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Introduction.

A
is well known, see for instance [5], p . 36, for every p ,
]. <p < oc, a B r'-a . p . function f is a function to which there

exists a sequence of ordinary almost periodic functions q such that

II f- Tn IIBp -> O for n ~ oo .

Here the BP-norm is defined by

l 1
7

11 f IIB p = hm (21TSx) I P d x) P

1

-- (M{f(X) I P ~)P .z3~

	

_

If in particular II f II Bp = 0, the function fis called a Ba-zero
function. If we set f - g when II f - g II Bp = 0, the equivalence
classes for this relation are called B r-a. p. points . Multiplication

of a B"-a . p . point by a complex constant, addition of two BP-a . p .

points, and the B P-norm of a B"-a . p. point are defined in the

natural way. Thus the set of BP-a . p. points becomes a linear
metric space, [5], pp. 37-39 . Since the BP-a . p. space is complete ,

see for instance [5], pp . 54-57, it is a Banach space .
To every B P-a . p. function f, 1 p < cc, is associated a

Fourier series

f(x)

	

a (2) eix,

where the coefficient function

a (A) = M { f(x) e-"x}

is 0 only for a denumerable number of values A, the so-called

Fourier exponents of f, [2], p . 262 . Since all functions in a B P -

a . p . point have the same Fourier series, this Fourier series i s
called the Fourier series of the BP-a. p. point .
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Let M be an arbitrary module of real numbers, i . e ., a set

of real numbers which together with 7~1 and A2 also contains
- A 2 . A B'1-a . p . function (BP-a . p . point) is called a B P-a . p.-M

function (BP-a . p .-M point) if all its Fourier exponents belong t o
M. The subspace of the B P-a . p . space consisting of all BP-a . p.-M
points is à linear closed subspace and hence a Banach space . If in

particular M is the module of all real numbers, the Br-a . p.-M

space is the B"-a . p . space itself.

We consider a complex bounded linear functional A on the
space of BP-a . p .-M functions, i . e ., a complex functional which
satisfies

A (Af) = Â Af

	

(.l complex)

A (f + g) = Af + Ag

Af c II fIIBp ,

where C is independent of f . Here we may assume C chosen as
the smallest of its possible values . C is then called the norm of

A and denoted by II A II . It is obvious that A takes the same valu e

on all BP--a . p.-M functions in a BP-a . p.-M point. Thus A may

also be considered as a bounded linear functional on the B P-a . p .-

M space . With usual addition, usual multiplication by a complex

constant, and the above norm, the set of bounded linear functional s

on the B P-a . p.-M space is a Banach space, the so-called dual
space of the BP-a. p. M space .

We shall prove in the present paper that for 1 < p < oc and

any module M of real numbers the dual space of the B P-a. p .

M space is the W-a . p .-M space where q is determined by
1/p + 1/q = 1 . The isomorphism (i . e ., the linear one-to-one

isometric mapping) of the dual space of the BP-a . p .	 M space

on the B'-a . p .-M space is given by

A g -> g where Ag f = M { fg ! .

The dual space of the B1 -a . p .-M space will also be completely

characterized .

We shall deduce this main result by two rather differen t
methods. The first method is the most elementary one and use s

only the ordinary theory of generalized almost periodic functions .
It is based on previous results by R . Doss [7], [8], and is an

extension of the method used by Doss . This method is set forth
in Part I of the paper .

The second method, which is set forth in Part II of the paper ,
consists in the establishment of a close correspondance between
the B '' -a . p .-M points and the measurable p-integrable function s
on the Bohr compactification of the real axis by all ordinary
a . p.-M functions . When this correspondence is established, ou r
main result concerning the dual space of the Br-a . p.-M space ,
1 < p < oc, is an immediate consequence of the generalizatio n
to the abstract case of F . Riesz's classical result concerning th e
dual space of the space L P of measurable p-integrable functions ,
1p<oc .

Part I .

1 . Preparations .

1 . We have mentioned in the Introduction that the B"-a . p .
space, 1 p < 0c, is a complete space ; or, in other words ,
that if fn is a BP-fundamental sequence of B P-a. p. functions :
II f„1 fn II Bp 0 for ni, n -* oc, then there exists a BP-a . p . func-
tion f such that 1 f-fn II Bp, -} 0 for n --o- oc . We shall use moreover
that f, as shown in [5], pp . 54-57, can be constructed "fro m
pieces of the fn" as indicated on the following figur e

f :

	

f2

	

fl.

	

fl

	

f2

	

.

	

f 3

- T 3 -T2 . - T1

	

T1

	

T2

	

T 3

where 0 = T o < T1 < T2 < •

	

oo and the only extra demand
to Tn is of the form

Tn > t (To, Ti,

	

n = 1, 2,

	

.

When in the following the letter G is applied (instead of the
usual B), this indicates that the theorems are true for all three
types of generalized almost periodic functions, the Stepanoff a . p .
functions, the Weyl a . p. functions; and the Besicovitch a . p .
functions (for their definitions see for instance [5], pp . 33	 39) .
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2. On account of Hölder's inequality wei have 11 f Ile a= <
11 f IIGP' for 1 <p, < p2 . Hence a G P '-a. p . function (G'-zero

function) is also a GP'-a . p. function (G'''-zero function) .

3. A bounded Gl-a . p. function (bounded Gi-zero function)

is a G P -a . p. function (GP-zero function) for all p, i Ç p < oc ;
[5], p. 62 . We shall call such a bounded Gl-a. p. function (bounde d

Gi-zero function) a e-a . p. function (Go°-zero function) .

4. Deeper-lying theorem : A Bi-a. p. point which contains a

BP-bounded function for a fixed P, 1 < P < oc, contains also a

BP-a . p . function . [5], pp . 99-106 .

5. We consider the inequalities

i

	

i

IflPSign f- T IP sign (I) <2P f _

and

< 2pif	 TI(IfI + k

where 1 < p < oc . See [6], pp. 220-221, exercise 10 . These

inequalities, the latter in connection with Hölder's inequality ,

show that the mapping

(1)

	

fl~f2 ,

where f2 = I f, I P sign f, and hence fl = I f2 Ip sign f2 is (or more

correctly : may be considered as) a homeomorphic mapping o f

the G P-a . p. space on the G i-a. p. space. Hereby we have used

that (in consequence of the two inequalities) f, and f2 are simul-

taneously (ordinary) a . p. functions . We see further that in this

case they "majorize" each other ; [4], p. 60 . Hence (1 . c .) f, and

f2 are simultaneously a . p.-M functions . Since a GP-a . p .-M

function is a function which can be GP-approximated by a . p .-

M functions (cf. 8 . below), we conclude that if f, is a GP-a . p .-M

function, then f2 is a Gl-a . p.-M function, and conversely. Hence

(1) is also a homeomorphic mapping of the GP-a . p.-M space

on the Gl-a . p.-M space.

Combining this result and the corresponding result with p

replaced by q, 1 q < oc, we see finally that

fl -- f2,

where f2 = f, l q sign f, , and hence fi = I f21 p
sign f2 is a homeo-

morphic mapping of the GP-a . p.-M space on the G4 -a . p.-M
space for any module M of real numbers . In particular, when
f,, is GP-a. p.-M, then f2 is G9 -a . p.-M, and conversely . Cf. [11] ,
pp. 422-423 .

6. If q;n , is a sequence of G"p-a . p . functions which G" P -
converges to the G" P-a . p. function f 'tp n is a sequence of
G"-a. p . functions which G" 1-converges to the G"-a . p. function
g, for fixed a ? 1, 1 < p < oc, 1 < q < 0c, 1/p + 1/q = 1, then

Tn. yin will Ga-converge to fg . This follows easily by application
of Hölder's and Minkowski's inequalities . In particular, whe n
f is a G"P-a. p.--M function and g is a G" 4 -a . p.-M function,
then fg is a Ga -a . p .-M function. Cf. [11], pp. 416-417 .

If f is a Ga-a . p.-M function and g is a Goo -a . p.-M function
for fixed a > 1, then fg is a G"-a. p.-M function . In order to
see this we introduce the cut-off function

(f (x))n = { f (x) for 1 f (x)

	

n

n sign f (x) for f(x) I ? n .

Since

1 (f)n-(9 )n1 Ç I f- sa l

we see that if f is a . p .-M, then (f)n is a . p.-M as it is majorized
by f; [4], p. 60. It follows that in the general case (f)n is G°0 -a. p .-
M . Further (f),

	

f for n --~ oc ; [5], pp. 44-45. Since g i s
bounded, it follows that (f)n g fg . Both (f) n and g are G°' -a . p .
-M, in particular G 2-a . p.-M . From the above-treated cas e
we conclude that the bounded function (f)11g is a G°-a . p.-M
function . Then the Ga-limit fg is a G"-a . p .-M function, as wa s
to be proved .

7. Let M be a denumerable module of real numbers a, ,
a 2 , • • • . By a sequence of Bochner-Fejér kernels belonging t o
M we understand a sequence of non-negative trigonometric poly-
nomials with exponents from M, positive coefficients, mean
values 1, and which converge formally to e ` "°x . It follows
that the coefficients are < 1 .

Let

2'a (An)
e t~,t x = 2'a (2) e `7 x

I f I P sign f	 1 q) 1P sign 99

)P-1
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be a trigonometric series and M an arbitrary denumerable module

of real numbers a 1 , a 2,

	

. Let

k (x)

	

y d (r' el a n x
m -

	

n

be a sequence of Bochner-Fejér kernels belonging to M . Then

o 7 (x) = / dnrn) a (an) e l a, i x

is called a Bochner-Fcjér sequence belonging to M of th e

trigonometric series . If every A for which a (A) $ 0, belongs to

M, then the series is said to belong to M, and a m is called a ful l

Bochner-Fejér sequence of the series .

8. Let f be a Go-a . p . function for a fixed p, 1 < p < oc ,
with the Fourier series

f(x)

	

2-:a (2) e iAx .

Let M be a denumerable module and am a Bochner-Fejér

sequence belonging to M of the Fourier series . Then II am Il Gp
<

II f IIGr (see [2], pp . 263-266) . If f (x) 1 < C for all x, then

am (x)

	

C for all x . If am is a full Bochner-Fejér sequence

of the series, then a m

	

f for ni -~ oc ; [2], pp. 262-266 .

9. If f 2a (2) e i2' x is a Bi-a . p . function and g (x) =

b (A) eiAx is a trigonometric polynomial, then (obviously )

M{fg)=Xa(A)b(A) .

If f Xa (2) eiAx
is a Br-a . p . function and g X b (A) eiRx is a

B q -a . p . function for fixed p and q, 1 p < Do, 1 < q < 0o, 1/p

+ 1/q = 1, and furthermore a (2) b (A) = 0 for all A, then

M { f9) = O .

In order to see this, let am be a full Bochner-Fejér sequence

of f . Then by 8 . we have am 'n f and, using also the abov e

remark, M. { am q} = O . As a result of 6 . the function fg` i s

Bl-a. p. and M { ani g) -* M { f'g) . Thus M { fg` } = 0, as we

had to show .

10. If a sequence Aip of bounded linear functionals on a

Nr . 1
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Banach space converges weakly, i . A m f converges for every
f in the Banach space, then there exists a constant C such that

II Am II < C for all 1n . See for instance [9], p . 21 .

2. Necessary and sufficient conditions for a trigonometri c
series to be the Fourier series of a Bp-a. p .

function for a given p, 1 < p < oc .
Doss, [7], p . 209, and [8], pp . 89-91, has proved the following

two theorems .
Theorem A . A necessary and sufficient condition for a trigono-

metric series 2anei'l"' to be the Fourier series of a B°°-a . p .
function is that for a full Bochner-Fejér sequence am of the series
there exists a constant C such that i a m (x) I < C for all x and all m .

Theorem B . A necessary and sufficient condition for a trigono-
metric series Zane1A,tx to be the Fourier series of a B1 -a . p .
function is that a full Bochner-Fejér sequence am of the series has
the following property : To every e > 0 there exists a é > 0 such
that ME am (x) < e for any measurable set E with upper mean -
measure m E < 6 .

The remaining cases, 1 <p < oc, are dealt with in the fol -
lowing :

Theorem 1. Let p be a fixed number, 1 < p < x . A necessary
and sufficient condition for a trigonometric series Xan ei ~'ix to b e
the Fourier series of a B"-a . p . function is that for a full Bochner-

Fejér sequence am of the series there exists a constant C such tha t

II am IIBu < G for all m .
Proof. The necessity of the condition is clear, for if the serie s

is the Fourier series of the Br-a . p . function f, then as stated in
1, 8 . we have II am II Bp <II f II BP •

We shall now show that the condition is sufficient . Assuming
the condition fulfilled, we show first that the series is the Fourie r
series of a B?-a. p. function ; and we do this by showing that i t
fulfils the condition from Theorem B . Let E be an arbitrar y
measurable set of real numbers ; let e denote the characteristi c
function of E ; and let am be a full Bochner-Fejér sequence o f
the series . Determining q by 1/p + 1/q = 1 we obtain by Hö.lder' s
inequality
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MF ll~m(x)I J = M { e (x)I 6m (x)I } C
7

(

	

I

	

1

	

]

	

1

( M {I 6m I p )
l

)P (M { eq }) g - IIam11$P(InE) `1 <C(InE~
q

and this tends to 0 for m E -- 0 . Hence the condition from

Theorem B is fulfilled so that our series is the Fourier series o f

a B1 -a. p . function h . Thus, by 1, 8 . we have 11 h - crm 11B' - 0

for m--->-- oo, in particular 11 am - an 11B .-)- 0 for in, n - cc .

We shall now determine a W--limit function g from pieces o f

the am as indicated on the following figur e

al

	

al

	

a2

	

a 3
	 I	 ~

	

I

	

I
Ti

	

I--
0

	

Ti

	

T2

	

T3

and show that we can determine 0 = To < T1 < T2 <

so that 11 g 11Bn < ac .

From
T

lim 27 SI
T

(x)1"dx<C"

follows

llm 1 S ri am(x)
I"dx

< 2 C" .
ITI>~ T o

Hence there exists a tm such that

T

- I am (x)1" dx < 2 C" for I T 1 . >
T o

and there exists an s = s (Ti,_ 1) such that

1

	

T
a(x)I"dx<2C" for +T>s(Tm-i) ,

T-(+ Tm-1)

respectively, m = 1, 2, • . Besides choosing T1 > t (To, .

Tin_1) which by 1, 1 . secures the W-convergence of am towards g

we choose T > tm+1 and. To, > s (Ti _1) for m = 1, 2, • • • . Then

for Tm T < Tm+1 we get

T

	

T

	

Tm

T
~g(x)1"dx = T[Sial(x)1"dx+

.
.+o'm(x)I"dx-}-

0

	

0

	

e. Tm-1

s

T I am +(x)1"dx1 C2C(T1 -0)-+-2C"(T2Tl)+ . . .
Trn

	

T

+ C"

	

T
rR-1) ,1 +

T ST°m+1 (x) dx < 2 C" -'- 2 C" = 4 C" .

For - Tm +1 < 7' < Tm we get analogously that

1 TS T

l
g(x)dx<4G" .

Hence 11 g IIBp 4" C < Do, as desired .
We have seen that our series is the Fourier series of a B1 -a. p .

point which contains the B"-bounded function g . It follows b y
the theorem in 1, 4. that the B 1 -a. p. point contains a B"-a . p .
function f. Thus our series is the Fourier series of a B"-a . p .
function f . This completes the proof of Theorem 1 .

Corollary. Let f - Za (l) e ` " be a B"-a. p . function for a
fixed p, 1 <p < oc, and let M be an arbitrary module of rea l
numbers. Then the subseries

2' a (A) eiA, x

RE M

is the Fourier series of a B"-a . p . function fM .
Proof. Without loss of generality we may assume M to b e

denumerable . A Bochner-Fejér sequence am belonging to M of
the original series Y' a (A) e `Ax is plainly a Bochner-Fejé r
sequence belonging to M of the subseries 2 ' a (A)

	

and for
ÂE M

this latter series it is a full Bochner-Fejér sequence .
From 1, 8 . it follows that 11 am 11B"

<
11 f IIBP . This implies ,

by Theorem 1, that 2' a (A) e i 'Ix is the Fourier series of a B"- a . p .
function, q . e . d . )E M

Remark. The Corollary is also true when p = 1 . (Cf. Doss
[8], p. 91) . The Corollary in the case p = oc is an immediate
consequence of Theorem A .

a3

	

a 2
I

	

I
-T3 ` T2

g=

• -~oc

II am 11B P
T .*
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It is natural to mention, in connection with the above theorems ,
the following theorem of PITT, [10], pp. 144-147, which gene-

ralizes the Hausdorff-Young Theorem for ordinary Fourier series .
Theorem C . Let p and q be fixed numbers with 1/p + l/q = 1

and 1 <q2p<ac.
(a) If f is a Bq -a . p . function with the Fourier series ~ an e t /~,i x

we have

( .Z I an
I P ) 1!P <

II f II Bq .

(b) Every trigonometric series

	

an e` Ätx with

	

I a n I q < + oc i s
the Fourier series of a BP-a . p . function f, an d

II fIIBP <<s I an MIN .

Part (b) of this theorem will be applied in the following .

3. The dual space of the BP-a . p.-M space, 1 < p < oc .

Theorem 2 . Let M be a module of real numbers and p, q fixe d
numbers, 1 <p < oc, 1 < q < oc, satisfying 1/p + 1/q = 1, Le t
further g be a B q -a . p .-M function. Then there exists a B P-a. p .

M function f such that

( 2 )

	

111{fg}I = II fIIBPII g IBq .

Thus, when A g f = M { fg } is considered as a bounded linear functio-
nal on the B'3 -a . p.-M space, the norm of A g is equal to II g IIB`r .

Proof. As shown in 1 . 5 . the function f = I g I P sign g is a

B'' - a . p .-M function . An immediate calculation shows that i t

satisfies (2) .

Theorem 3 . Let M be a module of real numbers . Let further
g be a B `°- a . p.-M function . Then, when f runs over all Bl - a . p.-M
functions and z runs over all BU -zero functions we have

sup
M{fg} I= Inn I I g IBq = min sup i g (x) + z (x) I .

t

	

II fils'

	

q -- co

	

z

	

x

In other words : When Ag f = M{ fg } is considered as a bounded .
linear functional on the B i -a . p.-M space, the norm of Ag is equal to

Nr.1

	

1 3

gII g IIB`r = min sup Ig(x)+z(x)I •

Proof. We shall begin by showing that the second sign o f
equality in (3) is valid and do this in two steps, one for < and
one for > .

In order to show the inequality , we shall prove that fo r
any B°°- zero function z we hav e

lim IIgIIBq< sup I g(x)+z(x)
q-)-co

	

x

Without changing the value of the left-hand side we can replac e
g by g + z whereafter the inequality is clear .

In order to show the inequality

	

(and the existence of th e
minimum) we have to construct a B 00 -zero function z such that

lim IIgI1Bq> sup g(.x)+z(x)l .
g 3sO

	

x

Let a, be a full Bochner-Fejér sequence of g . Then
11 g I IBq for 1 < q < Dc, so tha t

lim II g IIBq > lim II Om Ilk, = suP I ci (x) I
qyoo

	

q-)-co

	

x

(for the last sign of equality, see [3], pp . 110-111) . We construct
now by 1, 1 . a B1-limit function f from pieces of the an, . Then
it follows from (4) that

lim II gIIBq

	

sup I f(x) I

and obviously f = g + z where z is a B °'°-zero function .
Thus the second sign of equality in (3) is established .
We shall now prove that the sign holds between the firs t

and the third term in (3) . When f is a Bi- a . p . function, g a
Bz -a. p. function, and z a B °0 -zero function we have M{ fg } _
M{ f(g+z)}, which we obtain from M{(f)n = M{ (a, (g+z) }
when we let n -~ oc (see end of 1, 6) . It follows that

m { N)

	

M{f(g+z)}
< sup g (x) I z(x)I .

M{i f l}

	

M{Ifl}

	

x

1 2

(3)

II G. II B g

(4)
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Finally we shall show that the sign > holds between the firs t

and the second term in (3) . On account of Theorem 2 there

exists for every p, 1 < p < 0c, a B r'-a . p.-M (and hence B 1-a. p .-

M) function fp such that when 1/p + 1 /q = 1

m {f,0I = II fpIle II g II Bq

	

II fpIIB1II g l1B q

Hence

sup	 m { f	

p

	

II fppIIB

	 g} I > lim II g IIB q

This completes the proof of Theorem 3 .

It will now be natural to introduce in the set of B°' -a . p .

functions the nor m

II fIIBo = lim II f IIBq = min sup I f (x) + z (x) I
q-)-co

	

x

where z runs through all B°°-zero functions . Obviously a B'0 -zero

function z may be characterized as a B °°- a . p . function with

II z Ile = O. Now in the usual fashion we introduce e-a . p . points

and organize them as a linear metric space . That the B°°-a . p .

space is complete, and hence a Banach space, may for instanc e

be deduced from Theorem 4, below . For an arbitrary module M

of real numbers we define in the usual way B oo -a . p.-M functions

and points. The subspace of B°°-a . p.-M points is called th e

p.-M space. It is linear and closed and hence a Banach

space .
In the following theorem the term "isomorphic mapping "

designates "linear one-to-one isometric mapping " .

Theorem 4 . Main Theorem . Let M be art arbitrary module of

real numbers and p, q two numbers, 1 Ç p < oc, 1 < q 0c ,

satisfying 1/p + 1/q = 1 . Then the dual space of the Br-a . p .-M

space is isomorphic to the B q -a . p .-M space. The isomorphic

mapping is given by A g --)- g where Ag is the bounded linear functio-

nal on the B r-a . p.-M space given by Ag f = 1V1 { TO .
Proof. On account of Theorem 2 and Theorem 3 it suffice s

to show that every bounded linear functional on the Br-a . p.-M

space has the form A g f = M{ fg) where g is a B9 -a . p.-M

function .
In the case p = 1 this statement was proved by Doss [8]

and was one of the main results of his interesting paper . With
the previous preparations at our disposal we can easily treat the
general case by his method.

We consider first the case where M is a denumerable modul e
of real numbers 21 , A2 , - - • . We put

A
(eilnx ) = a

and form the trigonometric series

(5 )

	

Tan e`lnx .

Let
km(x) _ Zdnm) e ia n x

be a sequence of Bochner-Fejér kernels belonging to M (see 1, 7 .) .
Then if

f ~b e`2„ x
n

is an arbitrary Br-a . p.-M function the sequenc e

am(x) _
d nm) bne iRn x

is a Bochner-Fejér sequence belonging to M of f . Further

Au,n =

	

dr) bpdn .

We shall show below that (5) is the Fourier series of a Bq -a . p .
-M function g . Then we get by 1, 9 .

Aum = ~ dnm)b n an = M{ o O .

Further, from 11 f-urn II BU -> 0 we get ill { u,ri g } - 1V1 { fg )- an d
Ao - - Af . Hence

Af = lim Aa n = lim M{u,n g} = M{ fq} ,
mho°

	

m-)-o °

as was to be proved.
That (5) really is the Fourier series of a Bq-a . p .-M function

is seen in the following way. The sequence

~m (x) = Z dnm)
an ei~.nx
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is a Bochner-Fejér sequence belonging to M of (5) . We conside r

the sequence of bounded linear functionals A m on the B p -a . p.-M

space given by

	

A, f = Aa m =

	

diz7) bn d, = M fim } .

Since Ao m --* Af, the sequence A,,, converges weakly to A in the

Banach space in question. This implies, by the theorem in 1 . 10 ,

the existence of a constant G such that

II Am
II < C for all in .

From Theorem 2 and Theorem 3 it follows that II A,,, II = II rm II Bq .
In the special case q =

	

we have

II rm Ile = lim II tm IIBp = sup I Tm (x) I .

	

p3~

	

x

Thus in the case 1 < q < x it follows from Theorem 1 and i n

the case 'q = co from Theorem A that (9) is the Fourier series

of a Bq -a . p . function. Of course this function is a Bq -a . p .-M

function. This completes the proof of the Main Theorem in th e

case of a denumerable module M .

We now pass to the case of an arbitrary module M . Let

A (e'2x) = da.

d„ xkn a),,, e '

is the Fourier series of a W-a . p .-M function for p < 2 and of a

BP-a . p .-M function for p?_ 2 - and thus in any case of a

B P -a . p .-M function .

Let o'n , be a Bochner-Fejér sequence of f corresponding t o

the module generated by 21 , 2 2 , •
. . Then

1 7

6m(x) =

	

c~"d) k a eiAa x

n n ~rz

where 0 < cnm) < 1 and c(in) --->- 1 for fixed n and rn > oo . Thus-

Au nt = 2' en(m) kn I
à)

a 12 ~ a2 ~
c(nm) kn -3- 00

for m-1- oo . Since am f implies Aam -> Af, we have obtained
a contradiction .

In particular we have shown that there exists only a denu-
merable number of A's with a l + 0 . The denumerable module
generated by these 2's is denoted by M 1 and the elements of
this module by 21 , 2 2 , •

When we consider the contraction of A to the Bp -a . p .-M1
space, we conclude from the case of a denumerable modul e
treated above that

eiAri x

rz

is the Fourier series of a B 4 -a . p.-M1 function g and that for an y
Bp-a . p .-M1 function we have Af = NI { fg } . .

Now let f be a Bp -a . p.-M function whose Fourier exponents
do not belong to M1 . Then Af = 0 since f can be Bp-approximate d
by trigonometric polynomials without exponents in M 1 . From
1, 9 . we see that M{ fg } = O . Hence also in this case we get
Af = M{ fg } .

Finally, let f be an arbitrary B r-a . p.-M function. Then by
the Corollary and the Remark, p . 11, we can write f in the form

f = el' + (f el')

where fM' is a Bu -a . p .-M 1 function and f - fm' is a BP - a . p .-
M function whose Fourier exponents do not belong to M 1 . From
the two special cases just treated we get

Af = A (fMl) + A (f- fM') _

M {fM=g }+M {(f-fM')g} _. M {fg } .

This completes the proof of the Main Theorem .
Dan . Mat .Fys .Øedd .29, no .1 .
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1 6

for 2E M . We shall first show that there exists only a finite number .

of 2's with j a t > a when a is a positive constant . We do thi s

indirectly by assuming that there exists an infinite sequenc e

2, , 22 , • • with I aÄ,, > a . Let k n be a sequence of positive numbers

with Xkn = oc and if p C . 2 such that 'kn < oc and if p > 2
	 p

such that >'e-1 < oc .

a A.,, IIAII, that

By Theorem C this implies, since
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Part II .

1 . Bohr compactification of the real axis .

Let M be an arbitrary module of real numbers . We conside r

the Bohr compactification RM of the group R of real number s

with usual topology by all (ordinary) a . p .-M functions . See

e. g. [1], pp. 477-478 .

We denote by H the subgroup of R which consists of the x

for which e `Àx = 1 for all 2E M . In the uninteresting case whe n

M = {0} we have H = R . If M has the form { n I n = 0 ,

± 1, • • }, we have H = {n 2
I

n = 0, + 1, • . . } . Otherwise

H = { 0 } .
We shall make use of the following facts concerning RM (see

the above quotation) .

1) RM is a compact abelian group .

2) When the groups RM and R/H are considered withou t

their topologies, the group R/H is, a subgroup of RM . The set

R/H lies everywhere dense in RM . Incidentally, in the case

H= {n
2

I

n = 0, ± 1, • • • }, the group RM is identical with

the topological group R/H.
3) When a continuous function on RM is contracted to R/H

and the contracted function is extended by periodicity with H as

periodicity module to R, the resulting function is an a . p .-M

function on R . Conversely, an a. p . M function 99 on R has H
as a periodicity module and may therefore be considered as a

function on R/H, and this function extends itself in unique

fashion by continuity in RM to a continuous function (p ' on R' .
This correspondence T F-- p ' between the a . p. M functions on

R and the continuous functions on RM is of main importance

in the following.

4) When T = e lf x , 2 £ M, the function g, ' is a continuous

character on R . All continuous characters on RM can be obtained

in this way. [Thus the module M with discrete topology is th e

character group of R . ]

5) Let M denote the Bohr mean and MN the von Neumann
mean, both in R, and let denote the Haar integral in R'
with 1 = 1 . Then for any a . p .-M function 99 on R we have

MT =MNW = S 'p .

2 . Extension of the correspondence q, F-s q,' between the a. p .
-M functions on R and the continuous functions on RM to a
correspondence between the BP-a. p.-M space over R and

the space LI over RM, 1 < p < oc

As well-known for any fixed p, 1 p < oc, the set of measur-
able p-integrable functions g (x ') on RM is organized as a Banac h
space Lp by the norm

1

Ilglip= (SI g (x')Ip ) p

while for p = oc the set of essentially bounded measurable func-
tions g (x ') on RM is organized as a Banach space L°° by the norm

II g II °o = lim II g III, = vrai max g (x ) I .
p__co

	

x'

Functions which are equal almost everywhere (a. e .) are con-
sidered to be the same function .

For this, and also for results used in the following, we refe r
the reader to Loomis' book [9], Chapter III, pp. 29-47 .

We shall now prove the following
Correspondence Theorem . Let M be a module of real numbers .

Then there exists a mapping f--} f' of the set of B1 -a . p.-M
functions on the set of integrable functions on RM which is an
extension of the previous mapping 97 --e- q,' of the set of a . p.-M
functions on the set of continuous functions on RM . This mapping
has the following properties .

1 . For any fixed p, 1 < p < oo , the contraction of the mapping
to the set of Bp - a . p.-M functions is a linear isometric mappin g
of the set of Br-a . p.-M functions on the space LP over RM. It
may be considered as a one-to-one linear isometric mapping of the
B p -a . p .-M space on the space L'' over R .

2*
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2. For any 13 1 -a . p.-M function f we hav e

f I' = f' I, (~1 f) ' =~ (f') , (sf)' =

	

(f ' ) ,

(f)' = (0,, ((f)n)'

	

(f')n
and when f is rea l

(f')' = (f' )+ and (f-) ' = (f ' ) .

3. If f is a Bp -a. p .-M function and g is a B 4 -a . p .-M function ,

1/p-{-1/q=1, 1<p< x , 15_ qoc, then

(fg)' = f'g' .

4. If the B l -a . p .-M function fhas the Fourier series

	

a e~ A " x

then f ' has the Fourier serie s

2' an (e i7'nx) ,

in particular Mf = " f' .

5. If f is a Bp -a . p.-M function for a fixed p, 1

	

< oc ,

and 1<q<dc, then

(I f Iq sign f) ' = f' Iq sign f' .

6. The asymptotic distribution function of a real B l-a . p.-M

function f is identical with the distribution function of f ' .

Proof. Let f be a Bp-a . p.-M. function for a fixed p, 1 < p

< oc . Then there exists a sequence of a . p .-M functions T n

such that T7.,f. In particular II Tm - Tn 11 BP --~ 0 for in , n - oc .

Hence by 3) and 5) we ge t

llTm- Tnlln = IT',n-Tnl''= (IT,n-TnI'')' = IITm- TnIIB~ o

for m, n - oc . It follows that T7, will p-converge to a function

g p from LP which is determined a . e . This function g p depends

only on f and not on the sequence T,, . To see this, let y,, be another

sequence of a . p .-M functions which Br-converges to f, and

suppose that y,n 4. h p . Then the combined sequence Ti, y,, T2 ,

y2i • • . will B"-converge to f, and it follows that T l , y 1 , T2 ,
y'2 ,

	

• will p-converge, in particular that T T,- y,,4 O . Hence

l hp -gpllr> = 0 .

We see also that if pi and p2 are two values of p for which f

is BY -a . p .-M, then gpl = g f,, a . e ., for if 1 pl < p2 and
Tn f, then T,,-11! f, and we get (p,!?; Tn . gp the first o f
which implies that Tn

	

g pp so that II gps - 9p, ll p , = 0
If in particular f is an a . p .-M function, then f, f, • . . BI' f

and since f', f' , . . 4 f' we see that the function g corresponding
to f is f' . Also in the general case when f is a B1 -a . p .-M function
the corresponding function g, defined by the above procedure ,
will be denoted by f ' .

Now let f be a B°°-a . p.-M function. We shall show that f '
belongs to L . Let sup f (x) I = C. There exists (I, 1, 8 .) a sequence

x
of a . p.-M functions Tn which B1-converges to f and has l cpn (x)

C . Then i Tn (x ' ) l < C and Tn

	

f' which implies f' ( .x ' ) I < C ,
a . e . Thus f' belongs to L" , and furthermore vrai max f' (x' )
<sup l f(x)I .

	

x,

For a fixed p, 1 p < x, let f be a BP-a . p,-M function .
We choose a sequence of a . p .-M functions Tn which B '-converges
to f . Then I I wn I IB" - I I f I I BP , 1 1 Tn li p -->

I l
f' Il p ' and 11 T7,=- II Tn Il,,

so that

IIfIIBp - llf'llp .

If f is a Bl-a . p .-M function and Tn is chosen as usual we
get

	

Mf, Tr, -» 5 f', and M Tn = Tn. so tha t

Mf = S f' .

Let f and g be two Bl-a . p.-M functions . Let Tn and y n be
chosen correspondingly . Then we get successively, when a and
b denote complex numbers, aTn + b yl n af + bg ,1

	

B

	

Tn-i
,

f', ~Nn
g' , (a Tn + b Tr,)'

	

(af + bg) ' , air, + b yin

	

af' + bg' . Since
(a Tn + by,,)' = a Tn + by,'p , we get

(af + bg)' = af' + bg ' .

In an analogous way be obtain the relations in 2 .
In order to prove 3 . we consider first the case 1 < p < oc ,

and hence 1 < q < oc . That fg is Bl-a . p.-M follows from I, 1, 6 .
Let Tn and yin be chosen in the usual way for f and g respectively .
Then by I, 1, 6 . we get T,,

	

fg . Hence we get successively

(1)
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Tn vn -- g' , (fin Pn) '-* (fg) ' , and TR f'g' (by the result
corresponding to I, 1, 6 . for the space LP) . Since (cpn vn) ' = cpn vn
we get

(fg) ' = f'y' .

Next, we consider the case p = 1, q = oa . That fg is Bl-a. p .-
M follows from I, 1, 6 . We showed there that (f ),,g fg . Hence
((f )n g)' :. (fg) ' since our mapping is linear and isometric .
However, (f),, and g are B°° -a . p.-M, in particular B2 -a . p .-M.
Hence from the case just treated we get ((f)ng) ' _ ((f)n)'g' =
(f')n g' and this _; f'g' since f' is in L i and g ' in L . Thus also
in this case (fg) ' = f'g' . This completes the proof of 3 .

From the special result (1) the general statement 4 . is now
an easy consequence .

The proof of 5 . is analogous to the proof of 3 . It uses I, 1, 5 .
instead of I, 1, 6 . However, we shall not use 5 . in the following .

Next, for any fixed p, 1 p < x, we consider an arbitrar y
function g (x') from L . There exists a sequence of continuou s
functions Tn on RM which 4 g . [As stated in 3) every continuous
function on RM is of the form qi where cp is an a . p .-M function. ]
Then 11 Øm - Tn IIB N = I l T,n- cpn I Ip 0 for In, n - oc and hence
q7 n will Bp-converge to a Bp -a . p.-M function f for which f ' = g .
Since the mapping is linear and isometric, the Bp-a . p.-M
functions f for which f' = g are exactly the functions in a Bp -
a . p.-M point. Thus the contraction of our mapping f -- f' to
the set of Bp -a . p.-M functions may be considered as a one-to-one
mapping of the Bp-a . p.-M space on the space L . Obviously

this mapping is linear and isometric . This proves 1 . for 1 ë p < oc .
Next we consider the case p = oc . We have already seen

that the set of B00 -a . p .	 M functions is mapped into the spac e
L D0 and that 11 f' Ih < sup I f(x) 1 .

x

Now let g (x ' ) be an arbitrary function from L°° and let

II g ll . = C . Let Tn be a sequence of a . p.-M functions such that

qn (x') I < C and 9)',,21>_ g . Then II Tm- 9n 11B' 0 for n2 , n -~ oc
and hence by I, 1, 1 . we can construct a B'-limit function fo of

the sequence cpn from pieces of the Tn . .It follows that I A(x) I

	

C

and that fo = g . Since sup A (x)
l Ç II g IL and since, as we have

x
seen previously, all B°°-a . p.-M functions f which are mapped

in g have

sup if(x)I

	

II g ll ~x

we see that

(3)

	

sup l fo(x) I = 11 g IL .x

The B 00 -a . p .-M functions f which are mapped in the sam e
g from L00 belong in particular to the same B'-a . p.-M point,
and hence they differ from each other by a bounded B'-zer o
function, i . e ., a B°°-zero function . Thus they belong to the saine
BG0 -a . p.-M point. All functions in this point are mapped in th e
function g . Thus the contraction of the mapping f -* f' to the
set of B o°-a . p.-M functions can be considered as a one-to-on e
linear mapping of the B`°-a . p.-M space on the space L°0 . From
(2) and (3) we can now conclude that for any B°° -a . p.-M
function f we have

II f I I °o = inf sup f (x) + z (x) I = Il file'x

where z runs through all B°' -zero functions. Thus the contracted
mapping is isometric. Using that

Il fih = lim ll fllp= lim IIfllB pp,oo

we get the other expression

II fllB° = lim II fIB,p -)- co

for the B00 -norm. This completes the proof of . 1 .
Finally we shall prove 6 . Since this part of the Correspondence

Theorem will not be used in the following we shall treat it shortly .
It is known that every real B'-a . p. function possesses an asympto -
tic distribution function . We shall use a proof of this theorem
which was communicated to the authors of [5] by JESSEN and
published in [5], pp . 101-103 ; in order to save space we shall
assume that the reader knows the proof and the notations used
therein . It is easily seen that the function . (f(x)) occurrin g
1 . c ., p . 102 can be writte n

Nr . 1

(2)

23
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2 5

Ø (f (x)) - 1 + (f(x)-/3)+ -(f(x) -00+ .
-,x

Hence

(0 (f))' = Ø (f' )
so that

MB {Ø(f)} = S 0 (f ') -

Then 6 . is a simple consequence of the inequalitie s

?v1(ß) MB {0(f)}

	

(a)

which were proved 1 . c ., p . 102 and the corresponding inequalitie s

for the function f' .

This completes the proof of the Correspondence Theorem .

3 . Application of the Correspondence Theorem to a
proof of the Main Theorem .

If in the Main Theorem we replace the B "-a . p.-M space by

the space L'' and the B 9-a . p.-M space by the space Lq and the

mean value M by the Lebesgue integral S, we obtain a classica l

result of F . RIEsz which is valid even for spaces L" in the abstract

case . A proof of this theorem is given in [9], Chapter III, p. 42

and p. 47 .

By use of the Correspondence Theorem we shall now deduce

our Main Theorem from F. Riesz's result . Let p be a fixed

number, 1 p < oc . It follows easily from the Correspondence

Theorem that the mapping

(4)

	

A -sA '

where A is a bounded linear functional on the B"-a . p . M space

and A ' is the functional on the space L" over RM defined by

AT = Af

is a one-to-one linear isometric mapping of the dual space o f

the B"-a . p.-M space on the dual space of the space L" . However ,

on account of Riesz's . theorem the mapping

A g -s g'

where

4 (f' ) = f' (g')

is a one-to-one linear isometric mapping of the dual space of.
L'' over RM on the space Lq over R . Finally, by the Correspon-
dence Theorem the mapping

(6)

	

g'---s g

is a one-to-one linear isometric mapping of the space Lq over
RM on the Bq -a . p .-M space and

S f ' (g ' ) = M{ fg }

for every B"-a . p .-M function f and every B 9 -a . p .-M function
g. The mapping

A g --s g

which results from the mappings (4), (5), (6) is then a one-to-on e
linear isometric mapping of the dual space of the B "-a . p .-M
space on the B9-a . p.-M space, and

Ag f = 4(f' ) = f ' (g') = 111{ fg`} .

This completes the proof of the Main Theorem.

Appendix .

The following theorem shows that for a given module M o f
real numbers and a fixed p, 1 p < oc, the B"-a . p.-M space
and the W"-a . p .-M space have the same dual space .

Theorem . Let M be a module of real numbers and p, q tw o
numbers, 1 p < Dc, 1 < q oc, satisfying 1/p + 1/q = 1 .
Then the dual space of the W-a . p .-M space is isomorphic to
the B 9 -a . p .-M space. The isomorphic mapping is given by A 5 -- g
where Ag is the bounded linear functional on the W"-a . p.-M
space given by A g f = M{ C .

Proof. For any W"-a . p. function f we have 'Inv, = II f Il-ws ,

for by I, 1, 5. the function I f(x)1P is W1 -a. p . so that(5)
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sa+ T
lim - f(x) I P dx
T-)-m 7' a

exists uniformly in a . Further every B"-a . p .-M function may

be BP-approximated by WP-a . p.-M functions, for it may even

be Br-approximated by a . p.-M functions . It follows from this

that every bounded linear functional on the WP-a . p.-M space

extends itself in unique fashion by B P-continuity to a bounded

linear functional on the BP-a . p.-M space with the same nor m

as the original functional, and that conversely every bounded

linear functional on the BP-a . p .-M space induces a bounde d

linear functional on the W P-a . p .-M space . Our theorem is then

a consequence of the Main Theorem .
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