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method recently developed by GEeL'Fanp and Levitan is adapted to the

problem of determining a central potential from the “spectral function’”
corresponding to a given angular momentum. (The spectral function incorporates
the phase shift, binding energies and m additional free parameters if there are m
bound states). Two applications are given: An explicit expression is deduced for
the totality of potentials with the same phase shift and binding energies as a
given potential. Further it is shown that for a given phase shift the position of
the bound states is entirely arbitrary and an explicit example is given which
illustrates this fact. Implications for the interprvetation of scattering data are
discussed.

Introduction.

It was shown in a previous paper [1] that a short range
central potential is uniquely determined by the phase shift and
binding energies for any given angular momentum plus as many
additional parameters C; as there are bound states. For boundary
conditions h ¢ (0) + ¢’ (0) = 0 GeL’FAND and LEvrran have in
a beautiful paper [2] combined phase shift binding energies and
the C;’s into one so-called spectral function ¢ (E) and reduced
the problem of determining h and the potential to the solution
of a linear integral equation. Their method can easily be adopted
to the physically interesting case ¢ (0) = 0, which will be done
in § 1. The resulting integral equation thus provides a method
for constructing the totality of potentials corresponding to given
phase shift and binding energices.

In & 2 we first exhibit the dependence of these potentials on
the parameters ;. We have solved this problem in a previous
paper [3] by elementary means. The present method yields in
a simple way the same results in an improved form.

It is a consequence of the theory of GEL'FAND and LEVITAN
that the positions of the bound states are independent of the
phase shift. This is proved and illustrated by an example in the
second part of § 2.

In § 3 we discuss the implications of these results for the
interpretation of scattering experiments.

l*
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§ 1. Derivation of the Integral Equation.
We consider potentials for which \r] V{r) I dr<< o and
0 v

\rz{V(r)\dz'< w . The Schroedinger equation for S-states is
0

' (E, 1)+ Eyp(E r)= Vy(E r). (1.1)
‘We will make use of the following solutions of this equation:
p(E,r):p(E,0)=10; ¢ (£0) =1 (1.2)
and _
fk, r):lim ™ f(k, 1) =1, (1.3)
r->w
where
B =E. (1.4)

@ (E, r) is for a fixed r an entire function of E, whereas f(k, r)
is regular for I/m (k) << 0 and continuous for Im (k) << 0.
For large |Ic|

P 5y ~ S (1.5)
and for large | k| in Im (k) <0
fk, 1)~ e, (1.6)

The function f(k) = f(k, 0) determines and is determined by
the phase shift and the binding energies, which latter are given by

Ey = —u; f(—in) =0, x>0. (1.7)
For real k
@ (k%) = 2%]( [fU) f(—k ) —f(—k)f(k,r)].  (1.8)

Further we introduce the spectral function ¢ (£) defined by

e(—») =0
do _ YR
5= D COE—E), E<0 1.9)
do _ 1 VE >0
diz x|y B[ -

where
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— |17 N2 .¥1;2i% f'(i}‘zso)
¢, = [So[cch,,z)] dz} -,

f(—in) = [d];g{)L:_ml'

(1.10)

The spectral function has the properly that we have for every
square integrable function F (r) the completeness relation

SOfF (D)2 dr = \ do (E) B:dr F () g (E, 1) dr]z. (1.11)

0

We now consider two potentials V, (r) and V (r) and the cor-
responding solutions ¢,, f; and ¢, /. In analogy with GEL'FAND
and LeviTAN we shall establish the equation

e(E, 1) =g (E )+ S:dl' K, ) o (E 1), (1.12)

where
K@) =V db® o @®leEneEy. 113

For this purpose we first consider the integral
1= \de@) g0 {dtg (0 g (B D

=2 Gy Ben) Sodt o (Er ) 1 (B, 1) (1.14)
17 wrar Ny .
+55 FOD F—iy P ’[)Sodt o (K% ) o (B, ).

We substitute in the first term
[ (—ix,r)
and in the second term wec use Eq. (1.8):

T= 2 i

» (B p) = (1.15)

215,

f(—ix,r) S dtgy (— ), O g (E, 1)

. . (1.16)
1 % K di’

+ F(—k) f(—¥,r) Sodt o1 (K2, 1) o (B, D).

i,
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The sccond term can be transformed into an integral over a
large semicircle in the upper half plane and a sum of residues
which cancel the first term. The remaining integral can be eva-
luated by using the asymptotic expressions (1.5) and (1.6)
(compare ref. 1 Eqgs. (A 2.26) — (A 2.30)) giving the final result

s = {de @ e @ 0 dtp (04 E D, (117)

Next, consider the integral
g r
J = S de (ENe(E', r) Sedt p (B, D e (B D). (1.18)

Using the Schroedinger equation we can write

r
\dt gy (B, 09, (B,

- 1
- —E+E

(1.19)
[QD/I (El’ 1‘) Py (E’ 1') — P (El’ 1') 9011 (E’ 1')] -

Substituting dp; (E") from Eq. (1.9) and eliminating ¢, (E’, r) by
(1.8) and (1.15), respectively, gives, for E not on the positive
real axis,

J =2

; : o(—x2 )5
! f1_(_m1z)p( H %%I+E

2 o,

X (—ing, D)o (B, r) —fi (—izg, D) gy (B, 0] (1.20)

—

—f (=&, 1) ¢} (E,1)].
Shifting the path of integration in lhe second term into the
upper half plane gives residues cancelling the first term plus
an integral over a large semicircle and a residue at k' = VE.
The integral over the semicircle can be evaluated by using the
asymptotic expression (1.5) and (1.6). The final result is

1
o (I, 1)~;2— o (E, 1)
(1.20)

=%MM¢ww%mww%@ﬁ l
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Combining (1.17) and (1.21) and interchanging the order of
integration leads to (1.12), (1.13). The same result can be simil-
arly derived when E is on the posilive real axis.

From (1.13) one can deduce the following properties of the
function K (z, t):
2 2
K vor="E vk, (22
K, 0)=0.

Furthermore substituting (1.12) into the Schroedinger equation
and using (1.22) leads lo

dﬁg’ D _ %[V(I-)— Vi, 4l (1.23)

The equations (1.22) and (1.23) characterize K (r, {) uniquely
in terms of V (r) and Vi (r).

On the other hand, multiplying (1.12) with ¢, (E, s) and
integrating with the weight g (E) —g; (E) gives the Gel'fand-
Levitan integral equation

K s) + g ) —[—Srdll{(r, Dy =0  (1.24)
whose kernel is ’
960 =\ dle B —a o (B9 p (B 0. (125)

The construction of a potential can now be carried out in the
following steps: Phase shift and bound states determine the
function f(k) (vef. 1, Eqs. (2.16)—(2.18)). l/’(lc)lZ and the
constants C; determine by (1.9) the spectral function o (£).
Deriving o, (E) and ¢, (E, r) from any convenient comparison
potential one can now construct g (s, {) by (1.25). One must
then solve the linear integral equation (1.24) for all values of
the parameter r > 0 to obtain K (r, s).

Finally the potential is calculated from (1.23).

In order that the integral equation can be solved it is necessary

that the corresponding homogeneous equation has no solution. To show
this we write down the homogeneous equation, using (1.25):

X(S)+Sd[9 (B) — o1 (BE)] g1 (E, 5) S:dl‘% (B, )y = 0. (1.28)
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Multiplying by y (s) and integrating over s from 0 to r leads to

S:[x (s)]zds+gd? (B) [S}Ml & 920] l

. \ (1.27)
—Sdal () Bodswl (E, s)x(s)} = 0. ’
Applying the completeness relation (1.11) to the function
F(s) = 5 (s) 0Cs<r l (1.28)
F(s) =0 s> |

reduces (1.27) to

- L, 2R Rk [t e ‘
26 Bodswl (B, 5) F (s)] +5SJW B s g (I »)F(s)} —0. (129

Therefore F (s) is orthogonal to all the continuum eigenfunctions of the
potential Vi (r) and hence a superposition of the discrete eigenfunc-
tions. Consequently it cannot wvanish for s > r in contradiction with
(1.28). [5].

The fact that the integral equation (1.24) has a solution is not suf-
ficient to insure the existence of the potential Eq. (1.23). It may not
be out of place to indicate here how conditions sufficient for the
construction of the potential from the spectral function can be ob-
tained.

The only difficulty in justifying the construction occurs in Eq.
(1.22) involving second derivatives of K (r, #). It can be dealt with by
using a limiting process. We introduce an auxiliary function ¥ (E),
M > 0, defined by

M (E) = ¢ (E), E< M,

doM (E)  do, (E) (1.30)
== el E -
dE dE ’ > M

0

Assuming e. g. a comparison potential V, (r) continuous for r >0 we
have no difficulties with the second derivatives of the function

gM (s, 1) = S d [0¥ (E)— ¢y ()] ¢y (E, 5) ¢y (E, 1) (1.31)
which satisfies the differential equation
ang agM ’ : .
g Vi) g = op " Va(Dgt. (1.32)

The function K (r,#) constructed by (1.24) using the ¢¥ (s, {) is
twice differentiable.
It is easy to verify that the expression
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oK™ (1, 0) A, )\ _u
M) =-— " —2|—— | K" (r,{
M (1) Py i (r, 9
/ (1.33)
M K (1, ) M
— V. (K" (r,t)— 5 + V(O K (r, t)
satisfies the homogeneous integral equation
r
XM (T', 5)+§XM (I‘, i) gM (S, t) dt = 0 (1'34>
0

and therefore vanishes identically, so that we have established the
equations

»EY Y, (gKM <@) a

M
e ir K (@, t)—V. () K (1,0

KM (r, ¢t (1.35)
= ZEED v ok,

EM(r,0) = 0.

It is a consequence of (1.35) that the function

v o
p¥ (B, 1) = ¢y (E, 1) 4—\K‘” (r ) ¢y (E, 0 dt (1.36)
Y0
satisfies a Schroedinger equation with the potential

"
Vi) = Va2 S0

dr

or, what amounts to the same, the integral equation

(1.37)

r di™ (1, ¢t
P (E, 1) = ¢, (E, T)+2S G(E, 1, —d?{ )
Q

oM (E, 0y dt, (1.38)

where G (E, r,t) is the appropriate Green’s function.

‘We now assume that ag¥ (s, £)/0t is uniformly bounded for all M
and in every closed region of the (s, f) plane and that, furthermore,
2gM (s, 1)

Hm 2 — (s, 1) (1.39)
M>w Ol

exists. Then Q (s, f) is integrable and

3
+ M
S.Q (s,7) dy — lim R%M dn — limg (s,t) — g(s5,0)  (1.40)
0 M>ody Iy M >
exists also, and we have
_ 990, D

Q (s, 0) py

(1.41)
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The existence of
Kt = lim KY (0 (1.42)
M—>x
which is now a solution of (1.24) is a consequence of simple theorems
on integral equations. From the explicit solution of (1.24) follows the
existence of

K (r,1) dE™ (r, 1)
_ = lim ———~

1.43
dr M dr ( )

and its integrability. Obviously

“p
B g3 (B,r) = ¢ (B, = gy (B0 + K00 (B0t (140
M- 0

exists and satisfies

(;U(E,I‘) _ (]71(E,I')+2§G(E,I‘,t)
]

dK (1, 1)

E, t) dt. 1.45
S e G d (1.45)

This concludes the wverification.

The following conditions on the difference o (E) — p; (E) and on
V, (r) are sufficient to insure the above conditions and hence the ap-
plicability of the construction procedure. They cover most of the phy-
sically interesting cases:

§’ralVl(r)ldﬂrgwrm(f)ldr<o<> L 0<a<1 (1.46)
v AR}
d E[r F(E
—[e(E)ﬂl(E)]:K—{—Jr%]’ 1
dFE n LE E'te ] (1.47)

E>E; >0, ¢>0,
where
|F(E)| <y < = (1.48)
and I’ is constant.

The extension of the foregoing considerations to higher angular
momenta, !> 0, is slraightforward. We define the solution
f(k, r) as before by

Lm e® f(k,r) = 1 (1.49)
r>x
and call
f) = 21+ 1) lim rf (k, r). (1.50)
r->0

Further we define the solution ¢ (E, r) by
lime(E,r)/rt+1 = 1, (1.51)
r>0

Then, for real k,
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1\3‘
—

g (1) = o= [fU) [~ ko) — (I f )] (1.52)

while, in the bound states, Ik = —ix,,,

' f( l/m’ t) 9 -

fl—n,, )= hm) BERE @ (—xl,1). (1.53)
Appendix II of ref.1 can now be worked through for 1> 0
(dropping, however, the distinction between ¢ and @) and gives
for do/dE (cf. Eq. (1.11) and ref. 1, Eq. (A 2.37))

d” — S (E—E,), E<0
_ 1.54
d@ /B ) (1.54)
e , E>0
~ At VEIT
where
szgm{cp(—xgl,r)]zdr ( rhm [f (—ix,, )], (1.55)
L) - r>0

With these new deﬁuitions one arrives again at the basic equations
(1.23), (1.24) and (1.25). [6].

§ 2. Two Applications of the Integral Equation.
(a) Equivalent Potentials.

We first want to exhibit the dependence of the manifold of
equivalent potentials (i. e. potentials with the same S-phase shift
and bound states) on the parameters C;. We choose for V; (r)
an arbitrary potential out of this manifold corresponding to the
values Cy;. Since equivalent potentials have the same f(k), we
get :

d [0 (E) — 01 (E)]
dE

=0, E>0 (2.1)

and

d o (E) —p1 (E)] % [C,—C,J8(E—E), E<0. (2.2)
T P

The kernel (1.25) then reduces to a finite bilinear series
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m
g(st) :121 (C—C1p) 911 () @1 (D), (2.3)
where we have used the abbreviation

@1 (1) = o (B, 1) (2.4)

for the bound state wave functions. To solve the integral equation
(1.24) we make the Ansatz

K@) = 340 5. (2.5)

The a;(r) are then determined by the linear equations

m

glel (r)ay(r) = (Cr—Cyp) @12.(0), (2.6)
where
Ma () = =0~ G\ g gn O dt. 2.1)

As we have seen at the end of § 1, the matrix M;; has an inverse,
so that
m
s 1 ~
aj(r) = > My () (C—Cyp) gy, () (2.8)

<y

k=1
and

K(r,s) = 2 91,6 My (0 (C—C13) 9,0 (0)

" (2.9)
V(I) =V, (l) —2 Eﬁ lOg Det H ﬂljk (1) ” .

Examples of equivalent potentials have been given in ref. 3.

(b) Independence of Binding Energies from the Phase Shift.

The independence of the binding energies from the phase
shift is a simple consequence of the Gel'fand-Levitan theory.
We consider the S-phase shift as given and assume that there
exists a potential V;(r) reproducing this phase shift and having
a bound state at the position k = —ix%,. We now make the
assumption that V, (r) satisfies Eq. (1.46) from which it follows
easily that
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1 F(k
T )
[ (E) 2 ke
(2.10) is salisfied in all physically interesting cases.
Next we construct the f(k) corresponding to the same phase,

(2.10)

but the bound state at a dilferent position, k= —n:
[l = ﬁ(A)IJ B B (2.11)
so that T
d "l Al
gp e E)—aB)] = CO(E+x¥)— 16 (E+42),
E<0;
I 2
d VE 1 QEL@+) - [ B
LB~ (B)) = = e ) ,
B ~ [ (VE)] (E+ )
E>0.

Evidently the conditions (1.46) and (1.48) are satisfied so that a
potential corresponding to the same phase shift, arbitrary po-
sition of the bound state and arbitrary constant C can be con-
structed.

For the case when the position of a bound state is changed from
—ix; to —ix the g (s, ) can be explicitly calculated.
By (1.25) and (2.12) we have

g(s,t) = Co, (— 2, 8) ¢y (—=%L,H—C L7y (—x%,s)(pl(—x%,t)—f—g(“)(s, 0, (2.13)

where the contribution ¢ (s, {) from the continuum is

oo 1T Rk (202 —x) | 2 —a)P \
g( )(S: t) = ;S lfl (1() lg ( I(‘2 + xg —I_ (1{2 + %2)2) P4 (kzas) Py (IC ’ t) (214)

By (1.8) and use of contour integration this becomes, for s > ¢,

‘ Chdle 12062 — 2% (ka2
g(C) (S’ t) B %g f1 (k) ( ](le‘f‘ x? )+ Ek; + %2;2) fl (&, S) ¥1 (kzs t)
m (%2—%2) (2 %2_%2_%2)
= ch 1 (x? _1%2)2 1 9, (— %12,3)¢;1 (——-;g;z',t) (2.15)
=1
P9 [k 4 «)? .
+5. 0 [W f, (k $) o, (K2, t)Lsz



14 Nr. ¢

For s <1, g(s,f) can be determined from the symmetry relation
gs, )y = g(ts).

It is interesting to calculate the derivative of the potential with
respect to the variation of one of the binding energies. From (1.23)
and (1.24) we have

7] Vir: _ 9 ol K -
[ax (r,x)L{Ex =2, {0% \(r,r,n:)]u_%
1 1 (2.16)
ala e
= —25 L}—%g(r,r, )L:%l
and by (2.15)
3 ] _ 1 m A § 2
aixg(rsri}‘) x:x_—-:igll[fl(_bfzyl)]
* ) 2.17)
. 21, i —in A2
fl (—i%l)]dl (—ix,,0) [By[f( b 1)) }74:%1
Thus [2V (r; %),fax]x=x1, has the form
oV (r;sx " . , .
e P WYL VAo
o S (2.18)
lx, 52 i iy
+f1 (—ix)) [} (—ix,,0) L’m(’tl( f, 1) fy (—1 ’I)Lwl

This expression can be checked in an elementary way. We consider
the infinitesimal change of potential

SV (1) = &n Fva(#i)] (2.19)
% =3y

and shall verify that to first order in dx it changes only the binding

energy — x7, to — (x; + dx)%, leaving the other binding cnergies and

phase shift unaltered.

‘We have secn in rel. 3, Eq. (2,3), that the first term of (2.18) does
not change the eigenvalues or phase shift; it merely leads one to a
neighbouring “equivalent” potential. Next we calculate the change of
the eigenvalues due to the second term'in (2.18). Let y; be the normalized
eigenfunction of V;, belonging to binding energy E; Then

©0

I, = Q%Vm [y (1)]2 dr ]

(2.20)

= 8 - 8 1%y — -w[_a (Jy (— i, 1) [ (— i, 7) wi (r)dr.
U (i) [ (—xg, 0) nax 1 1 ’

=2y
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‘With the help of the Schroedinger equation we find (cf. ref. 3, Eq. (2.3))

o

: 1 o 2
Sfl@—imr>ﬂ<—4u,mwzv)m‘::Zoﬂ+~Em>Bfl«~zmszlv>dﬂ . (221)
0 0

Differentiating with respect to x» and substituting into (2.20) gives,
with the help of (1.10) and (1.13),

SE, = O - i i/%l “1 \fl(—jx 2 vy (M) (r) dr} I
f(—ix) [ (i, 00 2| ) [RCE>)
= 01 [y + 80)° — 2], [

Similarly one can check that & V (r) does not alter the phase shilt,
which completes the verification.

As an illustration, we shall explicitly construct the potentials
corresponding to the phase shift # (k) given by

1
kcoty (k) = —a—l—§r0k2 (2.23)

a>0, ry>0, 2ar,<1,

and a bound state located at the arbitrary negative energy E, = /i

Eq. (2.23) has been used for an approximate description of low
energy neutron proton scattering in the friplet state. According
to Eq. (6.19) of ref. 1 this leads to

412 458
k) = - L , .
f(k) 2k—i(o—0o)][2k—i(o+0)] (2.24)
where
2 2 ——
o=, o==)1—2ar,. (2.25)
ro ry

As auxiliary potenlial V; (r) we chose the potential corresponding
to

(2k—21ix)*
2k—i(o—a)][2k—i(o+ )]

fi(k) = [ (2.26)

This potential has no bound state and is uniquely defined. It is
contained among the examples of BareMany [7]. Since

RGN (2.27)
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the kernel g (s, t) of Eq. (1.25) reduces to a single bilincar term
so that the solution of the integral equation (1.24) becomes
trivial and V (r) can be determined.

To obtain an expression for Vi (r) we express x by means
of a new parameter 1 as
144

1

Then Vi (r) can be written as

Vi) = 200{(e+A0)* (o + Ag)* (o — o) [H @7 — je b @ s

— 22 (o +0)* [(o+ A0)2 2 € DT (g4 Jg)2 et @2 (2.

9

x{(e+40)? (768" + 03T — (0 + 1g)? [ + oi e ¢']) 2
and the corresponding ¢, (Ey, r) is
@1(Ey, 1) = €47 (1—2%

(o+40) [oe" + ode "] — (o4 Z0) [pe®" + Ao e 27] (2.30)

(04700 [ge?" + ol e "] — (o+ A)* [0e™ + Mo ™¢']’
The integral equation for K (r, t) is

K(r,s) + Co (Er, 1) @ (B, )

- (2.31)
+Cp(En )\ B g (B D dl = 0
4]

with the solution

]{(I’, t) — C(pl(fl’r)gvl(El’t)

, 0<C<w. (2.32)
14 C\ [ (B, )12

The family of potentials with the phase shift (2.10) and the bound
stale at the arbitrary energy F; < 0 is therefore given by

V<r):vl(z-)~2c§ S ENCITE))
"1+ T (B D1

Summarizing we may note that we have here a four para-
meter manifold of potentials; ¢ and ¢ are determined by the

phase shift, 1 by the position of the bound state and C by the
normalization of the bound state function ¢ (Ey, r).
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§ 3. Remarks on the Interpretation of Scattering Data.

In some of the early investigations of the S-matrix, it was
believed that the zeros of the S-matrix determine the bound
states. Counter-examples showed, however, that in some cases,
at the so-called false zeros, no bound states occur. Still, the idea
survived that at least the S-matrix must always vanish at the
points of the discrete spectrum. For instance, this idea was
used in one of the justifications of the so-called effective range
theory [9], to establish the connection between the neutron proton
" triplet S-phase and the binding energy of the deuteron. We have
seen that such a connection does not exist, in general. We shall
show that only for sufficiently short-range potentials do bound
states necessarily coincide with the zeros of the S-matrix. (It
should be noted that the original derivation of the effective range
formalism by ScawingEr [10] does not make use of this connection,
but is based only on the assumption that the range of the potential
is short compared to the size of the deuteron).

Thus consider the case where the S-matrix, S (k) == 217,
is known and has zeros at £k = —ix, Il = 1, 2, -+ m. Suppose
further we know a priori that the underlying potential is short
range in the sense that

lime2#" V(r) = 0 (3.1)

r=>w
for some % > 0. Then f (k) is regular in Im (k) << » so that in the
strip, x < Im (k) < 0, there is a one to one correspondence
between zeros of the S-matrix and binding energies. On the other
hand, no bound states need occur at those zeros — i »; which lie
helow this strip. For suppose there exists a potential Vy repro-
dueing the phase shift and having bound states at — ix;. Accord-
ing to (2.19) and (2.18) one can add an infinitesimal increment
8V = e [(0/03%) (fy (—ix, 1) f (—ix, 1)) lx=z,, which changes only
the position of the !'th bound state. Since it behaves asymp-
totically like 6V ~ & (2 yr — 1) exp (—2 »r) it does not violate
(3.1), provided that »;, > », and hence leads to an acceptable
potential with the same S-matrix, but a displaced bound state.

For the neutron proton system zx, Eq. (3.1) may be estimated

by meson theory and is substantially larger than the smallest
Dan, Mat.Fys. Medd. 27, no.9. 2
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zero, — i, of the S-matrix (%/x, ~ 1:5). From this additional
information it follows that this zero corresponds to the deuteron
binding energy.
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Note added in proof.

After completion of this. manuscript the existence of a more de-
tailed paper by I. M. GeEL'ranDp and B. M. Leviran (Isvestiia Akad.
Nauk. S.S.S.R. 15, 309, 1951) was brought to our attention. This
paper contains all the proofs and treats, also the case of boundary con-
ditions ¢ (0) = 0. No application to scattering theory is discussed.

Indleveret til selskabet den 27. september 1952,
Feerdig fra trykkeriet den 12, marts 1953.
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