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Introduction.

In the theory of nucleons and mesons we deal with a situation
in which the coupling between the two fields is not small
It is, therefore, of importance for the treatment of such problems
to develop methods more powerful than perturbation theory.
The divergence difficulties inherent in current field theory neces-
sitate a formulation of the non-perturbation approaches which
allow for an incorporation of the idea of renormalization of mass
and charge. In practice, this implies as a necessary condition
that the formalism must be covariant.

The method proposed by SavperEr and BetHE [1], [10] for
the treatment of the two-body problem is an example of such
an approach. A general theory of a similar kind has been initiated
by ScuwiNGER [2]. In this theory, one starts from the consideration
of certain combinations of vacuum expectation values of time
ordered products of field operators, the so-called Green’s functions.
In general such quantities obey inhomogeneous equations of
motion. It can be seen that the study of the oscillating solutions
of the corresponding homogeneous equations provides information
about the energy and momentum values of stationary states of
the system. According to Schwinger, these homogeneous equations
apply to scattering problems as well. By his method, equations
of the Bethe-Salpeter type can be established without reference
to the limit of no interaction. However, it scems rather difficult
by means of this kind of approach to obtain a clear under-
standing of the nature of the wave functions which obey the
homogeneous equation.

Partly to overcome this problem, HrsexBeEre [5] and
FreEesE [4] have proposed to start directly from a definition of
the wave function for the problem. In the general formalism
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developed by Freese it is shown how, for each state of the system,
one can construct an infinite set of wave functions from free
field Green’s functions and matrix elements of time ordered
products of field operators. The construction is such that the
discontinuities in the matrix elements are compensated by
corresponding discontinuities in the free ficld Green’s functions.
Consequently, Freese’s wave functions obey homogeneous equa-
tions of motion. The infinite set of wave functions constitutes a
generalization of the Fock representation in the configuration
space for free fields to the case of interacting fields. For some
problems one can substitute the infinite set of wave functions
by essentially one function, only. The equation obtained for this
function is of a similar structure as the equation of the Bethe-
Salpeter type following from Schwinger’s theory, but is in general
not identical with Schwinger's equation. Omne reason for this
may be found in the fact that free field concepts enter in Freese’s
representation.

In the present paper, an attempt is made al modifying the
.ideas of Heisenberg and Freese so as to unify their theory with
that of Schwinger, and thus to combine the advantages of both
formalisms. To this purpose, we employ the technique of
variation of external sources developed by PrIErLs and
ScawINGER [6]. In Section 1, a survey of this method is given
in a form which is convenient for our purpose. In Section 2,
we relate to any state of the system a functional of the sources.
The variational derivatives of this functional with respect to the
sources define an infinite set of amplitudes. These are shown
in Section 3 to generalize the Fock representation to non-linear
fields. No reference to free field concepts is made in the de-
finition of the state vector amplitudes. Several simple properties
of the Fock representation are maintained in the non-linear
case.

The problem of the construction of the scalar product of two
states given in this configuration space representation has not
been solved. Until further progress is made one must, therefore,
use the term representation with some reservation. The equations
of motion, in the configuration space representation, are derived
in Section 4. Finally, in Section 5, a preliminary discussion is
given of the one-nucleon problem and of the two-nucleon problem.
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The corresponding equations of motion become identical with
those following from Schwinger’s theory.

Much of the discussion given by Freese can directly be taken
over to the present formalism and is not repeated here. In parti-
cular for the discussion of scattering problems, the reader may
be referred to Ireese’s paper.

All considerations below are of a highly formal character in
so far as we have completely neglected the divergence difficulties.
However, the renormalization theory, for instance in the form
given by Kirr¥n [8], can easily be incorporated in the present
formalism.

The author wishes to express his gratitude to Professor
C. Meller for much encouragement and many stimulating dis-
cussions during the performance of the present work. He has
also profited greatly from numerous discussions with the members
of the CERN Study group and the guests of the Institute for
Theoretical Physics, University of Copenhagen. In particular, it
is a pleasure to thank drs. R. Haag and N. Hugenholtz for their
kind interest and helpful comments on the subject of the present
paper. TIinally, financial support from ‘“Statens almindelige
videnskabsfond™ is gratefully acknowledged.

1. The field eqﬁations including coupling to
external sources.

With the aim to illustrate the general method we con-
sider the example of a spin one-half field (nucleons) coupled to
a scalar neutral meson field. With a suitable symmetrization of
the interaction terms, the equations of motion are

(@ + M) py () + (4/2) L up (), po () } = 0,
(4 M) By () +(4/2) { ug (), oy () } = 0, (1.1)
(— 00 + m?) g () + (4/2) [Fo (), 30 ()] = 0.
Here, 1 is the coupling parameter, and # and 4 denote

D= p,08/0x,, 9 =—y,0[0x,,
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where yﬁ is the transposed of the matrix y,. The index x runs
from one to four and x, = (2;, 23, 5, 24), 24 = il. As usual,
T, is defined in terms of vy, the Hermitian conjugate of v,, as
Ty = Wy ¥e. The units chosen are such that i = ¢ = 1.

As mentioned in the introduction, we employ the method of
variation of external sources developed by PEIERLS and ScHwiIN-
GER [6]. Therefore, we introduce external sources for all three
kinds of fields and thus modify the equations (1.1) to

I

@+ My (@) + G2){u@,p @)+ 9@ =0,

@+ M)+ D) {u@, @} +P@) =0, ¢ (1.2)
(— O+ m)u(x)+ @A2) [ @, v@] + 1@ = 0.

By omitting in these equations the subscript attached to the field
operators in (1.1) we distinguish the source-dependent field
variables from the usual ones describing the closed system. In
the following, we assume that the sources vanish for both 1%
and |#| tending to infinity. With this restriction the equations
(1.2) can be supplemented by a boundary condition which
requires that the source-dependent field operators become
identical with the usual source-free fields in the infinite past.
Considering such solutions only we can regard the ficld variables
as functionals of the sources. As no other solutions of the equations
(1.2) will be considered in the following, it is superfluous to
discriminate by any label this retarded solution from other
possible ones. :

We take I(x), the cxternal source of the meson field, as a
c-number. Of course, one could also treat the external spinor
sources as c-numbers. However, this is not what we shall do.
In order that the external sources be useful, one should take the
spinor sources as the analogue of c-numbers for the fermion
case, i. e. as quantities such that

{p @), 0 @) ={p @, 2@ ={F@.7@&) =0, (13
and

{@ (@), wo (@)} = {@ (@), yo ()} =0

(1.4)
{o (@), P (@)} = {7 (@), Py ()} =0,
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while ¢ and § commute with I (and of course with any other
c-number). For the further specification of the manifold of pairs
of spinor sources it is advantageous to write ¢ and @ in the form

g(x) =06, f (),

(1.5)
7(x) = O g (x),

where @, is a constant operator which commutes with f and g

and anticommutes with w, and %,. Hence, due to (1.4) and

(1.3), { and g commute with %, and ¥, and satisfy

@, FE)) =@, 9@ ={g@,g @)y =0 (1.6)

As is well known, essentially only one such quantity &, exists,
viz. the parity of the difference AN between the number of
nucleons and the number of anti-nucleons. In terms of the field
operators, AN is

1 il
AN =\ G 0. G o] @3 (1.7)
We choose @, as
@y = (— 14N = parity of AN, (1.8)
thereby mnormalizing @, so that @} =1 and 0,]0> = [0,

where | 0 > is the vacuum statc of the source-free system.

Corresponding to any pair f, g, we define the domain of pairs
of sources obtained by allowed variations as the totality of
pairs of the form f4- 6f, ¢ + 3¢, where df and dg are infinitesimal
and anti-commute with f and g, i. e.

(07 @). f))={0g (@), f&} =0, |
: (1.9)
(F @), g @) =g @, g @) =0. |

It should be noted that (1.9) is not a consequence of (1.6). For
any pair f, g we now require the manifold of allowed variations
to be so large that we, from a relation of the type )

S[af(x) K(x) 4+ 8g(x) L(x)| d*x =0, (1.10)
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holding for all pairs of allowed variations, can conclude that
K (x) and L (x) vanish identically. In (1.10), K and L are con-
sidered as quantities of the same nature as f and g.

This last mentioned property of the spinor sources, together
with (1.6), is all we need for the formal calculations below. The
consistency of all requirements is demonstrated in Appendix I
by the construction of an example of a possible domain of pairs
f» g. As shown there, one can imagine the quantitics f, g, or as
we shall say, the f-number pairs, to be infinite matrices. It should,
however, be emphasized that the f-number pairs will be treated
as a kind of numbers and not as operators. In other words,
all matrix elements are matrix elements in the space of the
source-free operators only, and are, for the res, quantities of
the same nature as the f-number pairs. Thus, corresponding
to (1.5) and the fact that the parity of the vacuum state of the
source-free system is unity, we write

COlp@ | Po=Ff(x){01@,| P>=f(x)<0I¥>. (1.11)

In this relation | ¥) can be any state.

By means of the field equations one can easily see that the
spinor sources anticommute with the source-dependent spinor
fields and commute with uz. This statement is based on the
essential property of the source-dependent fields that v and ¥ are
odd functionals of quantities which anticommute with the spinor
sources, while u is an even functional of such quantities. Thus

{9 (@), v (@)} ={7 @), p ()} =0,

. (1.12)
{p @), 7 @)} ={p @), @) =0.

Similarly, it can be verified that allowed variations 3¢ and 3
anticommute with ¢ and % and commute with u. By allowed
variations we here understand variations of the form d¢p = G f
and 6p = @ydg, where 6f and dg satisfy (1.9).

Conversely, we could also have started from (1.12) instead
of (1.4), as (1.4) follows from (1.12), the field equations (1.2)
and the retarded boundary condition.
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One further remark may be useful here. It can easily be
verified from (1.2) and the boundary condition that the canonical
commutalion relations

e &, D, 5 @, D) = (7)ep 0 ( — )

. (1.13)
[w(@, B, u@, )]=id(@x—22
hold in the source-dependent case also.

We can now formulate the following main theorem as regards
the dependence of the fields on the sources. For any infinitesimal
variation 7 of the meson field source, and for any pair of allowed
variations dp and J@ of the spinor sources, the corresponding
variations of the fields are given by

t

oy (@) = 11 8W (@) dt ', p ()],

o7 () =i [\3W (@) d* ', 7 @], (1.14)

du(x) = 1’[5:3“7(.%') dta’, u(x)],

where the infinitesimal operator dW is

OW () = 07 (x) p (x) + P () 0p (x) + u(x) 6I(x). (1.15)

The statement (1.14) is included in the general variation
principle for quantized systems formulated by Scuwinger [6]. It
is, however, quite easy to prove (1.14) directly from the field
equations. Evidently, (1.14) i$ in accordance with the boundary
condition. Therefore, we only need to show that the variations
(1.14) satisfy the varied field equations. For instance, from the
first equation (1.14), we get

f
(D -+ M) 8y (x) — i[Sf W (') déa’, (B + M) v ()]

+ N @F oW @, 0, e @),



10 Nr. 12

which by the field equations, the properties of the sources, and
the canonical commutators becomes

(@ + M) oy () + (42 {u (x), oy (x)}
+ (A2){8u (x), p ()} + dp (x) = 0.

This is precisely the equation one would have obtained by
varying the first equation (1.2). In a similar manner one obtains
the other varied field equations, and this verifies (1.14).

In concluding this section we shall reexpress the contents of
the variational equations (1.14), using the notion of variational
derivatives. Consider a functional, @ [p, @, I] say, of the sources.
Assume, that one can write the variation of this functional in
the form

601y, 7. 11 = | [3£(2) A(0) + 39 (&) B@)+81(x) C () dix = 0,

holding for any infinitesimal allowed variations of the sources.
Then, the quantities 4, B, and C are uniquely determined. This
follows from the conclusion drawn from (1.10). We can thus
define A, B, and C as the variational derivatives of the functional
@ corresponding to variations of /, g, and I, respectively. It is
convenient to introduce the notation

A(x) = 0D (g, p, Il[of (x),
B(x) =02 [p, 7, I]/dg (x),
C(x) =0 p,p, 101 (x).

It should be emphasized that, for instance, df () and A () do
nol commute in general. The variational derivatives introduced
here are thus left-hand derivatives. In a similar way, one could
introduce right-hand variational derivatives.

As above, let | 0> be the vacuum state of the source-free
system and let | ¥ > be any other source-independent state.
From (1.14) we get

1—e(x' —x)

{0 lp(x)|¥Hr=1i 3

—

X017 (@) 8 (x") + 87 () (&) + B I()-u (@), w()] | > d*a’.
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As usual, & (" — x) is the step function (¢’ — #)/| ¥ — ¢ |. From
this equation we infer, using the properties of allowed variations
and relations like

CO1dg (x) =0f(x) 0| By =5f(x) {01, (1.16)

that
e o S R U TCORTCN I 29
PRI I ey, pa i, (11D
i'6<0(sl}p((,§))lw> - ‘1_€(§’_x)<01[u<x’), ()] 1.

In a similar manner, one may oblain expressions for the vari-
ational derivatives of matrix elements of the other field variables.
The minus sign on the left-hand side of the second equation
originates from the reordering Pd¢ = — ¢ P necessary to obtain
the left-hand variational derivative with respect to f.

2. Generating functionals for ordered products
of field operators.

The ordered products considered in this section can all be
constructed from one operator T which, as we shall see, is the
generator of the time ordered product as deflined by Wick [9].

i) The time ordered product.

We introduce an operator T by the variational equation
5T:~iT56W(x) dx (2.1)

and the boundary condition T =1 in the limit of vanishing
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sources®. The infinitesimal operator 6 W, defined by (1.15), is
closely connected to the total variation of the operator

W) =7 @ @ +7@yp@) +I@ul@. (2.2)

It follows from the properties of the sources that
[6W ("), g(x)] = [6W(x), P(x)] = [6W(x"), I(x)] =0, (2.3)
whence, by (1.14),

Siow W () = W () + is W (), W) de'.  (2.4)

We ghall verify in dectail that the solution of the varialional
equation (2.1) is given by

T = P exp {~ iSwW(oc) d;r.}

— 0

zﬁ (= l) S M P{w () - W(@™)),

wf

(2.5)

n=0

where P orders the W-factors in the reverse sense of Dyson's [3]
chronologically ordering operator. Thus, if a' antedates x®,
then W (™) appears to the right of W(x*) in the P-ordered
product. To prove (2.5) we first consider the variation of an
ordinary product of W-factors. By (2.4) we get

S{ W) W")... W™

— "gw (x) dx| W (x) W(z") ... W (™)
B e

+i ;%/_(O;') (5} W () dx> W@y ... W (@)
I
W) W)W (@) <S°3 W (x) dx)—l—

:li< n}

(2.6)

* For a more general discussion it might be of advantage to consider another
solution of the variational equation (2.1) corresponding to the boundary con-
dition T =S for ¢ = @ = I =0, where S is the S-matrix for the closed system.
All considerations in the following remain valid for this choice of solution.
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FOW (). W) ... W (&™) L(2.8)
+ ..
+ W) W) ... 6W @™

W (@) W) .. W(:c("))-g% W (2) de,

where we have collected -the contributions from the commutators
between 0 W and W in an obvious manner. The complete sym-
metry of the P-ordered product allows us to write the variation
of the general term in series (2.5) in the somewhat simpler form

)

s\ \ de®™ PLW (@) W (@) ... W (™))

o v

\ de(’ﬂ \ dx B{SW (x) W(x') ... W (2™}
; (2.7)

~ i

+n g &' ... \'dx(") BLOW (@) W () ... W (z™)).

[

021 WP{W (') ... W (™)) %3 W (x) dx

If we introduce this expression into the variation of T obtained
from (2.5), we see that the contributions from the first and the
third term on the right-hand side of (2.7) cancel, and that the
sum of the remaining terms equals the right-hand side of (2.1).
This verifies (2.5) as this expression obviously is in accordance
with the boundary condition.

All allowed variations commute with W. Thus, by (2.5),
also T commutes with these variations and we can write (2.1)
in the form

5T = — i\ dx{65Ty — 09Ty + SITu). (2.8)

¥—u0

Consequently, for any source-independent state | ¥ >, we have
by (1.16)
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80| TP
1—(51(.’17) =< 0| Tu(x)|¥)
60| T| W) _
e @ O Ty(x) | ¥ (2.9)
B0 T|¥Y) —
—IW— ={0|T% (x)|¥P).

From (2.8) and the variational equations (1.14) we get for the
variation of, for instance, the right-hand side of the second
equation (2.9)

80| Ty (x) |V =

~

. (S}I(x') O Tu(x)y ()| V) + S}i(x') 0| Ty (x) u(z")| T}}

{§30 @) <o Tvarv@m—{og @) <o Tp@y@E v

~

+i S?f(x’xmm(f)w(@\W>AS},£($')<O]TW@W($,)[T>},
whence
i5<0|(3T11,tE$:))IT> COIT T(a @) (@) | P
(0| T Y78 )
& |5g/2.q(:g'c))| £ =0T T(p) p () ¥ (2.10)
— LRSI i (3@ v @) 19,

where T (--+) designates Wick's time-ordered product. The
expressions (2.9) and (2.10) are special cases of the general
formula

. . y s
N (S NS Q)
OI(x") 8I(x™) dg(y") dg(y)
T IS I _ @.11)
( léf(z’)) ( 6f<z(m))><0|T|‘I-’>

OIT T(u(x’y - u(@®)p(y) v G HE) - FE™)) 1P,
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which reveals T as the generator of the T-product. To prove
(2.11) denote, for fixed values of the space time points, x - - - &®
y o y®z - 2™, the chronologically ordered sequence of the
same points by wx;, xy, x,, n =k + 1+ m. Further, let g
denote any of the field variables vy, B, and u. With this notation,
we have

GO T g (y) » -y (o) | WD =

oI T{3W @) de g @)z (@) 19,

&1

— 01T 7 (@) \ W (@) dr- - () 19,

— )

ATn

—i(OITx(ocl)-~-x(xn).\iﬂV(:c) dx | P,

in virtue of (2.1) and the variational equations (1.14). If we
displace all source variations to the extreme left we get

OO T g (ay) -y () | ¥D =

o ZS}g (@) ()OI T Py (@) 1 (=2) "1 (xn)} 1Y de,

* (2.12)
+ 13_607:(‘76) () <0 TP{Q; (@) g ()" 1 (xn)} | ¥ dx,

- ISE{ (x) OITP{u(x) g (x) -y (x| ¥ de,

where P is Dyson’s chronologically ordering operator. The (--)
factor in the two first terms on the right-hand side of (2.12) is
the parity of the number of permutations between the nucleon
operators and the variations of the spinor field sources. Evidently,
the number of these permutations equals the number of per-
mutations of spinor fields required to bring the field variables v
and ¥, respectively, from the place indicated in (2.12) to the
position required by the P-operator. Thus, (--) is the change
of sign characterizing Wick's 7-product as compared with
Dyson’s P-product and, hence,
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(00T T (u(x) - pE™)) P> =

fre}

\'ag @) 01T Ty (@) (@) (&™) | ¥> du,

Vo

(2.13)

()OI T T (u(xyu(x) -5 E")) | de.

~S}f(oc) COIT T (F(x)ulx) -5 (E"™)) | P de,
\wa

The minus sign is due to the occurrence of d¢ to the right of ¥
in the expression for 6 W. The proof of (2.11) is now ecasily
completed by an induction argument.

ii) Malrix elements of normal products.

The formula (2.11) demonstrates the convenience of Schwin-
ger's formalism for the introduction of ordered products of field
operators, but adds nothing new. The normal product®, however,
is not defined for non-linear fields and it is, therefore, more
interesting that we by this formalism can give a general definition
of the normal product. The detailed discussion of the normal
product as introduced here, and in particular the proof that
this product is a generalization of that introduced by Wick for
free fields, will be given in the following section.

The generator for the N-product is the operator N which is
connected with the T-operator by

N=<0|T{0y 'T. (2.14)
We shall regard

d .6

a2y g (m))"zél(x) ICO)

(2.15)

Sty ot | tar) [ e oM

as the matrix element between the states (0| and |¥) of the
N-ordered product of the field variables corresponding to the

* By Wick [9] denoted as the S-preduct. To avoid the use of the letter S for
too many purposes we shall, henceforward, use the term N-product.
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space-time points indicated!. The relation (2.14) implies

OIN[¥Y>=0|T0) "0 TI¥) (2.16)
and
COITI0OYCOIN|Fy=<0| T|¥>. (2.17)

From these two expressions two relations originate between the
matrix elements of N-products and the matrix elements of T-pro-
ducts. To express these relations in a compact form we introduce
some conventions about notation,

Let &, &7, « .+ &%), % < Lk denote some of the space-lime points
x, a2 By

x,x, 2B, g g £00 (2.18)

we denote the sequence of space-time points obtained by omitting
the space-time points &, &7/, - - £ from the sequencex’, x'’, - - P,
Thus, for example, ', 2", 2", """ ; ", """ = «’, £""". In the same
way, we introduce symbols such as g', y'’, -y 7/, ', - o yP
and 2/, 2", -2 ),

We also introduce a notation for matrix elements of 7-pro-
ducts similar to that we use for matrix elements of N-products.

For instance, we writc the right-hand side of (2.11) as
TT(m""x(k)ly""y(l)}z""z(m)). (2.19)

" If | ¥ is the vacuum state, we denote the vacuum expectation
value of the 7T-product by

T, (ac' e g® [y’ -~ y(l) |z - - .Z(m})' (2.20)

For completeness, we note that, in the special case k =1 =m = 0,
we write
OITI® =T, (D,
(2.21)
OINIF=¥(1).

L It is evident how to generalize this definition and the formula (2.11) to
matrix elements of the N- and T'-products, respectively, between any two (source-
independent) states of the system.

Dan. Mat. Fys. Medd. 28, no. 12. 2
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Also, with the notation (2.20), we have
OITI0> =Ty (D). (2.22)

As mentioned in Section 1, matrix elements of field operators
are in general not c-numbers. This introduces some minor
complications in the following considerations, but is the price
we have to pay in order that all three kinds of sources appear
in a symmetric manner in the variational equations (1.14).

Still, any Ty -function with an even total number of spinor
space-fime points is effectively a c¢-number in the theory. Any
f-number commutes with such “even” T -functions. The general
relation for, for instance, df is

6fT0(33""iy""y(l)_lz’---z(m))
(2.23)
= (——— 1)l+m TO (x/.-. ‘y/_"y(l) |Z/"'z(m)) af’

and is easily proved by the use of (1.16) and the anti-commu-
tativity of d¢ with all spinor fields. A similar relation holds for
dg, f, and g. Hence, even T-functions commute with any
functional of f and g and, in particular, with any other T
function. Thus,

{Tﬂ(x'---[y’-”y(l)lz’-'-z(m)), To(ml.'llyl.”yﬂlzl"‘zﬂ)}:0

if A+ pis even. The variational derivative of this equation with
respect to g (y) gives, for the case of I + m being odd,

[To(a:""Iyy"'-y(l)|z""z(m)), To(xl""Hl"'yﬂzf"zy)]

—{To(a’s -1y -y Ol ™) Ty lgyy - yalzas - 20} = 0.

The appearance of an anti-commutator is a consequence of the
anti-commutativity of d¢g with odd T,-functions. The first term
vanishes and we infer that two Ty-functions, both having an
odd total number of spinor space-time points, anti-commute. In
particular, Ty (| |) commutes with all matrix elements and
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{To (y D, To(y' D) =0,
{To(ly D, 7o} =0, (2.29)
{Ty(112), Ty(l12)} =0.

We are now prepared to prove the first of the relations men-
tioned above. From (2.17) follows

Ty (x' - a® g gz )

S DTLNTL NN
xl L ALl
A g ) 17!“_,7(1) g (2.25)

X (+£) T, (5'...§(K)M’...n(l)lé-'...é_(u))

(a- cx®E .E(%)Iy' .. .y(l); 7 - .77(2)[2' A P .é&(,ur))’

where lhe summation is taken over « =0, 1, -k, A=0,1,---],
and ¢ =0, 1, -m while the &’s run independently over all the
space-time points ' - - 2™, etc. The factorials take into account
that we sum over all permutations of the sets & -+, %"--- and
£’ -+« Apart from the factor (L) in front of the general term,
(2.25) is easily recognized as the usual formula for the iterated
derivative of a product, viz. the product on the left-hand side
of (2.17). Thus, (2.25) is correct if we interpret the sign factor
() correctly. From (2.23) it follows, however, that the factor
() is the parity of the permutation of spinor space-time points
involved in the substitution

(m'x" .. .x(k)‘y/yu .. y(l)‘z/zu .. _Z(m)) —

(& 5(%)m/ - 77(l)| e C(M)) (2.26)

- ':c(k); g .é:(%)fy’ .. .y(l); 9 .- .n(l)lzl .. .z(m); e C(M))_

To illustrate (2.25) we note a few examples which also later
will serve for reference:
2k



T

T(x/"'x(k);5""5(%)\!,’/“'y(l);77""W(;“)\Z""Z(m); £ "'C(M))-
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Ty (=’ x"’H)—Y o (D) F(a' x| )+ To(x' ) ¥(x"| l)} @2.27)
+ To (x| [) P (@[ ) + To ("I D) ¥(I D)

Typ(elyh) = To(1D) ¥ (xlyh) + To(zl) ¥(yh } (2.28)
+ To(lygh Pl + T (xlyh F(D

Ty(zl )= To(I]) ¥(xllz) + To(xl ) ¥ (12) } (2.29)
+  To(llz) Pl )+ Ty (! 12) P (1 1),

and, finally, to illustrate the (1) factor,

To(y'y D= To( 1) Ty’ )+ To (gD ¥ (y"D) } )
Ty D EY D Ty D EAD. '

The formula (2.25) may be looked upon as a recursion formula
which implicitly expresses the ¥-functions in terms of matrix
elements of T-products. The resulting formula may, however,
be obtained directly from (2.16) if we introduce the functions

.6 .8
C(a-- x(")ly’ B y(l)[Z' o Z(m)) —_ 161(96')- - lﬁ[(m(k))
(2.31)
. 0 .4 .0
s g s (zéf(z,)). y (_ 6f(~"”>)> cqp.
where
can=<olTioy (2.32)

By an argument similar to that by which (2.25) was obtained,
we get from (2.16)

'}’(m'-“m(k)\y’--- (l)lz""z(m))

PP

sedu ) (/‘» e (2.

() C (& ""E(%)IW ...W(Z)M “‘CW))




Ty (' x(k); g g(x)ly/ e y(l); R ,,7(7»)[2' . z(m); £ 'C('u))
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]
An important property of the Y-functions follows from (2.14).
In the special case where | ¥) is the vacuum state of the source-
free system, we have (0[N |0> =1, independent of the sources.
Hence, all ¥-functions vanish, except the one corresponding to
k=1!=m=0. Thus, in this case, (2.33) reduces to

1 N7 1 1\
PR P PP

I

() C@E - ED ey P 0y (2.34)

= 501: 60150m:

and this is a recursion formula expressing the C-functions in
terms of vacuum expectation values of T-products?,

In the following, the formulas (2.25), (2.33), and (2.34) will
serve as a basis for the discussion of the propertics of the matrix
elements of N-products. It will be shown that these expressions
generalize the algebraic relations between 7- and N-products for
free fields to the case of non-linear fields.

3. Properties of matrix elements of N-products.

In the Fock representation [7] in configuration space for free
fields, one characterizes a state of the system by an infinite set of
many-particle wave functions. As long as one considers free fields,
this representation may in a trivial way be extended to a multiple
time representation. If we use the notion of a normal product,
we can write the many-time wave functions, or as we prefer to
say here, the state vector amplitudes, in the form

Y’(ac"":c(k)ly""y(l)Jz'-"z(m)) }( N
= OIN Q@) u@)p@) - pGOFE) - §E N[

The results of Wick’s discussion of the properties of 7- and
N-products of free field operators are expressed in the Appendix

1 The formula (2.34) could also have been obtained directly from the identity
CAP To () = 1.
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IT with the aid of a notation which is convenient for our purpose.
In Section 2, we derive relations connecting matrix elements
of the normal product of ficld operators for non-linear fields
with matrix elements of T-products. If we compare the formula
(2.25) with Wick’s formula (Ap. II. 11), we sec that the N-product
for non-linear fields, as defined by (2.15), is a generalization
of the N-product for free fields, as the formula (2.25) in the
limit ¢ = @ = I = 42 = 0 reduces to the corresponding formula for
free fields given in the Appendix II.

The equation (2.15) may, therefore, be taken as the general
definition, valid also for non-linear fields, of the state vector
amplitudes which represent any given state | ¥)>. After a discus-
sion, in this section, of some of the simplest properties of the
state vector amplitudes, we shall in the following section derive
the equations of motion in this new representation. It will then
be scen that the state vector amplitudes are closely connected
to the ““‘wave functions” which enter in the homogeneous cqua-
tions of motion following from Schwinger’s theory.

The following simple properties of the state vector amplitudes
are independent of the magnitude of the coupling constant.

1) The ground state of the source-free system has the represen-
tation ¥ (||) = 1, while all other amplitudes vanish. As already
remarked at the end of the last section, this follows in a trivial
way from the definitions (2.15) and (2.14). The fact that the
simplest state of the system has the simplest possible represen-
tation is in accordance with the expectation that the present
formalism provides us with a convenicnt description of the
lowest lying levels of the system.

ii) Tt is easily verified from (2.25), by means of well-known
properties of T-products, that the state vector amplitudes are
symmetric functions in all meson coordinates and anti-symmetric
in as well all nucleon coordinates as all anti-nucleon coordinates.
So far we have not introduced Y-functions such that we can
speak about symmetry propertics when interchanges of, for
instance, nucleons and anti-nucleons are involved. It is, how-
ever, evident how one could generalize (2.15) to cover such
cases also. One would then obtain state vector amplitudes which,
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in the general case, possess all the well-known symmetry pro-
perties of the free field wave function (3.1). The most direct way
to see this is to observe that we formally can use the relations

. S8 L
I PICH R FIC0
o8 0
U 89y " o6f @)

} — 0, (3.2)

and commutalivity of 16/3 ] with all variational derivative operators
when the objects of operation are matrix elements of 7- and
N-products. To this remark we shall come back in the next
section. To illustrate (3.2) we evaluate

- 167”6@)<01 TT(w@) v @) ¥

\

={0| T T(—lﬁ (z) P (y’) v 7]u(y(l))) K ' (33)
=(— 1)1 Tg‘f(ly""ymlz)-

Here we have used (2.13) and the symmetry properties of T-pro-
ducts.

iii} The state vector amplitudes are continuous functions of
the coordinates. This is not quite trivial, because matrix elements
of T-products are, in general, discontinuous functions. The
discontinuous character of the -T-functions is made apparent
by the d-terms in the equations of motion for these functions
(Ap. II1. 3, 4 and 5). It can, however, be seen that the application
of the differential operators occurring in the field equations to
Y-functions does not give rise to such é-functions. This can, for
instance, be proved by induction using (2.25). In the following
section, we find that the ¥-functions satistfy homogeneous equations
of motion, and this constitutes another verification of the con-
tinuity of these functions'.

1 The first derivative of the ¥Y-functions with respect to a meson coordinate
is also continuous. This difference hetween spinor field variables and meson field
variables reflects the difference in the equations of motion for the two kinds of
fields, the nucleon equations being of the first order, while the meson equation
is of the second order.
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~ iv) If the state |¥) represented by the infinite set of state
vector amplitudes is a stationary state, corresponding to the
eigenvalues P‘u‘ for the total energy momentum vector of the
closed system, then, in the source-free limit, the Y-functions
oscillate according to

T(ZL'""Iy".'lz,'l.)NeXpiP,uXM' (3.4)

Here, the X’s are any “‘center of gravity’” coordinate. For in-
stance, one can take X, as the average value of the coordinates
x;‘, s y;t, <. z;t, -+ -1 This follows immediately from (2.33) and
the fact that Ty-functions possess this property. The property
(3.4) is of course the basis for the application of the present
formalism to bound state problems.

v) The configuration space representation. The state
vector amplitudes corresponding to a state | ¥) provide us with
a generalization of the Fock representation for free fields. As
we have seen above, several of the simple properties of the Fock
representation are maintained in the general case. One might,
therefore, consider the set of state vector amplitudes as a re-
presentation of the state |¥). We shall take such a point of
view in the following, and speak of this representation as the
configuration space representation. Alternatively, we can also
consider the functional ¥ (||) which generates the state vector
amplitudes as representing the state in question. In this way we
speak of the functional representation. For the sake of con-
venience, we denote these two representations by the CSR and
the FR, respectively.

To make full use of the CSR one should know, at least in
principle, how to construct the scalar product of two states re-
presented by their state vector amplitudes. This problem could
not be solved and we have not even been able to prove that
the CSR is a complete representation. Until further progress is

1 CGf. FrEESE [4].. As mentioned by FreesE, the most general definition of

X” is

X‘LL = a’le’l‘_i_ e +ﬁ’y/"_’_ +y(’2/l,l,_[_ cen,
where the o, f, and 9’s are subject to the condition

a’+"'+ﬂ'+"'—|—’}"+"' = 1.
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made, application of the present formalism must therefore be
based on an assumption of the completencss of the representation.

A comparison of the CSR with other better known repre-
sentations might offer a possibility of discussing the completeness
problem. The fact that (0] is the vacuum state of the source-free
system has been used in the discussion of the oscillating behaviour
of the amplitudes representing stationary states. It is easily seen
that all other considerations remain valid for any choice of {0]
if only this state coincides with the free-field vacuum in the limit
of no coupling. An example of another possible choice of this
state is provided by the vacuum state {0, o| for the free fields
u(x, o), v (x, 0) which coincide with the source independent.
fields on a space-like surface o. Moreover, it can be seen that
one can choose different states in the definition of the functional
Y (|]). Thus, instead of (2.15), we could have defined

v 0,d"|T|¥>
G —
Ta’ (H) - <0,0‘I|TIO,OJ>’
where [0, ¢'’> and |0, ¢'> may be different.
The choice
0,0|T|¥)

el = 6 o770, 00 (35

leads to a representation in which the state vector amplitudes
for all space-time points on ¢ coincide with the Tamm-Dancoff
representation.

As is well known, one can consider the state [0) as the limit
of |0, ¢> in the sense of a certain limiting process, usually re-
ferred to as the adiabatic switching-on of the coupling at { = — oo,
In the sense of the same limiting process, one can regard the CSR
representation as the limit of the representation based on (3.5)
for ¢ = — oo, The coincidence of the representation (3.5) with
the Tamm-Dancoff representation on ¢ tells us that (3.5) is a
complete representation. There might, therefore, be a possibility
of discussing the completeness of the CSR by a comparison with
the Tamm-Dancoff representation. The complexity of the limiting
process involved, however, does not make this a very promising
prospect.
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Another representation could be based on the functional

v __Lo|T|Y)
P“(”)_<O,GIT10,0>' (3.6)

The corresponding state vectors can be seen to coincide on o
with the representation given by Dysown [12].

4. The equations of motion.

In the preceding section, we have introduced two new repre-
sentations, the functional representation and the configuration space
representation. The simplest way to obtain the equations of motion
in these two representations is first to derive the equations of
motion in the FR. As we shall sce, the equations of motion in
the CSR can be obtained from those in the FR by a simple procedure.

i) The equations of motion in the FR. To determine the
dependence of the functional ¥ on the sources we must try to
set up variational equations making use of the field equations.
The ¥-functions depending on one space-lime point only are
given by the expressions

V| =Ty (D Ty (xl) — To (|7 To (I To (D Ty (1), I
Py =To (D™ Ty Ay — To A ' To (yD To (1 T (1D, l (4.1)

P(l2) = To (D Ty (112 — To (DT Lo (12) To (1D T (1.

These equations are special cases of the formula (2.33), but can
also easily be verified directly from the definition (2.15). As
shown in the Appendix II, the Ty-functions depending on one
space-time point satisfy

(e + m®) Ty (x|} =2 Ty (Jz]x) +1(x) Ty () =0,
@y M) Ty (fyD+ 2T (gD + @ Te (1N =0, ¢ (4.2)

(@, +M) Ty (112) + 4 Ty (2]12) + g (2) T (|1) = 0.
These equations are of course also satisfied in the special case

of [¥) being the vacuum state, i. e. for Ty-functions. Combining
(4.1) and (4.2) we get
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e+ m®) P (ax|) — ATy ()7 Ty (|2 )
AT (1D To (lz|2) P (I]) =0,
@By +2) Py + AT (1) Ty ylyD
— AT (INT" To(ylyh () =0,
(@, + M) ¥ (||2) + AT, (|)7" Ty (21 12)
— AT (IDT T (zll2) ¥ (1) =0,

(4.3)

where the sources do no longer explicitly appear. To express
(4.3) as linear equations in ¥ and the variational derivatives
of ¥, we eliminate the Tlp-functions by use of expressions of
the type (2.28), (2.29). The resulting equations contain as factors
certain combinations of 7-functions for which we introduce the
notation

7 (xl)=To ()" Ty (1D,
7 (gD = To(l DT T (gD, (4.4)
n([12) = To (1D T (112

By the aid of these #-functions we can write the resulting linear
differential variational equations for ¥ in the form

(—0; +m®) ¥ (x|]) — Ay ([z]) P(]|x)
+An(llx) ¥ (lz)) —A¥ (lx]x) =0,
@, + M) Py + Ag @D ¥ yD
+An(yD ¥ @D +A¥ @iyh =0,
@+ ) P (([2) + An D) P2
+An ([[2) ¥ (z]]) + AP (z]]z) = 0.

(4.5)

Thus, for any state | %), the corresponding functional ¥ satisfies
(4.5). The problem which restrictions (if any) must be imposed
on the solutions of (4.5) to guarantee that the functional obtained
represents a state of the system has not been solved in general,
Hereto we shall return later.
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11) The n-functions. By a similar method we obtain equations
of motion for the n-functions. Combining (4.2) and (4.4) we get

(— e+ mH (e N—2To () To(lx|2) + I (x) = 0,
@y -+ M) (gD AT, () To(yly) +F) =0, ¢ (4.6)
@+ M)y n(||D)+ 2T (1) To(z]l2) -+ g(2) = 0.
It is convenient to introduce a functional n by
7 (1) =log <O T[0). (4.7)

The #-functions (4.4) are contained as special cases in the fol-
lowing general definition of #-functions:

,',](x’..‘ly’...lz’...) ]
i it iy )

Thus, for instance, n-functions depending on two space-time
points are given by

(4.8)

n(ylz) = To(ID™ To(lyl2)—n(uDn (]2,
n(@ly) = To([) " To(@ly)—n Dy, [ (49
n(x||) = To(ID7 To(xll2)—n(x[Nn(]2)-

With the aid of these formulas we can eliminate the T'y-functions
in (4.6) and obtain

0.+ m)nElD—2An(zDn(lx)—in(|z|x) +‘I(w) =0,
@, +M)n (gD +An @Dy +An@lyD + F@ =0, (410
@, +M)yn(l2) - An () (l2) + An (z]|2) + g () = 0.

These equations are variational differential equations satisfied
by the #-functional in the FR.

Contrary to the ¥-functional which depends on the particular
state considered, the 7-functional is uniquely determined in the
theory. We must, therefore, supplement the g-equations by
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boundary conditions characterizing the particular solution of
(4.10) which enters in the equations of motion for the ¥-functional.

For the discussion of this problem we need an interpretation
of the operator T. Let T (f) be the transformation which con-
nects the source-free fields and the source-dependent fields
according to

u(x) =T (O uy () T (),

) } (4.11)
p(x) =T (&) wo(x) T(¥).

As may be seen from (1.14), T (1) satisfies the variational equation
t
ST (1) ——iTD\sW () o', (4.12)

and the boundary condition T (#) =1 in the limit of vanishing
sources. Hence, we see that the operator T, as defined by (2.1),
can be interpreted as the transformation which connects the
source-independent fields with the complete source-dependent
fields in the infinite future, i. e.

Hm (T 'ug () T—u(x)) =0,

1>

and similar relations for the two other fields. We shall use these
relations in the form

lim (zy () T— T u (x)) =0, l
Lm (e () T— Ty (2)) = 0, (4.13)
lim (F (%) T— T 7 () = 0.

Assume now, as we already tacitly have done in the previous
considerations, that the source-independent system by a suitable
renormalization has been cast into a form such that a state of
lowest energy, the vacuum state, exists and that the energy and
momentum of this state is zero. It follows that any stationary
state of the system corresponds to an energy momentum vector
lying inside the half cone in momentum space characterized by
PuPu <0 and p,> 0. Evidently, time-like momenta corresponding
to negative energy are excluded by the assumption made. How-
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ever, also space-like momenta are excluded since, by a suitable
Lorentz transformation, any space-like momentum vector might
be brought into a form with p,<C0, i.e. with negative energy.
Corresponding to the invariant decomposition of momentum
space into the three subspaces: the positive frequency part (or
the (-+)-part) characterized by p, p, <0, po> 0, the negative fre-
quency part (or the (—)-part) characterized by p,, p, <0, p, <0,
and the (0)-part with p, p, > 0, we can split any field variable
into three parts, the (4)- the (—)- and the (0)-part. For instance,
if we define u (p) by

i (&) = (2 n)*zgu (p) e dp, (4.14)

we have

u (@) = (2a) "\ u(p) ™ dp,

PE<0,pp>0

a7 (x) = (2 2y 2\ u(p) e dp, (4.15)

<0, pe<O

S
|

u® (2) = 2oy~ {u(p) e ap.

p:>0

From our assumption it follows that

g () [0> = ul™ (x) 10). (4.16)
Hence also, as lim (u (x) —.u, (x)) =0,
[—>—»
lim (u (x) — u§™ (x)) |0> = 0, (4.17)
1 —c0 .

i.e. u(x) |0} contains only negative frequencies in the infinite
past. The corresponding statement about the asymptotic behaviour
of the field variables when multiplied by <0| T from the left
follows from (4.13). By the samec kinds of arguments as those
leading to (4.17) we get

lim 0| T (u (x) — ™ (x)) = 0. (4.18)

t—> 4 o0

Thus, {(0|T u (x) contains only positive frequencies in the in-
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finite future. The same result applies to the two other kinds of
field variables.
Consider any T-function

To(x'...x(“»')...x(k)ly'...lz/...),

say. In the limit where one of the space-time points, for instance
", tends to — oo, we have, considering all other space-time
points as fixed,

lim [To(x'...x(V)...w(k)fyl__. IZ"")

NO-— |
—0|T T(u(x’) e u(:c(”_l)) u(x(”'H)) ceen (oc(k)) <) (4.19)
X u (™) |0>] =0.

Hence, we infer from (4.17) that in the limit > —oc the
Ty-function contains only negative frequencies in a Fourier
decomposition with respect to «*>. The same property holds for
any other space-time point occurring in a Ty-function. In the
opposite limit, we get by a similar argument that T, contains only
positive frequencies corresponding to any space-time point
approaching the infinite future. Using a terminology which is
suggestive in connection with the discussion, given by STUECKEL-
BERG, FEynmMan and Fierz [11], of the properiies of the causal
Green’s functions, we say that Ty-functions obey causal boundary
conditions. The possibility of expressing the #-functions in terms
of Ty-functions (as, for instance, expressed by (4.8) and (4.7))
implies that also #-functions satisfy causal boundary conditions.

The equations for the #-functions (4.10) are of the second
order in the variational derivatives. We must therefore supple-
ment the boundary conditions with the value of the functional
z and its first variational derivative in the limit of vanishing
sources. In this limit, however, T =1. Hence, % (x|]) =
{0luo(x)|0) = 0, in virtue of (4.16). Similarly, in the same limit,
7 (|yl) =% (l|z) = 0. Finally, by the definition (4.7) we have
chosen 7 ({[) l1=¢:?q3=0 =0.

Similar considerations apply to the state vector amplitudes
in the infinite future. This is obvious from (2.33) or alternatively
from the definition (2.15). Hence, ¥-functions obey causal
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boundary conditions in the infinite future. In the infinite past,
however, the behaviour of the ¥-functions depend on the par-
ticular state considered. One more information about the ¥-func-
tions follows from the considerations in Section 3, iv). If we
consider the W-functions for all time variables equal, then, in
the source-free limit, only positive frequencies are allowed with
respect to this common time.

It is not known whether more conditions must be imposed
on the state vector amplitudes to guarantee that a solution of
the equations of motion (4.5) actually represents a state of the
system. The solution of this problem is of course connected
with the likewise unsolved problem of the completeness of the CSR.

ili) The equations of motion in the CSR. Having thus
obtained the equations of motion in the FR it becomes a simple
matter to derive the equations of motion in the CSR. As mentioned
in the Appendix III, in connection with the derivation of the
equations of motion of the time ordered produects, the differential
operators occurring in the field equations commute with all
variational operators. We can, therefore, obtain an infinite set
of linear differential equations for the Y-functions by variational
derivation of the equations (4.5). For instance, by applying the
variational operator 7 /87 (x') to the first equation (4.5), we get

(— e+ m®) ¥ (2’| ) — A (=) ¥ ('] |2)

FAn(lle) ¥ (@' le) g (@ le)) P(lla) | (4.20)
A (@' []2) ¥ () — 4 P (@ [x]e) = 0.

Similarly, from the second equation (4.5), we infer

@y + M) V(@ gD+ 2n @D F @y
+ An (lyD) ¥ @ ylD+ Az 1D ¥(yD (4.21)
@ gD @D+ 2P (@ylyl) =0.

Proceeding, and taking variational derivatives, one can construct

equations involving ¥Y-functions with an arbitrary number of
meson space-time coordinates. Equations involving one more
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nucleon space time point and one more anti-nucleon space time
point are obtained by applying the operators i6/8g (y’) and
— 18/f (z"), respectively. Only, when varying the spinor sources,
one should remember the anti-commutativity (3.2) of the nucleon
variational operators. Thus,

i*(s‘q"gy,)‘(n(yl DEAgD)=nG@ly D EAyD —a@ID¥Uyy'D,

i—ég?y,)(v(lyi)?’(y! D) =—nUgy'D¥WID—nUyD ¥y D,

lg'g"?y’) Fly)=—"lyy' D).

Observing this, we get by applying i6/dg (y') to the second
equation (4.5)

@y + )V (yy' D+ An @l Yyy') + 4 ‘P(y!yy'l)l
—AnQ@ly' D YAy +Andyy') Pyl (4.22)
+An(ly)) ¥ (yly'[) = 0. J

By a similar procedure one obtains equations connecting the
various #-functions. For later reference we note a few exam-
ples:

(— e+ m®) g (xx’| ) —An (2| 2]) 5] ) —An(lzl)n(x'lx)

(4.23)
—An (@ aelx)y+id(x—=x2) =0, }

@, + Myn(ylz) + A @lD v ylz) — Ay (yll2) 77(!y|)}(4 24)
+ A (ylyle) Fid(y—z2) =0, '

@, +M)n(ylz) + A7 1D 75 (ylz) + Ay (ZlyDW(HZ)} )
 (4.25)
+An(zlylz) +id(y—z) =0,

and, finally, an equation involving three space time points
Dan.Mat. Fys. Medd, 28, no. 12. 3
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@y + M)y (xlyla) + 2 (i) 7 (xlylz) + A (xylylz)
+ Ay (xylD o (lylz) —An (xyl12) 7 (yl) (4.26)
—An (yilz) n (xlyl) = 0.

The last equation can, for instance, be obtained by operating
with i6/61 (x) on the equation (4.24).

In the CSR it would seem most natural to represent the state
under consideration by the state veclor amplitudes taken in the
limit of vanishing sources. There is, however, as emphasized
by ScHwINGER [2], some advantage of postponing the limiting
process I (x) - 0 to a later stage in the considerations. If we,
instead of considering meson theory, had taken electrodynamics
as an cxample of illustrating the general scheme developed here,
we would have had an obvious reason for doing this, as in
electrodynamics the external source of the electromagnetic field
has a direct interpretation in terms of a classical distribution of
current and charge interacting with the system. Such a justification
can hardly be found in our case. Still, we shall find it mathe-
matically convenient in the following considerations to keep the
meson field source in the theory,

We, thus, consider the limit of vanishing spinor sources. In
this case, simplifications arise due to the fact that the difference
AN between the total number of nucleons and the total number
of anti-nucleons is then a constant of the motion. This implies
a selection rule for T-functions. Only those Ty-functions are
different from zero which contain the same number of nucleon
and anti-nucleon space time points. If no T operator appeared
in the definition

Tyl g2 = O T T @) p () F &) )]0,

this selection rule would follow in the usual way from AN|0>=0.
However, it is easily seen from (2.5), remembering that in the
Limit considered we have W = I u, that AN comuutes with T
and, thus, the selection rule is not influenced by the presence
of the T-operator.

With this result, we can write (4.5) in the simpler form
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(— e+ m®) ¥ (2] ]) — 2% (Jz]x) =0,
@y + M) P (gD +An (gD Ty + 2P @lyD =0, p (4.27)
@+ M) V(12 + 25 D YD) + 2P (]2 =0,

the limit ¢ = % = 0 being understood in these equations. It may
be of some interest in the following to compare these equations
with the equations obtained from (4.23), (4.24), and (4.25),
taking the same limit, viz.

(et m®) n (xa’|) — Ay (' |x]|@) + i (x —a') =0,
Byt M) n(lylz) +dn @D n(ylz) + An (ylylz) +id (y-—z2) =0, (4.28)
B+ M)y (yl2) - Ay D2 yl2) + Ay (zlylz) +i6 (g —2) = 0.

These two sets of equations are of very much the same structure.
The main diflerence is that the equations for the state vector am-
plitudes are homogeneous equations, while those for the »-func-
tions are inhomogeneous ones. We shall discuss the relations
between these two sets of equations more closely in the next
section. Here, we only mention that the second equation (4.27)
and the second equation (4.28) may be written as

(00 01 2 D) + i 5 ) (D =0,
(4.29)
[+ M+ 1D + i o) (119 = — 10 7 —2),

respectively. Thus, we see that, in a certain sense, ¥ (|y|) obey
the homogeneous equation of motion corresponding to the
equation for % (|y]z).

5. The equations for the one-and two-nucleon problems.

As mentioned in the Introduction, the present formalism
combines the theory of Schwinger with that of Heisenberg and
Freese. To illustrate this we shall briefly discuss the formal
properties of the one- and two-nucleon equations from the point
of view of the CSR. IFor the sake of completeness, and in order

3
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to introduce some convenient notations, we first summarize the
derivation of the one-nucleon equation given by ScuwiNGER [2].

i) The one-nucleon equation.

In the limit of vanishing spinor sources the simplest »-functions
satisfy, according to (4.10) and (4.28), the equations of motion

O+ m*) g (xl) —An (Jx|x) + I (x) =0,
(—O+m®) g (xx'|]) — Ay (&' |x|x) + id (x—a) =0, ¢ (5.1)
(0 +m+ 29 (ID)nlylD) +in(ylylD) +id(y—2) =0.

To simplify the notation, and also to distinguish the #-functions
in this limit from the general ones, we introduce

U (x) =
Ai(x, x) = in (xx'[]), (5.2)
Si (x, &) = —in (|x]2'),

and, consequently, write the equations (5.1) in the form
CO+m»HU(x)—idS (x,x)+I(x)=0,
2 ’ — ot .
(— 0O+ m?) A, (x, x)JrlZaI( )Sc(x,oc) d(x— "), (5.3

(B4 M+ 22U @) Si(w,a) +id = Si(e,2') = — 68 (x—a’).

51( )

As discussed in Section 4.ii, the n—functions satisfy causal
boundary conditions. Hence, in the limit / =1 =0, we have

Al (e, xy=4d, (x —x'),
(5.4)
Se(x, 2y =8, (x — '),

where 4, and S, are the well-known causal solutions of

1+ m?) 4, (@ —2)) = 8 (@ —a),

5.5
@+MS, (x—ax)y=—0(x—=x). . } (55)
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The equations (5.3) are, for our case of nucleons interacting with
scalar neutral mesons, the analogue of the equations for the
Green's functions in electrodynamics studied in Schwinger’s
paper. Following his method we substitute the variational de-
rivative operators in (5.3) by polarization operators 77, and X,
defined by
iy 67?:'&'7) Si(x, x) = I, (x, 1) 4, (1, 2")

(5.6)

ik

5 ’ N (S ’ !
31 () Se(x,x)y =2, (x, 1) Sc(l,oc)‘.

Here, and in the following, numbers occurring twice denote
variables of integration. Thus, for instance,

5 (x, )S (1, 2y =2 (2, ) S, (&, x)dE . (5.7)
By (5.6) the equations (5.3) take the form

(—O+m?) U(x) —iAS,(x, x) = —1I(2),
(—O+md) A (x, ) + 1 (2, 1) A, (1, ") =6 (x — ), (5.8)
(D+M+2U@)Si(x, )+ Z) (2, 1) S, (1,2") = —8 (x—a).
Operating on the last of these equations with 7 A6/8 I (x”") we

get, after integration and taking into account the causal boundary
conditions,

h 6 ’ 14 rre . 4 I ’ r’ ’ res
zzmsc(m,x ) =S, DP(1,2,3) 402, 2") $. (3, 2"). (5.9)

The kernel @ depending on three space time points is given by

@ (x/’ x/l, xl/’
=—iA0(x' —a") 0 (x" —a"")—id 6—"—2(; [S:]Ex”x)__) (5.10)

In the derivation of (5.9) use has been made of the fact that
I does not appear explicitly in the last equation (5.8), whence
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8 : 4 (22"

231: (.’L'/, [L'”,) — 6 U(g)

8I(x) "¢ 4,(2,27).  (5.11)

On comparison of (5.6) and (5.9) we infer integro variational
equations characterizing the polarization operators, viz.
I (2, 2y = S, (=, 1) D (1, 2/, 3) S, (3, ), 1
. , , (5.12)
I (e, @) = S (e, 1) D (1,2, 2) 4, (2, 2). |

For later reference we mention that, from the cquatlon conjugate
to the last equation (5.1), viz.

(B, + M+ 20 ID)Yn(ylz)+An(zlylz) +id(y—z)=0, (5.13)

we get by arguments similar to those leading to (5.8) an equation
of the form

(0 + M+2U0@))Se(x, )+ S, (x, DE (1, a)=—08(x—a'). (5.14)
The polarization operator in this equation is given by
2V(x, ) =D (x,2,3)4,(2,2) S, (3, x). (5.15)

According to Schwinger, the one-nucleon equation is ob-
tained as the homogeneous equation of motion corresponding to
the inhomogeneous equation (5.8) for the Green’s function S,.
Thus, denoting the one-nucleon ‘“‘wave function” by yx, the
equation reads

(O +M+2U@) g+ 2 (2, 1) xA)=0. (5.16)

As shown in the previous section, the equation of motion for
the state vector amplitude depending on one nucleon coordinate is

. 0
@y +M+2U () ‘—i"(fyDJrzﬂa—I(—ﬁ?’(lyl) =0. (5.17)

The similarity between this equation and the inhomogeneous
equation for the Green’s function S, makes it natural to investi-
gate under which conditions solutions of (5.16) also satisfy (5.17).
For this to be true we must have
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. d

llmx(x)—zc (x, D)z (D). (5.18)
By derivation of (5.16) with respect to I (x") we get, after inte-
gration, an expression for the variational derivative of y, viz.

zagf((;f)) = @@ x) + S (e, 1) P (1,2,3) 4,2, 2) £ (3). (5.19)

The function ' is a so far undetermined solution of
@+M+20@) 1O @52 + 2 (@, 1) 4P 1) =0. (5.20)

Comparing (5.18) with (5.19) we see that y is a solution of (5.17),
provided that 7 vanishes.

We thus have the result that any solution of the coupled
equations

(9 +M+2U @) Yoy (yD) + =2 (. 1) Py (11 =0, |

, , (5.21)
Py (lyD =271 S, (g, DP(1,2,3) 4, (2, ) Yy (I3]) [

also satisfies (5.17). The reverse statement is of course not true.
We have, therefore, attached a subseript to the state vector
amplitudes in these equations to indieate that a solution in the
form (5.21) is possible for a restricted class of states only, the
one-nucleon states. ‘

From (5.17) we get by variational derivation an infinite
system of coupled equations for the state vector amplitudes. The
first of the equations derived from (5.17) reads

By + M+ 2U@) P lyD —i2 4G y) ¥ (gl

}(5.22)
+A¥(xyly)) =0: ,

Let us now follow, in the present version of the CSR, the sug-
gestion by Freese and try to eliminate all amplitudes depending
on one or more meson coordinates from the infinite set of equa-
tions. The states for which this elimination process is possible
might, alternatively, be called the one-nucleon states. To get an
idea how the resulting equation will look we convert the infinite
system of equations into a finite one by the approximation
assumption that ¥ (xy|y|) can be neglected in (5.22). We can
then solve (5.22) by the aid of the Green’s function satisfying
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@y +M+AU@) S (v, y) =—d(y—y), (5.23)

and causal boundary conditions. The approximate solution of
(5.22) is then

P (xlyh =0 @y — 1287 (v, D ALQL 2 (L), (5.24)
where ¢ is a solution of
(B, +M+2U0@) ¢ (x5 y) = 0. (5.25)

To obtain an equation of the form (5.16) we choose ¢ = 0.
With this choice we get, instead of (5.17),

Oy + M+ 20 @) P(yh—i2SP (g ) AL, ) T(1]) = 0. (5.26)

In the next approximation one would keep all amplitudes with
less than two meson space time points. Procceding in this way
one can, in principle, construct an exact equation of the form
(5.16), provided that the procedure converges. The polarization
operator ‘X7, say, obtained in this way is characterized by the
requirement that the resulting equation

(O + M+ 20U @) ¥ (yh + 2. 1) P (L) =0

is consistent with (5.17), i. e. that
. 0
i, DP(ID =it =¥ .
. DP (L) =ik 5705 P (ly))

By arguments similar to those above it can easily by verified
that 'X¥ is, in fact, identical with Z¥ Thus the resulting one-
nucleon equation is identical with Schwinger’s equation.

The advantage of the equations (5.21) as compared with the
infinite system of equations obtained from (5.17) becomes
obvious when we pass to the physically interesting limit of
vanishing external sources. For I = 0, the second equation (5.21)
and the equations obtained therefrom by variational derivation
become explicit expressions for the state vector amplitudes with
one and more meson space time coordinates. Therefore, for
I'=0, any solution of the one-nucleon equation provides us
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with a corresponding solution of the equations of motion in the
configuration space representation.

i) The two-nucleon equation.

According to Schwinger, the two-nucleon Green’s function is
defined by

4 6 To(lyy'l)

Gy z7)= 8f () éf(z) To(l)

(5.27)

p=p=0.

Using the formulas in Section 4, it is easily verified that

Gy, y'sz,z }( 25)
=n(lyy'lzz) =yl n (y'12) + 9 (lylz) 7 (Y 2,
the limit ¢ = @ = 0 being understood in this formula. An equation
of motion for » (|yy’|zz") can be obtained from (4.10) by taking
appropriate variational derivatives. From the equation obtained
in this way, and by (5.3), we get

n ’, I4 4 L ‘. !
(P, +M+2U@)GW.y ,z,Z)+le(y) G(y.y'52,2) (5.29)

=—0(y—2)SW, )+ —z2)Sy, 2)-

Using (5.3) we see that

(S , . (3 1N 4
B+ M+ AUy +/13](y)) (@y +M42U @)+ ll_al(;;’)) G(y,y'52.2) (5.30)

— 0y DOy —2)— 8y —2) 8y —2).

Following Schwinger, we introduce an interaction operator W by

FMF)GW.y:2,2)—W(y.y'; 1,2)G(1,2;Z,z’)} 51)
=0(y—2 oy —2) -0y —=2)éy —2). '

The symbol F is an abbreviation of the integral differential
operator entering in the equation for the one-nucleon Green’s
function, 1. e.

FE =@, +M+AU@)EQ + 27 (g, D EQ). (5.32)
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As G satisfies causal boundary conditions we can integrate (5.31)
by means of S;. Combining the resulting equation, viz.

F G, v:z.2)+S(y, )W (y,2;3,4)G(3,4;2,2)
=—0@y—oSW,2)+dy—=:) Sy, 2,

} (5.33)

with (5.29) we infer a condition on the interaction operator:

)
A——Gy,y ;2,2 =28y, DGO,y ;z,2 1
O R ) (., )G,y ) (5.39)
LSy, 2y W(y,2:3,4)G(3,4;z2,7).
Integrating (5.33) once more, we {ind that

Gy g2, 2) —S (g, 1) S (' 2) W (L, 2; 3,4>G<3,4:z,z'>} (5.35
=S8 (g, DSy, 2)—S. (g, 2) S (¥. 2.

From this equation one gets an expression for the variational
derivative of G with respect to I (y) which, fogether with (5.34),
gives Schwinger’s characterization of the interaction operator, viz.

W, y'51,2)G(1,2;z,2)
=@y, 1,2 4.1, Gy, 252, 2) (5.36)

F S DA S IWAL Y53, 963, 452, 20].

é
81(y)
For W we shall use another equation which does not depend

explicitly on the variational derivative of the two-nucleon Green’s
function. From (5.35) one gets, using (5.9),

M( )G(y y'sz,2")

:%AG(y,y';l,Q) W(l,2;3, 0! G(3, 4:2,2) (5.37

51()
+Gy.y;1,2)2 1,3, H4,B8.2)S, (4,3 FGBYF(2)G(5,2;2,2).

The combination of this expression with (5.34) gives the alternat-
ive characterization of W, viz.
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1 P ’ ’ £ r t ! r
S (o —2) — 2 (y,Z)é(y —2) + S (YD W (y,2: 2.2

|
f
o
[<p]
~
l:
Q

31, 2)i—=W(,2;z,2)

51()
(=) 6@ y1,2)@(1,2,2) 4,2, y)

(5.38)

l\JJ)-‘ DO = DO
oyl

Bl

(@ Gy, y'52 )P, 2,2)4.(2,p).

Here, F denotes the operator entering in the equation of motion
for the one-nucleon Green’s function in the form given by
(5.14), i. c.

FOI@=0.+M+AU@D)E@+LMITF(M, 2. (5.39)

The equations of motion for the state vector amplitude
depending on two nucleon space time points obtained from the
equation (4.22) by passing to the limit of vanishing spinor
sources read

@y +M+2U@)PUgy'D+A¥ @lyy'h =0,

‘ 5.40
Py + M+ 20@Y) Pyy' D+ AP lyy']) =0, }( )

whence also
/ y | N N
\@y—}—]l/I—Q—ZU(y)—FMm)(é’y'—i—M—l—ZU(y)+126—1m)¥’(|yy D=0.(5.41)

This equation is a homogeneous equation of motion corresponding
to (5.30) in the same sense as the equation (5.17) for the one-
nucleon amplitude is the homogeneous equation corresponding
to the equation for the one-nucleon Green’s function (5.3).
According to Schwinger, the two-nucleon equation is the
homogeneous equation corresponding to the equation (5.31), i. e.

F@MFW 2@ 49— W y51,2)2(1,2)=0. (5.42)

It seems to be difficult to establish any general connection be-
tween the solutions of this equation and the solutions of (5.41).
1f, however, we take instead of (5.42) the two integrated equations
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F@x@wy) +S@. 2)W( 2;3,4) (3,4 =0,
Fhz@. yh+S. @, HW(I,y:3,4)%(3,4)=0,

where the inhomogeneous terms have been dropped, then one
can rather easily find the connection between the solutions of
these equations and the solutions of (5.40). Evidently, the con-
dition for compatibility of (5.43) and (5.40) is that

ZE. D (L y) + Sy, 2) Wy, 2:3,4) £ (3,4)

(5.43)

. 3 p
:zlmx(y,y), 548

2@ D@2 +S @ HWA, Y3, Hx(.4)

é
=1{A = LU
S1Gy) £ WY
By integration of (5.43) we get
2@y =S (.S, W(,2:3,H) 2B, H=09Hy), (545
where ¢ is any solution of

FeWw. y)=FE)ey.y)=0, (5.46)

i. e. @ has one-particle properties with respect to both coordinates.
From this equation we infer by arguments similar to those used
in the derivation of the one-particle equation that

LA N (O N
5T ¢ Wy =97 (@9, 1)
TS DL, 2,3) 4. (2, 0) ¢ (¥, 3)
TSy, DD, 2,3) 4.2, x) 9B, y),

(5.47)

where
F) ¢ @y, y)=F@)¢® (xiy, y)=0. (5.48)

Using this we find from (5.45) an expression for the variational
derivative of y with respect to I (x), viz.

. é 1 )
l——‘ ! —_ = ‘. 2 e ‘/‘/ M
z 61@)%(!],9) 22G(y:y’1’ ) Z(SI(.T) (132’3’4) X(3’4) (5.49)

—(FW G, v 1,4))P(1,2,3) 4, (2, 2) 1 (3, 4) + RO,
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where R is a contribution which vanishes for ¢® equal to zero.
On comparison with (5.44) and using (5.38) we find that y satis-
fies (5.40), provided that ¢® vanishes.

Hence, corresponding to (5.21), we have the result for the
two-nucleon system: Any solution of the coupled equations

Yoy gy’ D — S (w, 1)S. y,2)yw(,2;3, 4) Yo, (134 =9 (v, y")
A s Y9y D = 56,y 1,2) | T30 WL, 2:3.9)| Vigy (34]) [ (5.50)
—(F@®) G, y:1,4)D(1,2,3) 4,2, ) Poy (|34)),

where ¢ (y, y’) satisfies (5.46), is a solution of (5.40). In partic-
ular, passing to the limit I = 0, the second equation (5.50) and
its variational derivatives become explicit expressions for the
state veclor amplitudes depending on one and more meson
coordinates besides the two nucleon space time coordinates. It
is thus possible in a unique way to relate to any solution of the
Bethe-Salpeter equation a solution of the equations of motion
in the configuration space representation.

Summary.

A reformulation of quantum field theory is given, in which
any state of the system considered is represented by a functional
depending on external sources. The variational derivatives of
this functional provide us with a generalization of the Fock re-
presentation in configuration space to the case of non-linear
fields. The representing amplitudes can be expressed entirely in
terms of matrix elements of time ordered products of field
operators and possess several simple properties which are
independent of the magnitude of the coupling constant. It is
shown that these amplitudes satisfy homogeneous equations of
motion which can be derived in a simple manner. The equations
of the Bethe-Salpeter type following herefrom become identical
with those following from Schwinger’s theory of Green’s functions.
Our representation has many properties in common with that
given by Freese.
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Appendix 1.
The sources of the spinor fields.

In Section 1 we have assumed that the domain of the external
sources can be chosen so large that variational derivatives with
respect to allowed variations of f and ¢ can be defined in a unique
way. This property together with the anti-commutativity (1.6) is
all we need for the development of the configuration space
representation. It is, maybe, not quite frivial that the require-
ments to the sources are consistent. We shall, therefore, con-
struct an example of a possible domain of allowed f-number
pairs.

Let a, and b,, n =1, 2, -+ be two setls of infinite matrices
which satisfy the commutation rules '

{an ali} = 8
{tn an}={a} o} =0,
{0 b} = Onm
{br b} ={ bl bl } =0,

(Ap.1.1)

while all the «’s anti-commute with all the b’s. As is well known,
there exists a mairix which anti-commutes with all the a’s and
with all the &’s and with their adjoints. This matrix £, say, is
the parity of the matrix X (af a, + b}, b,). We choose £ hermitian
and unitary, i. e.

QT =0, 02 =—1. (Ap. L. 2)

For the construction of the f-number pairs we further need
two complete orthonormal sets of functions in four-dimensional
space, f, (x) and g, («), such that any function, & (x) say, can
be expanded in either of the forms

E(@ =2 &)1, ()
or

E@=2g, ().

Let ¢; and ¢, be complex numbers. Then,
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[ (@) =c1 2 an fr ()

(Ap. I. 3)
g (x) =c3 2 b, gn (),

is a possible allowed f-number pair. In fact, due to (Ap. L 1)

{F@. @) ={f@,9@&)}={g9@.g@&))=0. (Ap.L4)

A domain of f-number pairs can be obtained from the particular
pair (Ap. I. 3) by unitary transformations in the a, b-space. In
particular we arc interested in infinitesimal unitary transform-
ations such that the corresponding variations of the f-number
pair form a pair of allowed variations in the sense of Section 1,
i. e. such that

{8F (@), F (=)} ={8f (), g (x)} =0,
{8g (@), f(®)} ={3g (@), g (x)} =0.

Such variations can be obtained by means of the mairix

} (Ap. 1.5)

A=Z(alQa,—aiQa,+bLQB,—P:0D,), (Ap. L 6)

where the a,’s and the £,’s are infinitesimal complex numbers,
By the properties of £, A is anli-hermitian, whence 1 + A is
unitary. By this transformation the a,’s and the b,’s vary ac-
cording to

da, =—[4, a,] = Q«,,

Ap. L.
6bn:__[A’bn]:‘Q/3n' } ( pI7)

The corresponding variation of the f-number pairs is

Of (&) = ¢, 2 X ag [ (x).

Ap. L. 8
59 (@) = 2 2 2 P g (). }(p )

Obviously we have here an example of a pair of allowed variations
for any set of infinitesimal «,’s and £,’s. Thus, all variations
of the form

Of (x) = 2 8¢ (x),

|
Ap. L. 9)
59 (x) = 2 by (). [ e
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where 6§ and d% are infinitesimal functions are included among
the allowed variations. Therefore, if an expression of the form
(1.10) holds for an arbitrary pair of allowed variations, we have
in particular

RV (08 (x) K (x) + dn(x) L(x)) 6x =0,  (Ap.L 10)

with arbitrary 6 £ and d#. As £ is non-singular we conclude
that K (x) as well as L (x) vanish identically.

Appendix 1L
Reformulation of a theorem due to Wick.

Let u (x) be the field operator of a free scalar neutral meson
field. We shall use Dyson’s notation

N(u()u") - u@™)) (Ap. IL 1)

to designate the product of the u’s ordered such that all absorption
operators stand to the right of all emission operators. This pro-
duct we call the normal product of the u’s indicated. As shown
by Wick [9], any time ordered product can be decomposed into
a sum of normal constituents according to

T(ux)u(x’) - u(™) = EN(”. (Ap. 11. 2)

For v odd N vanishes. For v even, N ® is a sum of terms, one
term for each possible pairing of » factors u. Let for » even,
&L £ bhe some of the space time points =, x'’, - -, ™,
For a definite pairing (&, &), (87, &""), -~ (5("”_1), E(”)) the con-
tribution to N® is
O T(u(EYu(E) 050 T(u(E Y u(E"))0)y: -

X0 T (u (V) u (") 10> (Ap. 11. 3)

X N(u@)u@") - u@™); &, &, - M),

Here, N (---) denotes the normal product of the unpaired u’s.
For instance,

N(u@)u@E@)u@ Hu@E"); 2" " )=N(u@)u@E")).
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To obtain N from terms of the form (Ap. II. 3) one must add
all contributions from possible pairings of the space time points
g, E" - £ and, further, sum over all subsets of v field operators
u. Hence, we can write N® in the form

N(’V) Z (v) C (é: EII PPN 5(’”))
.87 b (Ap. 1L 4)
Nu(x)u(x”) --u (x(n))’. ELE 5(11))’

where the C’s are certain c-number functions not depending on
n. The summation runs over all subsets &, &/, .-
ular, we note that, for n even,

CEW In partic-

NW = ¢ (2, 2, - -+ ™). (Ap. IL 5)
Combining (Ap. II. 4) and (Ap.II, 2) we have

T (u (=) -u (x("))) —

n , (Ap.11.6)
Z‘ Z(v) . EW)) N(u(nc') ces u(:c(")); &L e E(V)).
v=
We include formally odd #’s in the summation and choose
vanishing corresponding C’s.

The vacuum expectation value of any N-product is zero.
Thus, from (Ap.1l. 6) for n even, we get explicit expressions
for the C’s, viz.

C(ay - a™y =Ty (e, &, - ). (Ap. 1. 7)

As in (2.20), T, («’, - - -) stands for the vacuum expectation value
of the T-product. Wick’s theorem now takes the form

T (u (z') - u (m("))) . }
To(&, - - E(”))N(u (x')--- u(x(")); g ée(v))_

S

p=0 E’---f( )

(Ap.11.8)

It should be noted that (Ap. IL. 7) also holds for » odd as the
vacuum expectation value of the product of an odd number of
free field operators vanishes,

In case also other types of fields are considered, the definition

of the N-product is slightly modified. Each telm in the N-produect
Dan,Mat.Fys.Medd. 28, no. 12. 4
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should now be multiplied by a factor (+) which has the value
-+ 1 if the permutation of spinor operators involved in the ordering
process is even, and — 1 if this permutation is odd.

Consider the case of a free meson field u and a free spinor
field described by the field operators u and ¢. Similar to (Ap.
I1. 8) one can write Wick’s theorem for this case in the form

T(u(@) - (x(k)) v @) v GDFE) - (E™) =

Z Z Z __4 () To(f""5(%)|77""17M)IC’"'Cw))
sedp £ E(%) (Z.) (,LL) (AP II. 9)

X N (u(x)- - u(x“‘)); e &Ny @y P
(Y 2Ty e Ly,

where (4) is the parity of the permutation

J (S&'...é&(%)m/...,,7(/1)IC'...C(M)) ]
('~ - x(k);é" .. .é:(%)lyf .. .y(l); 7 .- .n(l)lz' .. .Z(m); o -é‘(“))
l —*(w"'-x(k)ly""y(Dlz""z(’")).

We introduce the notation
V(' -y -z )=<0|N@@E) vy  -p@E) -)¥>. (Ap.1L.10

If, further, we usc the notation of Section 2 (p.17), we gel
from (Ap.IL. 9) :

Tg;(x""a:(k)ly"" y(l)lzf...z(m)) _

1 1 , , ,
g0 AL 7= (D il Z (M)(i) To (& &9 oy® e ) U an 1111

>—,1

iy ¥
x yj(x ...x(k);é:...f(x)’y...y )’ n,...n(l)‘zl...z(m); C’...C(/'I'J).

The factorials take intc account that we now perform the sum-
mation such that the &’s, #’s, and {’s run independently over the
x’s, y's, and £’s, respectively.

As is well known, the functions ¥ are the representing ampli-
tudes for the state |¥) in the Fock representation in the con-
figuration space, We can thus regard (Ap. II. 11) as a re-
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cursion formula expressing the Fock amplitudes in terms of
matrix elements of time ordered products.

Appendix Il.
The equations of motion for the Ty-functions.

The equations of motion for the Ty-functions depending on
one space time point only are easily obtained from the field
equations (1.2). One finds?

(Ll +m® Ty (] [)—4 Ty (e | ) + T{x) Ty (] ) = 0,
@y + M) Ty (ly) + 4 Ty (ylyg) + @) Tw (D = 0, ((Ap. ITL. 1)
@, + M) Ty (l2) + 4 Ty (zl12) + g (2) Ty (D) = 0'{

From the variational equations (1.14) and the canonical com-
mutators it follows that

@y 4+ M) dv (y) = 6 [(9y + M) w» (],

and similar relations for the other field variables. Hence, the
differential operators appearing in the field equations commute
with all variational derivative operators. We can thus obtain
equations of motion for Ty-functions depending on more than one
space time point simply by taking variational derivatives of the
equations (Ap. IIL. 1). For instance, applying — i /8 f(z) to the
second of these equations, we get

@, + M) Ty (ly12) + 2 Ty wlyl) |

(Ap. TI1.2)
F @ Te (]2 +i0@—2 Ty () =0. |

One should note that, for instance,
— i 52 Ty (1) = — Ty (]
57c T D = = Tw ().

* The T-product of w (x) and 3 (z') for = ' is chosen as

_ 1 _
Tp@ @) =5l @, @)
Hence the minus sign in the first equation (Ap. III. 1).
4%
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The following equations hold
(— [y + m2) ng(x' ey y(l)iz' S
—(— 1)1,1 Ty (2 - |y - y(l) |2’z <+ )

+1a) Ty @y P ()

@y + M) T (" |y’ |2 )
*i-ﬂTz}—/(aS/""L],[_L]""IZI"')

Nr. 12

(Ap. IIL 3)

’ ’ 1 7 A/X III4:
FF @) Ty g |z ) (Ap )
+i;(i)5(y'-*’§)7’w(w"“Jy"-~-IZ"'-;C):O.
(@Z,_i_M) sz(x""ly""y(l)IZ"")
+;{Tgy(oc""Z'Iy""ya)[z"")
(Ap. I11. 5)

+g @) (D Ty ly - y® )
+i3 (@) 0lg—2) Ty’ |y -y iz ) =0,
1

The (+) factors have the same meaning as, f.inst., in (2.25).

Omne can verify these formulas by induction on the number
of space time points. To illustrate: if we apply i8/6 g (y) on

(Ap. 1IL.5), we get

By + M) Ty (@ gy’ y@ 12 )
ATy (@2 gy y® )
g @) (=D Tw gy - yP )
Lid(—2) (— D Ty |y yg® 2"

+ i D)8 (—2) T (' gy’ yVinl" - ) =0.

HZY

(Ap. I1L. 6

As the number of nucleon space time points has now increased
by one, the third term has the required sign factor. The factor
(— 1)! appearing in the fourth term is in accordance with the
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convention as regards the value of the parity factor (4-). Hence,
the two last terms in (Ap. III. 6) combine to give a term of the
form of the last term in (Ap. 1I1. 5) and we see that (Ap. T11. 6)
is again of the form (Ap. IIL. 5).

The above equations have been derived by Frrese [4] for
the source-free case by means of other methods.
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