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Synopsis.

Various time-independent and time-dependent expansions for non-relativ-
istic motion are considered with a ‘‘szmi-classical”” zero order term. The expan-
~ sions are expressed with the help of quasi-classical paths. They are all easily

combined with a Born expaunsion. The connection with the BWK melhod and
with the IFeynman path integrals is pointed out.
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1. Introduction.

uasi-classical path integrals occur in various ways in quan-

tum mechanics, Their purpose may range from an ex-
pression of a hidden pining for the good old classical theory to
a practical tool in an approximation process. Two characteristic
forms are the time-independent integrals of, e.g., the BWK
approximation? and the time-dependent Feynman path inte-
grals?. The BWEK method is usually restricted to essentially
1-dimensional problems. We shall first deal with the question
in how far this restriction is esserntial to the approximation.
Meanwhile we may combine BWK approximation and Born
approximation. We further discuss the connection between the
time-independent and the time-dependent forms (all non-rela-
tivistic). Finally, we consider the singular case of quasi-classical
propagation, which occurs in weak fields.

2. 1-dimensional stationary Schrédinger waves.
Consider a particle with mass m in a potential
Vix) = Vo(x) + Vi(x). (2.01)

The part Vo(x) will be involved in a BWK expansion, the part
Vi(x) in a Born expansion. One of them may be zero. The eigen-
functions »(x) of the time-independent Schrédinger equation

B2 2
{E —I—é;dx—2~ Vo (x)}'z/) () = Vi(x) w(x) (2.02)
with energy eigenvalue E can arbitrarily be split up into
P (@) = pe (@) + - (x) (2.03)

with
1 *
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— 84 (x)
v (x) = As(x) el ; As(x) = Bo(x)A(x), (2.04)
where A (x) is an arbitrary normalization function and

S () — Sxdx’ pe (@) ; | (2.05)

pe(x) = £p(x) = L {2m(E— Vo(x) }1/2.  (2.06)

The splitting (2.03) can be made unique by an auxiliary condition
on the B’s. If we choose for this

d{ B+ () A(@)/C(x)} e—ésim N d{B-(x) A (2)/C(x)} E%S_m

=0, (2.0
dx dx ( _
with an arbitrary splitting function C(x), insertion into (2.02)
gives for the B’s the equations

= dBi(x)eﬁSi(x)zl N 2A_'+]i'
dx 2 A p

LR(ley, 0)’ L2mi }B 5
ip\\ ¢ C 2t Ee
+E ng-i— C”—I—QHH‘V}B ‘I%SJF
ip\\ C c TER Tt

The dashes denote the derivatives with respect to x. .
We consider such cases for which the coefficients in the right-
hand member can be regarded as small, viz., the Vi terms ac-

cording to the Born expansion, the derivative terms according
to the BWK expansion. So we expand

o)

Bi(x) = _Z:D BY) (x), (2.09)

with

(2.08)
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BY (x) = BY (constant); (2.10)
dBLV (x) 5S+@ 1 A p
dx 2 l A p
alfc\d e\ omi Sy
= i Vv B h
+,-p<<c> C>)+ . } 0,

(2.11)

S’

R{{C C’j, 2 mi ] }%S$
Bl i N el Vi ¢ BO = 0,1,...).
e (6o 27

/

In as far as p4(x) and y_(x) are interpreted as the wave compo-
nents propagating in the + and — directions, respectively, the
first part of the right-hand member of (2.11) describes the
transmission, and the second part the reflection. The r’th order
approximation then accounts for the r-fold transmissions and
reflections. But the arbitrariness of the splitting (2.03) according
to the choice of the condition (2.07) and the splitting function
C(x) (and also the arbitrariness of the normalization function
A(x)) should be kept in mind.

Integrating (2.11) we have to care for (i) the singular points
(“reflection points’), where E — Vo(x) = 0 and (ii) the range
of (x). For the moment we restrict ourselves to the simplest case
of a 2-sided infinite range — oo < & < oc without singularities
(Vo(x) < E). Then we have the boundary conditions

B(ir+1) (x) ———0 (r=0,1,...), (2.12)

x—> F o

and integration of (2.11) gives
B(£+1)(:c):de’1 J 2A _}_IL |
2 [ p

N h Cl 2+ C, ’ 2le B(') %S:f:
T - - | L e
ip\\ C c//T™ n HTE b(2.13)
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ey ey b (2.13)
C p/ ip\\C
¢y 2 mi . %S%E _%S:t
+<-E)>3L 5 Vl}BQel ]e =0, 1,...).J

This corresponds to the iterative solution of the integral equation
for v (x)

* A
w(x)=w°(x)+\dx’%[( tot >(wl(x)—w—(x))

— o0

{_(_i’_l_(]' x—ux'
A C ’x— !

faffc\t [e\\ 2mi A=) rlsim Sy @)
+l;)<<f> +<E>)+'h—z Vl}?/)(x)}A(gc) |

with

P (x") (2.14)

151 () is @
P (x) = ¥ () + 9% (x) = BL A(;L)e + BY 4 (x) el . (2.15)

As long as the conlinuous potential Vo(x) is approximated
by a step potential, the splitting (2.03) can be regarded as unique
in each step interval. The continuous limit then corresponds to
the choice C(x) = 1 for the splitting function. This representation
has been used by various authors® 9. The BWK part of the
“reflection coupling coefficient” in (2.11) is then of 1st order,
that of the “‘transmission coupling coefficient” can be made
equal to zero by the choice of A(x) = p(x)~1/2 for the normaliz-
ation funection.

The choice of A(x) = C(x) = p(x)71/% reduces the BWK part
of all 1st order coefficients to zero and in general will lead to a
more rapid convergence (if at all) of the iteration process.

Up to the order r = 1 this last choice corresponds to the
genuine BIWOK? approximationV. In higher orders the ex-
pansions are different, because the genuine method wuses an
expansion of § rather than of B.

There are many other modifications of the method (e. g
references 8), 9), 10)).
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3. 1-dimensional stationary classical waves.

It is well known that the BWK method is actually very much
older than quantum mechanics and that much more initials
would be needed to do justice to all inventors. We shortly point
out the connection with 1-dimensional stationary classical waves
(e. g. electromagnetic waves, sound waves) with wave equations
of the type

Z@dy@
O (01)
d ~
Pk () Z () p () 2B _ g (3.02)

dx

where k(x) is the wave number and Z(x) the impedance. The
method of section 2 now leads to the integral equation

(x)—u(o)(fxc)#—gocolx'l{i/—i—g-&—z( () —yp_(x)
¥ AT oA T Tz )\ et

A N\ r—a

+ (— 1 + —6> 4‘ - _«"x‘T‘ y(x') ‘ (3.03)
1JZ C’ zlc\' Z ’C'l A(x) 1|R @—R ()|
*az(c) m(c‘) (J cjre >} A
with e
R, (x) = j:de’Jc (). (3.04)

The BWK part of section 2 is a special case of the present one with

S, |
Z(x) = k(x) = %x); R, (x) = *fc). (3.05)

4. Difficulties ~with more-dimensional stationary waves.

Now consider an N-dimensional system of particles in a total
potential

V(x) = Vo(x) + Vi(x), (4.01)
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where (x) stands for all the coordinates xi1, x2, .. . @y, and the
splifting is done in the same way as in (2.01). The mass of the
particle of which x; is one of the coordinates is wrilten as m.
We may also add veclor potentials

depending on the set of three coordinates of which x; is one.

From the gauge condition of zero divergence we only need the
total condition

1 04 “ 1 o4
1 0doi (@) § A oA o (4.03)

m; Oxy . m; Ox;
i=1 =1

The time-independent Schrédinger equation is then

{ E‘Z L (h 9 — Aoi (x)>2 — Vo (x) } y (x)

— 2 my i 0 a;
— ,[_ X o (x) /ﬁi, — Ao (:c)j (4.04)
l — m \l Jxq /

71
1D At @) + v (x)}w(w)-

In order to proceed in a similar way as in section 2, one
needs a set of solutions Sp4(x), depending on an (N — 1)-di-
mensional parameter 4, of the time-independent classical
Hamilton-Jacobi equation ‘

E —

71 (880/1(.70)

2 myg

—-Ag (,1)) — Vo(x) =0 (4.05)

dx;

for the action function S; 4(x). For a given 4, the (N—1)-
dimensional surfaces of constant action can be labelled by a
1-dimensional parameter &4

Soa(x) = Sod (E4). (4.06)
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Their orthogonal trajectories are the classical paths. £4 can serve
as a parameter along these paths. In analogy to (2.03), y(x)
can be written as

p (@) = {dAdya(x) (£.07)
with

. z
pA (@) = Ag (@) elt S0 Ca), (4.08)

As a first attempt one might try to choose the A's constant on
the surfaces of constant action

Aa(x) = Aa(Sa). (4:09)

In this case, one should first investigate whether with (4.09) the
expansion (4.07) is always possible. Then one would have to
account for the coupling throughout the (x)-space between the
waves g/ (x) with different A’s. But, as surfaces of constant
action for different A’s in general do not coincide, this coupling
could not be described directly in terms of the A4 (£4)’s. (In case
the classical motion is reversible, the surfaces of reverse solutions
A and — A conicide. Besides, an auxiliary condition can be
imposed upon all pairs A4(£4) and A_4(&_4). But, still, the
difficulty concerning the coupling with other A’s remains).

Instead of an overall coupling between the w,(x)’s with,
different A’s, one could fry a local coupling in the point (x) be-
tween the ,4(x)’s along the orthogonal trajectory of the corre-
sponding So4(&4) (classical path) through (x) with different A’s.
Then, instead of making the restriction (4.09), one would have
to impose other auxiliary conditions upon the 4’s in such a
way that (analogous to section 2) the coupling equations do not
contain their second order derivatives and can bhe separated
with regard to the first order derivatives in the direction of the
corresponding path. It seems difficult to choose the auxiliary
conditions so that we get rid of the second order d01'ivaiives,
which may be said to describe “scattering’ (ef. section 8). In-
stead, we shall consider another choice of auxiliary conditions,
by which we get rid of ““coupling”.
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5. More-dimensional stationary treatment.

With this other choice it is possible instead of (4.04) to take
a more general N-dimensional Schrodinger equation

{E—Ho (x)} y (x) = Hi () p (x), (5.01)

where in the Hamilfonian operator
H(x) = Hy(x) + Hy () (5.02)

the part H; will again be involved in the Born expansion.

In order to introduce quasi-classical paths we have to define
a quasi-classical N-dimensional Hamiltonian Ho(p, x) correspond-
ing to the hermitian operator Hy(x). We can do this, e. g., by
means of WryL’s rule of correspondencel? between (real)

functions a(p,x) and (hermitian) opelators a, which we put in
the form!?

r < (El-’rr?],x)
a = SxdgNd’qN 1 OC(E, 97)<_>.a(p,x)
(5.03)
Z(&ips+ i)
S\d&qu a (& n);
1 ( iz(f +7;x,) \
E . . R iPi X
a(&n) = I Trace \e a)
= . , (5.04)
1 F =Gl e
¥TZNSSdPNde(’ «(p', x').
The operators (p) and (x) read in x-representation
ﬁ 7, —
Pi= e M T (5.05)

In practice, H(p,x) defined in this way does not contain h.
Otherwise, one might (at least in sections 5 and 6) instead of
H(p, x) also use

He(p,x) = lim H (p, x), (5.06)
h—o
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which can directly be obtained from

—izi:l’r;xe izi‘pixi :
Hy(p,x)=1lime B H@el . (5.07)
h—o

If there were a difference at all between H and H,, it would be
at least of 2nd order in Ai. This also holds for other possible choices
of the rules of correspondence.

Owing to the relation

ho 3w 5@ (s n oo
SCA A@ =t [T DA (5.08)
[ dx; dx; 1 0x

we havel®

i iy
E — H, (x) eh()A(m):ehS() E — Hy a_s,
{ ) 3

x
as s\ <
0 Ho (—x) 02 Hy (* x) (5.09)
P NS i dxg — 2] S —Qo(x) A (x).
t 0— i xza -
day 0x;

The hermitian operator Qo(x) (or Qeo(x) if Hep is used instead
of Ho) is at least of 2nd order in A. In case of the ordinary Schro-
dinger equation (4.04), it is

2 imis |
x) = . 5.10
Q@ = 2 g (5.10)

The form (5.09) can be used in various ways. If, e. g, one
takes H; (xr) = 0 and puts

p(x) = A(x) eﬁsm (5.11)

with real amplitude andp hase functions A(x) and S(x), then
the real and imaginary parts can each be equated to zero. This
is done (with a longing for the good old classical theory) in the

“pilot wave’’ theorieslV 190 for the case (4.04), where Qg(ac)
according to (5.10), is real and therefore is taken togethel with
the first square brackets of (5.09).
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At present we consider, just as in section 4, a set of solutions
So.4(x) of the time-independent Hamilton-Jacobi equation for the
action function Sp(x)

88
E_ Ho( aM

9:> =0 (5.12)

X

and the corresponding solution Ay 4(x) of

38 a8 ‘
qu_jﬁﬂﬁ WHJ_jiﬁq
>_’*arf i_x_ ; E_Ji—— Ao (x) =0 (5.13)
<< 0504 Oy Lo 2 0804 coa .
i a [ dx;d
or
0Soq
d0Hp| —,
al 0(8.1: T)Jj A 1
= ax%’l 6530 Ag4 (x) [— : (5.14)
dxs

The classical paths are again the orthogonal trajectories of the
surfaces of constant action (4.06). (5.14) is the stationary con-
tinuity equation for the classical density Ag(x)? along the paths
of the system A in a stalistical ensemble. Along each path of the
solution /A we introduce a parameter s, for which

0 Ho (f?s‘m , 1) f 'JaHO(aSM , r) :
ds = ;7 dxig 0w Z o " (5.15)
e Ar P 9S04 |~ F 9S04 ’
8y / dx;

where (dx4) is an infinitesimal element of the path. Instead of

the sums in (5.15) we can also take, say, the ' terms only.

Integration of (5.13) along that path of the solution 4, which

goes to (x) from a point (x'), gives

0.8 \

( azHO(._iﬁl’ _y l

1 () " 7 ox'’ / _

Aga(x) = Aga(x")exp ——Sds/l g . (5.16)
- #8804 J

2 @z
i
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() and Aga(a’) still have to be suitably determined. In the
l-dimensional case, where there is no divergence of paths, the
density simply becomes inversely proportional to the veloeity

: a8 —i
onfs )

90"
9So
ox

Ao (x) = const. (6.17)

0

In the representation (4.07), (4.08) we now use the auxiliary
conditions on the 4 4(x)’s, at least in such a way that the y,(x)’s
for various values of A separately satisfy (5.01). Writing

Ad(x) = Ba(x) Ao (), (5.18)

that together with (5.09), (5.12), and (5.13) gives the equation

aH“(ai}cA’x> '
— S w1
3 B CAT)
i
= 5 (@@ B @) (B @) d0a @),

We consider again such cases where the operators in the right-
hand member can be regarded as effectively small, so that we
can make the expansion

By = > BY @) (5.20)

r=20
with

BY (x) = BY% (constant) (5.21)
and
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a8
D
dSoa Oux; a (@)

] 0
' e (5.22)

QU @) B @ A ) 0.1

These equations might be said to describe the “scattering” of the
separate semi-classical waves

%SOA(”
P (x) = doa(x) e (5.23)

due to the “‘quantum potential”’ operator Qo(x) and the “Born
potential”’ operator Hi(x) in a similar loose hazy way as (2.11)
was said to describe the coupling between the various (two)
semi-classical waves.

Integrating (5.22) we have to take care of (i) the occurrence
of “reflection and scattering singularities” and (ii) the range of
the coordinates (x) and the boundary conditions. As to (i),
singularities may occur not only due to the vanishing of the
velocity vector in the left-hand member of (5.22), but also due
to the operators Qo and H; in the right-hand member, e. g., along
the envelopes (caustics) of the classical path for a given A.
For the moment we restrict ourselves to the simple cases where
they do not occur. As to (ii), we assume that the region of (x)-
space, in which Q¢ and H; are effectively different from zero,
can be enclosed in an (N — 1)-dimensional surface 2’ (which may
tend to infinity). Let us denote the poinls where the classical
paths cut this surface with the velocity vector pointing towards
the inside direction by (x'). Further we assume that the “in-
coming wave’’ $°(x") given on X can be represented by

g0 () = {d Ay (@) (5.24)

with
%SOA @)
Yo () = BY Ag g @) e (5.25)
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and a suitable choice for BY (e. g. 1) and 4g 4(x’). These choices
for (") and A¢4(x") will be used in (5.16).
Now we have for (5.22) the boundary conditions

B (x)y=0 (r=10,1,...) (5.26)
and (5.22) can be integrated along the classical path of the

solution S¢4(x) which goes to (x) from the corresponding pom‘r
(') on X2

+(2) A —1
D (@) Ag g () = \ dsy 04T (x) —1
B @ doa (@) = |y 24— ] )
{Qo (=) +Hy (x")} {BY (x") Aoa (")} (1-=o,1,...).[

This corresponds to the iterative solution of the integral equanon
for v, (x) :

@, Agg(x) —i
ral = wA(xHchS) A doa="y B l (5.28)
{SOA(z)—SoA(x )f l
(Qo @)+ Ha (@)} 1eh v (x")
with
2504 ‘
WY () = BY Ay 4() ol i (5.29)

as the semi-classical incoming wave.

. The genuine BWK approximation, if exlended to more than
one dimension in higher orders, would again use an expansion
of S rather than of B. The present expansion coincides with it
up to the order r = 1. It seems that in non-separable more-
(3-) dimensional problems it has not been used in higher ap-
proximation than r = 0 (semi-classical waves)'®.

If, for the left-hand member of (5.01), we take the ordinary
form (4.04) with N < 3 for a frec particle (4gi(x) = Vo(z) = 0),
the integrations can be carried out for various sels of free pm ticle
solutions So 4(x), which all result in the usual Born expansion.

It goes without saying that besides the treatments discussed
so far there are many other possibilities (e. g. ref. 17)).



16 Nr.19

6. Time-dependent treatment,

The notions of coupling in section 2 and of scattering in
section 5 should become somewhat clearer in a time-dependent
description. The method of section 2 appears not suited to intro-
duce time dependence in a straightlorward way, but the method
of section & can be made more readily fit for it.

Instead of (5.01) we take the time dependent N-dimensional
Schrédinger equation

ho
{~l_at4Ho(:L', l)}w(:c, D =Hi(x,t) p(a, 1). (6.01)
The Hamiltonian operators may now also depend on time.
Whereas the stationary problem in general is to find the
cigenfunctions (and eigenvalues) of (5.01) with certain boundary
conditions, the general time dependent problem is to derive from

p(x,t") at a given time ¢’ (initial condition) y (=, ) at other times t.
This connection can be expressed by

p(x t) = \da'¥ K (, t; 2, ) p (2, 1), (6.02)
where K (x, t;2’, t') is determined by

{*?;t—flo (x, t)} K(x,t;2', 1"y =Hi(x, ) K(x, £;2',t") (6.03)

with the initial condition

Iim K(x, t;2,t) = ¥ (x — ) (6.04)

t—t >0

and (if (6.03) is understood to be valid for all t — ') a somewhat
different representation'®) is obtained if K(x,t,2’,1") is multiplied
by a factor e(t — t’), which is 1 for t > ¢ and 0 for t < t") the
inversion condition

K(a, t;2',t)y = K¥(x', {'; 2, D). (6.05)

The asterisk denotes the complex conjugate.
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In order to introduce quasi-classical paths, we define H(p,x; )
in the same way as H(p,x) in section b. Instead of (5.09) we now

have

% ,

0 =TIz 52,1
{_TE—HO (x, i‘)}eh D (x, t; 2, t")
i

1‘I(:v,t;x',t') ar oI
S )
dx

- Qxid—

Xy

| er2—1' o1

(6.06)

The remarks in section 5, regarding Qo (x), also hold for the pre-

sent Qo (x, 1).

Proceeding in an analogous way as in section 5, we consider
the solutions Ij;(x,t;2',¢') of the time-dependent Hamilton-
Jacobi equation for the principle function (“‘eikonal’) Iy (x, t;

', ¢y with t > ¢
01y (x, £, 1)
ot

0Iyy(x, t; 2", 1" |
ox

— Hb(

91,
0H —0,.;1
0(6:c * ) )

i
>

(90]01 Gxi
dx;
a1
02H, —,x;i)
+ N1 dz Doy (x5 2, ) = 0
2 2 010 04 3 Gy ’ -
7 Ox; 0
0x;

Mat. Fys. Medd. Dan.Vid. Selsk. 30, no.19.

L t) =0 (6.07)

and the corresponding solutions Dy (x, {; 2, t') also with ¢ > t"y of

(6.08)
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or

0
57 Dy (x, t; ', 12

oH
T 0xq
i

(al—‘m, xT; t) (6.09)

N 8x r r
—— " Dgy(x, b xR = 0.
aa-rol

dx;

If there are different solutions Iy;(ax,t;x’,t') (distinguished by
hte suffix 1), they correspond to different classical paths from
(') at a time ¢ to (x) at a time #19. Analogous to (5.14), (6.09)
is the dynamical continuity equation for the classical density
function Dy; (x,f;2,')2. But, whereas (5.14) refers to the paths
of the system A (all with the same energy E), (6.09) refers to
the paths 4 starting from (x) at a time #'. This common starting
point of diverging paths (which occasionally may also occur in
(5.14)*) gives rise to a singularity for t — ' — 0. For the direct
(almost straight) classical path from (x’) to (x) during the in-
finitesimal time interval from 1" to # we have in (6.08), (6.09)

* Professor A. Bour informs me about a time-independent 3-dimensional treat-
ment initiated by CurisTv°2) and generalized by FRoman®3), in which one chooses a
special system .1 of paths which start from points (z’) on a surface X (which now
may also be inside the region where Q, and H, are effective) and converge towards
a point (z). For this system ./, the treatment of section 5 becomes more analogous
to that of section 6. Instead of S/1 (x) and A/l (x) we may then write S/1 (x, z°)

and A/1 (z, 2’). Analogous to (6.10) one has for (x’)— (x) the singularity

, 85, N ) ) Ya
lim - 9 (?;I:,[r‘(%’x) — > SHO(W’ * i\f~1 . )
@ =@ T oz 2% < 5950 @)~ @ |7 5|
O x; E
Then
£ So 4 &, )
J (@ o) = A (z,2)e 1 (i)

is a special solution of (5.01) (in the special form (4.04) with N = 3; AOi (xr) = 0,
with the singularity
lim J (x, 2"y = lim Ag 4 (x, x) = lim
() > (x) (@) > (x) &) (x)

P—+|- (iii)
x —Xx

A general solution y () is then in Frowan’s method with the help of Green’s
formula expressed as
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' ‘ aHo(aIM" Tt>]

lim E 1o & T I}
E—t >0 s 181’”& 8810;“’ I
J

%

(6.10)

" § wi—mxs N
= lim E [/u—] = lim -

N l@xi f—-f’f f—p>of—1"

For the parameter s; along the path introduced in analogy to
(5.15) we can now take the lime f. (6.08) could formally be
integrated along the path A from (x',t") to (x,f)

Dy, t; ', 1) = Doy (2, t'; 2", 1)
[ 01y |
(x t) N a‘zH v xll’ /I
' G ; °< ) | (6.11)
expi—— \ di; —————>
2 0l |
@) i Ox; 0 —;
day J

similar to (5.16). The singular function Dy, (z",t';2',t) is left
undetermined. For a classical path Ao, which for an infinitesimal
time interval { — ¢ is a direct (almost straight) path, the limit

N
lim Dy (x, L;a', V) (t— )2 (6.12)
t—t >0 ‘
. . dx dx
remains finite. If 7 |«, E; t}is a 2nd order polynomial in al

then D3, is explicitly given by van HovEe's solution29 (cf. also
ref, 16)) of (6.09)

021, (x, ¢; t
Dop (e, ;2" 1) = ¢ Ma(maxr )H (6.13)
w(x):—%nSdZ’{%;x—) @) ) 22N, ()

X

where n denotes the direction of the normal on X towards (x). This expression
(which is analogous to that of Krircumorr in optics; cf. also ref. 16)), has been

used with the semi-classical approximation JO for J.
2%
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The: double bar denotes the determinant of the square matrix
. , dx
(i,j = 1,2, ... N). For more general functions L (a: E; l) (6.13)

still :satisfies (6.09), as can directly be checked with the help of
(6.07). Contrary to (6.11), (6.13) fixes the limit for { — ¢ — 0. As
long as the determinant becomes nowhere zero, the constant c)
can be chosen so that (6.13) is positive. Otherwise, the singularities
of Dy, have to be carefully investigated. It may be observed that
a representation of the solution of (5.14) in terms of S, analogous
to the solution (6.13) of (6.09) in terms of [,; cannot be given.
As the principal function Iy; (x, t; 2, 1") is equal to the path
integral of the Langrangian Lo (a:, g{%; t)
@ D de’ )
Ip(ae, £, 1) = SdtlLo (x", :i?,—; t”), (6.14)

(z", )

the (singular) initial condition for ¢ — ¢ — 0 for the direct (al-
most straight) path ip from (x") to (x) during the infinitesimal
time interval from ¢’ to ¢ is

!

x—x
Hm Iy, (x, t; 2, ¢y = im (t—1t") Lo (oc”, ; z‘), (6.15)
t—¢' >0 Ce—'>0 v =

where (x?) lies between (x') and (x). The corresponding singularity
of (6.13) is then given by

92
lim Dy (x, t;2', )2 = ¢;, lim (t—1)
t—1">0 t—1">0 dx; Ox;
‘ 92 02 1
T, T . T,
€T, — X I 6.16
axia( : ,f> a(% xf)acc. t—t (6.16)
t—t t—t !
02 x—a'
; | Lo {2 —— ¢
a(x,;—xi)a(xj-—xj) _ t—1
t— 1t P —F

in agreement with (6.12).
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If, for ¢t < t', we define
Ioj (e, tsa, t) = — Iy (a, U5, 1) (6.17)
(with the asterisk for the case it might become complex) and
Doj(x, t; 2, 1) = Dy (a, 52, 1), (6:18)

then, for ¢ < l', Iy; (a,t;2',t') and Dy, (x,¢;2',t") in the equations
(6.07) — (6.13) have to be replaced by — I5(x, t; 2, ') and
Dy (x, t;x', 1), 0/01 and 8/dx; by 8/dt’ and 8/dx;, c; by — ¢j.
(If the classical motion is reversible, the restrictions of the equa-
tions to either >t or ¢ <t can be dropped).

In order to proceed along similar lines as in section B, we
might (summing over all classical paths from (x") at ' to () at ¢)
try to put

Kz, t; 2, t') = Z Ky (x, t; 2, 1) (6.19)
A
with

i
EIojL(x,t;x’,t’)

Ky(e, ;2 t)y = Dy (x, t; 2, t) e (6.20)

and make an expansion

a3
Dy (e, ;2 1) = D B (a, ty 2, ') Doy (2, s, ') (6.21)
r=20 i
with

B (e, L2, ) = By (2, t), (6.22)
and for >t

- (r + 1) g
aaloiv aa:l B)L (a’x f, X, t)

oy

91,

BH( 0”, ‘;t)

i\ Wox' T 5
ot 2}.

. (6.23)

I
S N— 0+ Hy (,
Dy (x, t; 2", 1) \Qu D+ Hi@ D)

{Bﬂ(f) (., b2/, V) Dy (, 1 1) }-
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With regard to (6.05) and (6.17), (6.18) we should have for t < ¢’

B (a, L &, 1) = B (2, s, 1), (6.24)
Now, if only 1,; and D;; would satisfy an initial condition

hlol(ztm .t
lim BOCL YDy, (x, t; 2", e
iy

t—¢t >0

= ¥ (x—=x") (6.25)

for a suitable (perhaps not unique) set of B®s, we would have
for (6.23) the initial conditions

limm B;LT'H) (x, ;2 , Yy =0 (r=20,1,...). (6.26)

t—t >0

If further no ,,reflection and scatiering singulatities” would occur
along the classical paths 4 from («") at ¢’ to (x) at ¢, then (6.23)
could be integrated along these paths

B/(l”' D (x, t;x', 1) DM (x, t; ', ")

S(Z’t;:) Do (e, ;2" 1) —1
‘(z"t')DO},(x”’ t's CC t) h

{B;(L’) (", 172 1) Dy (2", ¢, 2, )Y (r=0,1,...).

—{Qo (=", t") + Hx (x", ")} ¢ (6.27)

This would conespond to the iterative solution of the integral
equat10n for K (x, t; ', 1)

K (x 2, t) = K (@, £ 2, 1)

g‘;t;’ Dy (x, b, t)

S t)D()j' (.’,U“, r/ [) h

%10/7. (z, t; 7, )
I{j. ('JI”, t”; x/ t/) e 1

{Q (x,, t”)—!—Hl(x”’ ”)} (628)

with
‘ i
I by, b
KS (o, t5 2, ") = BY (2, ") Doy (, 15 2, ) el 702571 (g 99y

as the semi-classical approximation.
If it were only the non-uniqueness of the choice of the Bg (', t")
in (6.25), which determines the amplitudes with which the dif-
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ferent paths from (', ") to (x,{) take parl in the representation
of the propagation process, the problem might be to choose them
so as to obtain as good convergence as possible, if convergence
is possible at all. The crucial points of the solution are the ab-
sence of singularities and the limiting condition (6.25).

For the moment, we resirict ourselves to cases without sin-
gularities. It is likely that the occurrence of more than one path 4
from (x',t") to (x, t) entails the occurrence of singularities!?). This
would mean that, with our restriction, we have cut off the dis-
cussion of such cases.

For the ordinary time-dependent form of the Schrodinger
equation (4.04), the limit of the term (6.25) for the direct (almost
straight) path from (=) to (x) during the infinitesimal time inter-
val £ — ¢ has been investigated by many authors. It has been
done parlicularly carefully by CHOQUARDY®, who also derived
the limits of the other terms for the indirect paths. In fact he
finds the latter to be zero, so that our corresponding Bg(a:’,t’)
in (6:25) would be left indetermined in this case, if it were justified
to deal with them at all. The limit for the direct paths actually
does give a d-function in this case. It need not do so for Hamil-
tonians Ho(p,a;{) which are not 2nd order polynomials in (p).

If it does, Bg (x',t') can be determined from
;TIOJ.‘, (,t; 2", ¢

Hm Dy, (x t; ', t)e !

t—t' >0

(6.30)

PRL@D (', u; l)

Jug 0uy

T

5

d [ 1 3 2L @, us b)
= 0¥ (x — ") lim S du® lcln }2 el

>0

where for L@ we may take the leading term of L in the asymp-
totic expression for > ul—o.
7

It seems that, just as in section B, the present expansion has
not been used in higher approximations than r = 0.

In the present expansion, the “quantum potential” Qo and
the “Born potential” H; are trcated on the same foofing.
They can also be separated by first taking Ko(a,t;2",¢") as the
solution of (6.03), (with (6.04), (6.05)) or (6.28) without the terms
with Hi. Then (cf. 1)), owing to (6.04), K(x, t;x',t") is the solution
of the integral equation '
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E(x, t;2',t") = Ko(x, t; 2, 1) _ l

— i ) - (6.31)

e dt'"\ dx"¥ Ko (2, t; 2", t"YH, (2", ") K (2", t'"; 2", ). ]

v

If H, is effectively small, (6.31) can again be solved in a Born

expansion by iteration.

7. Feynman path integrals.

Another expansion than that of section 6 is used in the
Feynman path integrals 2) 20 21) 22} This representation for a time
interval from ¢’ to ¢ is obtained by iteration of the (zero order)
solution of section 6 for infinitesimal time intervals and then
taking the limit (if we were able to do s0) of zero time intervals.
In this section, we consider the solutions for infinitesimal time
intervals from a different point of view than in section 6, avoiding
at the same time the difficulties with possible indirect classical
pa[hs.

We use again Weyl’s rule of correspondence (5.03), (5.04),
from which it follows? that the kernel a(x,x") in x-representation
of the operator a

ay (x) = \dxz\ o (e, ) p (2) (7.01)

is connected with the function a(p,x) by

i o

B iZ'(xi—:vi) D] ( . x _I_m“
ajp’s — )

\

1
a(x,z) = h—NSdp’N e (7.02)

The solution of (6.03) with (6.04) and (6.05) for an infinitesi-
mal time interval df is in first order

K(x,t +dt;x', t) = {1~I£LdtHo(a:, f)—édtHl(m, t)}éN(asﬁx') I
1

_ . (7.03)
z
— 1—;1dtHo(a:,x’;t)—-%dtHl(ac,m’;t). J

The term with H; will again be treated as a small perturbation.
For the other terms we write, using (7.02),
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Ko(x, t + dt; 2/, 1)
= 8 (v — ) dt Ho(w,@'; )
Ao ,%?%—“Mf i s AU 7.04)
:h—NSP e ol F")}

i L ('a;—{—x")
E ;‘(xi‘xi)p;—dtHo P,y it

=

In order to obtain the Lagrangian rather than the Hamiltonian,
we make, for a suitably chosen (p), the expansion

/x,i—x_'i,_' ,:c—’rac"\)
| Dl

2
. 0Hy (p, p T) i ; t>] (7.05)

1 ' ) '
*27'2/ dpidp; —(pi—p)P;—ps) - -

Then we could fry in (7.04) a stationary phase approximation
by choosing (p) so that the first order terms in (7.05) vanish

-+ x

; 1) ,
2 _ X, —‘xi (7 06)
Bp; dt ' a

dHy (P,

For this choice of (p) the zcro order terms just give

T X, — X, ( x4+ af ) (x%—x’ x—x )
; — Ho\ p, ;=L ) st .
2 i Halp, o\ — (7.07)

\ 4 \
)
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[ dx
where L (x, &7; t) is the Lagrangian corresponding to the Hamil-

tonian H (p, x; f).

The integral (7.04) can now readily be evaluated if the higher
than second order terms in (7.05) are zero, i. e. if Ho(p,a;t) is
a polynomial in (p) of 2nd order. In this case, we obtain

1 \2
Ko(x, t +dt; 2’ 1) = (ih dt)

(7.08)

1
N
02H0<p,xtx;dt) i

Z

9 pi 9 p;

provided the determinant of the second order derivatives of Hy
does not vanish. (Thus, the singular case that Ho(p,x;t) is linear
in (p) must be excluded). With the help of (7.06) and the inverse
relation

>

2 dt

=
dt

this determinant can (even if Hy is not a second order polynomial
in (p)) be expressed in terms of Ly by

6L°(ac—|—x' ij_/’t)

= {7.09)

/ x+x’ YL 1t
02 Ho|p, —— t) 2 a(p) 2
- x—zx'
- e
pPiop; T at
(7.10)
’ ’ 3 1
82L0(x+ai,xﬁx§') E
.2 dt
dit dt

The expression in curled brackets denotes the Jacobian. The
resulting



Ko, t + dt; ', 1)

1
l . (x+x' x_’__‘x/.t) |§
2 dt -’

hdt a(mi_‘”;’)a(a”'_x;)
| dt a ||

is precisely the zero order contribution (with correct normalization
factor) of the direct classical path in section 5 (if also there the
correspondence is chosen according to Weyl’s rule), in agree-
ment with Choquard’s theorem!'? that for infinitesimal time inter-
vals there is no contribution from indirect classical paths.

The case that o (p, a; f) is a second order polynomial in (p)

i z+a z—a, -
EdﬁLo( 5 at ,t) (/11)

dx
is equivalent to the case that Ly (x, e t) is a second order

X
polynomial in (a) In other cases, the integral (7.04) will in

general not be exactly equal to (7.08) or (7.11) although, according
to the principle of stationary phase, the latter expressions might
be regarded as more or less appropriate approximations to the
first ones—or vice versa. :

(7.11) has likewise to satisfy the initial condition (6.04) be-
fore it can be regarded as a competitor of (7.04) for giving the
most correct description. .

If Ko (a, &; 2, t") has been found for infinitesimal ¢ — ¢/, it
can for finite time intervals formally be obtained by iteration in
the well-known way. If {—-t" is divided into n infinitesimal
intervals {#+1) — ((®) = dit®) (k= 0, 1, ... n; (xO0, ) = (', 1),
(xlrF, 10 +Dy = (x, 1)), then

Kot ) =lim [ \ dwor”
at®>0  F=0

(k=10,1,...m i (7.12)

y )
|

i
{ Ko (040 $0641) 5 pp(h) 40y ; dt® Hy (20, ) § (tk+d) — () }

By lack of an appropriate practical calculus (another formal
representation has been given by Davison?®?), this limit can only
be treated by approximation methods. Feynman considered it to
result from the contributions of all kinematical paths from (x’, ¢')
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over (x@, (W), (2@, 12, . (x®, t) to (x, {) for all values
of (x), (x®), . .. (x'). Because, for infinitesimal {(*¥+1) — (&) =
dt®), Ko (W), 1) (8 (B) can in this picture of paths be
regarded as due to the direct classical path from (x(®, {(®) to
(1), {(e+1)y | those kinematical paths which, in the limit of all
dt{®) — 0, would not tend to what we vaguely shall call ,,smooth”
paths, will not effectively contribute to (7.12). The criterion when
a path is considered to be ,,smooth’” remains to be established.

For the case that (7.11) may be used for Ko in (7.12), an
approximation by stationary phase has been considered by
Cteinr MorerTe2). The Lo (m(lul) + x(lc)’ x(lm)_m(i); 0 )'s in

. ‘ 2 dtik)

the exponents are expanded in powers of the (x® —a®)’s

for suitably chosen (x{)’s. In order to make the phase stalionary,
the first order terms must be made to vanish. They do cancel if
the (x”)’s are chosen on a classical path 2 from (', ') to
(x,'1) at the times {(®. Owing to the conditions for infinitesimal
time intervals, A has to be a “‘smooth’” path. The zero order terms,
which can be taken before the integral signs in (7.12), then con-
tribute the factor

W 1)

4 S asj o(a”, '%;; &) L roa (@, t; 4, )

eft. s =l : (7.13)
If higher than second order terms in the Taylor expansion may
be neglected according to the principle of stationary phase, it is
seen from comparison with section 6 that, in this approximation,
(7.12) is again given by the semi-classical approximation (6.29).
Thus, from all the kinematical paths, only the classical path A
vields in the lowest order an effective contribution. It does not
seem as if the higher order terms in the present expansion will
be less intractable than those in the expansion of section 6. Be-
sides, also here, we come into difficulties if more than one “smooth”
classical path is possible from (', ') to (x, t). The convergence
of the Taylor expansion giving a stationary phase near one of
them becomes particularly doubtful near the others. One might
try to make such an expansion near each of them and hope that
confributions from space-time regions far from all of them could
be neglected because of phase cancellation, so that (7.12) would
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split up according to (6.19). In order to determine the amplitudes
of the contributions K; (x, {; x', t') of the various paths, one
would even then have to deal with the junctions, with possible
singularities along the paths and with possible discontinuities of
the paths (or even of their existence) in their dependence on
(x, t) and («', ). One might hope that (e. g. for fixed (x) and
(x") and decreasing ¢ — t') the contributions of paths would turn
out to decrease with decreasing ‘“‘smoothness’. Anvhow, these
speculations are cut off by the restrictions on the scope of the
present paper.

It does not seem that the treatment of the present section could
be improved by choosing other rules of correspondence than those
of WeYL.

8. Quasi-classical distributions.

In this section, we discuss the particular role of the quasi-
classical paths from a somewhat different point of view. To this
purpose we use a rather queer and even freacherous representation
of quantum mechanics, which (apparently independently and
with quite different intentions and interpretations) has been given
by a number of authors (cf., e. g., refs. 23), 24), 25), 12)).

To the operators a representing observables and to the statistical
operators & representing quantum mixtures®) we relate functions
a(p,x) and k(p,x) in such a way that the expectation value of
the observable for the mixture can be written as

1
Trace (ka) = I SS dp¥ dx¥ h(p, x) a(p, x). (8.01)
: 'l,

If we relate a (p, «) to a according to Weyl’s rule of correspond-
ence (5.03), (5.04), then we have to relate k (p, x) to k in the
same wayl?. £ (p, ) is then the Wigner distribution?”. For the
special casc of a pure quantum stale with wave function 3 (x)
in the (x)-representation, this becomes

:

ro, :
k(p,x) = SdENwT(:Jc+g> eh”p w(xﬁé). (8.02)

In order to transform the equations of motion, e. g. those in
Schriodinger representation
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0 1
G RO == H®, ), (8.03)

into the (p, x)-representation, we need the cxpression which
corresponds to the commutalor brackets

{

E[a, b] = %(abea). (8.04)

This turns out to bel?
2 h 6 0 6 0 )
co=)sing N (-2 b (p, 8.05
a(p m)h{51n2‘_/ (5]”69:@ 620 ps } (p,x), (8.05)
%

where the 6 symbol denotes differentiation to the left. The equation
of motion for the Wigner quasi-distribution function % (p. =) thus
becomes (in Schrédinger representation)

d
—Ic(p,nc Hy=-—H(p,x;0)

2  |& “—1(6 7] 6 0)]]‘ .
—sin) - — \
h " 22 6p¢8mz Grzap [ (p, x;

t

This stochastic equation is only then a point-to-point transfor-
mation of the type of classical statistical mechanics

o 7 (0ke(p, ;s D dpi 0ke(p, a; 1) dacy)
—ke(p,x; ) = ( — ), 8.07
FTRAARARY 2 L O at T g ar) GOD

(8.06)

3
if the right-hand member of (8.06) reduces tol®

— (H(p,x; 1), k(p, z; 1)) (8.08)

with' the Poisson brackets

(a(p ), b (p, x)) = a(p,x){27(£ R )} b(p,x). (8.09)

6pidai 63c¢8p

If we use Heisenberg instead of Schrédinger representation, we
obtain a similar condition for the brackel expression of ¢ and H
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instead of k and H. The conditions are only satisfied for all
operators k and a if H (p, x; ) is a polynomial of 2nd order
in (p) and (x). :

For the two-sided operators in (8.05) and (8.09) we use the
abbreviations

>"ﬁ’(£i ii) oy (8.10)
< 6pidx;  6adpid -
and
2 . [h_) ! ‘
—sin (—iB) = P + N, (8.11)
h .2 |

With other rules of correspondence than those .used here, %
may be different. But it is a fundamental feature of correspond-
ence!® that, for no linear rule of correspondence, the commutator
brackets and the Poisson brackets can correspond lo each 'other
identically. Therefore % cannot vanish identically. Tt is of 2nd
order in A. If ® and Hi (p, x; {) in

H(p, ;1) = Ho(p, x; ) -+ Hi(p, x; O (8.12)

can be freated as effectively small, we can try the expansion

k(p,a;t) = > k0 (p, ;) (8.13)
r =0
with

k™ (p, x; 1)

ot +(Ho(p,x; 1), kO (p,x; 1)) = 0, (8.14)
LD (p, s 1) ‘
v + (Ho(p, x; 1), LT+ (p, x5 1))
N \ ‘ (8.15)
= — {Ho (P x; R+ Hi(p, x; ) By (p, ;1) I
(r=20,1,....

According to (8.14), k©® (p, x; 1) varies with time in exactly
the same way as a classical distribution function (cf. (8.07))
moves along the classical paths corresponding to the Hamiltonian
H (p,x; t). If the classical path, which reaches (p, «) at the time
t, starts at the time ' from (p’, x"), then
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KO (p, a5 t) = kO (p', 2'5 1) (8.16)
Integration of (8.15) along this path gives
RO (p, s 1) = KD (pf, ' 1)

v, z; t)
—Sdt’i{Ho (p'. s YR+ Hy(p’,x; YR LED (p', 275 t7) (8.17)
(@, 2’5 )

(r=20,1,...).

In the present representation there is just one single classical path.
(8.16) and (8.17) correspond to the iterative solution of the
integral equation

k(p.x; 1) = k(p',x'; t")
(+ @ 7 D) (8.18)
_ \ df/'l { HO (p.'/’ {13“; tu) m 7[ Hl (pl/’ xl/; l_/l) %}IC (p//’ x//; t”>. -

(p', 2’5 )

The operators Hot and H1% (operating on k) again represent the
“quantum scattering” and the ‘““Born scattering”. The present
equation (8.18) (for the statistical operator k) in the variables
(p), (x), t, t' more or less corresponds to the equation (6.29) (for
the dynamical transformation operator K (¢, t")) in the variables
(x), ('), t, t', as far as the latter is valid. We shall not try for
the moment to transform (8.18) directly from one representation
to the other.

The quasi-classical features of the present representalion can
be seen as an expression of the correspondence principle. The
treacherous touch is that it seems to meect to a certain extent that
pining for the good old classical theory. It cannot actually do so
for various reasons. One of them is the fact thal, in any corre-
spondence between quantum operators and quasi-classical fune-
tions, the infinitesimal unitary transformations represented by
commutator brackets in the quantum representation cannot in
general correspond in the same sense to the infinitesimal canonical
transformations represented by Poisson brackets in the quasi-
classical representation. This leads to ,,quantum scattering”
described by the operator Jl. But even in those singular cases
(considered in the next section) where this “quantum scattering”
is effectively absent, there are still other prohibitive reasons?®) 12
which fall outside the scope of the present paper.
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9. Weak potentials.
If, as in the case of the ordinary Schrédinger equation (4.04),

dx
Ho(p, x: 1) is a 2nd order polynomial in (p) (and Lo (ac, E; t)

A

a 2nd order polynomial in (dT‘))’ the limiting condition (6.25)

in section 6 and the equivalence of (7.04) and (7.11) in section 7
can be considered as assured. One speaks of a Schriédinger
equation with “weak potentials’ (or shortly of ‘““weak potentials™)

if Ho(p,x;t) is a 2nd order polynomial in (p) and (x) (and
d d.
Lo (:n, d_atc; t> a 2nd order polynomial in (x) and (di:)) We have

seen in section 8 that, in the latter case (and only then), the “quan-
tum scattering’ is absent. Then the methods of the preceding
sections must also work out rather simply.

In weak potentials there is only one single classical path from
(«', ) to (x, ). Difficulties with more than one path do not
appear. We may drop the index A. There is also no ambiguity
in H(p, x;{) by the choice of the rules of correspondence.

We shall separate the ‘““Born potential”” H; according to (6.31)
and only consider Ko (x, t; 2, ).

In weak potentials the expressions

R2Io(x, t;x',t) 0 Ig(x, t;x', )

lim - S ; 9.01
E—1 >0 da; 0oy at dx; Ox; ( )
are independent of (x), (x') and therefore also
Bly(x, t:a',
o(m b, ) ; Do (e, b 2/, 12 (9:02)

oxi (‘)xlj

If we exclude singularities, the same can bhe said about Do(x,1;
a’, t"). Then all successive higher order terms (r = 0,1, ...) of
(6.27) (without H1) become zero and (still apart from singularities)
the semi-classical expression (6.29) is the exact solution of (6.03),
(6.04), (6.05). ‘
The Taylor expansion of Lg used in section 7 breaks off after
3
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the 2nd order terms in the case of weak potentials, and we obtain
the same exact solution as according to section 6. So, as is well
known, in weak potentials no other Feynman paths yield effective
contributions than the one single classical path.

In the representation of section 8 the time dependence of the
quasi-distribution (k (p, «; ) in a weak potential is actually
described by a point-to-point transformation of the type. of
classical statistical mechanics (although & (p, ;) has not the
proper type of a classical distribution function).

This case once more illustrates the rather singular behaviour
of quantum systems in weak potentials, e.g., the harmonic
oscillator2®) 30) 12) In particular it shows how dangerous it may
be without further investigation to generalize conclusions which
have been derived only for the case of weak potentials also to
other cases.

10. Conclusion.

The foregoing expansions are just some examples out of a
great variety, all with a quasi-classical lowest order term. Even
in “weak potentials™, where this is the only term, it does not
open the gate to the lost classical paradise. For some problems
the expansions may be useful as practical approximation methods.
In particular the lowest order BWK approximation works in
some respects surprisingly well3l),

As soon as singularities occur, e. g. connected with ““classical
reflections’’, the situation near and beyond these points has to
be carefully investigated, as it has been doue in the stationary
1-dimensional BWK approximation. These singularities are also
of importance for the unsolved problem how to deal with various
competing classical paths.

A generalization to a relativistic treatment could more readily
be performed for the boson than for the fermion case.
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Institute for Theorelical Physics, Copenhagen

on leave of absence from
Groningen Universily.



References.

1) E. C. KeEmBLE, The Fundamental Principles of Quantum Mechanics
(New York 1937).

2) R. P. Feynvan (1948), Rev. Mod. Phys. 20, 367.

3) H. Bremmer (1949), Physica 15, 593; Terrestrial Radio Waves
(Amsterdam 1949).

4) R. Lanpavuer (1951), Phys. Rev. 82, 80.

5) L. BriLroun (1926), C. R. 183, 24; J. de Phys. 7, 353.

6) G. WenTzZEL (1926), Zs.f. Phys. 88, 518.

7) H. A. KrameRrs (1926), Zs. {. Phys. 39, 828,

8) H. Jerrreys (1953), Proc. Camb. Phil. Soc. 49, 601; (1924) Proc.
Lond. Math. Soc. 28, 428.

9) 8. C. Mierer and R. H. Goop Jr. (1953), Phys. Rev. 91, 174,

10) V. A. BaiLey (1954), Phys. Rev. 96, 865.

11) H. WavL (1927), Zs.t. Phys. 46, 1; Gruppentheorie und Quan-
tenmechanik (Leipzig 1928).

12) H. J. GroeNEwOLD (1948), Physica 12, 405.

13) P. A. M. Digac, The Principles of Quantum Mechanics (Oxford
1947).

14) L. pE Brogeriz (1951), G. R. 2383, 641.

15) D. Bomam (1952), Phys. Rev. 85, 166; 180.

16) W. Graser, Grundlagen der Elektronenoptik (Wien 1952).

17) L. I Govr’pman and A. B. Mranatr (1955), Sov. Phys. JETP 1, 304.

18) R. P. FEYNMANN (1949), Phys. Rev. 76, 749.

19) Pu. CroQuarDp (1955), Helv. Phys. Acta 28, 89,

20) CtciLE MoreTrrE (1951), Phys. Rev, 81, 848.

21) W. Pauil, Ausgewihlte Kapitel aus der Feldquantisierung (Ziivich
1951).

22) B. Davison (1954), Proc. Roy. Soc. A 225, 252,

23) T. TaxaBavasi (1954), Progr. Theor. Phys. 11, 341.

24) J. E. MovaL (1949), Proc. Camb. Phil. Soc. 45, 99,

25) J. Bass (1948), Rev. Sci, 86, 643.

26) J. voN NEUMANN, Mathematische Grundlagen der Quantenmechanik
(Berlin 1932, New York 1943).

27) E. WigneR (1932), Phys. Rev. 40, 749.

28) G. P. Disurant (1955), Sov. Phys. JETP 1, 166.

3*



36 Nr.19

29) I R. Senitzsky (1954), Phys. Rev. 95, 1115.

30) C. A. Coursoxn and G. S. RuseBrooke (1946), Proc. Camb. Phil.
Soc. 42, 286,

31) G. Brerr and P. B. Darrcy, to be published.

32) R. F. Curisty (1955), Bul. Am. Phys. Soc. 30 nr. 1, ZA 7.

33) P. 0. FrémaN (1957) Mat. Fys. Skr. Dan. Vid. Selsk. 1, no. 3.

Indleveret til selskabet den 6. april 1956.
Feerdig fra trykkeriel den 23. november 1956





