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Introduction.

s is well known, see for instance [5], p. 36, for every p,
1 S p<oo, a BP-a. p. function fis a function to which there
exists a sequence of ordinary almost periodic functions ¢, such that

”f—qon IIBP—>‘0 for n— oo,

‘Here the B”-norm is defined by

I 7l = i (2] p 1pdx)%= ({17 |p})%.

If in particular ” fHBp = 0, the function f is called a BP-zero
function. If we set f = g when “ f—g qu = 0, the equivalence
classes for this relation are called BP-a. p. points. Multiplication
of a BP-a. p. point by a complex constant, addition of two BP-a. p.
points, and the BP-norm of a BP-a.p. point are defined in the
natural way. Thus the set of BP-a. p. points becomes a linear
metric space, [5], pp. 37—39. Since the BP-a. p. space is complete,
see for instance [5], pp. 54—57, it is a Banach space.

To every BP-a.p. function f, 1 = p << oo, is associated a
Fourier series

flx) ~ 3 a(R) et

where the coefficient function

a () = M{f(x)e =)

is & 0 only for a denumerable number of values 1, the so-called
Fourier exponents of f, [2], p. 262. Since all functions in a BP-
a. p. point have the same Fouriler series, this Fourier series is
called the Fourier series of the BP-a.p. point.
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4 Nr. 1

Let M be an arbitrary module of real numbers, i. e., a set
of real numbers which together with 4, and A, also contains
A —2y. A BP-a. p. function (BP-a. p. point) is called a BP-a. p.—M
function (BP-a. p.—M point) if all its Fourier exponents belong to
M. The subspace of the B”-a. p. space consisting of all BP-a.p.—M
points is 4 linear closed subspace and hence a Banach space. If in
particular M is the module of all real numbers, the BP-a. p.—M
space is the B"-a. p. space itself.

We consider a complex bounded linear functional A on the
space of BP-a. p.—M functions, i. e., a complex functional which
satisfies

A(Af) = AAf (A complex)

A(f+9) = Af+ Ag
|| = e e

where C is independent of f. Here we may assume C chosen as
the smallest of its possible values. € is then called the norm of
A and denoted by H A H It is obvious that A takes the same value
on all B”a. p.—M functions in a BP-a. p.—M point. Thus A may
also be considered as a bounded linear functional on the BP-a. p.—
M space. With usual addition, usual multiplication by a complex
constant, and the above norm, the set of bounded linear functionals
on the BP-a. p.—M space is a Banach space, the so-called dual
space of the BP-a. p.—M space.

We shall prove in the present paper that for 1 < p << oc and
any module M of real numbers the dual space of the BP-a. p.—
M space is the B%a.p.—M space where ¢ is determined by
1/p+1/g = 1. The isomorphism (i.e., the linear omne-to-one
isometric mapping) of the dual space of the BP-a. p.—M space
on the B%a. p.—M space is given by

A, —~ g where A,f= M{fg}.

The dual space of the B'-a. p.—M space will also be completely .

characterized.

We shall deduce this main result by two rather different
methods. The first method is the most elementary one and uses
only the ordinary theory of generalized almost periodic functions.
It is based on previous results by R. Doss [7], [8], and is an
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extension of the method used by Doss. This method is set forth
in Part I of the paper.

The second method, which is set forth in Part IT of the paper,
consists in the establishment of a close correspondance between
the B”-a. p.—M points and the measurable p-integrable functions
on the Bohr compactification of the real axis by all ordinary
a. p.—M functions. When this correspondence is established, our
main result concerning the dual space of the BP-a. P—M space,
I = p< oo, is an immediate consequence of the generalization
to the abstract case of F. Riesz’s classical result concerning the

dual space of the space LP of measurable p-integrable functions,
1= p<<oo.

Part 1.
1. Preparations.

1. We have mentioned in the Introduction that the B-a. P-
space, 1 =p < oo, is a complete space; or, in other words,
that if f, is a BP-fundamental sequence of B’-a. p. functions:
” fn— Tu ”BP — 0 for m, n — oo, then there exists a BP-a. p. func-
tion f such that H f—ra HB” -> 0 for n — oo. We shall use moreover
that f, as shown in [5], pp. 54—57, can be constructed ‘“from
pieces of the f,” as indicated on the following figure

fa fa fx fi fa fs

where 0 = T, < T, << T, <.+ -+ — 00 and the only extra demand
to T}, is of the form

L=t (T, To,o oy Taq), = 1,2, -

When in the following the letter G is applied (instead of the
usual B), this indicates that the theorems are true for all three
types of generalized almost periodic functions, the Stepanoff a. P-
functions, the Weyl a. p. functions, and the Besicovitech a. p-
functions (for their definitions see for instance [5], Pp. 33—39).
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2. On account of Holder’s inequality we/ have “flelé
| 7|l for 1< p; < p.. Hence a G"-a.p. function (G"zero
function) is also a G™-a. p. function (G*-zero function).

3. A bounded G'-a.p. function (bounded G*-zero function)
is a GP-a.p. function (GP-zero function) for all p, 1 = p < oc;
[5], p. 62. We shall call such a bounded G*-a. p. function (bounded
(*-zero function) a G”-a. p. function (G”-zero function).

4. Deeper-lying theorem: 4 B'-a. p. point which contains «a
BF-bounded function for a fixed P, 1 << P <C 00, contains also a
BF-a. p. function. [5], pp. 99—106. '

5. We consider the inequalities

1 1
1[7”’5 sign f—l(plI_J signqa‘é?,p[f—(p]

and

p—1
(7P sign ol sien | =207 —el{I £+ lel]
where 1 < p<<oc. See [6], pp. 220—221, exercise 10. These
inequalities, the latter in connection with Hélder’s inequality,
show that the mapping

(1) fi—= fa.

1

where f, = |f;|" sign f; and hence f; = | 2P sign f, is (or more
correctly: may be considered as) a homeomorphic mapping of
the GP-a.p. space on the G'-a. p. space. Hereby we have used
that (in consequence of the two inequalities) f; and f, are simul-

taneously (ordinary) a. p. functions. We see further that in this

case they ‘“majorize”” each other; [4], p. 60. Hence (L. c.) f; and
f, are simultaneously a. p.—M functions. Since a GP-a. p.—M
function is a function which can be GP-approximated by a. p.—
M functions (cf. 8. below), we conclude that if f; is a G"-a. p.—M
function, then f; is a G*-a. p.—M function, and conversely. Hence
(1) is also a homeomorphic mapping of the "-a. p.—M space
on the G'-a. p.—M space.

Combining this result and the corresponding result with p
replaced by ¢, 1 = ¢ << oo, we see finally that

fi—~>fas
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where f, = |£,]¢ sign f,, and hence f, = |f2|P sign f; is a homeo-
morphic mapping of the GP-a. p.—M space on the G%a. p.—M
space for any module M of real numbers. In particular, when
fiis GP-a.p.—M, then f, is G%a. p.—M, and conversely. Cf. [11],
pp. 422 423.

6. If @, is a sequence of G*P-a.p. functions which G®P-
converges to the G"P-a. p. function f and y, is a sequence of

' G*%-a. p. functions which G*?-converges to the G*%-a. p. function

g, for fixed « 21, 1 < p <oo, 1 < q< o0, 1/p+1/g = 1, then

. ®rn ¥a Will G%converge to fg. This follows easily by application

of Holder’'s and Minkowski's inequalities. In particular, when
fis a G*P-a. p.—M function and g is a G*%-a. p.—M function,
then fg is a G%a.p.—M function. Cf. [11], pp. 416—417.

If fis a G%a. p.—M function and ¢ is a G”-a. p.—M function
for fixed « = 1, then fg is a G%a. p.—M function. In order to
see this we introduce the cut-off function

f(x) for |f(x)|<n

N {nsign f(x) for |f(x)|=n.

Since

| (Dn— | 2| F— 9]

we see that if fis a. p.—M, then (f), is a. p.—M as it is majorized
by f; [4], p. 60. It follows that in the general case (f), is G~ -a.p.—
M. Further (f), &2 f for n-—> oco; [5], pp. 44—45. Since g is
bounded, it follows that (f), g 67 fg. Both (f), and g are ™ -a. p.
—M, in particular G®a. p.—M. From the above-treated case
we conclude that the bounded function (f),g is a G"-a. p—M
function. Then the G%limit fg is a Ga. p.—M function, as was
to be proved. ‘

7. Let M be a denumerable module of real numbers «,
@y, - +. By a sequence of Bochner—Fejér kernels belonging to
M we understand a sequence of non-negative trigonometric poly-
nomials with exponents from M, positive coefficients, mean
values 1, and which converge formally to > 'e'**. It follows
that the coefficients are = 1.

Let

Sa () eh® = Sa(2) et




8 Nr. 1

be a trigonometric series and M an arbitrary denumerable module
of real numbers ey, «, ---. Let

k() = > di plon®
be a sequence of Bochner—Fejér kernels belonging to M. Then
o) = >'d"™ a(e,) "

is called a Bochner—Fejér sequence belonging to M of the
trigonometric series. If every A for which a (1) & 0, belongs to
M, then the series is said to belong to M, and o, is called a full
Bochner—Fejér sequence of the series.

8. Let f be a GP-a.p. function for a fixed p, 1 < p << o<,
with the Fourier series

Fla)~ Dla (k) e,

Let M be a denumerable module and ¢, a Bochner—Fejér
sequence belonging to M of the Fourier series. Then “Gm“Gpi
I fller (see [2], pp. 263—266). If |f(x)|=C for all x, then
| o ()| = C for all x. If o, is a full Bochner-Fejér sequence
of the series, then o,, & f for m — oc; [2], pp. 262—266.

9. If f~ Dla(l)e*® is a Bl-a.p. function and g (x) =
>'b (A e'*% is a trigonometric polynomial, then (obviously)

M{fg})=DaMb@).

If f~ >a (%) e*® is a BP-a.p. function and g ~ > b (1) e s a
B-a. p. function for fixed p and ¢, 1 Sp<oo, 1 <g=o0, 1/p
+1/q = 1, and furthermore a (1) b (1) = 0 for all 4, then

M{fz}=0.

In order to sec this, let o, be a full Bochner-Fejér sequence
of f. Then by 8. we have 0,5 f and, using also the above
remark, M{amg} = 0. As a result of 6. the function fg is
Bl-a. p. and M{o,G}—>M{fg). Thus M{fg} =0, as we
had to show.

10. If a sequence A, of bounded linear functionals on a
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Banach space converges weakly, i.e., 4, f converges for every
fin the Banach space, then there exists a constant C such that
HAm“ = C for all m. See for instance [9], p. 21.

2. Necessary and sufficient conditions for a trigonometric
series to be the Fourier series of a B?-a.p.
function for a given p, 1 < p < cc.

Doss, [7], p. 209, and [8], pp. 89—91, has proved the following
two theorems.

Theorem A. A necessary and sufficient condition for a trigono-
melric series Zﬁanei)‘"ﬂc to be the Fourier series of a B”-a.p.
function is that for a full Bochner-Fejér sequence o, of the series
there exists a constant C such that }Gm (x) I = C for all x and all m.

Theorem B. A necessary and sufficient condition for a trigono-
melric series Zan e 1o be the Fourier series of a Bl-a.p.
function is that a full Bochner-Fejér sequence o,, of the series has
the following property: To every ¢ > 0 there exists a 6 > 0 such
that ME{ | O () | } <_ & for any measurable set E with upper mean-
measure m FE < §.

The remaining cases, 1 << p << oc, are dealt with in the fol-
lowing: '

Theorem 1. Let p be a fixed number, 1 < p < 0. A necessary
and sufficient condition for a lrigonometric series Zan e o be
the Fourier series of a BP-a. p. function is that for a full Bochner-
Fejér sequence o, of the series there exists a constant C such that
” O ”BP < C for all m.

Proof. The necessity of the condition is clear, for if the series
is the Fourier series of the BP-a. p. function f, then as stated in
1, 8. we have H‘ImHB”én flze- ,

We shall now show that the condition is sufficient. Assuming
the condition fulfilled, we show first that the series is the Fourier
series of a Bl-a. p. function; and we do this by showing that it
fulfils the condition from Theorem B. Let E be an arbitrary
measurable set of real numbers; let e denote the characteristic
function of E; -and let o,, be a full Bochner-Fejér sequence of

the series. Determining ¢ by 1/p + 1/g = 1 we obtain by Hélder’s
inequality ’




10 Nr. 1
ME{lam<x>|}=M{e<x>lam(m>l}§/

1

1 1 L
© = ||onller (RE) = € (mE)"

(e am )P (T(e5})

and this tends to 0 for m E— 0. Hence the condition .from
Theorem B is fulfilled so that our series is the Fourier’ series of
a Bl-a.p. function h. Thus, by 1, 8. we have n h—opy HBI—> 0
for m — oo, in particular H Oy — On ”Bl—> 0 for m, n—> oo

We shall now determine a Bl-limit function g from pieces of
the o, as indicated on the following figure

O3 (o) o1 | g1 45 1 a3 '

N | - } I } T T
g - T3 i 7’2 - T1 0 Tl Tz T3
and show that we can determine 0 = Ty < Ty < Ty < =+ >0
so that “ g HBP < oC,

From
- L0 P d. cr
lom e = T S lom @) P de <
follows

—— 1¢F
Iim —Slam(a:) [P da < 2 CP.
Ty

| T'| >0

Hence there exists a {; such that
L P 2CP f T\ >t
- |am(ac)| dx << 2 CP for >ty
TJo

and there exists an s = s (T, ;) such that

1 RT P P for ’ T
— e de < 2CP for &+ T>s(Th—1):
T— (& Tm_l>.i|?~’iff)‘

respectively, m = 1,2, ---. Besides choosing T > t (Ty, -,
Tm_1) which by 1, 1. secures the Bl-convergence of o, towards g
we choose T =ty 44 and Ty, > s (T —q) for m = 1,2, --+.Then
for Ty = T < Tppq We get
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1(F 1[¢5 Tm

Tm—1

T
Sl‘ram“(‘”) l”dw}élTP CP(Ty—0) + 2 CP(Ty— T + - -

m
. ; 1 T
42 € (T— T )] + }Solamﬂ(x) Pdx<2CP 4207 —ac,
For — Tp 1 << T=— T, we get analogously that
1 T
~S|g(x)|pdx<4Cp.
Tdo

1
Hence ” 9 ”BP S 4pC < 00, as desired.

We have seen that our series is the Fourier series of a B-a. P.
point which contains the BP-bounded function g. It follows by
the theorem in 1, 4. that the B'-a.p. point contains a BP-a. p.
function f. Thus our series is the Fourier series of a BP-a. D.
function f. This completes the proof of Theorem 1.

Corollary. Let f~ >'a (2) e'** be a BP-a. p. function for a
fixed p, 1. <p<<oc, and let M be an arbitrary module of real
numbers. Then the subseries

Za (l) eiﬂx

AEM

is the Fourier series of a BP-a. p. function f™.

Proof. Without loss of generality we may assume M to be
denumerable. A Bochner-Fejér sequence ¢, belonging to M of
the original series >'a (1) oA g plainly a Bochner-Fejér
sequence belonging to M of the subseries > a (1) ¢4, and for

AeM
this latter series it is a full Bochner-Fejér sequence.

From 1,8. it follows that || oy ||z <|| f|lgr. This implies,
by Theorem 1, that > a (1) ¢'** is the Fourier series of a BP- a. P
function, q. e.d. #tM ‘

Remark. The Corollary is also true when p = 1. (Cf. Doss
[8], p. 91). The Corollary in the case p — oc is an immediate
consequence of Theorem A.
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It is natural to mention, in connection with the above theorems,
the following theorem of Prrr, [10], pp. 144—147, which gene-
ralizes the Hausdorff-Young Theorem for ordinary Fourier series.

Theorem C. Let p and q be fixed numbers with 1/p + 1/qg = 1
and 1 < q=2= p<oc,

(a) If fis a B%a. p. function with the Fourier series Zanei}‘”””

we have
(2 a7 = || Fllse

(b) Every trigonometric series Z'an et*n® with Z| an lq < +ocis
the Fourier series of a BP-a.p. function f, and

1l = (3] a2y,

Part (b) of this theorem will be applied in the following.

3. The duval space of the B?-a.p.-M space, 1 = p < oc.

Theorem 2. Let M be a module of real numbers and p, q fixed
numbers, 1 < p <<oc, 1 < g < oc, satisfying 1/p 4+ 1/qg = 1, Let
further g be a B%a. p.—M function. Then there exislts a BP-a. p.—
M function f such that

(2) [ {rg 3| = N Fllae g llor-

Thus, when A,f = M{ fq } is considered as a bounded linear functio-
nal on the BP-a. p.—M space, the norm of A, is equal to ”gHBq.

Proof. As shown in 1. 5. the function f = \gP sign ¢ is a
B?-a. p.—M function. An immediate calculation shows that it
satisfies (2).

Theorem 3. Let M be a module of real numbers. Let further
g be a B®-a.p.—M function. Then, when f runs over all B-a. p.—M
functions and z runs over all B®-zero functions we have

M{f7)
(3) sup ‘———i—f—g—j—l = lim “9”3‘1 = min sup Ig(a:) +z(cc)|.
ro s e 2 =
In other words: When A,f = M{fg} is constdered as a bounded
linear functional on the B*-a. p.—M space, the norm of A, is equal to
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lim Hg“Bq = min sup lg(a:)—l—z(a:)!.
q->w© z x

Proof. We shall begin by showing that the second sign of )
equality in (3) is valid and do this in two steps, one for = and
one for .

In order to show the inequality =, we shall prove that for
any B”-zero function z we have

lim || g |jge = sup lg (x) + 2 (x) |.

q->co z
Without changing the value of the left-hand side we can replace
g by g + z whereafter the inequality is clear.

In order to show the inequality = (and the existence of the
minimum) we have to construct a B”-zero function z such that

Jim gz = sup [g(x) + 2 ().

Let 0, be a full Bochner-Fejér 'sequence of g. Then | o |5 <
| glse for 1= ¢ < oc, so that =

@ lim [|g|pe = lim || o fle = sup [0, ()|
g >0 q >0 x

(for the last sign of equality, see [3], pp. 110—111). We construct
now by 1, 1. a B-limit function f from pieces of the o,,. Then
it follows from (4) that

dim g flss = sup | £

and obviously f = ¢ 4+ z where z is a Bw—z‘ero function.

Thus the second sign of equality in (3) is established.

We shall now prove that the sign < holds beltween the first
and the third term in (3). When f is a Bl-a. p. function, g a
B”-a. p. function, and z a B®-zero function we have M{fg} =
M{ f(g+2)}, which we obtain from M{(F)n gy = M{ (Halg+2))}
when we let n— oc (see end of 1, 6). It follows that

M{fg) M{fGg+D) _
M{I?I}.: {M{Tﬂ} >£S‘iP|9(m)+Z(:c)].
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Finally we shall show that the sign = holds between the first
and the second term in (3). On account of Theorem 2 there
exists for every p, 1 << p < oo, a BP-a. p.—M (and hence B'-a. p.—
M) function f, such that when 1/p + 1/q =1

I X T LT T
|M{£G}H -
T = el

This completes the proof of Theorem 3.
It will now be natural to introduce in the set of B”-a. p.
functions the norm :

|7l = lim || Fllze = min sup () +2 ()]

where z runs through all B”-zero functions. Obviously a B”-zero
function z may be characterized as a B?-a. p. function with
H z ||B°° — 0. Now in the usual fashion we introduce B”-a. p. points
and organize them as a linear metric space. That the B”-a. p.
space is complete, and hence a Banach space, may for instance
be deduced from Theorem 4, below. For an arbitrary module M
of real numbers we define in the usual way B”-a. p.—M functions
and points. The subspace of B*-a. p.—M points is called the
B”-a. p.—M space. It is linear and closed and hence a Banach
space. ‘

In the following theorem the term ‘‘isomorphic mapping”
designates “‘linear one-to-one isometric mapping”.

Theorem 4. Main Theorem. Let M be an arbitrary module of
real numbers and p, q two numbers, 1 < p < oo, 1< g < oo,
satisfying 1/p + 1/q = 1. Then the dual space of the BP-a. p.—M
space is isomorphic to the B%a.p.—M space. The isomorphic
mapping is given by A, — g where A, is the bounded linear functio-
nal on the BP-a. p.—M space given by A f = M{fﬁ}.

Proof. On account of Theorem 2 and Theorem 3 it suffices
to show that every bounded linear functional on the B”-a. p.—M
space has the form A4,f = M{fg} where g is a B%a.p.—M
function.

In the case p = 1 this statement was proved by Doss [8]
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and was one of the main results of his interesting paper. With

the previous preparations at our disposal we can easily treat the
general case by his method.

We consider first the case where M is a denumerable module
of real numbers 4,, 4,, --+. We put

Aty = g,
and form the trigonometric series
(5) 2ageth.
Let |
ke () = 35di™ ethnz

be a sequence of Bochner-Fejér kernels belonging to M (see 1, 7.)
Then if ' ‘ S

£~ b, eine
is an arbitrary BP-a. p.—M function ’Fhe sequence
O () = D' dI™p, eihn®
is a Bochner-Fejér sequence belonging to M of f. Further
Ao, = D d™b,a,.
Wfa sha_ll show below that (5) is the Fourier series of a Bi-a. p.
—M function g. Then we get by 1, 9.
Aoy = > dPb,a, = M{a,§).

Further, from | f—o -0 w it M = \
Aa,, — Af. Hen|Le e we get M{o,g) > M{fg} and

Af = lim Ao, — lim M{c g\ = M{fs
Om = lLim {ong} = M{f7},

m--ow

as was to be proved. :
. That (5) really is the Fourier series of a B%-a. P.—M function
is seen in the following way. The sequence

Tm(x) = Zdhm)anemnx !
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is a Bochner-Fejér sequence belonging to M of (5). We consider
the sequence of bounded linear functionals 4,, on the B”-a. p.—M
space given by

Amf: Aam = nglm)bnan = M[{f?m}' ‘

Since Ag,, — Af, the sequence 4,, converges weakly to 4 in the
Banach space in question. This implies, by the theorem in 1. 10,
the existence of a constant C such that

| 4|l = € for all m.

From Theorem 2 and Theorem 3 it follows that || AL H = || ‘L‘m”Bq.
In the special case ¢ = o we have

[onln = tim sl = s Lo

Thus in the case 1 < ¢ << o¢ it follows from Theorem 1 and in
the case'q = oc from Theorem A that (9) is the Fourier series
of a B%a.p. function. Of course this function is a B%a.p.—M
function. This completes the proof of the Main Theorem in the
case of a denumerable module M.

We now pass to the case of an arbitrary module M. Let

A =7

for A M. We shall first show that there exists only a finite number.
of s with ‘al\ > a when a is a positive constant. We do this
indirectly by assuming that there exists an infinite sequence

Ay Ay, + - - with I az, I > a. Let k, be a sequence of positive numbers
with >k, = oc and if p < 2 such that > ky < oc and if p = 2
P

such that > k?~ ' < oc. By Theorem C this implies, since
lag, | =114, that

’]Cn a, Gi}'“ﬂc

is the Fourier series of a B®-a. p.—M function for p = 2 and of a
BP-a. p—M function for p =2 — and thus in any case of a
BP-a. p.—M function.

 Let o,, be a Bochner-Fejér sequence of f corresponding to
the module generated by 4,, A;, ---. Then
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O () = Zc(nm)kn Ay gt hn
where 0 < ™ <1 and ¢™ — 1 for fixed n and m — co. Thus

A0 = Sl ey, [ 2 o Sk oo

for m — oo. Since oy, B f implies Ao, — Af, we have obtained
a contradiction.

In particular we have shown that there exists only a denu-
merable number of A’s with a3 & 0. The denwmerable module
generated by these 4’s is denoted by M; and the elements of
this module by 4, 4, -+ ‘

When we consider the contraction of A to the BP-a. p.—M,

space, we conclude from the case of a denumerable module
treated above that
Z‘alneilnm

is the Fourier series of a B%a. p.—M, function ¢ and that for any
BP-a. p.—M; function we have Af = M{fg} _

Now let f be a B”-a.p.—M function whose Fourier exponents
do not belong to M,. Then Af = 0 since fcan be B”-approximated
by trigonometric polynomials without exponents in M,. From
1,9. we see that M{fg} = 0. Hence also in this case we get
af— u{fzh. |

Finally, let f be an arbitrary B"-a. p.—M function. Then by
the Corollary and the Remark, p. 11, we can write f in the form

f= (=™
where f™ is a BP-a. p.—M, function and f; Mis a BP-a. p—

M function whose Fourier exponents do not belong to M, . From
the two special cases just treated we get

AF = AP 4 A(F— ™y =
M{fMgy+M{(F— gy = M{fF).

This completes the proof of the Main Theorem.
Dan. Mat. Fys.Medd. 29, no. 1. 2
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Part I1.

1. Bohr compactification of the real axis.

Let M be an arbitrary module of real numbers. We consider
the Bohr compactification Ry of the group R of real numbers
with usual topology by all (erdinary) a. p.—M functions. See
e.g. [1], pp. 477—478.

We denote by H the subgroup of R which consists of the x
for which ¢#* =1 for all Ae M. In the uninteresting case when
M= {O} we have H = R. If M has the form {n§|n =0,

+ 1, }, we have H = {n 2—“ n =0, 4 1} Otherwise
H=1{0}. g

We shall make use of the following facts concerning Ry (see
the above quotation).

1) Ry is a compact abelian group.

2) When the groups Ry and R/H are considered without
their topologies, the group R/H is a subgroup of Ry. The set
R/H lies everywhere dense in Ry. Incidentally, in the case

H = {n»z?nhl =0, +1, }, the group R;“ is identical with

the topological group R/H.

3) When a continuous function on Ry is contracted to R/H
and the contracted function is extended by periodicity with H as
periodicity module to R, the resulting function is an a.p.—M
function on R. Conversely, an a. p.—M function ¢ on R has H
as a periodicity module and may therefore be considered as a
function on R/H, and this function extends itself in unique
fashion by continuity in Ry to a continuous function ¢’ on By.
This correspondence @ <> ¢’ between the a. p—M functions on
R and the continuous functions on Ry is of main importance
in the following.

4) When ¢ = e*% 2eM, the function ¢’ is a continuous
character on Ry. All continuous characters on Ry can be obtained
in this way. [Thus the module M with discrete topology is the
character group of Ry.]
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5) Let M denote the Bohr mean and My the von Neumann
mean, both in R, and let { denote the Haar integral in Ru
with { 1 = 1. Then for any a. p.—M function @ on R we have

| Mg = Myop =g

2. Extension of the correspondence ¢ <> ¢’ between the a. p.

—M functions on R and the continuous functions on Ry, toa

correspondence between the Br-a. p.—M space over R and
the space L? over Ry, 1 < p < cc.

As well-known for any fixed p, 1 < p < oo, the set of measur-

able p-integrable functions g (x) on Ry is organized as a Banach
space L” by the norm

lall = (Slg Py

while for p = oc the set of essentially bounded measurable func-
tions g (x”) on Ry is organized as a Banach space L™ by the norm

lglle = tim [|g [, = vrai max |g(=")].
P> x

Functions which are equal almost everywhere (a.e.) are con-
sidered to be the same function.

For this, and also for results used in the following, we refer
the reader to Loomis’ book [9], Chapter III, pp. 29—47.

We shall now prove the following

Correspondence Theorem. Let M be a module of real numbers.
Then there exists a mapping f->f' of the set of Bl-a. p—M
functions on the set of integrable functions on Ry which is an
extension of the previous mapping ¢ — ¢’ of the set of a. p.—M
functions on the sef of continuous functions on Ry . This mapping
has the following properties.

1. For any fixed p, 1 < p < 0o, the contraction of the mapping
to the set of BP-a. p.—M functions is a linear isometric mapping
of the set of B”-a.p.—M functions on the space LP over Ry. It
may be considered as a one-to-one linear isometric mapping of the
BP-a. p.—M space on the space LP over Ry.

2%




20 Nr. 1
9. For any B-a.p.—M function f we have
17 =1Fl P =RE), &N =3,
B =T (O = (n

and when f is real |
(7D = amd ()= (T

3. If fis a BP-a. p.—M function and g is a B*-a. p.—M function,
1p+1/g=1,15p=oc, 1=q=00, then

' =1g"

' ' ) .ln
4. If the B'-a. p.—M function f has the Fourier series Zan ehn®,
then f' has the Fourier series

2lan (€™,
in particular Mf = $r. ‘ <
5. If [ is @ BPa. p—M function for a fiwed p, 1 Zp < oc,
and 1 = g < o<, then

P P
1 1F sign ) = |7'[ sien £

8. The asymptotic distribution function of a real B-a.p—M
function f is identical with the distribution funclion of f.

Proof. Let f be a BP-a. p.—M. function for a fixed D> 1=p
< oc. Then there exists a sequence of a.p.—M functions g,
such that ¢, B f. In particular H Pm— Pn ”BP — 0 for m, n—> o<,
Hence by 3) and 5) we get

| ol = U om—nl” = S o —2a ) = || #m— u |l =0

for m, n — oc. It follows that @, will p-converge to a function
g, from LP which is determined a. e. This fL}llCtiOl’l 9p depends:
only on fand not on the sequence ¢,. To see this, let v, be aI'IOthEEI
sequence of a.p.—M functions which BP-converges to f, and
suppose that TS h,. Then the combined sequence P Puo Pes
%; -+ - will BP-converge to f, and it follows tha't Z?l, Pis Pos
w;, -+ - will p-converge, in particular that @,—%. > 0. Hence
th—gnun = 0.
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We see also that if p, and p, are two values of p for which f
is BY-a.p.—M, then g, =g, a. e, for if 1<p, <p, and
Pu B f, then @, Bl f, and we get ¢, 2% g,., o, 2 gp, the first of
which implies that ¢, % g, so that || g,,— g ||, = 0.

If in particular fis an a. p.-—M function, then f, f, - - B f
and since f7, f', -+ - & f"we see that the function g corresponding

to fis f7. Also in"ﬂi“e“,general case when fis a B'-a. p.—M function
the corresponding function g, defined by the above procedure,
will be denoted by f'.

Now let f be a B*-a. p.—M function. We shall show that il
belongs to L”. Let sup [f(x) l = C. There exists (I, 1, 8.) a sequence

of a. p.—M functions ¢, which Bl-converges to fand has ] Pn (x)l
= C. Then | g, (=) < C and ¢, % f which implies | ' (x")| < C,
a.e. Thus /" belongs to L*, and furthermore vrai max lf’ (ac'){
= sup | £(@)| T

For a fixed ps 1< p<<oo, let f be a B”-a.p.—M function.
We choose a sequence of a. p.—l;\fl functions ¢, which BP-converges
to f. Then || gu le = {| flloe. [| eulls 111l and [ eulloe = [l l,

so that
1 Fllse = ) £ 1l

If fis a B'-a. p.—M function and g, is chosen as usual we
get Mo, — Mf, (g, — {f, and Mg, = { ¢n so that

) Mf = {f.

Let f and g be two B'-a. p.—M functions. Let ¢, and Yo be
chosen correspondingly. Then we get successively, when a and
b denote complex numbers, ag, + by, 2 af + bg, oo N [, Pn

59 (@ + by S (af + bg)', agh + by, af + bg'. Since

(agn +by) = ag, + by, we get
(af 4+ bg) = af’ + bg'.

In an analogous way be obtain the relations in 2.

In order to prove 3. we consider first the case 1 < p < o,
and hence 1 < g < co. That fy is B'-a. p.—M follows from I, 1,6.
Let ¢, and 9, be chosen in the usual way for fand g respectively.
Then by I, 1,6. we get g, v, 2% fy. Hence we get successively
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n B Fs ¥t 9 (Pnv) > (f)', and gy 5 f'g’ (by the result
corresponding to I, 1, 6. for the space LP). Since (p, v,)' = @, ¥,

we get ' ;o
(f)" = fg

Next, we consider the case p = 1, ¢ = oc, That fg is Bl-a. p.—
M follows from I, 1, 6. We showed there that (f),9 2 fg. Hence
((Hng)'S (fg)' since our mapping is linear and isometric.
However, (f), and g are B”-a. p.—M, in particular B*-a.p.—M.
Hence from the case just treated we get ((f),9) = (N9’ =
(fng’ and this L f'¢’ since " is in L and g’ in L”. Thus also
in this case (fg)’ = f'g’. This completes the proof of 3.

From the special result (1) the general statement 4. is now
an easy consequence. _ o

The proof of 5. is analogous to the proof of 3. It uses I, 1, 5.
instead of I, 1, 6. However, we shall not use 5. in the following.

Next, for any fixed p, 1 = p < o, we consider an arbitrary
function ¢ (=) from LP. There exists a sequence of continuous
functions @, on Ry which £ g. [As stated in 3) every continuous
function on Ry is of the form ¢’ where ¢ is an a. p.—M function. ]
Then || ®m— Pn “B” = I|¢;,1—<p;1||p~> 0 for m, n — oc and hence
@, Will BP-converge to a BP-a. p.—M function [ for which " = g.
Since the mapping is linear and isometrie, the BP-a. p.—M
functions f for which f' = g are exactly the functions in a B?-
a. p—M point. Thus the contraction of our mapping f— f' to
the set of B”-a. p.—M functions may be considered as a one-to-one
mapping of the BP-a. p.—M space on the space LP. Obviously
this mapping is linear and isometric. This proves 1. for 1 < p < cc.

Next we consider the case p = oc. We have already seen
that the set of B*- a p.—M functions is mapped into the space
= sup | 7).

Now let g(z’ ) be an arbitrary function f1 om L* and let
“ g ||w = C. Let ¢, be a sequence of a. p.—M functions such that
Iqan(:c’)lé C and ¢, % g. Then ” <pm———gvn|Bl—+ 0 for m, n— =
and hence by I, 1, 1. we can construct a B-limit function f, of
the sequence @, from pieces of the ¢, ..It follows that 1 fo (oc)l <cC
and that fy = g. Since sup lfo (oc)l = “ g “oo and since, as we have

seen plewously all B®-a. p.—M functions f which are mapped
in g have

Nr. 1

) | sup | £(2)| = || g,
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we. see that
(3) sup [fo(@)] = || g...

The B”-a. p.—M functions f which are mapped in the same
g from L* belong in particular to the same Bl-a. p-—M point,
and hence they differ from each other by a bounded Bl-zero
function, i.e., a B”-zero function. Thus they belong to the same
B”-a.p.—M pomt All functions in this point are mapped in the
function 9 Thus the contraction of the mapping f— f’ to the
set of B”-a.p.—M functions can be considered as a one-to-one
linear mapping of the B®-a. p.—M space on the space . L”. From

(2) and (3) we can now conclude that for any B”-a. p.—M
function f we have

» = inf sup |f(@) +z ()| = | flls=

where z runs through all B®-zero functions. Thus the contracted
mapping is isometric. Using that

p = lim |75
p>o0
we get the other expression

[Flls= = tim || £
D>
for the B*-norm. This completes the proof of 1.

Finally we shall prove 6. Since this part of the Correspondence
Theorem will not be used in the following we shall treat it shortly.
It is known that every real B'-a. p. function possesses an asympto-
tic distribution function. We shall use a proof of this theorem
which was communicated to the authors of [5] by JesseEn and
published in [5], pp. 101—103; in order to save space we shall
assume that the reader knows the proof and the notations used

therein. It is easily seen that the function. @ (f(x)) occurring
¢., p. 102 can be written
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(f(x) —B)" —(f(x) —e)*

ﬁﬁll )
(@) =D

M{ D)} = D).
Then 6. is a simple consequence of the inequalities
v (B) Z M { D)} Z v ()

which were proved 1. c., p. 102 and the corresponding ineqﬁalities
for the function f’.

This completes the proof of the Correspondence Theorem.

@ (f(x)) = 1+

Hence

so that

3. Application of the Correspondence Theorem to a
proof of the Main Theorem.

If in the Main Theorem we replace the B”-a. p.—M space by
the space L” and the B%a. p.—M space by the space L? and the
mean value M by the Lebesgue integral S, we obtain a classical
result of F. Riesz which is valid even for spaces L” in the abstract
case. A proof of this theorem is given in [9], Chapter III, p. 42
and p. 47. '

By use of the Correspondence Theorem we shall now deduce
our Main Theorem from F. Riesz’s result. Let p be a fixed
number, 1 <= p < oc. It follows easily from the Correspondence
Theorem that the mapping

(4) A > A

where 4 is a bounded linear functional on the B”-a. p.%M space
and A’ is the functional on the space L” over Ry defined by

A'f = Af

is a one-to-one linear isometric mapping of the dual space of
the BP-a. p.—M space on the dual space of the space L”. However,
on account of Riesz's theorem the mapping

(5) Ay g’
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where

Ay (F) =\ (g7
is a one-to-one linear isometric mapping of the dual space of
L” over Ry on the space LY over Ry. Finally, by the Correspon-
dence Theorem the mapping

(6) ; 9 '~ g

is a one-to-one linear isometric mapping of the space L? over
Ry on the B%a. p.—M space and

(g = u{f5}

for every B"-a. p.—M function f and every B%a. p.—M function
g- The mapping

A,—~ g

which results from the mappings (4), (5), (6) is then a one-to-one
linear isometric mapping of the dual space of the B"-a.p.—M
space on the B%a. p.—M space, and

Af = Ay (f) = \1'lgD) = M{f5).

This completes the proof of the Main Theorem.

Appendix.

The following theorem shows that for a given module M of
real numbers and a fixed p, 1 =< p < oc, the BP-a. p.—M space
and the W”-a. p.—M space have the same dual space.

Theorem. Let M be a module of real numbers and p, q two
numbers, 1=<p<oc, 1<g=<oc, satisfying 1/p -+ 1ljg = 1.
Then the dual space of the WP-a.p.—M space is isomorphic lo
the Bf-a. p.—M space. The isomorphic mapping is given by 4,—~ g
where A, is the bounded linear functional on the WP-a. p.—M
space given by A,f = M{fg‘}.

Proof. For any WP-a,p. function f we have HfHBp = Hf”wp,
for by I, 1, 5. the function |f(x)|” is W-a. p. so that
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i a-+ T
lim — S\f(m) P dac
T>w T a

exists uniformly in a. Further every B”-a.p.—M function may
be BP-approximated by W?”-a. p.—M functions, for it may even
be BP-approximated by a.p.—M functions. It follows from this
that every bounded linear functional on the WP-a. p.—M space
extends itself in unique fashion by BP-continuity to a bounded
linear functional on the BP-a. p.—M space with the same norm
as the original functional, and that conversely every bounded
linear functional on the BF-a.p.—M space induces a bounded

linear functional on the W*-a. p.—M space. Our theorem is then -

a consequence of the Main Theorem.

aE e
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