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Synopsis.

Three bodies are assumed to move in a plane, subject to Newton’s law of
gravitation, one of the bodies being infinitely small, and the two others moving
in circles around their common centre of gravitation. To expand the coordina-
tes of the small body in powers of the time is generally assumed to be im-
practical, but it is shown here that by introducing certain auxiliary dependent
variables, the equations of motion are transformed into a differential system
of the second degree, permitting to calculate the coefficients of the series by a
scl of recurrence formulas particularly adapted to the modern calculating ma-
chines. Sufficient conditions for the convergence of the resulting series are ob-
tained, and a simple numerical example is given.
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1. We have in view the well-known particular case of the
Problem of Three Bodies where the movement takes place in a
plane, and two of the masses describe circles about their com-
mon centre of gravity, while the mass of the third body is in-
finitely small. Expansion of the coordinates in powers of the time
t can be obtained by successive differentiations of the equations
of motion, but this way of calculating the coefficients of the
powers of ¢ has been given up as too tedious®. We intend to show
here that the calculation of the coefficients can be carried out
with comparative ease when the equations of motion are trans-
formed into a differential system of the second degree, permitting
lo calculate the coefficients of / by a set of recurrence formulas,
parlicularly adapted to the modern calculating machines. The
process is closely related to that employed in one of my papers
on the differential equations of G.W. Hirn2

The equations of motion are given in Darwin’s paper, p. 103.
We write them, with a change of notation?,

¢p fog+ Mp (r 3 —1)+(p—1) (s3—1) =0
ae " Ny TP ! ’ (1)
@+9N£l£+zll (rF2—1)+q(s3—1) =0
PO R ! ’
where
2= p? 4 ¢2, $2=1r24+1-—-2p, )
N2—= M+1. 3)

1 G. H. Darwin: “Periodic Orbits”. Acta mathematica, 21 (1897), 129—132.

2 J. F. STeEFrFeENSEN: “‘On the Diflerential Equations of IHill in the Theory of
the Motion of the Moon (II)”. Acta mathematica, 95 (1956), 25—37.

3 Darwin’s x, y, n, », p, C have in succession been replaced by p, ¢, N, M,
s, K. :
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Jacobi’s integral is

[ 2
M@+ 2r 1 4 (24 2 s‘ﬂ—(%)zw (%) = K. 4

In these equations p and g are the coordinates of the in-
finitesimal body, the masses of the finite bodies are M and 1,
their distance from each other 1, and the angular velocity of the
system N.

Referring for further particulars to Darwin’s paper we put

X=r3%-1, Y=1353%—-1, (5)
so that
rd—X%—S(XqLI)(—if':O, l
dt dt ©)
sd—Y+3(Y—1—1)§=0. ]
dt dt

while (1) can be written

PL N Mpx b pY— v — 0, \

dt? dt o
L4y N g gy 0. |

dr? dt

For the determination of p, ¢, r, s, X, ¥ we have the 6 equa-
tions (7), (6) and (2) which we propose to satisfy by power
series in # without making use of Jacobi’s integral. We put

p = abl, qg= > bt 8
v =0 =0

r=Sqr,  s=3aq ®
P=20 =0

X=er, v=Spr (10)
y=0 y=0

Inserting these series in the 6 equations and demanding that
the coefficient of {7 shall vanish, we find by (7)
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‘7'@_1
(n+1D)(n+2Danie—2N(n + 1) busr+ M D aye,_,

=20

n
+Zavfnfv —fa =0,

=20

n (11)
(n+1)(n+2)basz+ 2N+ 1D ani1+M D be,_,
=0

n
JFZ bvfn—-v: 0,
=20

by (6)
7 n_'
Z(’V + 1) ev+1cn—v+ S_S_, (v —J‘_ 1)Cv-:—1en—1!
=10 »=0

+3(H + 1) cn+1 = 0,

(12)
ki3 n
2 (D) fopady o+ 3 DICI S XAy
»=0 »=20
+3 (H -+ 1) dn+1 = 0,
and by (2)
7!»’ 7'Ll (1
Z Cplpy = Ay ly_y _I_Z byby,_y,
=0 P =0 ¥=0
Z, & 13
Dldyd, ., = Dlec,,—2an (n>0), (13)
v=20 ?»=0

di=c&4+1—2ap.

As initial values (constants of integration) we choose -the
coordinates and components of velocity of the infinitely small
body at the time ¢ = 0, that is ag, @, bo, b1. Hence we find
by (13), co and dp being positive (since r and s represent distances
from the finite masses)

co = |/ad 1 B3, do = |/ +1—2ao, (14)
whereafter by (10) and (5)

eo = cg°—1, fo=dz®—1. (15)

The remaining constants are calculated by the recurrence

formulas (11} — (13). We state these in the form and order in
which they are to he employed.
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i) #—-1
2 coen = Z Wyt — yA—Zb,,bn p Dy Cy gy (16)
y=10 =0 =1
n
2 dodn = > ¢,y Zd dy_y—2 ay . 17
¥=0
— ncoen = 3 y”ven ,,—&—Zvc,,cn » 3 ncn. (18)
v=1
) 71
—ndofn = 3> vd,fy_,+ > v dy_ ., + 3 ndn. e8]
r»=1 P=1

n—1 n—1
—n(n4+ 1D aer =MD aye, o 1+ D ayfu_y
ry=0 =20

— 9 Nnby — fu-1.

(20)

=0

: . ,
—n(n 4+ 1) by = MZZ) €y 1+Zb fo—v_i1+2Nna,. (21)

We give below the first few of these recurrence formulas.

coc1 = aqoai + boby.
dodl = (gC1— d1.
—coer = 3 01(60 -+ 1).

—dof1 = 3 1 (fo+1).

— 2 a2 = Mageq + fo(ao— 1) — 2 Nby,
— 2 b2 = Mboey + fobo + 2 Nay.
2coce = 2 agaz + i + 2 bobz + b — 3.
2 dodas = 2 cocs + c%*df — 2 as.
—coez = 2 cre1 + 3 caep -+ 1).
—dofo = 2d1fi + 3 d2(fo +1).

(23)

—6az = 115[((1061-1-0160)+f0a1+f1((10—1)—4:1\7b2. !
— 6 by = M (boer -+ bieo) + bafs + bifo + 4 Nas. (24)
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Cocz = apas + araz + bobs + bibs — c1ca. L (24)
dods = cocs + c1cz — didz — as. |

— 3 coes = D crea + 7czer + 9 cez(eo + 1).

—3dofs = B dife+ 7 deft + 9 ds(fo -+ 1). J

It is seen that these forms lend themselves easily to the cal-
culating machine.

2. In order to examine the convergence we write (16)—(21)
in the following form where the constants of integration and
those of zero order have been isolated. In (25), (29) and (30)
we assume n >3, in (26)—(28) n > 2.

CoCn == Aoy + Q1dn-1 + boby + b1by—1 — C1Cp -1

= (25)
+ —2" Zz(av Ap—y + bv bn—v — Cy Cn—v) .
r=
n—1
dodn = cocn — au + 521(% Cpmy — ydy ). (26)
= :
7—1 #=1
—ncoen = 3nen(eo + 1) +2 > vepen o+ 0 D cpeny,.  (27)
r=1 =1

-1 n—1
_ndofn =3 nd”b(ﬁ) + 1) + 2Zvdvfn—v+nzdvfnﬂz" (28)
y=1 y=1 i

—n(n+1)ant1 = ao(fa—1+Men—1) + a1 (fn-2+ Men_2) + l

n—2

, (29)
3 @y (fympmy + Mey_y )+t (fo + Meo)— fu—1 — 2 Nnby |
v=2
—n(n+1)but1 = bo(fa—1+ Men 1) + b1(fa—2 + Mey—2)
n—2 . (30)
+ 2 by (fyop-1 + Mey_y ) + byy (fo + Meo) + 2 Nnan. |
=
We now put, as in an earlier paper?,
}"V
Ky =— A>0 31
= oxn 470 @D

! Acta mathematica, 93 (1955), 173.
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and assume that it has been proved for 2 <{v <'n that

| a, | < AK,, | b, | < BK, (32)
and for 1 <{» <{n—1 that
le, | <<CK,, |d,|<<DK,, |e|<<EK,, |f|<FK,. (33
We then find sufficient conditions, by (25) — (28) for the valid-
ity of (33) in the case » = n, and by (29) — (30) for (32) in the
case » = n - 1, so that the inequalities (32) and (33) are valid

for all ¥ under consideration. We proceed as in the paper quoted,
making use of the identity

B LW B
yimey y m—y/m(m+1)

34
Ftislaroe "
v+1 m—y+1/(m+ D(m+2)]°
From this, writing for abbreviation
k(3
oy
Sn = > — (35)
L
v=1
we obtain the sums?!
n=l n—1-+2s;_
SR E,_, — 2 T2l g (36)
= n(n+ 1) (n+2)
7=2 [ n—1+ 2sa- 1\ an
STEK,_, = (2 B S ~)—, (37)
v—2 (n+1)(n+2) n—1/n
n_2 n—2+4+2s,_» 1 \ Am-1 )
Z KK,y ) = < ' ‘ — p ) > (38)
y—2 n(n41) 2(n—2)/n—1
n_l — 1+ 28—
SVE K, — A LA, (39)
=4 (n+1)(n+2)

1 Interpreted as zero, if the upper limit of summation is less than the lower,
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3. Dealing first with (25), we obtain, ¢y heing positive, by
(32) and (33)
colen| <(Alao|+ Blbol|)Kn

+(Al(111+B|b1|—|—C|C1l)I&n—1
-2

(4247324700 SﬂAvKn,
P =2
or
eolen| <(Alao|+ B bo)—r— (40)

0 n S 0 [} n(11+1)

-1
+ (A B|b C —
Alal|+B|lb]|+ lcl_l)(n~1)n
n—142s,_4 1 \A»

1
(A7 B+ 02)(2

(n—}—l)(n—}—?)_n—l n

If, now, we demand that the right-hand side of this inequality

shall be << ¢¢CKy = ¢oC————, we obtain after multiplica—
n(n-+1)

tion by n (n + 1) -7 as a sufficient condition for the validity
of e, | < CK, in all cases under consideration

n+1 1

Alao| -+ Blbo| + (Al |+B|b|+C lc1|)~~jI 7
(41)

+1(42 - B2 ) 91'17—-1—:—23154 n+1 < .

L 2 — co.

2 N n+2 n—1, >

We replace this condition by a simpler but more rigid con-
dition obtained by replacing the factors depending on n by
absolute numbers which are at least as large.

I3

n
Since " =1+ —~I this factor is constantly decreasing
n— n—

and may for n > 2 be replaced by 3.

Putting next
n—1-+2s,-1 n-t+1

Sn = 2— s 42
" n+ 2 n~1 (42)

and observing that
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= — 4 - 43
2 3+ 4 12+4 (43)
so that

‘ 10 )
or4d sp-1 <n+ 3 we find by inserting this in (42)

14 2

Sn <2 — — .
3an+6 n—1

Hence
Sa < 2. (44

n-+1
1 < 3 for n >>2, we may replace

Observing finally that

(41) by the more rigid condition

3
Alal+Blbol+ @ lal+Blbhl+Clal; | 4y
4+ A% L BT 4+ (2 <o

which is independent of n.
4. Next, as regards (26), we find by (36), corresponding to
(41), the sufficient condition

Il—l +2Sn71

Ceo + A + (CZ -+ D?) — < Ddy. (46)

The condition that the factor depending on n shall be steadily
decreasing may be written in the form

Sp—1 >

!
RR

(47)

N

NG

which is satisfied for n > 10. We therefore have in this region!

n—1+2s,1

<38 (48)
8.1 <8
L6 Ty

L A table of sy is found in 8. Spirzer: Tabellen fiir die Zinses-Zinsen und
Renten-Rechnung, Wien 1897, 369—370.
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which is also valid for n < 10. We may thercfore replace (46)
by the simpler but more rigid condition

5
Cey -+ A+ (C2 4 D?) < Ddy. (49)

5. From (27) we obtain by (39) and (36) as a sufﬁc1cnt
condition

142851
3lep+1]C +4CE 20 gy, (50)
n-+2

and from this, by (48), the more rigid sufficient condition
3lep+11{C+5CE < Ecg. (BD
Since (28) is obtained from (27) by a simple exchange of
letters we may at once by (51) write down the following sufficient
condition, resulting from (28)

31fo--11D4 5DF < Fdy. ' (52)

6. As regards (29), we have, by (31)—(33) and (38),

An—1
n(n+ Dlans| <|ao | (F+ ML‘) —
(n—1n
n—2
=+ F+ ME
| e | (F + )(n—2)(11—1) .
n—2-+2s,-2 1 Jn—1 ‘(O )
+ A(F 4+ ME)|2 —
n(n+41) 2(n—2) n—1
}anfl An—1 An
A M. F -2 NB .
ALl eol(nwl)n_t— (n.—l)n_r n+1

If we demand that the right-hand side of this shall be
<n(n + DAKy+1= A

An+l  we obtain after multiplica-

n-+2

A= the condition

tion by -
n
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n-+ 2
Hao | (F-+ ME) +Alfo+ Meo | + F]l—
(n—1) n?
n -+ 2 n+ 2 1 (54)
+2NB——- ~— 4 F+ME)y———————
R Y S Y TS
+ A(F+ ME)Ry << AA2
where
Rn:‘Z(n+2)(n~2+2sn_g__ 1 ) (55)
n(n—1) n(n+1) 4 (n—2)
We proceed to show that
1
Ry <§ (n >3). (66)

We write (55) in the form

2 4 )( Sp—-2 — 1 3 n—3

B = (\_n_17n(n*1) Sn(n+ ],)Jr;(n——kl)(n~2)

1
where we may assume n > 5, since Rz = 0, Ry = g Now the

first factor in R, is evidently decreasing, and the second factor
is the sum of two decreasing expressions, since-

Sp—2z— 1 ~ Sp—1— 1 (1 >5)
. — f
n(n+1) (n+1)(n+2) -
which can be written
) 1
2 (311—2* 1) >14—,
n—1
and
n—3 n—2 (n >5)
— ~ > n=>5
(r+D@—2)" (n+2)(n—1) .

which can be written

n(n—>5)+2>0.
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The remaining factors depending on n in (54) are steadily
decreasing, and we find for n >3 :

n+2 1 4 “?_;‘<_5 -
(n—1n® (n—1)n (n——l)nz\lS’ G
n+2 1 2 5
= T T - S (58)
n(n+1) n4+1 nn+1) 12
n+ 2 B 1
n(n—1@r—2) (n—1)(n—2) 59
2 5
Thi—1D(m—2 "6 ]

Inserting finally the limits (56) — (59) in (54), we obtain the
more rigid, but of n independent, sufficient condition

5 =
E“ ap | (F+ ME) +- A | fo + Meo | +F}+%NBA]
(60
b 1 1
gl (B ME) S+ (A (F + ME) <42, ‘

7. As regards finally (80), a comparison with (29) shows
that we obtain the same form as (53), the only difference being
that « and b, A and B have been exchanged and the term

An—1
F ( 17 left out. We may therefore immediately write down the

n— n
sufficient condition corresponding to (60)

S| o

1100 [ (F + ME) + B | fo + Meo |1+ - NA2 l

5 1 1 (61)
+ | 0| (F + ME)- + 2B (F + ME) < B2 [ |

8. The result of the preceding investigation is that, if for a
certain n 2> 3 it has been proved that (32) is salisfied for 2 <
v << nand (33) for 1 <{v <{n — 1, and if, besides, the inequalilies
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(45), (49), (51), (52), (60) and (61) are all satisfied, then the
expansions (8) — (10) are convergent, provided that XK, |{ [

: 1
converges, that is, for | ¢ | <I'

The question arises whether, when the constants of integration
are- arbitrarily given, it is always possible to find such values of
A, A, B, C, D, E, F that the six inequalities are all satisfied. We
proceed to prove that this is really so.

To begin with, /4 can always be chosen so large that (60)
and (61) are satisfied, no matter what values the other constants
possess, and (45) can for sufficiently large 4 be replaced by

A|a0[+B|bo]+Z(A2+B2)<C(co—zC5 (62)

while the three remaining inecualities which we write in the form

A+ c(cﬁ%c) <D(do—%D), (63)
Slee+1[C<E(co—50), (64)
31fo+ 11D <F(do—5D), (65)

are unchanged. Now it follows from (64) and (65) that we must
choose

1 1
C<:5'CO, D<gd0, (66)

after which (64) and (65) are satisfied, provided that we choose
E and F sufficiently large. After this, (62) will be satisfied, if
we choose A and B sufficiently small in comparison with C,
and (63) if 4 and € are sufficiently small in comparison with
D. In thus choosing small values for A, B, € and D we do not
run into difficulties, because (31) — (33) show that small values
of these constants can be compensated by choosing 4 sufficiently
large.

There is, thus, always a solution for sufficiently small values
of |.t], if co > 0, do > 0 as assumed in (14).
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: dp -
9. If at the time ¢ = 0 we have ¢ = 0, i 0, that is

bo = 0, a1 = 0, certain simplifications occur. In that case there

are only the two arbitrary constants gp and b; left, and we find
first by (14) and (15), if ao # 0 and ap * 1,

co=|ao}, do=|ao— 1], ea= |ao|"3—1, ]

fo=la—1|8%—1. j (67)

The recurrence formulas now show that b, vanishes when » is
an even number, and the other coefficients when v is odd. Under
these circumstances the working formulas (16) — (21) are best
writien thus

n—1 n—1
- (2 n— 1) 2 nage = ‘Mzramvezfn—m:—z_}_ Za211f2n—2v—2 ’ X
=y} y=0 (68)

—2N@2n—1)yben 1— fon-2.

K %

[y J— ! \
2epcyy = Z oy Ugp—9yp T Z byy 10902y 41

p=1

y=10 .
mel (69)
—  CapCop_oy- '
=1

n n—1
2 dody, = Z(;CZvCZn—Zv ~-—Zd2,,d2n_2y~2 oy » (70)
e

r=1
n n—1
— DCyey, = 3 Zl”cmem—zv + 21”321:‘327@—21: + 3 ncy,. (71)
Y= P =
nj n7—1 :
— ndyfa, = 3 Z vdyy fop—gy T Zl”vadZn—Zv + 3 ndy,,. (72)
=1 V=

k(3
—2nQ2n+1) by = lebzv—ﬁznﬂv
P =

(73)
(73 o K
-+ Zva—1f2n—2v + 4 Nnay,.

y=1
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The first few of these formulas are

——2(!2

l

Mageg + fo (ao — 1) — 2 Nb;.
oy ;
cocCs — aoaz+;b1.

dods = coce — as.
— coeg = 3 Ca (60 -+ 1).
—dofa = 3d2(fo+ 1).

— 6 bg = Mbiey + bifo+ 4 Nas.

— 12 a4 = M (ave2 + azep) + f2 (ag—— 1)+ aefo— 6 Nbs.

2 coca = 2a0a4+a§+2b1b3——cg.
2dods = 2 cocs + ¢z —di — 2 qq.
—coea = 2 caes + 3 ca (e + 1).
—dofa = 2 dafo+ 3 da (fo + 1).

— 20 b5 = M (1)162 -+ bgeo) -+ blfz -+ b3/0 -+ 8 Naa.

— 30 ag = M (aves + azes + aseg) + fa (a0 — 1) + azfe
-+ a4f0—— 10 Nbj5.

1 .
cocs = aoas + azas + b1bs +§b§ — C204.

dode = coce + caca — dads — ag.

— 3 cpeg = 3(6264+2C462+36660)+62C4—{—2€462-{—966.

— 3 dofs = 3(2fat+2dafo+3dsfo)+ fada+ 2 fada+9ds.

Nr. 18

(74)

(76)

(77)

(78)

10. As a simple numerical example of the application of

1
(74) — (78) we choose ag = 5> b1 = —1besides the already

&

assumed bg = 0, a1 = 0 leading to (67). For N and M we choose
the values N = 1-1, M = -21 which satisfy (3). The results are

given in the table below.
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17
v I ay Cyp d/y
0 -5 ] b
2 2825 1-2825 -7175
4 —-4332729 —4-407273 —2:4107271
6 1-3130591 19:199425 8728045
4 ey fo by
0 7 7 —1-
2 —61-56 —34-44 1-2045
4 527-3519 214-5577 —2-687845
6 —4442:1231 —1319-5487

A partial check on these calculations is obtained by calcu-
lating the value of Jacobi’s constant K by (4) for various values
of ¢{. I have found

[=0, K = 4-1425
t =03, K = 4.1424999

which seems salisfactory.

As regards the convergence, (32) and (33) are satisfied by
the coefficients given in the table if, for instance, we chaose
A= 20, 4 ="005 B =002 C=02D="04, E= 12, F =
3.2, and since these values also satisfy all the six inequalities
(45), (49), (51), (52), (60) and (61), the expansions (8) —- (10)

1
are al least convergent for | ¢ <C 20"

This space of time may at first appear to be small, but the
expansion for g shows that it corresponds to a movement in
the vertical direction of nearly one tenth of the original distance
of the infinitesimal body from either of the two finite bodies.

Indleveret til selskabel den 80, januar 1956.
Frerdig fra lvykkeriet den 29. maj 1936,
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