
Det Kongelige Danske Videnskabernes Selska b
Matematisk-fysiske Meddelelser, bind 29, nr . 3

Dan : Mat . Fys . Medd . 29, no.3 (1954 )

EXCITATION O F
NUCLEAR ROTATIO\AL STATE S

I\ BLG-MESO\IC ATOM S
B Y

LAWRENCE WILET S

København 195 4

i kommission hos Ejnar Munksgaard



Printed in Denmark

Bianco Lunos Bogtrykkeri A-S



I . Introduction .

X-radiations from ,u-mesonic atoms have been detected b y
CHANG (1949) in cosmic ray studies, and more recently by FITC H
and RAINWATER (1953) working with artificially produced mesons .
The mesons are captured in the outer Bohr orbits and cascad e
inward toward the nucleus, transferring energy by radiative an d
Auger transitions . The mesons arrive in the lower atomic states ,
for the most part, with 1 n -- 1 and proceed to decay b y
radiative transitions, with 4 1 = An = -1, to the ground state .
It is the 2 p to 1s transition which has been studied the most .

In the low quantum states, atomic electrons do not affect th e
meson and the system may be treated as a hydrogen-like atom, wit h

due regard to the characteristic effects of the mesonic mass . The

level structure of the mesonic atom has been calculated for variou s
nuclei by WHEELER (1949, 1953), FITCH and RAINWATER, and
COOPER and HENLEY (1953) . Only electrical forces are con-
sidered, since the ,u-meson interacts only weakly with nuclear
matter . The meson is treated as a Dirac particle with spin 1 /2

and magnetic moment eh/2 ,u c . The mass ,u of the ,u-meson i s
207 :: times the mass of the electron, and the Bohr orbits ar e
proportionately smaller ; in Pb, for example, the first mesonic
Bohr orbit is 3.12 x10-13 cm compared with a nuclear radiu s
R N 7 .7 X 10-13 cm. Nuclear structure effects, small in electroni c
atoms, become very pronounced in the mesonic atom . Indeed ,
the finite extension of the nucleus (which gives rise to isotope shift s
in electronic spectra) becomes a dominant consideration in th e
mesonic atom ; in Pb, for example, it accounts for the reduction
of the 1s state energy from 21 .3 MeV for a point nucleus to
10 .1 MeV . This also results in a reduction of the fine structur e
splitting of' the 2 p doublet from 0 .55 MeV to 0 .2 MeV in Pb .

* G . f . SMITH, BIRNBAUM, and SARI{AS (1953) .
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Nuclear moment splittings, analogous to hyperfine structur e
in electronic atoms, depend in general upon the expectation valu e
of r-3 and are proportionately much greater in mesonic atoms .
WHEELER (1953) has shown that, in the case of heavy nucle i
with large distortions, the quadrupole splittings of the 2 ph f, leve l

may be of the same order of magnitude as the fine structure .
Magnetic b . f . s . splittings are not so greatly enhanced, since they
also depend upon the mesonic magnetic moment which varie s
inversely as the mesonic mass ; these splittings are perhaps two
orders of magnitude smaller than the fine structure .

For the effects mentioned above, the meson is considered in
the static field of the nucleus and the nucleus unaffected by th e
meson . COOPER and HENLEY have discussed the polarization o f
the nucleus by the meson an effect treated earlier by BREIT ,
ARFKEN, and CLF:NDENIN (1950) for the electronic case-but
estimated this effect to contribute not more than 3 per cent of th e
tr ansition energy . Their estimate is based upon the l s mesoni c
level where the induced monopole effect dominates ; higher
multipole interactions (e .g., dipole, quadrupole, etc.) for the 1 s
state involve non-diagonal matrix elements connecting mesoni c
states with principal quantum numbers n greater than one, an d
which are thus distant in energy .

In mesonic states with n > 1, however, the higher multipol e
interactions may be realized between mesonic states with th e
same principal quantum number, and when the nuclear ex -

citation energy is also small, the interaction may become large .
I't is known from experiments on radiative lifetimes (cf . Bolin
and MoTTELSON, 1953) and Coulomb excitation (cf . Huus and
ZUYANCIC, 1953) that in nuclei with large deformations ther e
exist low-lying excited states which have very large quadrupol e
transition probabilities to the ground state. For these nuclei, th e
excitation matrix elements are comparable in magnitude with the
static quadrupole interactions discussed above, and in many
cases are larger than the nuclear excitation energies . The non-
static meson-nuclear quadrupole interaction must thus be ex-

pected to have a major influence on the " fine structure" of the
mesonic X-rays. It also provides a large probability that, afte r
the meson reaches the atomic ground state, the nucleus be left
in an excited state and subsequently emit a nuclear y-ray .
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These effects occur for even-even as well as for odd nuclei ,
since, although the quadrupole interaction vanishes in the groun d
state of even-even nuclei (I = 0), it does not vanish generally

in the excited states, and non-zero matrix elements connect the
ground state with excited states .

The effects of the interaction are of interest not only in under -
standing the spectra, but especially in providing another method
of obtaining information about the magnitude and sign of nuclear
deformations and nuclear charge distributions . The mesonic
atom may, in fact, provide the first method of determining th e
sign of intrinsic quadrupole moments in even-even nuclei .

II. Description of the Model .

The low-lying states which interact especially strongly wit h
the meson follow a very regular pattern and have been rather

accurately described in terms of rotational states of intrinsically
deformed nuclei (Boxn, 1952, 1954 ; BOHR and MOTTELSON ,

1953) . The theory of these states accounts for their nuclear energ y
spectra and also predicts many simple relations between matrix
elements connecting the rotational states . These relations make it
possible to greatly reduce the parameters entering into the cal-

culations of the effects of the meson-nuclear interaction, and to
interpret the empirical data of these effects in terms of simpl e
nuclear properties . In the following, we shall describe the effects
of the interaction of the meson with the excited nuclear stales in
terms of the model of the rotational states, even though the con -
siderations involved in the calculation of the interaction are mor e
generally valid .

Rotational spectra are expected in nuclei with large defor-
mations, and have been observed to occur with considerabl e
regularity in nuclei with 155 < A < 185 and A > 255 . Such nuclei
may be described as possessing an intrinsic deformation which i s
usually symmetric about some nuclear axis . The rotation of the
deformed nucleus is generated by a collective motion of th e
nucleons, which is similar to the classical motion of an irrotationa l
fluid. The rotation leaves the nuclear shape unaltered and affect s
only the orientation of the nuclear axis . The state of the nucleu s
may be specified by quantum numbers I, All and K-the total
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nuclear angular momentum, the projection along the z-axis ,
and the projection along the symmetry axis . In the low-lying
rotational states, K is a constant and is just equal to the pro-
jection of the angular momenta of the individual nucleons alon g
the symmetry axis ; for the ground state, lo = K except when

K = 1/2. *
The rotational spectrum is given by

H~ol = 2rc,,s [I(1+1)-Io(Ia+1)] .

	

(1 )

For odd-A or odd-odd nuclei, the sequence of states is I = 1o ,

to + 1, lo + 2,	 while for even-even nuclei, where Io =
K = 0, the reflection symmetry of the nuclear shape implies that
only even integral values of I occur .

The moment of inertia, of such a system may be show n
to be proportional to the square of the deformation, and the wav e

functions to be the properly symmetrized (with respect to th e

sign of K) symmetric top functions . The symmetrization depends

upon the nucleonic configurations, and plays no essential rol e
in the present discussion . For our present purposes**, it is thus
sufficient to consider the unsymmetrized nuclear wave function s

87 (2(00,

	

(2)

where the Oi are the three Eulerian angles (0, (p, y)) describing

the orientation of the nuclear axes . For even-even nuclei, w e
have K = 0, and the wave functions are then given more simpl y
by

I

	

2I,-1 I

	

1
'PM,o

	

Y

	

ô~c 2

	

(Bi)

	

V2?tYNlt(e
9~) •

The nuclear distortion is characterized by an intrinsic quadru -
pole moment, Q o , oriented along the symmetry axis . It is related

* In the case K = 1/2, the spectrum is modified by the inclusion of terms
which depend upon the nucleonic structure (cf . BOHR and MOTTF.LSON, 1953, eq .
II . 24) . The wave functions are, however, still of the form (2) and the discussion
here does not depend upon the form of eq . (1) .

** In section IV, where strong coupling of the meson to the nucleus is discussed ,
we will require an expression for the symmetrized wave functions . Equation (16)
is thus analogous to (2) where the rnesonic wave functions replace the nucleoni c
wave functions implied in (2) . Cf . BOHR and MOTTELSON for a complete discussion .

I
VtYlr K

2I+1 I

(2 a)
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to the spectroscopically observed quadrupole moment Q by the
relation

3K2 -I(I -I-1 )
Q

	

(1+1)(2 1+3) Qo '

which vanishes for K = I = 0 or 1/2 .
The interaction of the meson with the rotational states arise s

from the deviation of the nuclear field from spherical symmetry
due to the deformation. The most important interaction is du e
to the quadrupole coupling and may be written in the form

H ' = - Qo e2 t (r ) P2 (cos,uN),

	

(4)

where it N is the angle between the meson radius vector and th e
symmetry axis of the nucleus. The function f(r), where r is the
radial coordinate of the meson, contains the radial dependenc e
of the interaction, and is given in general form b y

r
(2) 3/

	

-5 (2) ± /
Qof (r) = r-3 .~0 (r ) du + r2

r

	

(r ) do ,

where the primed coordinates refer to the nucleus and e ) (i ' ) _
(3 z' 2 - r' 2 ) is the quadrupole part of the nuclear charge distri-
bution and is oriented along the nuclear symmetry axis . The
first integral in (5) gives just Qp when extended over the entir e
charge of the nucleus. 1f the quadrupole distribution were con-
centrated at the surface, the radial function could be written a s

I r- 3 if r > R
rfO

	

r2R-5 i f r < R ,

where R is the nuclear radius . This may also be used as an ap-
proximation for a uniformly charged ellipsoidal nucleus (cf .
WHEELER, 1953) .

(3)

(5)

(6)
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III . Treatment of Coupled System of Meso n

and Rotating Nucleus .

The energy of the coupled system is given by

H = Ho (x,

	

+ HRO7' (0i) + H' (x, B i) , ( 7)

where x and

	

are the mesonic space and spin coordinates, and

Ho (x, ) is the meson energy in the nuclear monopole field (i .e .

the electrostatic potential averaged over all angles) . This energy

includes the fine structure splittings, and is characterized by th e
quantum numbers n, 1 (approximately), and j .

We shall consider the equations of motion in the uncouple d
representation. We thus choose as basis vectors products of th e

nuclear wave functions 'Fnt,x and the meson eigenfunctions o f

the monopole potential . The total wave functions of the system
characterized by F, the total angular momentum and M, the
projection along the z-axis, may then be denoted b y

IK, j ; FM> = 5 (IjM1 rn I1F>-I) 7pml K ( B) T-;n (x, Er" ) ,
mim

where (IjM1 m IjFM) is the Clebscb.-Gordon coefficient for addin g
angular momenta . Both Ho and HROT are diagonal in this repre-
sentation .

The Legendre polynomial P2 (cos,uN) which appears in H'
may be written as a scalar product of spherical harmonics o f
order two in the meson and nuclear orientation angles :

(8)

P2 (cos ,uN) _ 5 q = -2
1 ) 4

Y2g(BNTN) Y2-g (B ,u92,u ) .

4n
( 9 )

The matrix elements for the interaction may then be writte n
in the form (cf. RACAH (1942) whose notation we follow )

<IK';j; Fl H'II'K',j' ;F'> _ - 2 Qoe24
'

(- 1)1-f'-FW(IjI'j' ; F2)
(10 )

x <IKIIY~,)I I'K >< j II Y2 ) ~ Ij '><j 1IT(r)IIf> àFF' S KI~'•

	

J
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The dependence of the matrix elements on F is containe d
only in the Racah coefficients, which may be evaluated from
tables . The double-bar matrix elements depend only on the
nuclear or mesonic configurations . The nuclear matrix element s
are given b y

<IK I I YT
I I

I ' K) = V42I'+1)(2I'0KI2I'IK)

	

(11 )

from which it is clear that 1 I- I' < 2 .
The meson matrix elements depend implicitly upon othe r

quantum numbers, in particular n and 1 . The clement
<j 11 Yl(? ) I j ' > vanishes for j = j ' = 1/2, and since Yµ ) is of even
parity, it can only connect mesonic states of the same parity .
States with different values of n are too far away in energy to
mix. Thus the 1 s and 2 s 2 states are unaffected by the inter -
action, and 2p states can mix only among themselves . With
increasing n, the effect of th.e interaction rapidly decreases an d
is already rather small for n = 3 (cf. footnote on p . 14) . The
non-vanishing angular matrix elements for the p-states are
given by

<3/2 11 Y,(? ' 11112> _-<112 1 Y
2P 11312 >

= - <3/2 11 Yµ ) II 3/2> =

The radial double-bar matrix element s

f(r) 11 J ' > = S12pi (r ) f(r) 922pi' (r) dr

	

(13)
0

must be evaluated from a knowledge of radial wave functions .
WHEELER (1953) approximates the integral from hydrogenic
Schroedinger wave functions for the 2 p states, ßt2 p = c 2 r2 exp
(- Z,u e2r/2 h 2 ), normalized so that ~ giz p dr = 1, and using (5)

for f(r) . He then find s

e 2 I112 p f(r) dr = 5 (Z/237) 3 fq Mevlbarn,

	

(14)

where the form factor fq N (1 + 0.1x 2 )-2 and the dimensionles s
parameter x = RZ,u e 2/h' . Although the hydrogenic Schroedinge r

* Cf., for example, BrEDENHARN (1952) ; BIEDENHARN, BLATT, and ROS E
(1952), or SIVION, VAN DER SLUIS, and BIEDENHARN (1954) .

l

1
(12)

<J l
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wave functions may be considered poor approximations for a
2 p meson and a Pb nucleus (the second Bohr orbit is 12 .3 X
10-13

cm compared with R - 7 .7 X 10-13 cm for Pb), the wave
functions published by Frrcn and RAINVvATER for Pb do yield
a form factor only 6 per cent smaller than that predicted b y
WVIIEELER .

Because F is a good quantum number, the energy matrix i s
reducible to submatrices in which F is a constant . When thes e
submatrices are diagonalized, the new eigenfunctions are linea r
combinations of the functions given in (8) ; we may write the m
in the form

Ia,K ;FM> -

	

j ; FM> <IK,j ;FIa,K;Fi,

	

(15)
Ij

where a designates the other quantum numbers necessary t o
specify the particular state .

As will be shown in Section V, the only states which ar e
populated with appreciable intensity are those which contain a
component having the nucleus in its ground states . The number
of these states is given in Table 1 .

TABLE 1 .

Even-Even Nuclei

	

Odd Nuclei
F

	

No . of levels

	

F

	

No . of level s

1/2

	

2

	

I,- 3/2

	

1 (I, > 3/2)
3/2

	

3

	

I,- 1/2

	

3
10 +1/2

	

5
Io+3/2

	

6

This is to be constrasted with the case of no non-diagonal inter -
actions, where only a single state for each of the listed F-value s
is populated .

The number of states for each value of F indicates the order
of the matrix which must be diagonalized . The procedure fo r
diagonalization is straightforward, but in the case of matrices o f
order 5 and 6 numerical approximation methods must be used .

The rotational spectra of the simple type (1) represent a
limiting case realized for very deformed nuclei . For less deforme d
nuclei, the excitation spectrum is less regular but, provided the
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essential non-diagonal coupling results from the interaction with
one or a few low-lying states, its effect can be analyzed in a some-
what similar manner as above . The result will depend on certai n
matrix elements which represent partly the average quadrupol e
coupling of the meson with the nucleus in its ground state an d
excited states, and partly the quadrupole transition element s
which are similar to those which determine the electric quadru-
pole radiative transitions between the states in question. In
general, however, one can expect no simple relationship betwee n
the various matrix elements such as characterizes the rotational
spectrum .

IV. Strong Coupling Approximation .

For sufficiently strong meson-nuclear quadrupole interaction,
it is possible to obtain a simple solution to the coupled equations .
Such a strong coupling treatment has been developed by BOH R
and MOTTELSON (1953) for coupling nucleons to a deformed
nucleus, and the methods are applicable also to a meson in th e
nuclear quadrupole field .

In the strong coupling treatment, one considers the meson
as moving relatively to the deformed nucleus, and the appro-
priate basis vectors are thus given b y

/9F-~- 1
I I~,/ 52 ~ ; FiYli s = UJ16za

	

titK+ .Q,, (e i ) T!Q,, ( x ', 6')

+(-1)F- 'zM(K+(~ i )(Bi)~~ 52 1,~~~ ,

in which the mesonic wave functions are described in terms o f
coordinates relative to the nuclear symmetry axis . The quantum
number represents the component of j along this symmetry
axis . The sign of the symmetrization is that appropriate to a
meson coupled to an even-even nucleus . For odd-A or odd-odd
nuclei, the symmetrization is of no significance in the presen t
context .

The matrix elements of the quadrupole interaction H' (4)
become very simple in this representation since H' is equivalent
to the interaction of a meson in a fixed quadrupole field (or to
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a meson in the field of a nucleus with I = ) . The element s
are given b y

<K,j2,, ; FI H' K',j'Q' ; F ' > = - Q0 2 <j11 f(r)!!j' >

x1/5~(-1)i- (jj'2F,- Q jj ' 20)<j Y ' II J '>åFF , åKK'&Q Q'u

and are seen to be diagonal in 2 1, .
The rotational energy of the system possesses non-diagona l

as well as diagonal matrix elements in 211 . The diagonal term s
are given by (cf. BOHR and MOTTELSON, 1953, Eq . II . 24 )

(HaoT)o = 2 {F(F+1)+j(j+1)-Io(Io+1) 2(K+2t,)

	

(18)
(-1)F-'(j+1/2) (F+1/2)å , 6 K, o} .

The last term in (18), which is to be included only for a meso n
coupled to an even-even nucleus, arises from symmetrization o f
the wave function (16), which introduces additional diagona l
terms .

The matrix elements of the rotational energy which are non -
diagonal in 21 tend to decouple the meson from the nuclea r
axis, and the strong coupling approximation is the neglect o f
these terms. This approximation is valid when the rotationa l
energies are small compared with the quadrupole energies (17) .

The strong coupling Hamiltonian, H Q + (HROT)o+ H', is thus
diagonal in 2I, as well as in F, K and M, and the eigenfunctions
are linear combinations (with respect to j) of functions of the
type (16) ,

, a , K,2~ ; F1M1l>S = ~IK,j2~ ;FM>S <K,j2,, ;FIa,K,2~ ;F>.Ç .

	

(19)

If we consider the 2 p states, the sum in (19) for 2, = + 3/2
contains just one state with j = 3/2, while for 2, = ± 1/2 it con -
tains two states with j = 1/2 and 3/2 . Thus, the diagonalization
procedure involves at most matrices of order two. It is con-
venient (e . g . when discussing line intensities) also to express th e
strong coupling wave functions (19) in the form of the uncouple d
representation (15) . This transformation is given by
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FIGURE I .
A comparison is made between the energies given by the strong couplin g

approximation and the "exact" treatment for an even-even nucleus . It is assume d
that the meson is in a 2p state, and that the fine structure splitting is large (j i s
a good quantum number), in which case, for the F = 1/2 levels and the F = 3/2 ,
j = 1/2 level, the strong coupling approximation reduces to the exact treatment .
The solid curves give the "exact" energies and the dashed curve the strong couplin g
limit for the levels F = 3/2, j = 3/2 . .E 0 is the energy in the absence of quadru-
pole coupling and EROT is the excitation energy of the first rotational state (I = 2) .

The quadrupole coupling is expressed in terms of

E= - i Qo e2 /jHt(r)IIt') .
In the region of weak coupling, (E/E ßoT (( 1), the nuclear spin I is approximately

a good quantum number, while in the region of strong coupling (ETE ROT » 1), th e

component of the meson angular momentum along the nuclear symmetry axis ,
S2µ , is approximately a good quantum number .

I
a, .Q 1, ;;FM>, =

	

T IK, j ;FM><K, jSlµ ;FI a,

	

D /L ;;F>5

r 1 for odd-A or odd-odd nuclei (20)' z I -I

	

Jx (IjK,S2 u I Ij FK + 52 15)1 / 2 F+1 x j 0 for I odd l even-eve n
l

	

y2 for I even J nuclei -

A measure of the error in the energy eigenvalues of the 2 p
levels is given by
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OE N

1

	 (EROT) 2	 	
(21 )

8 Qa e 2 K 1 /2 II f(r) II 3/2> '

where EROT is the energy of the first rotational state ; the numer-
ical coefficient refers to even-even nuclei . Fig. 1 compares the
strong coupling and exact energies for F = j = 3/2 levels in an
even-even nucleus ; the fine structure splittings are assumed t o
be very large so that j is a good quantum number and thus the
three other levels are given exactly in strong coupling .

Although the error in the energy is quadratic in EROT (cf. Eq.
(21)), the error in the wave function is linear in EROT . Thus ,
the strong coupling approximation should be used with reser-

vation when wave functions are required (e .g. for line intensities) .
The exact treatment is always available and offers no fundamenta l
difficulties .

V. Line Intensities .

The question of the X-ray line intensities for the 2 p-l s me-
sonic transitions involves an investigation of two points : (1) the
relative (rate of) population of the 2 p levels, and (2) the relative
transition probabilities from the 2 p states to the l s ground stales .

The radiative transitions of interest are of the atomic electri c
dipole type . The nuclear transitions, which are Ml or E2, ar e
several orders of magnitude slower . If I were a good quantum
number, we would therefore have the restriction d I = 0. When
I is not a good quantum number, the electric dipole matrix element
vanishes between those components of the wave function fo r
which IL � It .

The 2 p states are populated from higher states which interact
only weakly with the nuclear quadrupole field and are, there-
fore, very nearly pure I = Io : . The populations of the 2 p state s
(i . e . summed over M) can be shown to be proportional t o

(2 F+ 1)

	

<IoK, j ; FMI re, K; FM> 2,

	

(22 )
i

where the < IK, j ; FM I K; FM > are defined by (15) .

* Of these, the 3d states are most responsible for feeding the 2p states, an d
also interact the most with the nucleus . Mixing of excited nuclear states become s
appreciable for n = 3 only for the nuclei with large deformations beyond Pb ,
and then may affect the intensities by around 20 per cent . The effect of mixing
in the 3d states may be included in a straightforward manner .
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In the mesonic ground state, 1 s, / . , there is no interaction
with the nuclear quadrupole field, and F, I and j = 1/2 are al l
good quantum numbers ; the energy depends only upon I. The
relative transition probabilities from the 2p level I a, K; F> to
the ground level with spin I are proportional t o

<IK, j ; FM a, K; FM> 2 .

	

(23)

From (22) and (23), the line intensities can be computed. An
atom which finds itself in the ground state, but with I> Ia ,
will emit a nuclear y-ray . For nuclei with large deformations ,
the probability for this may be of the order of 1/2 .

What might be called the " center of population" of the 2p state s
is left unchanged by the inclusion of the quadrupole interaction .

However, the possibility of making transitions to the atomi c
ground states with an excited nucleus tends to shift the cente r
of gravity of the spectral lines to smaller energies, and this shift
is just given by weighting the nuclear rotational energies wit h
number of transitions to these final states . Such shifts will be
less than about 1 per cent of the transition energies .

VI. Numerical Examples .

It is to be noted that the quadrupole moment enters only in
the combination Q o <j II f(r) I j'> . In working out numerical
examples, we shall select values for this combination which ar e
consistent with other estimates of nuclear quadrupole moments

and with the assumptions that the double-far matrix elemen t
may be approximated by (14) . The fine structure splittings are
roughly interpolated from the numerical values of FIrCH and
RAINWATER . The other parameters which enter are indicated in
the particular cases .

A . Even-Even Nuclei. The ground state of an even-even nucleu s
has I = 0 and the first rotational level is I = 2, K = O. No
higher levels enter for the 2p states, and the Hamiltonian i s
reducible to the submatrices given below .



FIGURES 2 .

Energy levels and spectra are given for even-even isotopes . All energies are
given in MeV . In each of the three examples are three diagrams which give, begin-
ning at the top ,

(I) 2 p energy level scheme in the absence of non-diagonal interactions . The
triplet of numbers above each line designates (IjF), all of which are good quantu m
numbers when the non-diagonal interactions are neglected . The solid lines represent
the levels where the nucleus is in the ground state and give the usual fine structure
doublet ; these are the only levels which are populated when no "mixing" is present .
The dashed lines represent atomic levels in which the first nuclear rotational leve l
(I = 2) is excited, and includes diagonal (static) quadrupole interactions . Th e
height of the lines is proportional to the statistical weight (2 F + 1) . The zero
of energy is taken at the "center of gravity" of the fine structure doublet (I = 0) .

(II) 2 p energy level scheme including non-diagonal as well as diagonal quadru-
pole interactions . The height of each line is proportional to its population . Th e
only good quantum number which remains after "mixing" is F, which is denote d
under each line.

(III) The line spectrum . Each of the 2p states may make transitions t o
the atomic ground states, is i , 2 with I = 0 or 2 . This leads to the ten spectral lines
represented by the solid lines . The height of the lines is proportional to the intensity .
The dashed lines represent the spectrum which would be observed in the absenc e
of non-diagonal interactions ; the zero point of energy is taken at the center of
gravity of this doublet . The arrow points to the center of gravity of the actua l
spectrum .

The values of the parameters represent estimates which contain considerabl e
uncertainty, but are expected to exhibit the salient features of the spectra .
The fine structure energies (Ets ) are rough extrapolations of the values given b y
Firm and RAINWATER . The rotational energies (EROS,) are either experimenta l

values or consistent with the energies of neighbouring isotopes . The quadrupol e
interaction energy

s

	

-

	

Qoe' ( j II t ( r) II t ') ,., - Q0 (z/237)3 tq Mev

is based upon Q„ consistent with spectroscopic data (from neighbouring odd iso-
topes), nuclear rotational energies, and Coulomb excitation . The form factor fq

is given by Wheeler's approximation. The actual parameters are given below
each example .
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3 Nev.

Fla . 2a, vsH f
l7s :

E fs = 0 .119 MeV,

9 barns, f,

	

0 .457) .
EROT = 0.089 MeV ,

a = 0 .0579 MeV (Q ,

Probability that the nucleus be left in the state I = 2 is 0 .47 .

/H11

	

15,e~ . . .
1 00, 1/2, 1/2 M>

	

(24)
V ~2 s

	

H 22 ~

	

1 20, 3/2, 1/2 M>
and

3/2 ; 3/2 M>(Mn

	

- e

	

s

	

. 100 ,

-

	

H22

	

s

	

. 20, 1/2 ; 3/2 M> (25)

e

	

s

	

H33 120, 3/2 ; 3/2 M>
where

H11 = Hoo - 3 Efs

H22 - Hao+ 3 Efs+ EßoT+ ~

H 11 = Hoo+ E fs

H 22 = Hao - 3 Efs + ERO T

H33 ° Hoo + s Efs + ERO T
Dan .lYrat .Fys.3iedd . 29, nu .3 . 2
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FIG . 2b, so Th2s0 , Q 0 > 0 :

Efß = 0 .242 MeV,

EROT = 0.050 MeV ,
8 = 0 .0986 MeV (Q o se. 12 .6 barns, fq N 0 .286) .

Probability that the nucleus be left in the state I = 2 is 0.52 .

and Hoo = "center of gravity" of the unperturbed 2 p double t

E 1

	

= fine structure splitting 2 p3/2 - 2 P1/ 2

EROT = energy of first rotational nuclear leve l
e =

	

6 QQ0 e2 <j II f(r) ILj'> ti - å Qo (Z/237)3 fq MeV .

In Figs. 2, the level structure and line intensities ar e
given for even-even isotopes Hf and Th . The parameters assume d
are described in the captions . The spectra are quite different fro m
those which are anticipated without inclusion of the non-diagona l
interaction, even if the individual lines are not resolvable . Of
particular interest is the way in which the spectra clearly dist-
inguish the sign of the intrinsic quadrupole moment . In the Th
example, the negative sign leads to three well-separated group s
of lines, the positive sign to two .
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FIG . 2e, 9017030, Q9 < 0 :
All parameters are the same as for (2 b), except that Q 0 and hence s are negative .

Probability that the nucleus be left in the state I = 2 is 0 .42.

B. Odd Nuclei . As is indicated in Table 1, the odd nuclei

will, in general, lead to 15 levels and require, for calculation ,

the diagonalization of matrices of order up to six . Although thi s
is straightforward, we choose, for the numerical example, to
use the strong coupling approximation and select a nucleus for

which it is likely to be valid, U 235 (I = 5/2) .
Since Ho-f- (HROT)o+ H ' is reducible in Q,u , the states with

= + 1/2 are obtained by diagonalizing the 2 x 2 matrice s

(H11 1/2e) . . . 15/2, 1/2 + 1/2 ; FMj,s

d/2 e H2 2

	

. . . 15/2, 3/2 + 1/2 ; FM> S ,
where

	

2
HII = Hoo- 3 Ets+ 2 ~{F(F + 1 . ) -17 /2 + 5 /2 }

2

H22 = Hoo+k Ets+
s +2{F (F + 1 ) -11 /2 Æ 5 /2 }

and s is defined as in expressions (24) and (25) .
2*
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FIGURE 3 .

Energy levels and spectrum for the odd isotope 92 U23 s

The diagrams are essentially the same as those in Fig . 2 (the triplet of quantum
numbers (IjF) is replaced by simply F in the first diagram for reasons of simplicity .
The dashed lines in the first diagram represent those states with excited nuclei
which can mix with the states which have I = Io . The energies in the first diagra m
include the diagonal (static) quadrupole interactions, but not the non-diagona l
interaction, which are included in the second diagram . The scale for the length
of the lines in the spectrum is expanded to twice the scale used in the energy level
diagrams . The energies were calculated in the strong coupling approximation ,
using the same parameters as for 90 Th 230 , except for the ground state nuclear spin :

Ets = 0.242 Mev ,

EROT = 0 .650 [I (I + 1)-10(10+ 1)]Mev Io = 5/2 ,

e = 0.0986 Mev (Q0

	

2 .6 barns, fq N 0 .286) .

Probability that the nucleus be left in the state I = 7/2 is 0 .45, I = 9/2
is 0 .06, and I = 11/2 is 0 .02.
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The states with Q 2 = ± 3/2 are given simply by

(Hoo + *E,8 -e+ 2, ;{F(F+ 1)- 17/2 + 15/2} • . 5/2,3/2±3/2 ;Flll)s. (27)

In Fig. 3, the level structure and line intensities are give n
for U235 ; the parameters are described in the caption . Perhap s
the most striking feature of the spectrum is its complexity . It i s
to be noted, however, that there appear to be two major com-
ponents of the spectrum and that the separation of these com-
ponents is a measure of the interaction .

VI. Conclusions .

For nuclei with large deformations, such as are encountere d
for 155 <A< 185 and A> 225, the interaction of a ,u-meso n
with the rotational states of a nucleus produces splittings of the
2 p atomic levels which are comparable in size with the mesoni c
fine structure splittings . The effect increases the number of line s
observed and influences the general pattern of the spectru m
even when individual lines are not resolvable. There is a large
probability that the nucleus be left in an excited rotational leve l
after the meson reaches the atomic ground state, with the sub-
sequent emission of a nuclear y-ray .

Experimental studies of these effects yield directly (for nucle i
with large deformations) the quantity Q Q < j II f(r) II j'> which i s
a weighted integral of the quadrupole charge density of th e
nucleus . This gives information about the magnitude and sign
of intrinsic nuclear quadrupole moments and nuclear charg e
distributions . In particular, it provides a method of determining
the sign of the intrinsic quadrupole moments of even-even nuclei ,
a quantity not available previously from other experiments .
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