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the bands of the cupric ammines are transition group spectra o f
the first kind, while all the bands of Mn+ + are transition grou p
spectra of the second kind. It is hoped that further investigations
will throw more light on these questions .

I wish to express my sincere thanks to Professor J . BJERRU M
for suggesting this problem, and for his great interest and constan t
encouragement during the work . My thanks are further due t o
Mr . AAGE WINTHER for many helpful discussions .
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1 . The following tables give the function s

Im (e) - \0[ 0(0( 1 )
and

Wm(e)

	

[0(o]'n+3'Im(o

where O is the Lane-Emden function of index n = 3/2 . The
functions have been calculated for all integral values of th e
parameter m from 1 to 23 inclusive .

2 . The tables of Im ($) will facilitate the calculation of the
energy production in convective cores in stars . The structure of
the convective core is described by :

Distance from center, r = a

Temperature, T = Tr o

Density, e = ec e3/2

where ce is a scale factor, and Tr and e, the central temperature .
and density. The energy production inside a sphere of radiu s
r, L r , will be

r

L, . = S 4acr 2osdr .

If the energy production is expressed by the power la w

E = EoQ S T' ,

(2)

(3)

(4)
we get

Lr(= ae) = 4 gra3 Eo Cc
sTc

Im(~) (5)
Printed in Denmar k

Bianco Limos Bogtrykkeri A-S with m = v + 3 (â - 1)/2 .
1*



4 Nr: 5 Nr.5 5

3 . The function W is the homology invariant quantity cor-

responding to I. The tables are primarily calculated as an ai d

to starting calculations of the interior structure of stars wher e

homology invariant quantities are used as the primary variables .

Such a choice will be convenient whenever the energy productio n

and the opacity can be expressed with sufficient accuracy b y

power expressions, such as (4) above for e an d

= x d'-" T
-3'

	

(6)o ~

for the opacity, and the radiation pressure can be neglected .

In this case we can choose the variable s

dlogP

d log r

d log Mr

d log r

d log L, ,

d log r

V

	

d log T

n-I-1

	

dlog r

where we have used the usual notation : P is the pressure, Mr

is the mass within the sphere of radius r, and n is the polytropic

index .
In terms of these variables the usual four differential equations

governing the internal structure of a star in radiative equilibriu m

reduce themselves to the following three differential equations

dU _ U(3-V k-H -U)

dV

dW

dV

V(U-I-H-I )

W(3-(1 -I-S) V - (v- 1 -S)H-W)
(8)V(U-}-H-1 )

dH H((9-I-s-a)H -(2-a) V-F-W -1)

and the

_
dV V(U-{-H-1)

(9)

quadrature
dV

log r/ro = V(U+H-1) .

Inside the convective core the functions U, V, and H are
independent of the opacity and energy production . U and V ar e
tabulated in British Association Tables, Vol . II . The variable H
follows immediately as 2 V/5 . The remaining variable, W, i s
the function tabulated in the present publication . Contrary to
what is the case of V, U and H, W depends on the energy pro-
duction law. The present tables cover the ground where a la w
of the form (4), with 1 v + 3 (6 - 1)/2 -< 23 ; is concerned.

The tables of W have been calculated only with the argu-
ment . The -applications to integrations of stellar structure require
V to be the independent variable. Therefore an auxiliary table ,
which gives U and as functions of V, has been provided .

4 . In a recent paper by OsTEREROCK and the present author '
it has been shown how an upper limit to the extent of the con-
vective core in a star where (4) and (6) are valid can be derived .
This limit has the following form : A convective core, extending
to the point in the`star where V = V0 , is only possible i f

U 0 -Wp-(1 .2-{-0.4s+ 0.6 a) Vo> 0

	

(10)
or

s. +~a C5(U~.VWo)-3 . -
0

If e is of the form (4), the quantity on the right hand side of (11 )
depends only on Vo and v ± 3 (6 - 1)/2 . It has been plotted in
figure 1 .

It is of considerable interest to know the behaviour of th e
convective core in a star where two energy sources, each with
an output of the form (4), are active. There would be no diffi-
culties in evaluating the W functions for such . mixtures and then
plotting the corresponding curves in the diagram . Since, however ,
the most important feature of the curve is its intersection wit h
the s + 3 a/2 axis, we shall confine our attention to the evaluatio n
of the position of this point . For this purpose, let us write th e
total energy production rate a s

s = Ec (yom ~ + (1 - y) en''=) 6 3/2

	

(12)

i Ap . J ., 117, 306, 1953.

v =

U =

W =

H

( 7 )
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V

s .~ct

Figure 1 . The curves give the upper limit to the extent of the convective cor e

as a function of the opacity and energy production laws.

Thus cc is the total energy production rate at the center while y

measures the relative contribution to this total from the reactio n

characterized by the subscript 1 . Using the power expansions o f

the Lane-Emden function it is easy to find the value of the

relevant function at V = 0 :

5(U-W)1

	

_3 = 0.6ym 1 +0 .6(1-y)rn2- 2 .1 .

	

(13)
2V

	

v_> o

Thus the abscissa of the required intersection on the horizontal

axis is a mean of the values of m for the two reactions, the weighing

factor being the contribution from the particular process to th e

total energy production at the center .

The tables .

The tables giving and U as functions of V have been obtaine d
by interpolation of the tables given in British Association Tables ,
Vol . II . The second difference, 4", or the modified second di-
ference, M" = 4" - 0 .184 4'°, has been given. Thus inter-
polation to the fraction n follows from Everett's formula :

f (x i + n4 .x) = (1 - n) f (xi) + of (x i+1)

+ EaA (xi) + E14" (x i+1 )

or the same expression with M" replacing 4" . The coefficients
Eö and Ei have been tabulated with argument n in Interpolation
and Allied Tables, H . M . Stationary Office (reprinted from th e
Nautical Almanac for 1937) . For small values of V the table fo r

becomes unmanageable . This difficulty is avoided if one works
with the function 1/6V/5 -

The tables of I and- W are based on the values of 0 given i n
British Association Tables, Vol . II . The calculations were carried
out to seven decimals and only in the copy prepared for printin g
the functions were rounded to five and four decimals . For inter-
polation to arbitrary values of the modified second difference s
have been given. Most of the work of calculating these function s
was done by means of the IBM 602-A calculators at the T13 M
Watson Scientific Computing Laboratory, New York City .

The author is grateful to Dr . W. J . ECKERT for placing the
facilities of the Watson Computing Laboratory at his disposal. .
He also wishes to thank the International Astronomical Unio n
and Ole Rømer Fondet, Copenhagen, for grants while the work
was carried. out, and the United States Educational Foundatio n
in Denmark for a Fulbright Travel Grant .

indleveret til selskabet den l& november 1958 .
Færdig fra trykkeriet den 17. december 1954.
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I B M"

	

17 , M"

0 .0 .00000 0 .00000 0 .00000 0 .00000 0 .00000 0

0.1 .00033 +197 .00033 +197 .00033 +197 .00033 +196 .00033 +196

0.2 .00257 360 .00256 356 .00255 351 .00254 347 .00253 34 3

0 .3 .00830 461 .00823 446 .00816 433 -00809 419 .00802 40 6

0 .4 . .01851 485 .01822 456 .01794 428 .01767 ~102 .01740 37 6

0 .5 .03342 434 .03263 389 .03187 346 .03112 306 .03040 26 9

0 .6 .05257 322 .05083 263 .04916 210 .04756 162 .04602 +119

0 .7 .07488 174 .07161 +109 .06851 + 52 .06558 +

	

4 .06281 - 3 7

0 .8 .09890 + 16 .09347 - 46 .08841 95 .08369 -134 .07929 16 4

0 .9 .12311 -127 .11492 175 .10741 209 .10052 232 .09420 24 5

LO .14612 237 .13468 264 .12439 278 .11512 280 .10675 27 6

1 .1 .16682 306 .15189 309 .13869 301 .12700 285 .11662 26 4

1 .2 .18455 333 .16607 313 .15004 286 .13609 256 .12390 22 6

1 .3 .19901 324 .17718 287 .15858 248 .14265 210 .12894 17 6

1 .4 .21028 290 .18546 242 .16466 198 .14712 159 .13223 126

1 .5 .21867 243 .19134 190 .16877 146 .15000 111 .13425 83

1 .6 .22465 190 .19530 140 .17141 102 .15175 73 .13541 5 1

1 .7 .22872 141 .19786 97 .17301 66 .15276 44 .13604 .

	

2 9

1 .8 .23136 99 .19942 64 .1.7394 40 .15330 25 .13636 1 6

1 .9 .23300 65 .20033 39 .17444 23 .15358 14 .13652 8

2 .0 .23398 41 .20083 23 .17470 12 .15372 7 .13659 . 4
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i

2 .7 .23508 0 i

1 1
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0 .0 3 .0000 -160 3 .0000 -200 3 .0000 -240 3 .0000 -280 3 .0000 -321
0 .1 2 .9920

	

160 2 .9900 199 2 .9880 239 2 .9860 278 2 .9840 31 8
0 .2 2 .9681

	

158 2 .9601 196 2 .9522 234 2 .9443 272 2 .9364 31 0
0 .3 2 .9284

	

155 2 .9107 191 2 .8930 227 2 .8754 262 2 .8578 29 6

0 .4 2 .8733

	

150 2 .8422 184 2.8112 216 2 .7804 247 2 .7498 27 6
0 .5 2 .8033

	

144 2 .7553 174 2 .7078 202 2 .6608 227 2.6143 25 0

0 .6 2 .7188

	

137 2 .6510 162 2 .5843 184 2 .5186 203 2 .4539 21 7
0 .7 2 .6206

	

128 2 .5305 148 2 .4424 163 2 .3562 173 2 .2719 17 8

0 .8 2 .5096

	

118 2 .3953 131 2 .2843 138 2 .1766 138 2 .0723 13 2
0 .9 2 .3869

	

106 2 .2469 112 2 .1124 109 1 .9833 98 1 .8596 7 9

1 .0 2 .2536

	

92 2 .0875 89 1 .9297 76 1 .7803 53 1 .6390 - 2 2

1 .1 2 .1111

	

77 1 .9192 64 1 .7396 40 1 .5720 - 5 1 .4163 + 38

1 .2 1 .9609

	

60 1 .7445 37 1 .5454 - 1 1 .3632 + 45 1 .1975 9 8

1 .3 1 .8047

	

41 1 .5662 - 7 1 .3512 -'r

	

39 1 .1589 94 0 .9884 15 3
1 .4 1 .6445 - 20 1 .3871 + 23 1 .1608 78 0 .9639 139 0 .7944 20 0

1 .5 1 .4823

	

+

	

1 1 .2104 54 0 .9782 115 0 .7827 177 0 .6202 23 4
1 .6 1 .3203

	

24 1 .0391 84 0 .8070 148, 0 .6190 206 0 .4691 25 1

1 .7 1 .1606

	

47 0 .8761 112 0 .6505 173 0 .4756 222 0 .3428 25 1
1 .8 1 .0056

	

69 0 .7242 135 0 .5112 190 0 .3542 224 0 .2413 236

1 .9 0 .8574

	

90 0 .5857 154 0 .3906 197 0 .2549 214 0 .1632 20E
2.0 0 .7183

	

109 0 .4625 165 0 .2896 193 0 .1769 192 0 .1057 17é
2 .1 0 .5899

	

125 0 .3557 169 0 .2076 180 0 .1179 164 0 .0654 13 9

2 .2 0 .4740

	

136 0 .2656 166 0 .1435 160 0 .0753 132 0 .0385 9 E
2 .3 0 .3715

	

142 0 :1920 156 0 .0953 135 0 .0458 100 0.0215 6 S

2 .4 0 .2832

	

144 0 .1338 139 0 .0606 108 0 .0265 72 0 .011 3
2 .5 0 .2091

	

139 0 .0896 120 0 .0366 82 0 .0145 49 0 .0055 2 (

2.6 0 .1489

	

130 0 .0572 98 0 .0209 59 0 .0074 31 0 .0025 I f

2 .7 0 .101.6

	

117 0.0346 76 0 .0112 40 0 .0035 18 0 .0011 i

2 .8 0.0659

	

100 0 .0197 56 0 .0056 25 0 .0015 10 0 .0004

2 .9 0 .0402

	

82 0 .0104 39 0 .0025 15 0 .0006 5 0 .000 1
3 .0 0 .0227

	

64 0 .0049 25 0 .0010 8 0 .0002 2 0 .0000 -I-
3 .1 0 .0116

	

46 0 .0021 15 0 .0004 4 0 .0001 +

	

1 0 .000 0
3 .2 0 .0052

	

31 0.0007 8 0 .0001 2 0 .0000 0
3 .3 0 .0019

	

18 0 .0002 3 0 .0000 +

	

1
3 .4 0 .0005

	

9 0 .0000 +

	

1 0 .0000 0
3 .5 0 .0001

	

+

	

3 0 .0000 0
3 .6 0 .0000

	

0 0 .0 3 .0000 -562 3 .0000 -602 3.0000 -643 3 .0000 -683 3 .0000 -7230 .1 2 .9721 553 2.9701 592 2.9681 631 2 .9661 670 2.9641 709
0 .2 2 .8891 , 527 2 .8813 562 2.8735 597 2 .8657 631 2.8579 6650 .3 2 .7538 483 2 .7367 511 2 .7196 538 2 .7027 564 2 .6857 589
0 .4 2 .5706 419 2.5415 ~437 2 :5125 ; 454 2 .4838 469 2.4552 48 30 .5 2 .3459 334 2 .3029 34.0 2.2604 34-3 2 .2185 343 2 .1770 3410 .6 2 .0881 229 2 .0308 219 1 .9746 205 1 .9194 188 1 .8653 -1680 .7 1 .8076 -107 1 .7371 - 79 1 .6685 - 48 1 .6019 - 12 1 .5371 + 27
0 .8 1 .5167 + 28 1 .4357 + 72 1 .3579 +119 1 .2832 -]-170 1 .2116 22 30 .9 1 .2287 164 1 .1414 219 1 .0589 277 0 .9812 335 0 .9080 39 4
1 .0 0 .9567 286 0 .8686 345 0 .7871 402 0 .7119 457 0 .6428 50 9
1 .1 0 .7127 377 0 .6295 429 0 .5546 475 0 .4873 515 0 .4271 54 81 .2 0.5057 424 0 :4323 459 0 .3684 484 0 .3129 501 0 .2649 50 9
1 .3 0.3402 422 0 .2801 434 0 .229G ,436 0 .1875 429 0 .1526 41 51 .4 0.2160 377 0 .1704 367 0 .1338 349 0 .1045 326 0 .0813 29 81 .5 0 .1291 304 0 .0971 279 0 .0726 250 0 .0540 220 0 .0400 19 01 .6 0 .0724 222 0 .0516 192 0 .0366 161 0 .0258 133 0 .0181 10 81 .7 0 .0379 148 0 .0255 119 0 .0171 94 0 .0114 72 0 .0075 5 51 .8 0 .0186 90 0 .0117 67 0 .0074 49 0 .0046 36 0 .0029 2 51 .9 0 .0084 50 0 .0050 34 0 .0029 23 0 .0017 16 0 .0010 1 0
2 .0 0 .0036 25 0 .0020 16 0 .0011 10 0 .0006 6 0 .0003 42 .1 0 .0014 12 0 .0007 7 0 .0004 4 0 .0002 2 0 .0001 +

	

1.2 .2 0 .0005 5 0 .0002 3 0 .0001 +

	

1 0 .0001 -H

	

1 0 .0000 0
2 .3 0 .0002 2 0 .0001 +

	

1 0 .0000 0 0 .0000 0
2 .4 0 .0000 +

	

1 0 .0000 0
2 .5 0 .0000 0



Nr. 5

e

	

y~716

	

M . .

	

W,, 114" 147,, M" 117,9 M" M"

0 .0 3 .0000 -764 3 .0000 -804 3 .0000 -845 3 .0000 -885 3 .0000 -926
0 .1 2 .9621

	

748 2 .9601 786 2 .9581 825 2 .9561 864 2 .9542 902
0 .2 2 .8501

	

698 2 .8423 731 2 .8345 764 2 .8268 796 2 .8190 82 8
0 .3 2 .6689

	

614 2 .6521 638 2 .6353 661 2.6187 683 2 .6021 70 4
0 .4 2.4269

	

495 2 .3987 505 2 .3708 514 2.3431 522 2.3156 52 8
0 .5 2.1361

	

336 2 .0956 329 2 .0557 320 2.0162 308 1 .9773 294
0 .6 1 .8122

	

144 1 .7602 -117 1 .7092 - 88 1 .6593 - 55 1 .6104 - 2 0
0 . .7 1 .4743

	

+ 69 1 .4133 +114 1 .3542 +162 1 .2970 +212 1.2416 +265
0 .8 1 .1432

	

279 1 .0777 336 1 .0151 394 0 .9555 452 0 .8986 51 1
0 .9 0 .8392

	

452 0-7747 509 0 .7143 564 0 .6578 616 0 .6051 . 665
1 .0 0 .5793

	

557 0 .5212 599 0 .4681 636 0 .4198 667 0 .3758 692
1 .1 0 .3735

	

573 0 .3259 591 0 .2837 602 0 .2465 605 0 .2137 602
1 .2 0 .2236

	

509 0 .1883 501 0 .1581 488 0 .1324 469 0 .1106 44 5
1 .3 0 .1237

	

394 0 .1-000 370 0 .0806 342 0 .0648 313 0 .0519 28 3
1 .4 0 .0630

	

268 0 .0487 238 0 .0375 209 0 .0288 181 0 .0220 15 5
1 .5 0 .0295

	

162 0 .0217 135 0 .0159 112 0 .0116 91 0 .0084 7 4
1 .6 0 .0126

	

86 0 .0088 68 0 .0061 53 0 .004.2 41 0 .0029 3 1
1 .7 0 .0049

	

41 0 .0032 30 0 .0021 22 0 .0014 16 0 .0009 1 1
1 .8 0 .0018

	

17 0 .0011 12 0 .0007 8 0 .0004 5 0 .0002 4
1 .9 0 .0006

	

7 0 .0003 4 0 .0002 3 0 .0001 -i-

	

2 0 .0001 +

	

1
2 .0 0 .0002,

	

2 0 .0001 +

	

1 0 .0000 +

	

1 0 .0000 0 0 .0000 0
2 .1 0 .0000

	

+

	

1 0 .0000 0 0 .0000 0
2 .2 0 .0000

	

0

~ W21 M" W22 M"
W

88
M"

0 .0 3 .0000 -966 3 .0000 -1007 3 .0000 -1048
0 .1 2 .9522 940 2 .9502 978 2 .9482 101 7
0 .2 2 .8113 859 2 .8036 891 2 .7959 92 1
0 .3 2 .5855 724 2 .5690 743 2 .5526 76 1
0 .4 2 .2883 532 2 .2612 535 2 .2343 53 6
0 .5 1 .9389 -277 1 .9010 - 258 1 .8636 - 23 7
0 .6 1 .5625 + 18 1 .5157 +

	

59 1 .4699 + 102
0 .7 1 .1880 319 1 .1362 375 1 .0861 43 2
0 .8 0 .8445 569 0 .7930 626 0 .7441 682
0 .9 0 .5559 710 0 .5102 750 0 .4677 78 6
1 .0 0 .3359 710 0 .2998 723 0 .2672 73 0
1 .1 0 .1849 593 0 .1597 579 0 .1377 56 1
1 .2 0 .0922 419 0 .0767 391 0 .0637 36 2
1 .3 0 .0415 253 0 .0331 224 0 .0263 19 7
1 .4 0 .0168 131 0 .0128 110 0 .0097 9 2
1 .5 0 .0061 59 0 .0044 47 0 .0032 3 7
1 .6 0 .0020 23 0 .0014 17 0.0009 1 3
1 .7 0 .0006 8 0 .0004 5 0.0002 4
1 .8 0 .0002 2 0 .0001 +

	

2 0.0001 +

	

1
1 .9 0 .0000 +

	

1 0 .0000 0 0.0000 0
2 .0 0 .0000 0
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