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A comparison with the experimental B 12 spectrum indicate s

that this limit may be lowered by . a factor of two .

The Coulomb correction to the spectrum (15) is, apart fro m

the usual factor F(Z, W), small for these low Z spectra .
The influence of the pseudoscalar interaction on first for-

bidden 0 - 0 (yes) transitions may be found also from equatio n

(13) . PETSCHEK and MARSHAL have tried to fit the Ra E spectrum

on the assumption that the transition is of this type and involve s

a mixture of tensor and pseudoscalar interactions . Their results

depend essentially on a cancellation of large shape independen t

terms in the spectrum . Under such circumstances small term s

like the second in . (6 .1) may be important and further invest-

igation of this point is needed .

Neglecting this second term in (6 .1) PETSCHEK and MARSHA K

derive

ig5(f1ßy5ji)

	

1 3

g3(fIßa .rr ) *

which by means of the estimate (7) leads to I g 5 fg 3 I
se 150. Such

a large value of g 5 seems difficult to reconcile with the observe d

shape of allowed spectra (cf . (16)). However, it is stressed that

the estimate (7) of the relative orders of magnitude of matrix

elements is based on the assumption that the nucleons move in a

simple potential .
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The intermediate coupling treatment of the unified nuclear model, discusse d
by A. Bonn and B . MOTTELSOx, is extended to a study of the nuclear Ievel structur e
for a single j = 5/2 particle coupled to the nuclear surface oscillations of the qua-
drupole type . Magnetic moments and quadrupole moments for the nuclear groun d
states for j = 5/2 and j = 7/2 configurations are also considered . Wave function s
are used, including all unperturbed states with up to three phonons, and th e
energies and moments are calculated as a function of the coupling strength . We
should need the inclusion_of states with still more phonons to make detailed contac t

. with the strong coupling region . However, even for the intermediate coupling
strength for which the present results are valid, various features of the strongl y
coupled system are beginning to develop .

I . Introduction .

In the unified description of nuclear dynamics" 2, the nu-

cleus is considered as a shell structure capable of performing
collective oscillations . The state of the system is thus describe d

in terms of individual-particle and collective degress of freedom .

The former represent the most loosely bound particles, while th e

latter represent the bulk of the nucleons which cannot be individ-
ually excited at moderate nuclear excitation energies . The most

important of the collective types of the motion are oscillations in

the nuclear shape which resemble surface oscillations .

The collective motion involves variations in the nuclear field
and is, therefore, coupled to-the motion of the individual nucleons .

The properties of the system depend essentially on the strengt h

of this coupling, which again depends on the particle configuratio n
and on the nuclear deformability .

The coupled system possesses simple solutions in the limi t

of weak and strong coupling . In the former case, the particle an d

the collective types of motion are approximately independent an d
the effect of the coupling can be treated as a small perturbation .

1 A. Bonn, Dan . Mat . Fys . Me'dd . 26, no .14, 1952; in the text quoted as A .
2 A. Boas and B . MOTTELSON, Dan . Mat . Fys . Medd . 27, no . 16, 1953 ; in th e

text quoted as B .-M.

1 .



4

	

Nr. 4

	

Nr. 4

In the latter case, the system bears analogies to molecular struc-

tures ; the nucleus acquires a large deformation and the stationar y

states can be characterized by the motion of the particles -with

respect to the deformed nucleus and the vibration and rotatio n

of the structure as a whole .

A weak coupling situation is expected in the vicinity of majo r

closed shells, where the high stability of the spherical nuclea r

shape makes the coupling relatively ineffective . With the additio n

of particles, the coupling increases and, in regions far remove d

from closed shells, the strong coupling situation appears to b e

rather accurately realized, as evidenced in particular by th e

nuclear rotational spectra (cf ., e . g ., B .-M . § VIc) .

In many nuclei, however, neither the weak nor the strong

coupling solutions are adequate, and it is necessary to develo p

methods to analyze the properties of the system also in the inter-

mediate coupling region, me calculations to this effect hav e

been performed (B .-M . § Itb .iii), using the representation of un-

coupled motion similar to that used by FoLnY and MILFORD 1 ,

and diagonalizing the Hamiltonian, including states containing u p

to a certain number of quanta of the surface oscillations . The

method is somewhat similar to the Tamm-Dancoff 2, 3 method of

field theory. In the present paper, we apply this method to further

studies of nuclear properties in the intermediate coupling region .

Calculations of this type become rather complex when the

number of unperturbed states included in the wave function be -

comes too great, and we therefore restrict ourselves to the simples t

type of system, that of a single particle with a constant angular

momentum j coupled to the nuclear surface oscillations o f

lowest order (the quadrupole oscillations) . In the description o f

nuclear states, it will often be necessary to consider many -

particle configurations and also to take into account that the

interaction with the surface oscillations may couple together par-

ticle states with different values of j . It is expected, however, that

the simplified system considered will contain many of the charac-
teristic features of the intermediate coupling situation and illu-

strate the gradual transition from weak to strong coupling .

I L. L . FoLDY and F . J . MILFORD, Phys . Rev. 80, 751, 1950 .
2 I . TAMM, J . Phys . U.S.S .R . 9, 449 . 1945 .

8 S . M . DANCOFF, Phys . Rev . 7S, 382, 1950 .

In Section II, we give the equation of motion and derive the
general formula for the evaluation of matrix elements for the
particle-surface interaction. In Sections III, IV, and V, we consider
level structure, magnetic moments and quadrupole moments ,
respectively, for a number of configurations .

	

.

II. Equation of Motion ; Method of Treatment .

We consider the dynamical system consisting of a single
particle with angular momentum j coupled to the quadrupol e
oscillations of the nuclear surface . The total Hamiltonian of th e
system has the form (we follow the notation of A. and B .-M . )

H = Hs (a2µ) + Hp (x) + Hint (a2 ,u, x)

where the surface energy Hs is equivalent to that of a system of
harmonic oscillators and is given by

(1

	

1
Hs(`r2 w ) -/, 1 2B 3 , asul 2+ 2 cs l a 2 P

in terms of the mass parameter B 2 and nuclear deformability C
(defined in A . and B .-M.) . The frequency of the surface oscilla-
tions is given by

The particle Hamiltonian Hp is a constant, since the particle
is assumed to remain in the same orbits so that only the degree
of freedom associated with the orientation of its state is taken
into account .

The interaction energy Hint represents the coupling of the
particle to the nuclear deformation and to first order i n
takes the form

Hint (a2y, x ) = - k~ a20721 (O, . . . .

	

(4)

where @, are the polar angles of the particle and k is the couplin g
constant.

(1)

1 2 (2)

(3)

a2 y
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The effect of the particle-surface interaction may be con-
veniently characterized by the dimensionless coupling paramete r

'Tr =Y j ; NR ; IM> <j ; NR ; 1îV11 >

	

(6)
N R

where the state of the surface is characterized by the number o f

phonons N, each havig an anugular momentum of two units ,

and by R, the total angular momentum of the surface . I and M
denote the total angular momentum of the nucleus and its Z

component, respectively .
In order to evaluate the matrix elements of H 1nt , it is con-

venient to write the surface variable a 2 in terms of creation

and destruction operators b~ and b , respectively. The express -

ion (4) for Hint then become s

lHint (a 2 u) = - k) , '

Using the decomposition

j : NR ; IM>

	

1 jrn > I NR t' > (jRm u ' I jRIM)	 (8 )
rn Its

where the first two terms represent the particle state vector an d

the surface state vector, respectively, and where (jRni u' 1 jRIM)

is the Clebsch-Gordan coefficient' for the composition of angula r

momenta ; we obtain for N' > N

<j ;NR ;IM1 Hint ! 1 ;N'R ' ;IM >

mni',ay',u "

x (jRm1c' jRIM) ' (jR'm';u" jR ' IIVI) • • • . . .

E. U . CoNDON and G. H. SHORTLEY . The Theory of Atomic Spectra, Cam -

bridge University Press, 1935 .

The general matrix elements of < Y2 > have the form

<lsjmY21,, 11sj 'in ' > = <lsj11 YsMlsj'> .(j'2m'm-m'Ij'2jm)"	 (10)

where I is the orbital angular momentum and s the spin of th e
particle .

The function <Isj Y2 IIl ' sj' > is evaluated and is given by

< lsj II 17,11 Iv' >

4n
V(21+1)(2j'+1)W(j'I'jII'/22) .(1'20011'210) . . . (( 11 )

where W(j'l'j1I 1/ 2 2) is a Racah coefficient, the values of which)

have been tabulated' . It can be shown that < Isj II Y2 11 I ' sj ' >
depends only on j and j ' and not on I and I' , provided the com-
bining states have the same parity .

Similarly, we can write out the matrix elements of < bp >
in the form

<NRMR
I
bµ l N 'R' MR' > = < NR II b f 1 N R'> • (R 2MR,u 1 R 2 R ' MR+,u)	 (12 )

In evaluating the function < NR II b II N' R' >, it is convenient t o
write the phonon states in terms of Boson creation operator s
acting on the ground state of the nuclear surface . As an illustra-
tion, the two-phonon state with angular momentum R can be
written as

2Rni> = Å

	

(22,uu' 22Rm) . bpb L,,0> . . .

	

(13 )

where A is the normalization factor of the state vector and i s
obtained by computing the absolute value of ' (22 pi/ 22 Rm)

x b~ b~, I 0 > . The values of < NR II b 11 N'R' > have been evaluate d
for all states involving up to three phonons and are given i n
Table I .

By means of (10) and (12), one obtains from (9) an expression
for the matrix elements of Hint which involves products of fou r

* Note that our notation (lsj II Ya II l'sj') is not the same as RACAH's . Th e
relation is V2 j+ 1 • (1411 Ya [[ l'sj' >ou r = (Is/ II Ya [I 1' sl ')Racar,'s (Cf . Phys . Rev. 62 ,
438, 1942) .

1 L . C . BIEDENHÆRN, J . M . BLATT, and M . E. RosE, Rev . Mod . Phys . 24, 249,1952 .

given by
/5

	

1

	

k

4gr V4j Vhw C

For x l/ j << 1, the coupling is relatively ineffective and can b e

treated by perturbation method ; for x» 1 the strong coupling

treatment again provides a simple solution of the coupled motion .

In the present intermediate coupling treatment, we shall us e

the representation of uncoupled motion and thus write the wav e

function

(5)

• (bFL + (- 1)µbLi,)=S,u (O, tP)- . ( 7 )
2C

	

,

2 C

	

<jrn I Y2 1~
IIm' > • <NR,r.c'

1 b ~ 1 1,,,R ,~„ >
(9)
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TABLE I .

The values of < NR II b I I N' R' > factors.

Clebsch-Gordan coefficients . Summing over the magnetic quantu m

numbers we finally obtain

<J ;NR;IMI HsntIJ ; N'R' ; IM >

_ (
-1)RTIT

1 -''k .~2C'
V(2j+1)(2-R ' -~ 1) W(R'RJjI 2I) (14)

X <Isjf1Y2f11sJ><NRIIbIIN'R'>	

We now obtain an approximate solution of the equation of

notion by including in the wave function (6) only states involvin g

up to a certain number of phonons and by diagonalizing this

restricted system. Assuming first a value for the eigenvalue ,

one may solve the linear equations in the amplitudes <j ; NR ; IM l >
and, in turn, obtain an improved energy value. Such an iteration

method was found to converge rapidly .

III . Level Structure .

We have studied the level structure for a particle with j = 5/2
coupled to the nuclear surface . The case j = 5/2 was chosen
because, with increasing j, the number of phonons occurring fo r

a given coupling strength increases . On the other hand, for j = 1/2, -
the coupling vanishes and, in case of j = 3/2, there is no

regular strong coupling solution with which to compare .
We have calculated the energies as a function of the cou-

pling parameter x of the two lowest I = 5/2 states of which the
lower represents the ground state of the system ; besides these ,

S/2
Fig . I . Level structure of a single j = 5/2 particle coupled to the nuclear surfac e
oscillations . Energies of the two lowest states of I = 5/2 in units of h w have been

plotted as a function of the coupling parameter x = 1/
4

. 1 / ; .	 c . Th e

lower curve represents the ground state of the system . The other four curves represen t
the energies of the lowest states for types I = 1/2, 3/2, 7/2, and 9/2 . Wave -
functions including all unperturbed states with up to three phonons have been use d
in the calculations . The results obtained are believed to be reliable for x ( 1 • 5 .

(00IIbII12) = 1

(12IIbII20) = V2

(12IIbIl22) = V2

(12IIbII24)= V2

(20IIbII32) _

	

7

5

(22IIb30~ V 3

(22IIbII32) =

f
(22IIbII33) =

(22ilbII34) =

(2411b!132> _

(24IIbII33) _

(24IIbII34) =

(24IIb1I36) _

1 5

1 0
7
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the energies of the lowest states of types I = 1/2, 3/2, 7/2, and

9/2 have also been evaluated . In the calculations we have include d

all the unperturbed states including up to three phonons . The

results obtained are shown in Fig . I .

The region of validity of the present calculations can be seen

from the magnitude of the amplitudes of the three phonon states

and it is found that significant effects of states with a higher

number of phonons are to be expected for x larger than 1 .5 .

It may be added that a comparison with the results obtained b y

only including states up to two phonons shows that the latte r

approximation is only valid for x < 1 .

In Fig. II, a comparison is made with the strong couplin g

spectrum which is valid for x» 1 . In strong coupling, the

ground state has the quantum numbers I = K = S2 = j = 5/2,

and the lowest excited states are given by the rotation spectru m

2

Erot =

	

• LI (I-I-- 1) - Io(Io .+ 1) 1 	~

where I = 1,Io+1,I0+2,	

The vibrational excitation of the strongly coupled syste m

requires an energy approximately equal to the phonon energy

hw . At about this energy, another set of rotational states begin s

which, for j = 5/2, contains all possible values of L Finally ,

particle excitations involving a change of the quantum numbe r

S2 require an energy of the order of x2 hw .
The comparison in Fig . II shows that, already for the values

of x reached by the present intermediate coupling calculations ,

some of the features of the strong coupling spectrum are begin-

ning to develop . In particular the I = 7/2 and I = 9/2 states ,

which for x» 1 become the first two rotational states, ar e

relatively strongly depressed .
It must be stressed, however, that there is a significant ga p

between the regions of validity of the two methods of treatment ,

and the interpolations, shown in the figure by dotted curves ,

cannot therefore claim quantitative validity . In order to carry

the present calculations to such large values of x that a detaile d

contact with the strong coupling spectrum can be made, it woul d

be necessary to include in the wave function many more phonons,

which would make calculations with the present technique s
rather impracticable .

The present results can be compared with those obtained
by FORD 1 who has calculated the level structure for a singl e
particle (j = 5/2) configuration in the coùpled system by using
the strong coupling approximation. The nuclear parameters as -

3

ir',

f

	

2

	

3

	

4

	

5

_ X

Fig . II . A comparison is made between the energy levels obtained from the inter -
mediate coupling and strong coupling treatments . The curves plotted on the left -
hand side are those in Fig . I which have been plotted with respect to the groun d
state energy . On the right-hand side are those obtained from strong couplin g
solution where the low lying states may be characterized as rotational and vibra-
tional states . As indicated in the figure, there is a significant gap between th e
regions of validity of the two methods of treatment, and the interpolations show n

by dotted curves cannot claim quantitative validity .

sumed by Foal) lead for A = 100 and A = 200 to the x-values
0.65 and 0 .90, respectively, and the results of the intermediate
coupling calculations shown in Fig . II should therefore be rather
accurate. The level structure obtained shows, however, some
essential deviations from that given by FORD . The energy value s
listed by FoaD are too small by more than a factor of two . Apar t
from the three lowest states, the strong coupling approximation
also- leads to a different level order from that obtained by th e
proper intermediate coupling calculations . The conclusion that
a single particle configuration does not lead to a strong couplin g
situation was also drawn by FORD from other arguments .

1 K .W . Four), Phys . Rev . 90, 29, 1953 .

(cf. B .-M ., p. 96)

(15)
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IV. Magnetic Moments .

For the coupled system consisting of a single particle and th e

nuclear surface oscillations, the magnetic moment is given by

= <g;jZ+9'RRZ %M = I

= psA - (Slj - gR) < R z iM = 1 ,

where gi and gR are the g-factors of the particle and the surface ,

respectively, and where ,usp = gij is the single-particle magnetic

moment. For the wave function (6) one obtains for j = I

< RZ>M=I = <j ; ,NR ; INI I>i
2R

2( I

(R

+

-f-

+ 1 )

1)
(17)

while in strong coupling <R z > M = I approaches the valu e

I
<Rzi,vr

	

=
I+1

(18)

for j = I > 5/2 .

The expression (17) has been evaluated for the nuclear ground

states for j = I = 5/2 and j = I = 7/2, using wave functions

including all states with up to three phonons . Since, for a given

value of x the number of phonons present in the coupled syste m

2

	

3

	

4
Fig. III. The figure illustrates the transfer of angular momentum from the particl e
to the surface oscillators as a function of the coupling strength . The curves for

j = I = 5/2 and j = I = 7/2 have been obtained by using wave functions in -
cluding all unperturbed states with up to three phonons . For comparison, the curve s

obtained by B.-M. for j = I = 3/2 and j = I )) 1 have also been given (cf . thei r
Fig. 10) .
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increases with j, the three phonon approximation begins to break
down for lower values of x in the case of j = I = 7/2 than for
j = I = 5/2 . In the former case, the results are considered to b e
reliable only for x (1 .

The results of the calculations are shown in Fig . III which
gives (I+ 1)/I . < RZ>M = r as a function of x . The curves in

the figure approach the value unity for x» 1 . In Fig . III are
also plotted, for comparison, the curve for j = I = 3/2, which is

obtained with four phonons and the curve for j = I» 1, which

is obtained from a semi-classical treatment of the coupled equa-
tions. The curves have been given by B .-M . (Fig. 5) . For j = I
= 3/2. there is no regular strong coupling solution and the curv e

is expected for large x to approach a value somewhat in excess
of unity (cf. B .-M ., Ap . III .ii) . The various curves in Fig . II I
appear to follow a fairly regular pattern .

V. Quadrupole Moments .

For the coupled system the total nuclear quadrupole momen t
is given by

Q = Qp+Qs	 (19)

where Qp is the contribution of the particle and Qs is that of
the surface deformation. It is expected that, in general, the latter
term contributes the main part of the total Q .

The quadrupole moment QS for a uniformly charged nucleus

is given" by
3 ZR ô

Qs=
v5n

<"zo>M= . .

where Z is the nuclear eharge and R o the mean radius of th e
nucleus . Since the particle-surface interaction energy is a linea r
expression in (X2 to the matrix element in (20) may be conveniently
evaluated by using the Schrödinger wave equation* ; one then
obtains

1 <j ;NR ;IMI >12(N+IEI)	 (21 )

NR

* I am indebted to Dr . K . ALDER for suggesting this method.

(20 )

< azo)M-I=
V 5n

	

8I

	

I-t w

5

	

(2 I-F- 3) k



-P(x) =
1(21-1 )

(I -I- 1) (21+ 3)
(24)
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1	 4(1+1 )

x2 (21+3)(21-1
NR

j ;NR ;INTI>12(N+IEI)	 (25 )
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Fig . IV. The figure shows the afädual development of the projection factor fo r
the quadrupole moment in the coupled system as a function of the couplin g

strength . The curves for j = I = 5/2 and j = I = 7/2 have been obtained by
using wave functions including all unperturbed states with up to three phonons .

For comparison, the curves obtained by B .-M. for j = I = 3/2 and j = I )) 1
have also been given (cf . their Fig . 10) .

It is convenient to write the collective part of the nuclea r

quadrupole moment in the form (cf . B .-M ., Chapter V)

Q3 = Qo x PQ (x)	 (22)

where
3 ZRo k (2 I-1)

(23)
4?r C.

	

2(1+1)'

and where PQ (x) represents a projection factor which is equal

to unity for x « 1 and approaches for x» 1, the value

In strong coupling, where the nucleus performs small vibrations

about a certain equilibrium deformation, the quantity Q 0 repre-

sents the instrinsic nuclear quadrupole moment measured with

respect to the axis of the deformed nucleus .

The transition from weak to strong coupling may be con-

veniently described in terms of the gradual development of th e

projection factor (24) . For the intermediate coupling wave func-

tion, one obtains from (20), (21), (22), and (23)

This expression has been evaluated for the states j = I = 5/2 and
j = I = 7/2, for the wave function including all possible state s
with up to three phonons, and the results are given in Fig :-IV .
In this figure are also shown the intermediate coupling projection
factors obtained by B .-M. (cf. their fig . 10) for the states j I
= 3/2 and j = I» 1 . The present results tend to confirm th e
interpolated values of PQ (x) employed by B .-M . in their analysis
of empirical quadrupole moments (cf. Table IK of this reference) .
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