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The angular distribution in beta decay is usually expressed in terms of the
beta particle energy and the angle between the directions of emission of the electron
and the neutrino. In the present paper, this distribution is transformed into the

"+ distribution function for any two of the observable variables, viz. the beta energy,

the recoil energy, and the angle between the direction of emission of the recoil
and the electron. .

Introduction.

In beta transitions, the angular correlation is commonly ex-
pressed-in terms of the beta particle energy, E, and the angle, §,

~between the- directions of the momentum of the electron, p, and

that of the neutrino, q. : 0
For allowed transitions, AJ = { e (no), this correlation is

given by the probability distribution for E and 6%

P(E, 6) dE dQ

= IT(Z! E) pEq® [1 + (b/E) + (ap/E) cos 6] dE d g, @

where dQy is a solid angle interval around 0; F(Z , E) is the
Coulomb correction as a function of E and the charge Z of the
recoil, and :
2 > 12
b=2l/1—‘((32)2 9 gS€V|§1]2+nggA‘S;‘| 12
(gs+9v) l i1 l +(g7+ gA)‘SU ’

(2)

f

‘where e i$ the fine structure constant, and the ¢’s are the relative
-coupling ‘constants for scalar (S), vector (V), tensor (T), and

axial vector (A) couplings, respectively. Furthermore, Hl |2 is
the square of the nuclear matrix element for the Fermi interact-
ions, and |SE:> lz is the corresponding square for the Gamow-

Teller interactions. Finally,

(Fr— 11 +5 gD 1P
T (B DIPH G PE

(3

1*




4 Nr. 9

The units are as usual in beta-decay: A =1,¢c=1,andm = 1.
The pseudoscalar interaction has been omitted, since it con-
tributes to allowed transitions only with higher order terms®.
The expression (1) is mathematically convenient, since £ and
8 may vary independently in the intervals 1 < & < FE,and 0 <6<,
respectively, and since E and 6 completely determine the momen-
tum triangle (apart from orientation in space‘*)‘)f This is a result
of the fact that the neutrino rest mass has been equated to zero,
as can be seen from the conservation of energy and momentum,
which shows that E, 6 determines one and only one value of q.
Physically, however, (1) is less convenient because it refers
to the neutrino which, at the present time, cannot be observed
in angular correlation experiments. The transformation of the
angular correlation (1) into distribution functions for any two of the

three measurable quantities p, ¢, and r, where r is the recoil’

momentum and ¢ the angle between the directions of r and p,
is straightforward. In the present paper, it is the intention to
give the three distribution functions corresponding to (1) for the
three pairs of variables (E, r), (E, ¢), and (r, ¢) for reference use.

The essential questions which arise are, firstly, inside which
area can the variables so chosen vary and, secondly, do the

variables determine the momentum triangle completely so that.

the transformation establishes a one to one correspondence
between the old and the new variables.

The (E, r) Distribution.

For the transformation of (1), the guiding relations are the
conservation laws of energy and momentum given by

E+q:E0’ (4)
p*+ g+ 2 pgeos b = 1%, ()

which are valid when the recoil mass is considered infinite.
By differentiation of 0 with respect to r, (5) gives

infdf| =2d8y = —dr. 6
Ism | o e T (6)

 Fig. 1. Permi
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However, in the case of the (E, r) distribution, one has to

T'emember that £ and r cannot vary independently inside the
mtervals 0 <r < py, 1 < E < E, with

Po = VE(%“L
We find from (5), for a fixed value of r,

8 180°

£ —>

tted area in the (E, r) plane for E, = 8. In the diagr
> = 3. anl, curves
VdI‘aWn for constant values of @ referring to relationg(lo). Ve e

(Eo—r)+1 (Ey+r)?+1
2(By—1) — T =0 (8)

or, corresp’(‘)ndingly, for a fixed value of E,
lp—q|l<r<|p+q|, (9)

Whel:e P = VE2—1 and g is given by (4). Relations (8) and 9
are illustrated in Fig. 1 for a definite numerical example.

~ On the other hand, given values of E and r inside the per-
mitted area determined by (8) and (9) give one and only one
value for the angle ¢ inside the interval 0 < @ < m. This follows




4

6 Nr. 9
from the conservation of momentum, written in terms of E, r
and ¢,
2 2 2
R (10)
cos @ 2 pr .

" Relation (10) is also illustrated in Fig. 1. Two trivial excep-
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Fig. 2. (E, r) distribution for E, = 8, Z = 0, and pure tensor interaction.

tions to the unique determination of ¢ exist, namely, all ¢ values
meet in the two points

(E, 1) = (Eg’ ;501,0), (1)
corresponding to p = ¢, and »

(E.r) = (0, Eg—1), (12)
corresponding to r = ¢™* = E;, — 1. The limiting curves

r=p—gq, (p>¢q) and r = g+ p correspond to ¢ = =, and
the limiting curve r = ¢ — p, (p < q) corresponds to ¢ = 0.

The transformation from (1) to the (E, r) distribution can thus
be carried out immediately, and one finds

P(E.r)ydEdr .
1 a 2 - (13)
= EF(Z’E) [rEq—&-brq + ri(rz—p2— g®)| dEdr.

~ and get
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This distribution function is illustrated in Fig. 2 for pure tensor
interaction and Z = 0, and in Fig. 3 for pure axial vector in-
teraction and Z = 0, in both cases for the same numerical
example as chosen in Fig. 1.

In Figs. 2 and 3, and from formula (13), one sees that the
(E, r) distribution is extremely simple, except for the complicated
cut-off introduced by (8) or (9). For fixed values of r, the E
distributions are parabolic and symmetric around ¢ = E = E,/2,
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Fig. 3. (E, r) distribution for E, = 8, Z = 0, and pure axial vector interaction.

apart from the Coulomb correction. For fixed values of £, the r
distributions” are polynomials of the 3™ order in r, the entire
expression consisting of r multiplied into a parabolic expression
in r. The energy distribution for the kinetic energy R of the
recoil is thus even simpler; we can write

R = r*/(2 M) (14)

P(E,R)dEdR

' 15
=%IF(Z,E) E‘]+bq+g(2MR——p2~q2) agar. | %

For fixed R values, this equation shows the same general shapes of

- the B-energy distribution as (13) and give, for fixed E values, a
. linear dependence on R.
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The (E, ¢) Distribution®.

While the (E, 0) distribution and, in some respects, the (£, r)
distribution are very simple, this is not the case for the (E, ¢)
and (r, @) distributions. This fact is of course entirely due to
the conservation laws and is apparent from (10) and the corre:
sponding curves for constant ¢ values in Fig. 1. It is immediately

Fig. 4. Momenlum triangle for E, = 8, E = 5, and ¢ = 3. For a given value
of @, two solutions of r are obtained, viz., 7 and 7.

E2+1
2E, ’
values of E and ¢ lead to two solutions for r. This finds of course
also a simple geometrical interpretation, as illustrated by the
momentum triangle shown in Fig. 4. 2
It is also evident that a given value of E > 5 i
@ to vary between ¢’ < ¢ <=, where 0

seen that, when p>gq,i.e., E> and gg p <m, given

only permits

sing’ = q/p, < ¢ <, (16)

or, correspondingly, that a given value of (p’Zy—; permits as an
interval for E

1 o uEr——s |
W(EO_SIH(P VE%—COS‘(]?)
I<E<E = [ 17)
Foo VRN
— 2 E, for ¢ — 5"

We have written down also the limiting value for ¢ — g The
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formulas (16) and (17) constitute the limiting curves in the E, @
plane. These are illustrated in our specific numerical example
in Fig. 5.

The description by our two variables is in this case not
complete, as already mentioned. Curves for constant values of

0 45
g —>

Fig. 5. Permitted area in the (E, p) plane for E, = 8 and curves for constant r values.

............ r =175
e r=717
______ r = 3.
2
r intersect in the area ;—ZS p <mand E> %2;—1 as illustrated
0

~in Fig. 5. For r<E,—1, they extend from ¢ = 0 to ¢ = x,

for r = EO\— 1, they extend from ¢ :g to ¢ = &, whereas

for r>E§ — 1, the curves begin at ¢ =z and end at ¢ = =
again.

When performing the transformation from (13) to the (E, )
distribution, we clearly have to distinguish between the two cases
p=qand p<q.

A p<g. We find

r=—pcosg+Vq?—p?sinty (18 a)
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-and, correspondingly, by differentiation With respect to i,

. pcosg
( Vq*—p®sin® 99) '

dr
dQ(P

Consequently, we find the (E, ¢) distribution given by
P(E,¢)dEdR, — [pF(Z, E)(V #—p*sin® g —poosp)*{q (E + b) } -
—ap (psin® gt cosg VP PRI Y gt P i dEaL,,
where 0 < ¢ <m.
B: p>q. We find
r= —-pcos:!:l/q”‘——?s-iﬁ% (18 b)
and, correspondingly, by differentiation,

dr
d .Q(p

_ 2p(_*~__qpc°§"f : i1). (19b)
V¢*—psin®p

The (E, ¢) distribution adds up of two parts, one from each of
the solutions to (18b), i.e.,

P(E,p) dEd.Q¢ = (20, )+ [pF(Z, E) (}/qg—p2 sin?g+p cos<p)2
{q(E+b)—ap(psin®p—cospl ¢ —p?sin®p)}/}/ " — p?sin® g dEdQ,,
—2pF(Z, B) [{(¢*+ p*cos 2)}/ @ — p? sin® p){q (£ 1 b) —ap*sin® ¢} a0
+ 2 ap?cos? ¢ )/ 2 — p® sin? " dEdQ,,,
where @' < ¢ < m. An experimental cut-off of low velocity recoils
would affect the two terms in (20b) differently. This is the reason

why this intermediate formula is given.
In the limit of p = ¢, both (20a) and (20b) give the following

expression for g—g o<
P(p)dQ, = 4 p°F|cos @ |{(E+b) +apcos2¢ydQ,; (20d)

for O§¢§g—, they give P (¢) = 0.
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The distribution functions (20) are illustrated in Figs. 6
for fixed values of E. For p < q, the curves are quite regular
and extend from ¢ = 0 to ¢ = n. As p— q, the probability

11
for (p<-2- becomes smaller and smaller relative to the probability
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Fig. 6. Relative angular correlations for tensor and axial vector interactions per
sunit solid angle interval for E, = 8, Z = 0. ’
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for (p>:)§I until, for p = g, the probability for ¢ Sg is zero and

the distribution then extends in a regular manner from ¢ = ;—t

to ¢ = m. For p>q, the curves have an integrable singularity
at ¢ = ¢’ and extend from ¢ = ¢’ to ¢ = =. For p = p,, one
sees that ¢ = =, and it should be noted that the limiting value
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for p = py, ¢ = @, is undetermined from formula (20). For
‘values of p/q<C1, the curves for T and A interaction intersect at
tg ¢”" = — q/p; for p/q = x <1, the curves for T and A interaction

. e Tm . 14 3cos2¢"”
intersect at " > —, given by a2 = .
vy s T T 1+ 2cos2¢) (1 —cos2¢7)

70000

5000

F —

Fig. 7. Beta energy distribution for ¢p =% and E, =8, Z =0, b = a = 0.
The curves are normalized per unit interval d2 = Q S

infinitely good geometry

————————— 2 = 17100
—_ . 2 = 1/40
————— Q2 = 1/20.

This means that for small values of ¢ the 4 interaction gives a
larger probability than the T interaction; the opposite is the case
for large values of ¢; the cross-over is at ¢ = ¢'’.

Similar considerations apply to the E distributions for fixed
values of . Let us consider a special case, viz. ¢ = =. A numerical

example is shown in Fig. 7. This curve, however, calls only for
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physical interest if infinitely good geometry can be obtained. If
the instrument permits only a certain resolution as regards the
angle, the spectrum (20) has to be integrated over this angular
interval. Let us consider an idealized geometry with reception
of all particles for ¢* <@ <<m and of no particles outside this

interval. Let, furthermore, the solid angle be 2 — é (1 + cos ¢%).

It then follows that the energy distribution is simply the total
beta spectrum from E = E, down to E’ given by (17) with
¢ = p*. At this point, the curve shows a peak and leaves the
beta spectrum, approaching at low energies the spectrum for
infinitely good geometry for ¢ = n. Examples of such curves
for different values of £ are also shown in Fig. 7. The peak
values lie on the dotted curve which, for £2— 0, approaches the
double of the continuous extension of the 2 = 0 curve. This
value may be used to define the P (E,, n) value which is un-
deétermined from (20). For comparison with actual experiments®*,
one has to rely on calculated or measured angular resolution
curves which, of course, differ from the simple assumptions made
here. It is also necessary to average over the energy resolution
for both recoil and beta energy. It should be noted that a misinter-
pretation: of these resolution curves easily may falsify the pictutre.

The (r, ) Distribution.

When r and g are taken as variables, the possible inter-
section of p and ¢ in the momentum triangle lies on an ellipse,
as illustrated in Fig. 8. This figure shows the limiting case of
r =L, TJ’I, where the ellipse goes through the endpoint of T,

and where angles. g < ¢ <z are permitted. When r> E;—1,

the ellipse cuts the vector T, giving two solutions of E for each
value of ¢. For r<E,—1, the vector ¥ is entirely surrounded
by the ellipse, thus giving only one solution for E for each value

of ¢. We clearly have to make a distinction between these two
cases.

* The author is-indebted to Drs. Rustap and Rusy for sending their un-
published experimental data.’
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The limiting area in the (r, ¢) plane is given by

0<op<m for r<E;—1,
N (21)
" <e<m for r<E,—1,
where
) EZ__ I |
sing” = —0—211_——1; and gi(p—‘-S(p. (22)

Equations (21) and (22) lead, in our case, to the picture

4 q
P
7 li /—_.
- 7
<

Fig. 8. Momentum triangle for r = E,—1 = 7.

shown in Fig. 9. The figure also shows curves for constant values
of E and illustrates the existence of two solutions to F for given

values of (p>g and r> E,+ 1.

Forthe(F,r) and the (E, ¢) distributions, the Coulomb correction
enters quite naturally, since it is expressed as a function of E;
this will not be the case when the variables are r and ¢. In this
case, it is therefore natural to write down the distribution function
implicitly as a function of r and ¢ through expressions for
E = E(r, p). We distinguish between the two cases

A r<E,—1. We then find

_ Eg(E24+1—r2)—rcosgp I/(Eg -—71~—r2)9~4r2sin2<p (232)

E
2(E}—r2cos?g)

and, correspondingly, by differentiation directly of (23a) or

implicitly of (10),
‘ dE
dQ(p

. 2 p*r :
 E,p+Ercosg

24
4pir ( a_)
V(ES—1—1")2—4r?sinp
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which, inserted in (13), gives the (r, ¢) distribution

P(r,p)drd2
.=F(Z E)[rEq+brg+2r(t—p— )] = LL —— qrdn,,
’ 173 E,p+Ercosg ?
8 /%
- ./I/
. A/.;/II
/ !
5 6 /- /)
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Fig. 9. Limiting area in the (r, ¢) plane for E, = 8. Curves for constant values of
E are given. )

2.7

— . _ . E= .
_____ E = (B2 + 1)J2 Ey)
_________ E =5,

B: r> Ey—1. We then find

E\\ _ E,(Ei+1—r)Frcosg V(E:2 —1—r?)?—4rsin’g (23b)
E, } o 2 (E5—1r?cos®p) ’

and, by differentiation,

dE | _ , __ 2pr l
dQ |~ T E,p+ Ercos .
@ oP ¢ (24b)
4pir

B V(E2 —1-—r®)*—4risin®ep )

Consequentfy, one obtains for the (r, ¢) distribution
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P(l"ﬂv)dfdgq; = {F(Z:El) [TEﬂh+bT(I1+i211'(1'2_P%‘CI?)]'P?

. a ;
+ F(Z, E,) [rbzqz +brqy + 5r (1 —pi— qi)} p%} (25D

2rdrdQy
V(E;—1—

The discussion of these functions (25) is very similar to that
of (20). Forr < Ey— 1, the curves are regular and, forr> E,—1,
an integrable singularity appears at ¢ = ¢*. The two distribution
functions (25) both lead, in the limiting case r = E, — 1, to the
expression ‘

rH)2— 4,2 sin2¢

P(p)d@, — F(Z, )
E‘ 7 152 o 2‘ Ps(E “1) (25¢)
Eyqy+ bgs + 2](170 1)%—p; %1 eosel

with B2+ (E,— 1) cos’p

By = B (By— 1) cos’p }(23‘3)

forgﬁ(psyz. For oggvgg,
The total r distribution can be obtained from (13) by an
integration over E between the limits (8). In the Z =0, b = 0
approximation, the result has been given previously”. The total ¢
distribution can be found by integration of (20) or (25). This
integration leads to very complicated integrals. Numerical cal-
culations have been carried out for the neutron decay®:®.*

they lead to P (¢) = 0.

The Influence of the Recoil.

It seems of some interest to study the effects which occur
when the kinetic energy of the recoil is not neglected in the con-
servation of energy (4). We then find

Ey = E+ q+r¥2mg, (26a)

where mgp is the recoil mass. If we include the rest mass in the
recoil energy R, we get the relativistic expression

* After the conclusion of this paper, the author has received an article by -

M. E. Rose (O.R.N.L. 1591, 1953) which deals with methods of calculation for the
total distribution in certain limits.
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M=E+R+q=E, +E,+E,, (26b)

where M is the mass of the mother nucleus.
Here, it should be kept in mind that the phase space factor

rEqdEdr = EE,E; dE, dE; ‘ 27)

in (13) has the exact relativistic form when E; is inserted from
(26b)* and the limiting curves in the (E,, E,) plane are taken from
formula (6) of reference 9. This formula leads to (8) and (9)
apart from terms of the order of Ey/M.

The angular distributions must therefore be divided into this
phase space factor and the matrix element factor, and the effect

.of the neglect of the recoil in (26 a) has to be considered separately

for these two factors and for the transformations (19) and (24).
The effect on the two first factors is the same as for allowed
beta spectra, and only the effect on the transformations need to
be considered here. Let us consider a transition in which the
mother nucleus of mass M disintegrates into three particles of
mass m;, my, and m; = 0. We have then to distinguish be-

tween two cases as follows.

E1< 2(M—_m1) -

Here, the angle 6,, between the momenta p, and p, may vary
mdependently between the limits 0 << 0, < 7.

B: . (M — my)*+ m}
B> s

In this éase, we have 0, < f,, < 7, where 6y, is given by

. _ M(EP™—E) = _,
infy =——=———-; ;<0,<m. 28
sin 91; My Py o 9 e=T (28)
When terms of the order of E¢/M are neglected, (28) leads to
(16) and (22).
In case A, we find the upper sign and, in case B, both signs in

P2 =

2 2 . 9
Inzplsln 012

=pycos by [M(Ellnax“El) - mZJ +(M—Ey) I/MZ (E;naX—Elf—

[(M— E;Y —P? cos” 0y,

Dan. Mat. Fys. Medd. 28, no. 9. 2

(29)
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and .
E2 =

(M—Ey) [M(ET™ —Ey)+ m}| F py cos Oy, [/ M? (EF**— Eyy*— m,, p} sin® Oy,- (30

(M — Ey)* — pf cos b

(29) and (30) correspond to (18) and (23) in the usual limit.
By squaring E, and p,, and subtracting, it is easily seen that
the result is m3, provided the signs are kept in the order given
in (29) and (30).

Formula (10) is also valid relativistically and may now be
written in the form

2 p1ps cos Oy, = Pg —P% *Pg (31)

which, by differentiation, leads to

dPg — 2pyps Ey
“dR M-—E;)p,+ Eqpqcosf
s ( — 1) P2 2 P1 12 ‘(32)
_ 2p P Ey

L/ ME(EP B — m) pPsin® Oy

which shows the same general features as (19) and (24) and
leads to singularities in the (E;, 0,,) distributions when (28) is
fulfilled. Formula (19) is obtained from (32) in the limit
my = E, = M, and (24) is obtained from (32) directly by
inserting 2 ME, = r?, i.e. in the limit m; = M. The effect of
the tecoil is therefore a small shift in the position of the singu-
larities and then, if this shift is neglected, i. e., if (20) or (25)
is compared with the true distribution function for fixed values
of the square roots in (19), (24), and (32), the changes are of
the order of magnitude E /M, only.

The author is indebted to Professor NieLs Bour and to the
Ole Romer Foundation for financial support.

Institute for Theorelical Physics,
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Denmark.

Nr. 9 19

References.

E. GrReuLiNg and M. L. MeEks, Phys. Rev. 82, 531 (1951).

L. C. BiEDENHARN and M. E. Rosg, Rev. Mod. Phys. 25, 729 (1953).

S. E. DeGroor and H. A. ToLHOEK, Physica 18, 456 (1950).

G. ALaca, O.Koroep-HanseN and A, WiNTHER, Dan. Mat. Fys.
Medd. 28, no. 3 (1953).

H. A. Tornogexk, Thesis, Utrecht (1951).

ReyNoLps, BiepENEARN and Bearp, Qak Ridge Nat. Lab., Report
O.R.N.L., 1444.

J.S. Arren and W. K. JeEnTscHKE, Phys. Rev. 89, 902 (1953).

M. B. Rustap and S. L. Rusy, Phys. Rev. 89, 880 (1953).

O. KoroED-HANSEN, Phys. Rev. 74, 1785 (1948).

T. Korani, H. Takepr, M. Umezawa and Y. Yamacucui, Prog.
Theor. Phys. 7, 469 (1952); 8, 1411 (1952).

0. Kororp-Hansen, Phil. Mag. 42, 1411 (1951).

Indleveret til selskabet den 15. jannar 1954,
Fzerdig fra trykkeriet den 26, juni 1954.






