatives of y and ¥ equal ¢ and y. The metric 3,
used in constructing the probabilily density, is supposed to be a functjon of ¥
and %. The unitary transformations of the usual theory are replaced by quite
general transformations y and %. A tensor calculus for this generalized Hilbert
space is developed and equations of motion for the states and the dynamical
variables are postulated as generalizations of the usual Heisenherg equations when
the ordinary time differentiation is replaced by invariant time differentiation.
In this way a mnon-linear theory is obtained. However, thc expectation wvalues
of the dynamical variables are found to be the same in the new theory as
in the old, showing that this theory cannot give any physical results different
from those of the usual theory.

Printed in Denmark
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1. Introduction.

he present-day quantum mechanics has been successful in

explaining a large number of phenomena, particularly those
involving electrons and electiromagnetic radiation. It has, however,
not been so successful in dealing with other particles. The dis-
covery of several new particles in recent years seems to indicate
that the basis of the present theory ought to be broadened. In an
ideal theory, one should be able to describe the various particles
as possible states of one system. It is probable that this can be
achieved by constructing a non-linear theory in which the prin-
ciple of superposition of states is valid only as a first approxima-
tion. ‘

Some attempts in this direction have recently been made,
notably by Scurrr (1951 a, b, 1952), by TuirriNnG (1952), by
HrseENBERG(1953,1954) and by HEISENBERG, KORTEL and MITTER
(1955), who introduced non-linear terms into the wave equations.
The addition of such terms is, however, an entirely arbitrary
procedure and therefore unsatisfactory. These attempts can there-
fore be considered only as phenomenological until they have
some acceptable principles as their basis.

A well-known example of a non-linear theory in classical phy-
sics is the theory of general relativity. The special relativity theory
allows only lincar transformations of the coordinates; the general
theory abandons this restriction and takes quite general coordi-
nate transformations into account. This leads in a fairly natural
way to the explanation of the gravitational phenomena. But gra-
vitation plays only a very minor role in atomic and nuclear phe-
nomena and therefore the theory of general relativity in itself is
not of much interest to the atomic physicist. However, one can
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still learn a great deal from it. Its methods may, for instance, be
applied to the construction of a more general Hilbert space in
which the unitary transformations of the usual theory can be
abandoned in favour of more general transformations. This paper
deals with exploring this possibility. It is shown here that such a
generalization is possible and leads, as expected, to non-linear
wave equations in quantum mechanics.

The development outlined below is similar to that of the ge-
neral relativity theory. However, it is hoped that this paper can
be understood, at least in its main line of arguments, without pre-
vious familiarity with general relativity or Riemannian geometry.

2. Analogy between Relativity Theory
and Quantum Mechanics.

We here starl by discussing a Hilbert space of finite dimen-
sions, N. A system in quantum mechanics is completely spe-
cified when the components, ™, of its state vector are known in
all the N mutually orthogonal directions in Hilbert space. The
state  is usually normalized to unity, which means that

N
Dgmym = 1, (2.1)
m=1

Here y™ is the complex conjugate of p™. One could, if one
wished, choose a different normalization for v, but normalizalion
to unity is most convenient. The unitary transformations are
such that they leave (2.1) invariant. Indicating the transformed
variables by primes, we have

Z@m’wm’ = Z@m pm o= 1. (2.2)
m m
If we define
Ym = @m (2.3)

we can write (2.1) as
Z'lpm"/)m = 1. (2.4)
m

Let us denote a general dynamical variable by A with com-
ponents Az, . When v goes over to v’ by means of a unitary
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transformation, 4 goes over to A’ such that the expression
> ™ Az, w® remains invariant:

m, n

Z Tk Al_ﬁin pn' = Z Y™ Ag, 0. (2.5)

wm, n m,

The reason why we have put a bar over m in A, is that this
suffix is contracted with y™ while the other suffix, n, which is
without a bar, is contracted with y%.

With the help of the above notation for the components of a

dynamical variable, we can write (2.3) as
Y = Z@" Nim (2.6)
n

where 73, is the unit matrix.

In special relativity we meet an analogous situation. If v* de-
’ dx

notes the four-velocity, e of a particle (7 is the proper time,
¢ = 1), we have v

v, vt = 1. 2.7

Here the covariant components, v,, are related to the contrava-
riant vector v* by means of the metric g,,:

v, = ZU”gm, (2.8)
v
where ,
goo =1, g1 = gae = gaz = —1,
(2.9
glm,:()for wF= . ‘

If one expressed x* as functions of some other parameter s, one
would get another factor instead of 1 on the righl-hand side of
(2.7). However, it is most convenient to have the normalization
1 by choosing the independent variable as 7.

We now notice a formal similarity between the equations (2.4)
and (2.6) of the quantum theory, on the one hand, and the equa-
tions (2.7) and (2.8) of relativity, on the other. The analogue of
the equation (2.5) in relativity would merely specify the trans-
formation properties ol a second rank tensor.
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Because of this formal similarity between the relativity and
the quantum theories, we can say that the quantum state y with
components y™ corresponds to the relativistic velocity 7 with
components v“.

3. Coordinates in Hilbert Space and Generalization of 5.

The fact that y™ corresponds to the velocity »* suggests that
we introduce coordinates ™ such that, by definition,

dym

m— 22X 3.1
P ” (3.1)

This relation is analogous to the definition

dxt
= —

drv’
The y™’s do not form a vector, just as x* does not constitute a
vector in relalivity. The upper position of the index m in g™ is
inserted only for convenience and does not imply that it is a
vector.
From (2.4) and (3.1) it follows that

dym dy™ = di®, (3.2)

where, according to (2.6),

w
(3.2) can also be written as
> Ny Az dyn = di? (3.4
m, n

which is analbgous to the relativity relation

> Gy dat dx¥ = dv. (3.5)
1, ¥

In special relativity the g,,’s are constants given by (2.9).
The transition from this theory to the theory of general relativity
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consists in abandoning the constancy of g,, and allowing them
to be functions of the coordinates x*. In view of the formal si-
milarity between the equations (3.4) and (3.5), it now suggests
itself that in quantum theory we regard #, as functions of
y and y:

Nn = M (L> XD+ (3.6)

4. Definitions of Vectors and Tensors.

We now assume that quite general transformations of y and
7 are possible such that the transformed coordinates y™' de-
pend on i, 2, 3, ... ... .. ¥ and similarly y™' depend on
R PRk
P A O Y PR A
= QLT 1) (4.1)
m=1...N.

Note that ™' does not depend on %7, nor does ¥™ depend on x”.
From (4.1) it follows that

, O™
dym' = Oy dym (4.2 2)
and
_ o _
Ay = L dqn.  (42b)

Ay
We now follow the usual convention that, unless otherwise stated,
when a suffix occurs once helow and once above, summation
over it will be understood. ‘

We define a ‘contravariant vecltor’ as one whose components
transform like dy™ and a ‘conjugate contravariant vector’ as one
whose components transform as dy™. Sometimes, we distinguish
vectors of the kind dy™ by calling them ‘ordinary’ as contrasted
with conjugate vectors. Thus, an ordinary contravariant vector,
Am, transforms as
Oy’
dym

Am =

An (4.3 2)
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and a conjugate contravariant vector, A™, as

. aTm’ _ .
am = T m (4.3b)
oy

We put a bar over the suffix which transforms as a conjugate
vector, while the suffixes which transform as ordinary vectors
will be left unbarred.

From (4.2 a, b) and (3.1) it follows that % is an ordinary and
¥ a conjugate contravariant vector.

Besides contravariant vectors, we also have covariant vectors.
An ordinary covariant vector, Ay, is defined to transform as

. Ox"
The conjugate covariant vectors transform as
Oy
O’

A = AP, (4.4b)

These definitions are arranged so that, by contracting the indices
of a covariant vector and a contravariant vector of the same kind,
we get an invariant resulf:

A, Bm = A, Bm (4.5 a)
A= B™ = A B™. (4.5b)
Tensors of higher ranks can be defined in exactly the same

way as in the ordinary tensor analysis. Thus, a second rank
tensor A™, transforms as

R A A
A™ = o v A%, (4.6 a)
and a tensor A™, transforms as
_ Jym' Gk _
AT — i X A%, (4.6 b)

e Ay
ete.
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From (3.4) and (4.2 a,b), it is clear that, if we have

, 8%“ (ij
Nian = aim’ W ab> (4'7)

the cxpression (3.4) will be invariant. We can say that % is a
covariant tensor of the mixed kind. It is easy to see that 45, in
(2.5) is also a covariant tensor, of the mixed kind.

Besides being a tensor, the equation (3.4) shows that 5 is a
Hermitian malrix, i.e.,

7—7ﬁn = Nam- (4‘~8)

5. Covariant Differentiation.

If p is a scalar, i.e., if
P =9,
it follows that
Oy’ dg  Oyx°
o™ oy oy

(5.1)

Comparing (5.1) with (4.4 a) we see that the ggadient, (%% 18
covariant vector. Similarly one can see that 6”% is a conjugate
covariant vector. x

Let us now consider the gradient of a vector A™. We have,
on using (4.3 a),

a

dA™ d {axm A}

v oy | aye
Db e
_ o0 0, (5.2)
g Oy | Oye =

O™ dyp DA ayp 92y

o

-~ + — Ae,
axa axn’ axb a%n’ axb axu

m

Comparing (5.2) with (4.6 a) we see that 04 would have been a
¥

tensor if the last term in (5.2) were absent. Because of its pre-
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dA™ | . ..
sence, o Is no longer a tensor. As in general relativity, we
e :
therefore introduce an ‘affinity’ I} such that, by definition,
0A™
AT, = ——+ AT T (5.3)
oy

is a tensor. We call A7, the covariant derivative of A™ and
denote it by a semi-colon. Itis evident that 17, cannot be a tensor.
We shall find its transformation properties presently.

Since A7, is by definition a tensor, we have, on using (4.6 a),

dy™ Oxb n
Oy Gy’

17?1/:

s n

22

When we substitute the definition (5.3) of A7, and express A™
in terms of A7 by using (4.3 a), we get

ay™ Oyt Oy, O™ O%x"
Ay Oy Oy be By Oy axr"

m
F’rw -

(5.4)

This is precisely the transformation law for I7, in general rela-
tivity. Note that, because of the second term in the right-hand
side of (5.4), I't" is not a tensor.

It is easy to see that, since the last term in (5.4) is symmetric
in n and r, 177 will remain symmetric in all coordinate frames
if it is chosen symmetric in one. This, of course, does not prove
that I'7% is symmetric. In this paper we shall take it to be sym-
metric for the sake of simplicity.

We have seen that the gradient of a scalar is a vector. We
can therefore say that the covariant derivative of a scalar is the
same as the ordinary derivative

Op
@op = 6? (55)
Assume now that the usual product rule for differentiation
holds also for covariant differentiation
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F9in="Fing+19;n (5.6)

so that, in particular, |
(4" B,),, = A", B, +A"B, . . (5.7)

Since A™ B,, is a scalar, we get from (5.5)

9Am dB™
e m
(A™B,) ., = i B, + A o

When we substitute this and (5.3) in (5.7), we find that

0B,
- a%n

A

min

This provides the rule for differentiation of covariant vectors.

The rules for differentiating conjugate vectors with regard to
x™ are similar. One has there to use an affinity which is the com-
plex conjugate of 17" .

— Q4™

08— — :
where B
Fg’ﬁ = I7. (5.11)

So far the discussion has been quite analogous to that of the
usual tensor analysis. Let us now consider the differential coef-
ficient of a conjugate vector with respect to y7. We have

GAT g [opm
— AF
a7

Oy’ - By’

oyt O [oy™
— V } (5.12)

o oyt | o
O o 94"

o 0z ot

/
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In getting the last step we have made use of the fact, stated in
the equation (4.1), that ™' does not depend on y% so that

o [dy™
2 p— (5.13)
axb 6%“
7
From (5.12) we sec that S is a tensor and thus there is no
X

need of introducing any affinity here. Alternatively, we can say
that the covariant derivative of A™ with respect to ¥” is the same
as the ordinary derivative '

_ §A™
AT — (5.14)
Ay ,

We summarize here the rules for covariant differentiation:

_ R

Pin axn ¢ oy

fAm dAm
A =G TATE A =

94, 04
Ay = o —Aa LNy A= o (5.15)
NG 0 4% AW — 04™ AE Fﬁ
in T 5%7 E 07—5” - o

(9Am' 8447n @

N (3%’"' Am " ﬁa;_cg Aa I%ﬁ%
I7: = T?r

The differentiation rules for tensors can be obtained from
(5.15) and (5.6). A tensor like Ay, transforms like the product
of two vectors By, and Cy. Therefore its differentiation law ought
to be the same as for the product By, C,. This gives
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O0Amn
Amn; T - ax,
Similarly,
aAmn
A’;’I:"n —
axr
L 4y,
mn; T (9%7”
04T
niyr axr
. QA™™
Aznrn =
Oy
Ymosr 6%"

a
re

+ Aan rg;, + Amo ]";17

13

(5.16)

The rules for differentiating with regard to ¥ are quite similar.
One can easily write down the differentiation rules for tensors of

higher ranks.

6. Lowering and Raising of Suffixes; Relation between

the Affinity and the Metric.

We use the metric 55, to lower the indices of tensors in the

following way:

and

From (6.1 a) it follows that

An; T A%;—Zr Hian -+ Am Nmnsre

We now assume that

(6.1a)

(6.1 b)

(6.2)

(6.3)
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As one can see from (6.2), this enables us to perform the opera-
tion. of lowering the suffixes inside the differentiation sign, viz.,
_ Ay = A?mr T -

From (5.16) it follows that the equation (6.3) means
anTﬁn .

ox"

M L7 = 0. (6.4)

Let us now introduce the inverse of 55;,. We denote it by 5™":
e 1" = 1y (6.5 2)
e Ygm = L0, (6.5b)

where 7 is the unit matrix so that I’ equals 1 if m = n and is
zero oltherwise. One can easily establish the tensor character of
7™ and of I?. The malrix ™" can be used to raise the suflfixes
of covariant vectors and tensors in a way analogous to (6.1 a, b).
If we multiply (6.4) by »*™, we get
_ On
7™ ——;7;’;”~I; s —o
or

— dn=
1, = o Zimn (6.6)

dyr

We have thus expressed the affinity in terms of the fundamental
metric %, . Note that the right-hand side of (6.6) is not, in gen-
eral, symmetric in n and r. If we want [, to be symmetric,
we must impose some restrictions on the metric; namely, the me-
tric has to satisfy »

anﬁn 6"7717‘

oy = o (6.7 2)

By taking the complex conjugate of (6.7 a) and using the fact
that 7;;, is a Hermitian matrix [see (4.8)], we also getl

877%m _ 5?7?m

= (6.7D)
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The equations (6.7 a, b) show that wec can write

e

where ¢ is a real local scalar.

Taking the complex conjugate of (6.6) and using (5.11) and
(4.8), we f{ind

Or—
= Jham (6.9)

F ¥ air ms

sl

7. Curvature Tensor.

The expression (6.6) looks very different from the usual ex-
pression for affinity in relativity theory. However, it will be
shown that, by using a suitable notation, we can put it in a
form similar to that in relativity theory.

Let us define

=g (7.1)

In general, let us write N+ m instead of 7 wherever the latter
occurs. Thus, in our new notation,

AT — AN+ m
and } (7.2)

Nwn = Mv+myn-
We also define
NE =y When u> N, » <N
Ty =

0 in all other cases

} (7.3)

where, in this section, the Greek indices take the values 1,2...2 N.
The invariant line element (3.4) becomes

> dyl g, dy = di? (7.4)
v '
which is similar to the expression (3.5) of the relativity theory.

One can easily verify that the expressions (6.6) and (6.9) for the
affinity can now be written together as
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e - V/““{%%—%—am”] ]
Vo
2

9y oy’ 0y~

1| Oy | Onge, gy g
9 a%o' 8xv 0xoc )

&

(7.5)

(7.5) is quite similar to the usual expression in real space. The
inverse matrix #* is here defined as

(7.6)

- { 7N =" when u <N, »y >N
7’} fr—

0 in all other cases.

As in the tensor analysis of real space, the expression (7.5)
gives rise to the curvature tensor

’ 0Lfy ATl
Bty = — e 00 T I — Tl T (7.7)

If we write (7.7) in our previous notation, using barred and un-
barred suffixes, we find

anrs =0, Bmews =0, an?E: 0, Bmﬁ?s =0,
" n (7.8)
B%s =0, B"5,; = 0;
arm
B% 5= —B" 5 = —WZT (7.9)

The complex conjugates of (7.8) and (7.9) also hold.
Thus B™, ; is essentially the curvature tensor in this theory™.

8. Condition for Flat Space.

One can ecasily show that the affinity can be made zero at
any one given point, say at the origin, by a suitable choice of the

coordinate system. In fact, not only the affinity I, but also its
1 T am thankful to Professor C. MoLLER for first pointing this out to me. The
expression (7.9) can also be found directly from the previous formalism (without
introducing the notations (7.1)—(7.3)) by extending the idea of parallel displace-
ments to the complex space. (Private communication).
See appendix for the contracted forms of the curvature tensor.
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m
gradient a;’” can be made to vanish at any one point. This can
%’ ‘
be explicitly verified by carrying out the transformation
! 1 m ’ ’ 1 m ’ ! 4
o= xm +§‘xnr mxr +E/3nrsxn A A (8.1)
where
“%* = _(F;Tr 0 (8.2 a)
and

m mo 1 e aI‘?T"
ﬁnrs = I‘%a,]sr‘i_]arrsn‘ axs
0 ; (8.2b)
92
= | T T+ T, T+ T T8, — @ —en |
Ox" 0y°® .
Note that, due to the relation (6.7 a), the right-hand side in
(8.2b) is symmetric in n, r and s, as it should be because (8.1)
shows that B™,  is symmetric in these suffixes.

However, the affinity and its gradient vanish at one point only;
they do not vanish even at a neighbouring point unless the cur-
vature tensor (7.9) vanishes. To see this, we have merely to ex-
pand I7% in a Taylor series about the origin:

_ arm. orm1
e (dy, dy) = (I3 + [ ‘| dys+ | = ] dys -+
o AN (8.3)

= —[B™ slodys+ ...

Hence, it is a necessary condition for the vanishing of the affinity
that the curvature tensor must vanish:

B",s=0. (8.4)

As the form (7.7) closely resembles the expression for the curva-
ture tensor in real space, it is not difficult to see that (8.4) is also
a sufficient condition for the vanishing of the affinity in some
coordinate system.

From (6.6) and (6.9) we see that, if the affinity vanishes, Mo
are constants independent of y, ¥. In other words, the space is
then flat and we can take, bv correspondence with the usual
quantum theory,

Mat. Fys. Medd. Dan.Vid. Selsk, 0, no.21.
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Nin = Iﬁn’ (8-5)

where I 1s the unit matrix, i.e.,

1 if m=n
I, ) (8.6)
0 if m=%n.

From the above discussion it follows that, if our theory is to
be essentially different from the usual quantum theory, we must
have a curvature tensor which is not zero.

9. Equations of Motion.

In general relativity theory, the equations of motion of a par-
ticle in a gravitational field can be obtained by the variation of

the Lagrangian
doct do? e
b= S{gﬂv:@'ﬂ o

with respect to x* (7). We assume that we can obtain the equa-
tions of motion for y (¢) in our quantum theory by a similar va-
riational principle. As the Lagrangian we take

tl
Q= SL dt 1
to
9.1
dy™ dy” ]”* ] @D

L = |9 vy - =
l:nmn (x, %) dt di

and make in ¥ and j independent variations that vanish at the
end points fp and #.
In this way we easily obtain

Dym
—— =0 9.2
i (9.2a)
and
Trypm
Ty, (9.21)

dt
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where
Dym oy Ay
a Vg Ty
Qpm dyr  Oyp™ dy7
[ g ] O
oy" , dt ~ dyr di (9.3 2)

and similarly

= L [Tt yl. (9.3 D)

The equations (9.2 a, b) now replace the equations

dom
2 =0 9.4
ot (9.42)
and
dom
Y2 =0 94D
o (9.4b)

of the usual quantum theory in the Heisenberg representation.
[To denote the states of the usual theory we have here used
®m, Pm to distinguish them from v, ¥ of the present work.]

Besides (9.4 a, b), we have also equations for the dynamical
variables, F':

dFmn i
= —|H, Flna, 9.5

where the square bracket stands for the commutator. We replace
these equations by the covariant ones

DF™ i
i =y E (9.6)
2*
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Here
' 7 —r
DEY  pm A pm X
dit *Todl Tt
dF™ | dyr OF™ dyr o
= axrn - F% ™ Fm fgr] - _a—?’l o [see (5.16)] ¢ (9.7)
dFm ]
= T P Ty

It will be shown below that the Hamiltonian H of the new theory
is, in general, different from the Hamiltonian H of the old theory.
This is the reason why the two Hamiltonians have been written
in different ways in (9.5) and (9.6).

It may be remarked that, when the space is flat so that the
alfinity vanishes, the equations (9.2 a, b) and (9.6) of the new
theory reduce to the equations (9.4a, b) and (9.5) of the old
theory.

10. Relation between the Old and the New Hamiltonians.

If we replace F by H in (9.6), we get

DHm
= CE?E =0 (10.1)
or
dH™ .
A hn, 12— T E) (102)
[see (9.7)]
or

H™, (1) = H™,(0)+\! H", T2, — '™ H%) y* dt.  (10.3)

Let us understand by 0 the instant at which the geodesic coordi-
nates are introduced such that

v

’ or
I (0) =0, 2 (0) =0 (10.4)
xé‘

[see section 8]. At this instant the equations (9.6) and (9.2 a, b)
of our theory go over into the equations (9.5) and (9.4a, h) of
the old theory. We can therefore put
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H™ (0) = H™ (10.5)

where H™, is the old Hamiltonian. Then (10.3) becomes

; ¢ .
H", = H", +\! (1", T4, — T2 HO)yrdi. (10.6)
This shows that, as the affinity does not vanish everywhere on
the track, the Hamiltonian H is, in general, different from the
Hamiltonian H.

11. Expectation Values and Equivalence of the Old and
the New Theories.

The expectation value of an observable F in this theory is
given by
<F> — 'l/)rn F"Lﬂ T)Un. (11.1)

We shall now show that this is the same as the expectation value
< F >y = (ﬁm Fon Pn s (11-2)

where ¢, denoles the states of the usual theory [ef. (9.4a, b),
(9.5)] and the suffix ‘u’ denotes the ‘usual’ theory to distinguish
(11.2) from (11.1). To show this, we first remark that, in general,
the expectation values (11.1) and (11.2) depend on time. At the
instant 0 at which we introduce the geodesic coordinates [cf. sec-
tions 9 and 10], we can take both of them to be equal:

<F>(0) = <F>y(0). (11.3)

To get the expectation value at any later instant {, we make the
Taylor expansion

| < F>
<F>{)= <F>)+1 {(dt ]
0

| 1 2 ot << F> n .

o w | (11.4)‘
e Pd' < F>
== > N |: "'"’"'w',; o “;il )

dt o

11:() p!
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Now

DF™ )
" ® yn [using (9.2 a, b)]

= El ywm [H, F]™, y* [using (9.6)].

Al the instant 0, all the variables of the new theory go over into
those of the old theory, giving

d<F>| i _ H . F]
di . = n Pm s mn Pn,
Similarly, one can easily see on using (9.2 a, b), (9.6), and (10.1),
that
Td" < F> iy
lr dt”ﬁL: (ﬁ) om [ H, F](v)mn P s (11-5)
where
[H,F1® = [H,[H,...... [H,F]]...]. (11.6)
¢ ————— >
¥ terms

Thus (11.4) becomes

. T » i
<F>(t>: FI ﬁ(p”LH’F] mn Pn. (11./)

=0

This, however, is precisely the expression that one would obtain
also from (11.2). Hence

<F>({) = <F>,().

Thus, the expectation values of all dynamical variables will be
the same in the new theory as in the old!. Note that this result
does not depend on the curvature tensor.

1 I am thankful to Professor C. MeLLER for pointing out in a letter to me
this equivalence of the old and the new theories.
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12. Conclusion and Outlook.

We have tried to make a generalization of the Hilbert space
by introducing the variables y, ¥, and admitting quite general
transformations of these ‘coordinates’. It was hoped that this
might lead to a more general theory than the present quantum
mechanics which allows only linear transformations of states. The
result of the last section, however, shows that, irrespective of
whether the space is curved or not, the physical results of the
new theory will be the same as those obtained from the old theory.
We therefore conclude that no essential generalization of quan-
tum mechanics can be obtained, at least in the framework of
the present formalism, by introducing a curved Hilbert space.

There are, however, a number of questions that need clarifi-
cation and may provide further insight into the theory. The most
important of them is whether we can assign any physical signi-
ficance to the variables %, ¥%. It would be interesting also to
understand the significance of the relation (3.4) in which the arc-
length in y-space is identified with the physical time, ¢. Besides
these questions of interpretation, there are also some mathema-
tical points that need examination. In section 9, the equations
(9.2 a,b) for the time-variation of the state vectors were derived
by means of a variational principle, (9.1). However, the equation
of motion, (9.6), for the dynamical variables was simply postu-
lated as a generalization from the usual quantum theory. It would
be of interest to investigate whether we can arrive at (9.6) also
by means of a variational procedure. This equation is primarily
responsible for the equivalence of physical results in the old and
the new theories, and, therefore, an alteration here is likely to
affect the conclusion that we have reached above. If, for example,
there is a term containing the gradient of the Hamiltonian in
(9.6), the latter will still be a possible generalization of (9.5),
but the equivalence of the old and the new theories will no longer
hold. Again, we have confined ourselves to the case of a symme-
tric affinity in this work. But, fromi section 6 it will be clear
that a symmetric affinity does not appear to be the most natural
thing to have in the complex space. It would therefore be worth-
while to investigate whether a non-symmeiric affinity can lead
to any new results. Finally, we have treated the case of a Hilbert
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space of [inite dimensions. In quantum mechanics, however, we
have to work in an infinite dimensional space. A generalization
of this work to the latter case will be of interest, at least to the
mathematician, and perhaps also to the physicist.
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Appendix.

Contracted Forms of the Curvature Tensor.

From the curvature tensor (7.9) we can, apparently, obtain
two tensors of the second rank, viz.,

R§r = BmmrE (A‘ 1)
and

S == gTs B . (A.2)

We here obtain explicit expressions for these tensors in terms of
the metric # and show that they arc essentially the same,

We first consider R*",

From (6.5 b) we note that

577m ma Mg, =
_5%1_; Han + 7 3}7" =0
or
P! mr _ _ 9 an
1 g O .3)
Oy® dys
Now
orm,
RET = — "a'%? [fl'OIIl (79) and (A 1)]
0 @m . X
= — 6_%; Ima [using (6.6)]
_ _5?7"% aT/Em _ma 7 Nam
' dys axr 1 6%9 axr

(A.3)
g oy Ot ogm
[using (A. 3) in the first (6.7 a,b)
in the second]

wi g M50 Mar

- Fgp Oym

— HA¥5y s
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(A.5)

We can also derive an alternative expression for Ry, if we use

ﬂ[ﬁm
I (A.6)
7]
where Mnm is the cofactor of %, in the determinant |’7&b| = |77|.
We first note that
o|ul _ a|n| onm,
Oxt gy Oy
— Ongy
= Mob 8—;5’ (A.D
_ Ong
= ba _1eb .
1] 7 oy
Now, from (6.6) we nolice that
e D@y = I
axr ar”
Substituting this in (9.13) we find
1 0|y
Iy = — LJ = - []0g|77|} (A.8)
EARZ: "
Hence
R- = %7‘
sr 678
5 o (AL9)
= Ty [log |7|]
If we contract (A.9) again, we get
R = 9" Ry, = — A [log|7]|]. (A.10)
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Let us now look at (A.2). We get

_ _orm
T
- a [ —67]&'n] .
= —prs—r ma 6.6
U iy [using (6.6)]

= Mnr_s' [an__maanﬂ_i_nmﬁ @‘_ﬂ_]
oxs Oyr Oysdyr

a"?Eb 377% ma 02 Han }

— __ FS |— ba@ yyme
1 [ T oy a7 0y

lusing (A.3)]

Therefore
- - _ O, 005 27z
B m_ . __ b m an kn
nkm 77” Bn'rs 7]” { Ui @ azs axr 675(9%7
e L Xk S
o7 dyr kan

which is precisely the expression (A.4) when we replace k by s
and n by r and use suitable dummy indices. Thus

— m
REr - "7§mS r
and hence the curvature tensor B} - gives rise to only one tensor

of the second rank.

Physics Department, McMaster Unliversity,
Hamilton, Ontario, Canada.
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