
Det Kongelige Danske Videnskabernes Selskab
Matematisk-fysiske Meddelelser, bind 29, nr. 18

Dan. Mat . Fys . Medd . 29, no. 18 (1955)

MATRIX ELEMENT S

BETWEEN STATES IN TH E

COULOMB FIEL D

B Y

KURT ALDER AND AAGE WINTHER

København 1955

i kommission hos Ejnar Munksgaard



CONTENTS
Pages

I . Introduction	 3
II . Non-relativistic matrix elements	 4

III . Recursion formulae	 8

IV . Specializations	 1 0
a) Discrete-discrete transitions	 1 0
b) Discrete-continuous transitions	 1 1
c) Continuous-continuous transitions	 1 2

V. Relativistic matrix elements	 1 2
Appendix : Some properties of the generalized hypergeometric function of tw o

variables, F2	 1 6
References	 1 8

Printed in Denmar k
Bianco Lunos Bogtrykkeri A-S



It is shown that the matrix elements between radial eigensolutions in a Cou-
lomb field of functions of the type rPexp (- qr) can be expressed explicitly by
means of hypergeometric functions of two variables . The calculation is made
separately for the non-relativistic and relativistic case . Recursion formulae con-
necting the matrix elements are discussed and specializations to discrete-discrete ,
discrete-continuous, and continuous-continuous transitions are given .

I. Introduction .

I n quantum mechanical perturbation treatments one often ha s
to evaluate matrix elements between the eigenstates of th e

Coulomb field . In point of fact, this problem arose as one o f

the first in wave mechanics in connection with the calculatio n
of the intensity of the hydrogen linesi .

Other cases where one encounters Coulomb matrix element s
are, e . g., the theory of bremsstrahlung, photoeffect, interna l

conversion, Auger effect, and Coulomb excitation, when on e
includes the Coulomb interaction in the unperturbed Hamil-

tonian .

In all these cases the integration over angles can be readil y
performed, giving the selection rules for the angular momenta .
The remaining radial integral is generally of the typ e

S Rj e gr rPRj r 2 di• ,
0

where R is the radial ei.genfunction in the Coulomb field be -
longing to either the discrete or the continuous spectrum. For

p = + 1, GORDON 2 has given general formulae for discrete -

discrete, discrete-continuous, and continuous-continuous tran-
1
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sitions. For a positive integer, p, the matrix elements may b e
obtained by means of recursion formulae. For p = - 2 and
q = 0, one may use the equation of motion in the Coulom b
field and reduce it to the case p = 1 . For negative integers ,
p < - 2, the matrix elements are more difficult and have unti l
now been calculated only in some special cases of discrete -
continuous transitions .

It will be shown here that a quite general explicit expressio n
for Coulomb matrix elements of the above mentioned types can
be given .

Section II of this paper is concerned with the derivation o f
this explicit expression for non-relativistic matrix elements . In
the next section, methods will be given by which it is possibl e
to derive recursion formulae connecting different matrix elements
of the aforementioned type . Section IV deals with the specializa-
tions of the general formulae for the cases of discrete-discrete ,
discrete-continuous, and continuous-continuous transitions . These
expressions embrace the earlier calculations of Gordon and others ,
corresponding to special choices of the parameters . In the last
section, we shall give the exact expression also for the matri x
elements with relativistic Coulomb wave functions .

The application of the method introduced here to the theor y
of Coulomb excitation will be given in a following paper 3 .

II . Non-Relativistic Matrix Elements .

The non-relativistic eigenfunctions of a particle of charge Z 1 e

in a Coulomb potential
ZZe

are in spherical coordinates r, 8 ,
r

rn (A, r) = N2., Yi, m (0 , ,P) R i (r i;,) .

	

( 1 )

is the normalization factor to be specified later ; YI, ,,, (B, 99 )

are the normalized spherical harmonics . The radial wave func-
tion RI (r/A) is a solution of the differential equatio n

d z R i 2 dRz (
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1 and m are the angular momentum quantum numbers . 2-2 is
connected with the energy E and the mass m of the particl e

through

2

	

2 ni
A- = --E .~~2

The K orbit radius a is given by

a = 1-i 2 fZ1 Z2 me 2 ,

	

(4)

where Zl and Z 2 have the signs of the charges .
The general solution of the radial equation (2) can be ex-

pressed by the confluent hypergeometric function 1F1 or by

the Whittaker function M through *

R i (r/A) = (2 pp) / é- r/A
1F1 (1 + 1-I- A/a , 2 1+ 2, 2 r/À)

(2r/A)-i 11 -

	

(2 r/Ä)

	

~

	

( 5 )A,a,~i , 2

	

(

_ (- 1)i( 2 r1A)-1 M7,/a,t+'!s (-2 rfA) .

A discrete spectrum E < 0 occurs only when a is negative ,

and one finds

(3)

A = na . (6)

n is the principal quantum number which can take on the value s

1+ 1, 1 + 2, . . . , while the radial quantum number n' _
n - 1- 1 takes on the values 0, 1 , 2, . . . . In the confluent

hypergeometric function of formula (5) the first parameter is a

negative integer, namely -n', and the radial wave function may

be expressed by a Laguerre polynomial* *

Ri (

	

(1+n)!

	

nla

	 r

	

l 2 r1
1

e
n I a I L2l+1	 	 ) .

1

	

\na ~

* For the definition of these functions, see ERDÉLYS et al . : Higher Transcen-
dental Functions, McGraw Hill 1953, vol . I, chap . VI . This reference will here -
after be quoted as HTF .

** IITF, vol . II, chapter X .
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The normalization is given by the condition S l y 1 2 d3 r = 1 ,

NI, __

	

2

	

(n +1 1)1! ) a
(21+1)!n 2 1 (n--! I

	

( 7 )

For the continuous spectrum, E > 0, one has

i
~ = in a= k

The "Sommerfeld number" n is defined as ai = ZiZ2e 2
b y

In all scattering phenomena this is a very important number ,
since it measures the strength of the interaction . For 71 «« 1 the
interaction is weak and in the limit the Born approximatio n

applies. For n » 1 one may similarly in the limit use classica l
concepts 5 ' G .

The quantities k = mv/h and v are the wave number and

the velocity, respectively, at infinity .

The normalization is her e

Ni, ,

	

L' 2
n I P (l + 1 + ii)I i l ,

( 21+1) !

which makes the so-called Coulomb wave functio n

F1 = N1, R kr R i (- ikr)

real with the following asymptotic behaviou r

Fi

	

sin (kr - 12 + o'1 - rl log 2 kr) .

	

(10)

The Coulomb phase 6i is defined as

a1

	

argP(l-1-1+in) .

We shall now consider the radial matrix element of the

following type

i . e .

(8 )

(9 )
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g
.

R I (r/2 Iti ) r" égrRi (r/A f ) r 2 dr .

	

(11 )

For its evaluation, we use an integral representation of the con -
fluent hypergeometric function *

r(1+1-- r l+l+ -
.

a

	

a

Hereby one obtains, carrying out the integration over r ,

JFl ; .' ; ;If =

--(I,1

	

--(I, + If +p-F3)
(2 l i +1)!(21f +1)!(2/2 1 ) 1 ( 2 / A7)If ( li+ lf+p+ 2 )

r
!(- + fif + q

(

	

2 j

	

?`

	

(

	

'*
'

	

r l~

	

r
i

l f ~-- 1- f
l
r(4+1+ -

1 ' a

	

a,

	

a

	

a

	

(13)

S-Ldu

	

À

	

R~

	

df
du ulti -' a (1 - u) ii a U if'+å (1 - D) if å (

0 0

1 1 2 i-I- 1 / 2j + q

The remaining double integral is just one of the integral repre-
sentations of the Appell function F2 .' *

J1

	

1

	

\-(p + a )

Ji;q = ( li+ It +p + 2) !xhylf + -~ + q
,Ai

	

~f

ll
F2 l i + lf +p+ 3, 1i + 1 +`, If +1+~f , 21 i +2, 21f +2, x, yl .

a

	

a

	

l1

By means of the functional equation for the F2 function
(Appendix A5) one may give alternative formulae, e . g .,** *

* HTF, vol . I, chapter VI .
** HTF, vol . I, chapter V .

*** In the derivation, one has to put limits to the parameters so that the integral
representation (12) has a meaning . Once, however, we have got the closed formul a
(14) this must be true for any values of the parameters .

The formula (14) is a special case of a general formula for the integral of pro -
ducts of Whittaker functions given by A . ERDÉLYI 7 .

21' I (21+1)1

	

1 2ru/2 1+-̀

	

i-
À

RI = ~~)e	 	 ~ e

	

u a (1u) Ti du .

	

(12)
7

y =

ux

	

Uÿ)- (I%+if .Lp+3) u

2/4'

+ 1/at +q
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4 =

	

Zti+p+3

	

1r

	

t

1

	

-(p+3) 2 . 2JI ' l

	

(-1)

	

(II--~I~-I-p-~2)!( - ~-q)

	

u U f

F2 (l+lt +P+3 , 11-}- 1-a, It+ 1 -r- j'' , 21,-i-2, 2 li -f2, u, v)

	

(14 a)

with

u -	
2/a.i

	

u -=
-2/2.7

1/2 i -1/27- q

	

1/A i -1 /2f -q

The generalized hypergeometric functions of two variables hav e
been studied by several authors, the standard work on the sub-

ject being the monograph by APPELL and KAMPÉ DE FÉRIET 8 .

Some of the properties of these functions are given in the Ap-
pendix .

The radial matrix element is given by J through

1

1111u,iq = Ni , N* Jp, e
iP, Af ii I f •

(15 )

III . Recursion Formulae .

One can derive a large number of recursion formulae which
connect matrix elements with different values of l i , and p .

The general form of these recursion formulae can be determ -
ined from a theorem!' which states that any five F2 functions
of the form

F2 (a + ni, ß + n2, ß' + n 3 , y + n 4 , y' + n 5 , x, y)

(where fir are positive or negative integers) are connected by a
linear relationship. The coefficients are polynomials in x and y .
Since the matrix elements are proportional to an F2 function,

also five matrix elements of the form

p+R, q1VIlti + rz Zf+ R „

are linearly connected .

If the F2 function is reduced to an F5 function, e . g., in the

case l i = If ± (p + 1), already four matrix elements are con -

y APPELL and KAraPÉ de FÉmET (ref . 8, chapter I) state that this theore m
holds already for four F, functions, but this does not seem to be true .



\r.18

	

9

nected in this way . In the case where the F2 function is reduce d
to an ordinary hypergeometric function, three will suffice . Since

the above mentioned theorem holds for three ordinary confluen t

hypergeometric functions 1 F1i three radial Coulomb wav e

functions of the type Ri+,2 are connected by a linear relation .

Some of the recursion formulae for the matrix elements can be

derived from these recursion formulae . One has, e . g ., *

1 r + la ~ d ) rR i - +HirR i = 2 (2 1 + 1) r /1,R i_1

(1-',-1

	

1

	

d~

	

i+1

	

1

	

(1-+-1) 2 (/6fa) 2 r
+ (1 + 1) a dr

rR i = H l'Ri=-
1 +1 (2 1 = 2)(2 1 +3) 7~ Ri+t •r

Recursion formulae for Coulomb matrix elements can now

be obtained by considering the following expression :

~ rR i rp e-q '' [x1 +Ht, + 1 + x2+Hif + x3-Hir+ 1 + x4H i,] rR~ ir dr .
0

For the moment we leave the constant coefficients x 1 to x 4
undetermined . By partial integration in the first and fourth term

and application of the recursion formulae (16) one obtains, b y
identifying the result with the direct evaluatio n

1

	

( 1 i+ 1)2- (a ila) 2 p q

	

2

	

p q- xl	
)(21
	

(2 1,

	

Jii+ 1 if--~ x2 : (2 lf-~ 1) Ji, ;tF-12 i (1 i 1--1

	

p-- 2+ 2)

	

+ 3)

	

f

	 +	
21

	

(lf 1 2-(~ fa)
- x3	 	 Jp,

g+1
+ x4 2 (2 I i + 1)

	

/If (1t+1 ) (2lf-{- 2) (Zlf+ 3)

	

F

	

A i

= [ x l (It + 1 + p) + x 2 1f + xs ( 1f + 1) + x4 (1i - p)]

	

q

( xi	 + qal + x2
-+

x 3

	

+ x4 -- qa)l Ji ;
aL (l i +

	

1

	

~

	

l f +

	

J

	

f

+ (xi + x 2 - x 3 - x4)

	

rp éqr ~ (rR* ) dr .o

	

dr

* These formulae can be derived directly from the properties of the 1F 1 func-
tions (HTF, vol . I, chapter VI) or by the factorization method' .

(16)
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To get recursion formulae between Coulomb matrix elements
we choose the x7,s so that the last term vanishes, i . e . ,

xl -I- x 2 -x3 -x 4 = 0 .

	

(18)

In accordance with the parity selection rule one will often emplo y
the further condition

1

	

1

	

1

	

( 1
xl	 -I- qa) -i- x2 - -{- x3

	

x4 I -- qa) = O .

	

(19)li + 1

	

It

	

1t -{ -
	 +

1

	

li

In the resulting recursion relation we still have freedom in the
choice of the x,, ' s . In particular, one can get a recursion for-
mula with p fixed by the extra conditio n

xi (l i + p + 1) + x2 It + x3 ( I t + 1 ) + x 4 (l i 	 p) = O .

	

(20)

For q = 0, the relations containing p 1 as well as p become
singular for p = - 2, which illustrates the more complicated
character of matrix elements of the quadrupole type, as com-
pared with that of dipole matrix elements .

Other recursion formulae may be obtained directly from the
properties of the generalized hypergeometric functions . An

example will be given in connection with the theory of Coulomb
excitation (II) .

IV. Specializations .

In this section, we give a few examples of the reduction o f
the general formula (14) for the case q = 0, which is of special
interest .

a) Discrete-discrete transitions .

In this case, the second and third parameters in the F2 func-
tion become negative integers, namely li + 1 - ni = - ni and
It + 1 - n t = - 14 . The F2 function is then reduced to a poly-
nomial in x and g . 10



1 ~-P-3

''f,, = ( h-F- lf~-- p + 2) ! a1'
(1

~ I
ni n 1 r

4 x1s ~1f

ninf (2 li+ 1)! (2 1f+ 1) !

	 n~1-1 nf	 Lf1

~	 (n1+ 1 1) ! (n1+ lf) ! 	 	
~

	

~( l i f Ifd- p -I- 3 )r+s( l i-I- l-ni)r( lf+ l -nf)s xr
Js

~ (n~ h1)!(nf lf1)! o '

	

(2li-{-2)r(211+2)s r! s!

	

) (21 )

with

n i +n t .

This formula contains, e . g ., the matrix elements needed for th e

calculation of the intensity of hydrogen lines .

b) Discrete-continuous transitions .

Here, the parameter ß = l i + 1 - n i = - n; will become a

negative integer . The F2 function can, in this case, be reduce d
to a finite sum of ordinary hypergeometric functions (A 3) .

1121 .~ if = (1i

	

p+'IQ

	

-

	

)-P- 3i

	

2 x l	 J ir	 (n 1 +It) !

+ It + p + 2) ! a `` }

	

n i ~f

	

n

2

i (21i +1)!

	

(n i -li -1) !

X
I r( 11+ 1 + Z nf)I i- 1fe 2 '7r

(2 If + 1) !

nti 1~ 1

( l i IIp 	 p + 3)r ( l i 1 -nt)r xr 2 F,(l
i+1f+p+ 3+r, If+1+i71 1 , 21f+2, y)

(2I i +2)r r !

with

2 in),

	

2n1
x =

	

Y =
n i- in /

	

n i - 1y1

This formula applies, e . g ., for the matrix elements occurring i n

the theory of electron emission by radioactive a - disintegra-

tionll

y =
2n

(22)
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c) Continuous-continuous transitions .

In the general case, the F2 function cannot easily be reduced
to more elementary functions . The matrix element i s

Mp rt =(li + lt -}- p-{- 2) ! ap -i- 3 1

	

-n- 3

	

p+ 3
(

ni

	

11t )

	

(2 l i + 1)! (2 It + 1 )

I r ( 1t+ 1 + iTlt)l'I r ( 1t+ 1 + int)I e-z(nt+n»

F2 (l i -I-lt + p -}- 3, l i + 1	 	 It + l +irj t , 2 i i + 2,21t + 2, x, y) ,

where x	 Z'qf

	

and y=-
2 n ~

nt - ni

	

nt- ni

Since x + y > 1, it is essential for the application of this for-
mula to investigate the analytic continuation of the F2 function

beyond the domain of convergence of the series expansion (Al) .

This problem will be treated in detail in (II) in connection with

the theory of Coulomb excitation. In the case p = - 1 an d

1 ; = lt , the F2 function is reduced directly to the usual hyper -

geometric function (A6) and one obtains an expression whic h

is identical with the formula of GORDON (loc . Cit .) .

V. Relativistic Matrix Elements .

The relativistic eigensolution for an electron in a Coulomb

field -Ze/r is, in the notation of RosE and OSBORN 1 2

- x-
7n

fx x

xN
m /

9 Y
where

xxm -~<I m-r ; 1I//2, rlJ , m> x l, i Yi ti , m-z
Z

ln = I ;-c I+ i/ 2 (sign - 1)

(24)

with

(23 )

J --

	

I- 1/2
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1 3

and

= _
Ol ,

x~ra, -~ra

	

1 1 J

The radial wave functions are solutions of the differential equa-

tions

	

ix -1 - 1

	

c2 - Le2 \

	

(w-
2

	

m

x+ 1 1
Ii c

	

rC
W -I- mc +

	

I

d I q l ( fg) '
(25 )

where W is the total energy (including the rest energy) . The

solution may be written in the following form :

-

	

F

	

(26)_ N
qf

	

). '
x G1

,

where N),, , is a normalization factor and

	 Æ

	

a

	

x lly+n,+~r :,

r n My+ 11-=r,, y(F)

	

G 1 /n W

	

~r l ° [(\r

	

)

	

~1 ~

We have used the following abbreviations :

q

	

Inc2

Vm2c4-
TV2

hc
N _

a Vm2c4 -W2

y = ~1x2 -Z' a2

n'
_ )/nt 2 c4 W2

- .

For the discrete spectrum W < mc 2 , n ' is the radial

quantum number taking on the values 0, 1	 The quantum

number N is then

aZW

h 2

a =
Zm e 2 '

a =
e 2

h c'

(27)

21 .

N = vn2' + x 2 + 2 n'y

	

(28)
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and the parameter 2 becomes

2 = Na .

The normalization is determined by the condition

cdfi - 1 ,

giving

N

	

VT(2y+n' +1)

	

(Na) -al '

'Y

	

n
V4NN_ ) 1 + 	 2

(n + y)

For the continuous spectrum W > mc 2 the parameter s

have the following values :

À =Ic= P~k ,

N = ka '

Zc 2

	

W
n = in -y, ~ kw -

La ,
P

where p is the momentum at infinity . The normalization i s

Ice i(2 v-å) ej"r (Y+i n)I (2 i) a l~

l' (2 y -i-- 1 )

which makes the wave function real with the following asymp-

totic behaviour :

(f
ti

	

+mc2(cos) [kr-~ rtlog2lcr-o i -} - å2y~

	

(33)

The phases o f and å are defined by

cr i

	

arg (y + in) ,

1.

	

-
+ ka

	

(34)S = - arg	
2

	

y -F- in

Nr . 1 8

(19 )

(30)

(31 )

(32)
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Since the relativistic wave functions are expressed by con -

fluent hypergeometric functions, the matrix elements of rn e qr

may be calculated in the same way as the non-relativistic matri x

elements (formula 14). Here, we shall give the result only :

e `tr

	

g f ) r 2 dr =

_ I

	

1

	

1 -Ys-Y~.- t-t
Nti . A . Nxf 2 A i a f R i v ` At y lq+ ~i + )

	

r (Yi-I-Yf-+ p + 1 )

/(nle 2 + £ tWi.) (mc' + E2 Wf)
~

	

LV i Wf

{£ 2(Ni-xi) (Nf- xf) F2(Yi +Yf + p + 1 , -ni ,

E, ni o f

	

F2(Yi+Yf+p + 1 , -n i + l , -nf+ 1, 2 Yi+ 1, 2 Yf + 1, x, g)

E5 ( Ni -xi) nf

	

F2(Yi+Yf+p +1,

	

n.;-n f +l, 2Yi+1, 2Yf +1, x, y)

Es (Nf- xf) n i

	

F2 (Yi +Y f -i-p+1, -nq +l, - nf,2Yi+1, 2 yf± 1,x, tJ)Î• j

The signs en are given by

el =

	

j
,

~

	

l+ +~
82

	

£ ,
( - 1- +

	

1--I-)

	

+ +~
(36)

/+ -)

	

(-f- -)

(++ )
E~ --£ 5

	

Eg

\- +

	

\-i

	

-

Further,

212 i

	

2/A 1
x =

	

g

	

(37)
1la i + 1la.f + g

	

112 i+ 11ä f + q

With this formula one can, e . g., write down directly the interna l

conversion matrix elements .
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Appendix :

Some properties of the generalized hypergeometric
function of two variables, F2 .

The F2 function is defined by a series expansio n

am -I-n ßm ßn

where

Fz ( a , ß, ß ' , Y, y' x, y) =
lll, 71 = 0

YmYn nz! n!
xm yll ,

	

(Al )

a m = r(r (åjn) = a (a + 1)
. . . . (a + m - 1) .

This double series has the following domain of absolute con -

vergence

IxI+lyl<1 .

	

(A2)

By summation over n, one gets an alternative series expansio n

- Pm xmm2F1 (a -I- m , ß ' , y', y) . (A3)
Ym In !Fz(a,ß,ß',Y,Y'x, y) =

m= o

The analytic continuation of the function F2 beyond the

domain A2 may be given by the integral representatio n

Fz(a,ß,ß', Y ,Y',x,

	

1

	

y)= ~	
P .(Y)r(Y')	 	

1
(ß) r(ß ) r ( Y -ß) r (v _ß')

(A4 )
7

	

~
S ~ dudv 1 (1 -u)Y- 6' (1- v)y'-5'-'(i-ux-vy)- a

0 0
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The integral representation has a meaning only when the fol -

lowing inequalities are fulfilled ,

Re ß > 0 Re ß ' > 0 Re (y ß) > 0 Re (y' -- ß') > 0.

There exist three transformations corresponding to the . Euler
transformations of the ordinary hypergeometric functions ,

x	 y	x-y)-a F2 l a, y

	

Y' 13" Y Y'x f y - 1 x} y
	 1

)
.

The F2 function reduces, for special choices of the para-
meters, to a simpler function .

If the first index a is a negative integer, the series Al break s
off and the F2 function is thus a polynomial . The same is true
when both parameters fi and ß ' are negative integers . If only

one of them is a negative integer, the series A3 reduces to a
finite sum of ordinary hypergeometric functions . There exist also
other special reduction formulae of which we use only

F2(a , ~,ß',y, y 'x,y) =(1-x)-aF,+2(a Y

	

ß ,P',y,y' x x

= (1 - y)- a F2 (cc ,
ff

, (A5)

XzF1(ß,ß,a,

	

xy	 )
`

	

- x)(1-y) '

F2 (a , ß, ß ' , a, a, x, y) = (1 - .x)-ß (1 - y)-ß
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