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Introduction.

In' recent vears, important progress in the field of quantum
electrodynamics has been obtained by introducing the idea
of charge and mass renormalization®. According to this method,
the usual field equations in quantum electrodynamics, which are
obtained from the classical equations by a correspondence ar-
gument and which contain the well known divergencies, are
transformed by a canonical fransformation into a set of equations
in which only the observable renormalized mass and charge of
the particles occur. Since the whole procedure is relativistically
invariant one can expect the transformed equations to give a
correct description of electromagnetic phenomena, and this ex-
pectation has been decisively confirmed by the remarkable ac-
curacy with which this theory allows to calculate the Lamb shift
as well as by the predictions of new effects like the anomalous
magnetic moment on the basis of the theory.

The application of the renormalization method to the case of
nucleons in interaction with mesons seems, however, in some
cases to meet with serious difficulties®. Further, it should be
kept in mind that the method itself, in spite of its practical success,
is not entirely satisfactory from a theoretical point of view, since
the transformation leading to the renormalized equations is not
a mathematically well defined unitary transformation, as is
obvious from the fact that its purpose is fo remove infinities.
It would therefore be more attractive, at least in the case of
nucleons in interaction with meson fields, to replace the usual
field equations by slightly modified equations which, from the
beginning, are free of divergencies.

Since the early times of quantum electrodynamics, it has

been clear that an essential part of the divergencies inherent in
'I*
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the usual field theories are due fo the use of the point particle
picture of the elementary particles. Instcad of taking the wave
functions of the interacting fields at the same space-time point
in the interaction Lagrangian, it has, thercfore, repeatedly been
suggested to introduce a form factor describing a kind of non-
localized interaction of the fields™ & ® It does not seem
possible, however, inside the frame of usual quantum mechanics,
to introduce such a form factor in a relativistically invariant
way, and for many years all such attempts were regarded as
impossible. ’

In the meantime, the S-maftrix theory was developed by
HeiseNBERG™, His starting point was the idea that the frame-
work of ordinary quantum mechanics might be too narrow to
comprise a consistent field theory and that the difficulties could
be removed only by giving up to some extent the more detailed
description of the elementary processes, which is claimed to be
possible in the usual quantum mechanics. The directly observ-
able quantities like the cross-sections for the various elementary
processes are fully described by the S-matrix and one might take
the extreme point of view that a field theory should be considered
complete if it only allows of a unique determination fo the S-
matrix.

In the present paper, it is shown that the introduction of a
form factor in the interaction between particles of spin one half
(nucleons) and pseudoscalar mesons leads to a consistent S-matrix
theory with correspondence to the usual field theory. Section 1
contains the general formalism including the field equations as
well as the expressions for the total energy and momentum of
the system. These quantities are in general not constants of the
motion but, since they are conserved over infinite time intervals,
they may be regarded as constants of collision in the sense of
the S-matrix theory. In this section is also given a brief discussion
of the general properties of the form factor following from the
requirements of relativity, reality, and correspondence. A detailed
discussion of the consequences of these requirements is post-
poned to Section 4.

In the following section, the S-matrix is derived to the second
order in the coupling constants by means of the extension of
the method of Yane and Feroman® given by Brocu™. In



Nr. 7 5

Section 3, the expressions for the self-energies of mesons and
nucleons are derived from the one-particle part of the S-matrix.
The necessary mathematical tools are found in the Appendixes.

The values of the self-energies will, of course, depend on the
choice of the form factor and, in Section 4, it is shown that the
form factor can be chosen in accordance with the general con-
ditions stated above in such a way that the self-energies are
finite and small.

The correspondence requirement implies that the present
formalism must be identical with the conventional field theory
when the fields are slowly varying. The definition of a slowly
varying field involves the iniroduction of a constant A of the
dimension of a length which also enters into the expression for
the form factor in such a way that we get all the resulis of the
usual theory for processes which take place in regions of an
extension large compared with A. This means that, for instance,
the second order cross-sections for nucleon-nucleon or nucleon-
meson scattering are the same as in the usual meson theory as
long as the (ransferred momentum is smaller than Ah/4 in the
centre of mass system. For high energy processes, however, the
form factor causes deviations from the usual theory and, in
principle, the results of high energy scattering experiments could
be used for an empirical determination of the form factor. At
the moment, we have no theory which would allow of a closer
determination of the form factor and we do not even know if
the constant A is a universal constant®®, A theory of the present
type should perhaps rather be regarded as an approximation to
a more general theory applicable to processes in which only
particles of the kind considered play an essential role. Hence,
the introduction of a form factor may be looked upon as a crude
way of taking into account the influence of the external world
on the system and it must be expected that the form of the form
factor will depend on the particular system considered. Thus,
a theory of the form factor itself will require the development
of a unified theory of all elementary particles. It is an open
question whether this general theory can be developed inside
the frame of ordinary quantum mechanics.

In Section 5, some of the most striking differences between
the present formalism and ordinary quantum mechanics are
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discussed, in particular as regards their physical interpretation
and the transformation theory. In the present theory, a wider
class of transformations—the quasi-canonical transformations—
take over the role of the canonical transformations which retain
their importance only in the limit of slowly varying fields. It is
shown that the theory can be made gauge invariant in the sense
that a gauge transformation is equivalent to a quasi-canonical
transformation, which means that a gauge transformation has no
effect on the physical predictions derived from the theory.
Finally, in Section 6, it is shown that the introduction of the
form factor also makes the vacuum polarization finite to the
approximation considered. In the present paper, we have dis-
cussed the consequences of the theory for scattering processes
only. In a subsequent paper, we hope to deal with the properties
of composed systems of elementary particles on the basis of this
theory. Since the introduction of the form factor effectively means
a cut-off, it may he expected that we can avoid the difficulties
which, in the usual theory of nuclear forces, arise from the
strong singularities of the potentials. :



1. General formalism.

In this piaragraph, we shall consider the genecral case of spin
one-half particles (nucleons) in interaction with an arbitrary
meson field of integer spin. Let ¢ (x) be the field variable of the
nucleon field, and let the meson field be described by one or
several real field variables u,(x). We assume that the field
equations can be derived from a variational principle

3 [ @) + Lag(@)) de - { Line (0,227 o da” da| = 0, (1)

where dx is the volume element in Minkowski space, dr =
drx,dxydrsde,, xy = —1a,. Ly and Ly, refer to the free nucleon
and meson fields, respectively, and Ly, describes the non-
localized interaction between the fields. Thus, using units i = 1,
¢c =1,
1 - 7\

Ly = — {2 (wmﬁw—auw-mw) =+ MWPI
) (2)
Ly = *é'-{ayu-aﬂu +m2u2}

Lo = — S () 0 @30 )t @)y (@), (8)
= -

where ng'g" (x', ", x''") in general is a combination of the Dirac

matrices depending on three different space-time points. In the

following, we shall take @ as a product of a one-particle matrix

operator and a scalar form factor F depending on the coordinates
of the three space-time points, i. e.

@g’g‘” = Ag,é,,-F(x’, 'z, (4)
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For simplicity, we write

Ly = —9(@) @ (a2 yu@)y @),  (5)
using vector and tensor notations for the spinor index ¢ and the «.
Obviously, we have @u = u®P. The matrix A is the usual one-
particle operator occurring in the expression for the interaction
Langrangian of the corresponding local theory which thus is a
special case of the present formalism with

F=0@ —a)d@ —a). : (6)

In the case of neutral pseudoscalar mesons, for instance, we have

AF = igl’)/s——l%y5’yua;)F(x” .’L"’,x”’), (7)

where g, and g, are the coupling constants of the pseudo-scalar
and the pseudo-vector interactions, respectively. In the case of
scalar mesons, we have simply 4 = g-1. When we deal with
charged and neutral mesons in symmetrical interaction with the
nucleons, these expressions should be multiplied by the isotopic
spin operator ¢, a = 1,2,3.

As shown by C. BLoca™, Yurawa’s theory of non-local fields
suggests the following expression for the form factor

x' F "

F:(2n)—3SG(L,Z)expi{L( 5 A—x")—i—l(a:'—ac"'}del, (8)

where the Fourier transform G(L,l) is a function only of the
quantity [I? defined by
(L*?
H2 == IZ—F—. (9)
Here, Ll = L,l, denotes the scalar product of the four-vectors
L, and I,. For time-like L, the Fourier fransform G is in this
theory given by

G (LD = G(IT) = Si‘;éﬂ, (10)

where 4 is a constant of the dimension of a length.
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As it will be seen later, the choice of the particular form factor
(8), (10) does not lead to a convergent theory. We shall therefore
try to develop the theory, as far as possible using a largely arbi-
trary form factor restricted only by general physical arguments.

In the first place, ' must be an invariant by arbitrary dis-
placements of the origin of the system of space-time coordinates.
This condition is conveniently expressed in terms of the Fourier
fransform F (8, 2, I%) of the function F(x',z"”,x"""). One sees at
once that this condition requires I ([, 3 (%) to contain a factor
(P4 12-+ 13). Accordingly, putting F (I, %, 1%) = G(I, [3) 6 (R4 12+ 13),
we get ,

Fla,a’, &) = (2 n)*ss G, 1)

(11)
- exp i{llx' 4+ B — (B 13) m"} didis.

Next, SLim dx'dx’’dx""’ must be Hermitian, which requires
Fx',x",x"") = F*(x'",a",x"). (12)

In the Fourier representation, this is expressed' by
G013 = G¥(—1%—1Y). (13)

Obviously, as F has to be an invariant with respect to Lorentz
transformations, ¢ must have the same property. Sometimes it is
convenient to introduce new variables of integration

11%12

L="0_41 1 5 (14)
into the expression (11), which gives
Fa,x", 2" = (2 az)_SS G4 1%
- exp i{L (”” zm'/’_x”) + 1z *x>} dLdl. (19
In this form, F appears as a function of the variables
R= x“;mﬁx ro=a —a' (16)

While the dependence of F on the variable r describes a type
of internal coupling of the nucleon field to itself, which has no
classical analogue, the dependence on R is just what one would
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expect from analogy with a classical theory of extended interaction
between the two types of particles. It will appear, however, that
the dependencc on r is actually most essential for the convergence
of the theory.

Finally, it must be required that the theory of non-localized
interaction is equivalent to the usual field theory for sufficiently
slowly varying fields. This means that the form factor must
have the same effect as the d-functions of the local theory in any
expressions containing slowly varying fields, only.

In Section 4, we shall give a precise definition of what we
understand by slowly varying fields as well as a detailed dis-
cussion of the restrictions imposed on the form factor from the
correspondence requirement mentioned above. The definition
of slowly varying fields involves the introduction of a new con-
stant 4 into the theory, which conveniently may be taken of the
dimension of a length and which one would expect to be of the
order of magnitude of, or smaller than, the range of nuclear
forces. It will appear that the function F can be chosen to depend
on 4 in such a way that the limiting cases of 2— 0 and of slowly
varying fields become identical. Hence, we have

lim F(z',x”,2"") = 6 (&' —a") 6 (a2’ —a'"") (17)
20

and, for instance,
Su(xlf)w(mlll)F(x/’xll’ xﬂ/l) dm//dxlll — u(xl)w(xl) (18)

for slowly varying u and w.
The equations of motion obtained from the variational
principle (1) are

(VHB;L+]V[) 1/) (x/) _ —S @(x/,xll’ w!ll) Ll(mll)'lp(xfll) dmlldxlll
(D” . IH2) u (xll) — S @ (xl) @ (xl’ xli, x//l) 1/) (m/ri) dm/dxuf .

On account of the non-local character of the interaction, the four-
current

P @) ypy () (20)

does not satisfy the continuity equation. In fact, by the usual
procedure, one obtains from the first equation (19)
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@) = —i{{5@ O @)@y y @) o
(21)
_ S 7 (@) B (x'a",x) u(@’) p () dx’dx”}.

Integrating this equation over the whole four-dimensional space,
the right hand side vanishes identically. Hence, we get

SwT () p () d¥ %‘ = Sw" () v (x) dDF

(22)

1=+
The quantity AN = \wT pd® T is equal to the difference between

the total number of nucleons and antinucleons, and equation (22)
demonstrates that this number is strictly conserved over infinitely
large time intervals. This is in general not the case for finite time
intervals, where a conservation theorem holds in the limit of
slowly varying fields, only. In fact, in this limit we may apply
(18) on the right hand side of (21) and the two terms cancel.

The situation is somewhat similar in the case of energy and
momentum conservation. The invariance of the Lagrangian
with respect to displacements of the origin of the system of space-
time coordinates leads again only to the identification of constants
of collision. So far treating the field variables as c-numbers we
obtain by the usual procedure

Voo ow— {5,502y u @y p )
SO ICR O UATCOMEE (23)
+p )@ (a2 "y ula') 0 w (") } dx'dx""dx""’ = 0,
where 15,(2 is the usual energy-momentum tensor of the free fields*)

1 _ _ _
= 5 | @rr0uy —0u 79 ¥) — S (P10, 9 — 0,97, %)

1 (24)
— O Mipy + dpu-duu -3 Ouv (0,18 u + mPu?).

This result can also be verified directly from the equations (19),
from which it follows that
*) For quantized fields, the term 8,,u6Mu should of course be replaced by the

Hermitian expression § (Bvlzauu+ 8qu8,,11), which involves a corresponding change
in the second term on the right hand side of (25).
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iR = {9F@) 0@ u@ ) p ) dea
sero@ e sm@ye e s
Hpar @ wyu@) oy @) dv d

Integrating this equation over the whole domain of four-dimen-
sional space, one obtains again (23). The invariance of the inter-
action Lagrangian density (3) now allows (23) to be written in
the form of an integral of a four-dimensional divergence of a
certain tensor {,,. From the invariance of, for instance,

o€(2) — _S?TU(:CI) Q)(wl’x’x///) U(m)w(m"') da’ dac'’” (26)

and from the fact that the form factor is form-invariant, it fol-
lows that

0ul® = —\op ) o @ mayu@ p )
@) @ ax")dpu @)y (@) (27
FRE) P @) oy () e’ da
and, hence, (23) can be written in the form
Sav (2 (x) de = 0, (28)

where
ti () = 1) () + 8w LP (). (29)

Thus, the following Hermitian quantities are constants of col-
lision

6 = — i\ @@ a7 = 69— 15, \£9 @) a®%  (30)

and may be interpreted as the total momentum and energy
of the field. If we had chosen, instead of (26), one of the two
other possible inferaction Lagrangian densities,

c[’a(l) — ﬁS@(x) 1453 (x,x",x'”) u (x//) P (x/u) dx'’ de't’
; (31)
£(3) — \ 17)(“:/) 1] (x',a:", 11') - (x//) " ((L') dx’ do’’
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we would, instead of (28), have obtained
Sav (3 de = 0, Sa.p G =0, (32)
respectively, where
£ = 1)+ 8, LD, t5) = 60+ 8y L. (33)

However, the requirement that the energy-momentum tensor must
be Hermitian reduces the number of possible choices of this tensor
to one of the two

1 :
by = u(ta) 1) = (0 + 05 (L + L£9)

1) = 1) + Sy L.

(34)

It may be remarked that any of these becomes identical with
the usual expression of the energy-momentum fensor in the limits
of A— 0 or of slowly varying fields.

From the preceding discussion it is clear that the present
formalism is entirely different from the Hamiltonian scheme of
ordinary quantum mechanics. This is obvious from the fact that
the non-local quantities corresponding to the total energy and
momentum of the system are in general not constants of motion.
However, the fact that these quantities are conserved over the
infinite time interval — o <t < + o suggests that G, may be re-
garded as constants of collision in the sense of the S-matrix theory
and that a consistent treatment of this formalism can be found
inside the frame of HEISENBERG's S-matrix theory. The present
theory thus offers an example of a case in which the S-matrix
may be calculated without any reference to an underlying Hamil-
tonian scheme.

2. Derivation of the S-matrix.

For the derivation of the S-matrix we shall use the method
developed by Yang and FeLpoman and by KirrLtn®®. As shown
in the Appendix A, the field equations (1.11) are equivalent to
the integral equations
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w(m) — Qp(x, O') + Ss?\'l(x’x/)®<x/’xu’xur) u(mr/) 1/) (x///) dx/dx”dx’”
: Y¢S
u(x) = u(x, 6)— § @)@, x") A5 (2,2 ) p (x") da’ dx'’ da'"”,

where p (x, 0) and u(x, o) are the free fields coinciding with v (x)
and u(x) on a spacelike surface o. Sy, and 495 are Green’s
functions defined by (A. 3) and (A. 32) and corresponding to the
mass values M and m, respectively. Taking ¢ in the infinite past,
the functions S3; and 4}, become identical with the corresponding
retarded Green’s functions and the equations (1), in this limit, are

w(x) = " (x) + SSﬂZt (x—x) P a2 u(xyyp (") de' dx' dx'”’ [
. . (2)
u(x) = u"(x)— \ F(x) P (2, x", 2" ) At (x—x' ) yp(a'" ) da’ dx' da’”’ . }

These equations may be considered as definitions of the in-fields
™ and u™. As a consequence of (A.7),

v @) = lim (@, 0) ]
_ , (3)
u" (x) = lim u(x, o) J

and the in-fields satisfy the free field equations.
Similarly, we may define the out-fields by

™ (x) = lim p(x, 6)
>4
t | )
u™ () = lim u(x, o)
G->+»

or, alternatively, by the equations

P (.’L‘) — wOUt (x) + \S?‘gv (J,‘CCI) b (.’B/, CC”, CIT,N) U((IZN)’(/)(.’E’”) dx' dx'’ dxrul

(3)

u(x) = o (x) ‘S PPz, 2", YA (x—a ) p(x’) da’ da”’ da’"’ l
Hence, in a certain sense, the in- and out-fields may be regarded

as the free fields which coincide with the actual fields at t = — o
and t = + «, respectively, thus representing the ingoing and out-
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going fields. By solving the equations (2) we obtain the actual
fields in terms of the in-fields. Further, subtracting (5) from (2),
we get an expression for the out-fields in terms of the in-fields
and the actual fields and, eventually, in terms of the in-fields.
Using (A. 20), the equations obtained from (8) and (2) are

B0 = 90— {5, (0D @123 uE) p(3) d(123)

. (6)
u®"t (0) = ui“(0)+5¢(1)q5(1,2, 3) A (0—2)p(3)d(123),

’
P

where we use the symbols 0, 1, 2, 3, ... for =, «/, &/, ="
and d(123) = da'dx" dx'".

Following Yane and Frromax®® and Brocu™, the quan-
tization of the field variables can now be performed by intro-
duction of commutation relations for the in-field variables. It
is then clear from the preceding discussion that also the com-
mutation relations for the actual fields and the out-fields are
determined. Since the in-fields satlisfy the homogeneous wave
equalions, we may consistently assume the usual free field com-
mutation relations to hold for these fields, viz.

in —=in ' 1 ’
{1/’5 (x), Ve (x )} = 7SM§§' (x—2a’) D)

[ (), @™ ()] = id, (x—a").

It has been shown by Brocu™ that then also the out-fields
satisfy the commutation relations (7). Consequently, the in- and
out-fields must be connected by a unitary transformation

wOUt — S—l wins
uout — S~1 uinS (8)
STS = S8t = 1.

On account of the interpretation of the °'f, u®' and ¢™,
u™ as the variables describing the outgoing and ingoing fields,
respectively, the unitary mairix S is the Heisenberg S-matrix

of the system®®,
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It is convenient to introduce a Hermitian matrix # by
S = o (9)

and the problem is now to determine % from (8) and (9) and
the field equations. To solve the field equations we have to take
recourse to an iteration method in which the in-fields are chosen
as the zero order approximation, and we shall take into account
the interaction to the second order in the coupling constants
contained in the function @. To the first order, we find from (6)

B0) = " (0)—(S3 (01D @ (1,2,3) u™ (2§ (3) d (128) ]

(10)
) = & O+ [5" (1) 212D Ay 0D 2 3) d(29). |

However, on account of the conservation of energy and momen-
tum, no real first order processes can occur. Consequently, the
first order term in % and, therefore, also the first order cor-
rections to the oul-fields, must be zero. This can also easily be
verified directly by evaluation of the integrals on the right hand
side of (10) in momentum space. Therefore, since

~ 1
Syt = SM—ESM
(1D
Alx‘ﬁt = meédm

the actual fields calculated to the first order from (2) may be
written

p(0) = $™(0) + SEM (0—1) B (1,2,8)a™(2) p™ (3) d(123)

| (12)
u(0) = u™ (0)— ﬂ‘“‘(l)@(l 2, 3) A (0 2) 9 (3) d (123).

Using (12) in (8) we finally get the expressions for the out-fields
in terms of the in-fields to the second order in the coupling
constants
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~a

P (0) = o (0)—SSM(Ok1) B (1,2,3) " (2) Sy (3— 4)
XP(4,5,6)u™(5)y™(6)d(1...6)

+SSM(0—1)(D(1,2, 3)

X{T™ (4) D (4,5, 6) 4, (2 —5) ™ (6)) y™ (3) d (1. . .6) .

) = @ () + | F (1) (1,2,3) 4, (0--2)
XSp (3—4) D (4,5,6)u™(5) p™(6)d(1...6)
+{ 7@ oA.5.6)u"5)

XSy (6—1)D(1,2,8) A, (0—2)™(3)d(1...6).

Since the first order term in % vanishes, the connection between
the in-fields and out-fields expressed by (8) and (9) can, to the
second approximation, be written

out

in 1 in
P =9 +7[1},wJ
(14)

. 1 ;
uout — um_,l_?[?,/’um].

Comparing (13) and (14), and using the free field commutation
relations (7) for the in-fields, it is easily verified that the n-matrix
in this approximation is given by
1=—{Pmea. @51
XD (4,5,8)u™ (5)»™(6)d(1....6)
+3{Pm e

X{FHO P (4,5,6) (2—5)y" ()} ¥ (3) d(1....6).

(15)

In this approximation,
in=S8—1. (16)
2

Dan. Mat. Fys, Medd, 27, no.7.
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According to the S-matrix theory® @, the matrix S— 1 is a
product of two factors, the first of which is a é-function taking
care of the conservation of energy and momentum while the
square of the second directly gives the cross-sections for the
possible real processes.

3. Galculation of the matrix elements of 4.

Since the n-matrix given by (2.15) contains in-fields only we
shall, in this section, omit the subscript *“in”’ attached to the field
variables, and %, » and u then denote free field wave functions
satisfying the commutation relations (2.7). These functions may
in a relativistically invariant way be decomposed into positive
and negative frequency parts which then, in the usual way, are
interpreted as annihilation and creation operators, respectively.
The non-vanishing commutators (anticommutators) between
these variables are the following ‘

{#£7 (@), 90 (@)} = — S (z—a") [
{957 (@), 9t ()} = —iS (2 — )

1)
[P (@), a7 (@)] = 6, AP (x—a), J

where, for simplicity, we use the notations S and 4 instead of
Sy and 4,,. For the definitions of the various Green’s functions
introduced here see Appendix A. A-functions referring to the
nucleon mass will be explicitly written 4,,, The vacuum state
vector IO) is now defined by

w(HIO} =0 l <O|z,u(~) =0 I
P10y = 0 O =0 (2)
0> = 0 J O0[u™ = 0. |

_ In the Appendix B, the matrix elements of the various combina-
tions of wave functions occurring in % have been calculated.
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From (B.5) it follows that the vacuum expectation value of
the nucleon source density occurring in the interaction between
nucleons and pseudoscalar mesons is zero. For instance,

OLP s (3]0 = iTry; S (B —1) = 0, (3)

where we have used Try; = Tryzy, = 0. This is a particularly
simple feature of the pseudoscalar theory. In the scalar meson
theory, lor instance, the necessary vanishing of the vacuum
expectaiion value of the source density creating the meson field
would be obtained only by a suitable symmetrization procedure
analogous to HEISENBERG’s rule in quantum electrodynamics.

We shall now confine curselves to the case of pseudoscalar
neutral mesons in pseudoscalar interaction with the nucleons
and our task will be first to derive the various matrix elements

of 97‘.

a) The self-energy of the meson. As is well known, the #-matrix
contains non-vanishing matrix elements corresponding to tran-
sitions between two states in which only one meson and no
nucleons are present. Denoting the momenta of the mesons in
the initial and final states by p’ and p”’, respectively, one finds
that the matrix element in question is of the form

g 3PP s } (4)

w

where dm* is an invariant constant and w is defined by

W = [P+ . (5)

A term of this form would also arise from an additional term in
the interaction Lagrangian density

OL™ = dmu?. (6)

Thus, 0m* must be interpreted as the contribution to the square
of the meson mass due to the interaction with the nucleons. In
the local theory this contribution turns out to be infinite. How-
ever, as it will be shown below, it is possible to choose the form

factor in accordance with the general requirements outlined in
2*
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Section 2 in such a way that the correction o the meson mass
comes out finite and small compared with the actual meson mass.

To caleulate dm? we consider the one particle part of the
matrix element of 7 between the two states mentioned above
with the corresponding state vectors Iﬁ') and lﬁ”). In the one
particle part

B |p' > =<p"|(n—<0[n|0N|F"> (N

the confribution from the vacuum fluctuations, being of no
physical significance, has been subtracted. In the case con-
sidered, the form factor can, according to (1.7), with g, = 0 be
written

D = igysF (1,2, 3) (8)

and the 7-matrix given by (2.15) becomes

7= Ny + N1, (9)
where

n = gZSF(1,2, 3)F(4,5,6)d(1...6)

XF (1) 758 (3 —4) 759 (6) u(2) u(5)

(10)
= —%gng(l, 2,3)F(4,5,6)d(1...6)
XF (L) ys [P @) ysp (B)]y (3) 4(2—15).
Since #y; does not contribute to (7), we get
B |B> = ¢\ F (L2, 3) F(4,5,6)d(1.6) L)

XCO[F (D) 768 (3 —4)ysp (6) |00 B [ [u(2) u(8)]y| B> J

The nucleon vacuum expectation value can be evaluated, using
(B. 5), |

<Ol¢(1)75§(3“4)7’5w(6)10>

=2 (1 SGB—) ys)y (—iSEL (6 —1))
cl Ce (12)
= i Tr (pud® + M) (7,0 — M) Ay; (3 — 4) A5 (6— 1)

= 478 — M) A5 (3—4) A5 (6 —1).
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The one particle part of the meson mairix element is directly
found in (B. 26)

—>'u

11(9) u (5)] (1)‘ 5 (2 "5)~

X{ei (p’5~p”2) + gl W2—p” 5)}_

oo (13)

Inserting (12) and (13) into (11), and using the Fourier expansions
of Ay, A§P (A.26), (A.28), and F (1. 15), we find that the first of
the two parts of the matrix element (11) arising from the first
of the two terms in (13) is

1
2 g2 (2 7)"20 S d(1...6)d(BPIEI) dK'dK
VCO CU
KK+M —e (K)
XL G ) gy (K + W) (14)

Xexp i{l1 4+ 13— (I +1%) 2+ 1*4 + 156 — (I*+ %) 5}
Xexp i{K' (3—4)+K(6—1)+p'5—p" 2}.

Performing the integration over all the variables éxcept K we
obtain

2g° 2y 0P P

(15)
(p' +EK) K+ M*

(p/ +EP+M?

—& (K)

5 (K2 ypy L e

The other part of (11), arising from the second term in (13),
is obtained from (15) by the transformation

PI . _pl/
(16)
p”‘**p,.

Changing the variable of integration K into — K, one finds im-
mediately, by means of the symmetry property (1.13) of G, that
this part is identical with (15) except for a change of sign in
¢ (K). Hence, we get
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, (17)

sy > 5 "—p”
<Py |P) = _””(lw’—p)amz

where the correction to the square of the meson mass is

2 g* —af .
sme — — 29 (9 ) ‘SdK-|G(E,*K—P') :
Tt
P +E) K+ M o
P K M= 2 | A2
ke Y& J

In the local limit ¢ = 1 and we obtain the well known result
that dm? is quadratically divergent. We also see that a G (&, 1%),
depending on [* + I3 only, cannot bring about convergence,
since in this case the form factor occurring in (18) is independent
of the variable of integration. Finally, it is easily seen that the
choice (1.10) of the form factor following from BrocHu's version
of Yurawa’s theory only reduces the degree of divergence to a
logarithmic one.

b) The self-enerqy of the nucleon. In the same way, we now
consider the matrix elements of the one particle part of % cor-
responding to a transition from a state [U’P’) with one nucleon
present with wave vector P’ and spin o’ to a state |0”P”> and
we obtain a result of the form

< O_IIPII

Nay | 6" P> = —2m6 (P — P')-{judA, +I6M}. (19)

Here, j, and I are defined in terms of the spinor plane wave
amplitudes (p.47) by ’

. . ( e r ;)I) '—( IIE/) ( /;I)

= g, o6’ = iv (o v{o.
Ju Ju . v R Yu N (20)
I=1 (", 0;P)=10(c"P)v(c'P).

Further, 6 M and 84, are a scalar and a four-vector, respectively,
given by
04, = 04;,+ 04,,,
u ip 1L (21)
where



Nr. 7 23

Y Sd]c| G, k— Pt

,,_1.‘, 2
(2 m)? y
(P — k)
P — k) + P
S
T 2ap g
M 1+
2

X 8 (k2 + m?)

1+e(k)
S

M, Sdzc\ G(P, k— P

- - 2 2
@ —ryr o E T
(22)
2

dAr,= \ dK

G(K,— P

1 2
@y

K 2 1y ,178(K)
X(K—P')2+n126(K U5 2

1 : ~ |
@ gZ\dK| G(K,— P2

A,AM—._ 2 Af2 148(1{)

X gy e+

aMII =

A term of the type (19) would appear in the S-matrix from an
additional term in the interaction part of the Lagrangian of the
form

0Ly = 19yupddy + PypdM. (23)

Such a term corresponds to an additional term in the energy
of the free particle field

>
ot =y {—E?éA + 6A0ﬁﬁ6M}1pd(3)5c*. (24)

Hence, 6 M should be considered as the contribution to the nu-
cleon mass due to the interaction with the meson field, while

84 and 04, represent a constant self-potential.

4. General properties of the form factor. Convergenée of the
theory to the second order.

In this section, we shall investigate the general properties of
the form factor following from the correspondence requirement
briefly mentioned in Section 1, and we shall show that it is pos-
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sible to choose the form factor in accordance with the result of
this investigation in such a way that no divergencies occur in the
theory to the second order approximation in the coupling con-
stants. It will be our first task to give a precise formulation of
what we understand by a slowly varying field. It is clear that a
field variable which could be considered slowly varying at one
time or, more generally, in the neighbourhood of a space-like
surface ¢ will not retain this property throughout the whole
space-time. Accordingly, the definition of the slowly varying
field must be given with reference to a certain surface o. The
field variables will now be called slowly varying on ¢ if, in a
suitably chosen Lorentz system, the free field functions y (x,0)
and u (x,¢) which coincide with ¢ (x) and u(x) on ¢ may be re-
garded as built up of plane waves involving only momenta small

1
compared with T In this way, the notion of slowly varying fields

is given a relativistically invariant meaning, but it may be re-
marked that the expression slowly varying then is somewhat
misleading, since it is obvious that slowly varying fields are not
composed of waves correspdnding to small momenta, only, in
every Lorentz system.

The correspondence with the local theory now requires that
the evolution of the thus defined slowly varying fields in the neigh-
bourhood of the surface o is the same as in the usual theory.
The value of ¢ (x) for x on an infinitesimally displaced surface
o’ is given by (2.1), and since

S7(z,2') 1

is zero if =’ is outside the domain in four-space between the
neighbouring surfaces ¢ and o', the integral on the right hand
side of (2.1) is small of the first order in the distance between
o and ¢’. Neglecting terms of the second order in this distance,
the usual iteration procedure for solving (2.1) gives for x in
the neighbourhood of ¢

w(x) — ,w(x’ O’)+ SS;'I (x,x')@(ac',x”,x"') Ll(x”, G)w(x/lf, O') dx/dx//dwru

. (2
u(x) = u(x,0)— S P(x,0)D(x',ax”, 2"y AT (e, )Yy (', o) da’dx’ dc’" .
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Comparing the first of these céquations with the correspohding
local equation we see that the form factor must satisfy the con-
dition

S Fx' o', " )yu(@"”, o)y (x’, o) de’'dx' = u(x’, o)y (2, o) } (3

for arbitrary, slowly varying v and u. Introducing the Fourier
expansions of the function F' (1.15) in (3), we obtain

SG(P—!—p,——P)Lz(p, o)y (P, o) el ®+P'dpdp =

. , (4)
= S w(p, o) w (P, o) et P+ gdpdp,

where u(p.o), ‘w (P, o) are the Fourier transforms of u(x, o),
y (x, o), respectively.
Hence, G must satisfy the condition

GP+p, —P) =1 (5)

whenever P and p are four-momenta entering in the Fourier
expansions of the slowly varying v and u. From the Hermitian
conjugate equation of (4) we get similarly, using (1.13),

G (LB = G(—1%—D)
and
u*(p) = u(—p),
the further condition
GP,p—P)=1. (6)

Finally, the second equation (2) leads to the condition
GP,—P") =1 )

which must hold for any two four-momenta P and P! occurring
in the Fourier expansions of the slowly varying nucleon wave
function. '

If the form factor G is assumed to be real we have the
symmetry relation

G, 13) = G(—15 — IV (8)



2 Nr.7

and, since G must be an invariant, it can be a function of the
three invariants

(lf,g 13)2, B+ 192, [(ll + 1% (!1; 13)] 2 9

only. We shall show, however, that it is possible to obtain con-
vergence with a G depending only on one variable. The cal-
culation of the correction of the meson mass (3.18) shows that
this variable cannot be (' + [%)?. Similarly, the last variable in
(9) is excluded since it is constant and in fact zero for the mo-
menta entering in the last term of the expression for the self-
energy of the nucleons (3.22). Accordingly, the only possibility
left is to choose & as a function of [(I*—1®)/2]% or a combination
of the quantities (9) containing [(I*— %)/2]% It was found con-
venient to choose the combination

@+ 1)

which is identical with /7* entering in (1.10).
For the P and [® values in condition (7), we have

' pi\2
1) = (P | 1«)) :

2

(11)

If P and P, have the same sign, i. c. if P and P’ are wave vectors
corresponding to the same type of particles, P + P’ is time-like.

> > >
In the rest system of the two particles, where P' = —P = AP,
I7? is ‘
>\2

m = —[(4B)" 1+ ar2]. (12)
On the other hand, if P and P’ are wave vectors of an anti-
nucleon and a nucleon, — P + P" is time-like and in the rest

> > >

system of the two particles, where now P” = P’ = AP, II? is

m = [4B)". (13)

The condition (7) now requires that ¢ = 1 for values of IT?

>
corresponding o (AP)* small compared with 1/42. This suggests
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the following choice of a simple form factor depending on one
variable, only,

— M ;2 <[P <—MP
GUP) =1 for . (14)
0< I < 5, '

and zero outside these intervals. FFor the I and % occurring in
the conditions (5) and (6), we have

2
It :4Mz+£€n%2. (15)

In the rest system of the nucleon, (15) becomes

m =) (16)
Hence, the choice (14) of the form factor is also in accordance
with the conditions (5) and (6). However, on account of the
factor M/m in (16), we see that with the choice (14) the range
of momenta for which we have correspondence to the usual
theory is more restricted for the mesons than for the nucleons.
Using the explicit expression (14) for the form factor the self-
energies of the meson and the nucleon derived in Section 3 may
now be evaluated. The meson self-energy (3.18) contains a
G-factor
|G (K, —E—p)

2, (17)

In the frame of reference where the meson is at rest, we have
>

Ik = K2 (18)

Accordingly, the form factor restricts the domain of integration to

<Fe< (L)
0< —(I)'

In the meson rest system, we obtain from (3.18), performing
>

the intergrations over K, and over all directions of K,
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1
2 .
Smt :_4<i) AVIE+ ME k2 dk . (19)

m\dxm Ic2+M2~ﬁ
0 4
Wh the first order i 1—
ence, to e fhirst order in M
dm  dm®P 2 [¢g®\m 4
?—mw—sﬂ(ﬂ)M @ (20)

o = mA is the ratio between 1 and the meson Compton wavelength
1 and may be expected to be of the order of magnitude of unity.
m

For the nucleon self-energy (3.22) we obtain in the rest
system of the particle, in the same approximation as before,

oMy 1 (g* &)“ 5
M 6m\dn)\M/ ¢
>
0A; = 0 (21)
§(ADo O M;
M M
and
OMu 2 (g*\(m 30;3
M 3m\da)\M
>
O(4ro _ 6 M
M M-

Introducing for m the mass of the z-meson, and putting

Plaa~s

, 'we obtain
10 .

(5_12 ~ 1072 o3
m

@ ~ 10748
mn

[ (23)
J

which, for « of the order of magnitude of unity, means that the
mass corrections are small fractions of the actual masses.
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It is instructive by direct calculation to verify that the
form factor (14), which was chosen in accordance with the
correspondence requirement formulated in the beginning of this
section, actually does not aflect the cross-sections for nucleon-
nucleon scattering and for the scattering of mesons by nucleons
for sufficiently weak collisions. We shall not here give any de-
tailed derivation of the corresponding matrix elements of the
n-matrix. The calculation is quite siraightforward, and the
results will be quoted without proof. In the local limit, the matrix
element of # for a transition from an initial state with one meson
of momentum p’ and one nucleon of momentum P’ present
to a final state where the particles have momenta p’ and P™",
respectively, consists of two contributions corresponding to the

two graphs
P | po)” " S
| | g
o v
— R
| | N
| | N
iy b pe N p
A B

Let the contribution from the first graph be (P p"|A| P 'p">
and that from the second (P p” B]P(+)’p’>.Then, the corre-
sponding matrix element in the theory of non-localized interaction
can be written in the form

<P(—|—)//p//

AIPH')'p' > G(P(+)",_p(+)”_p') G(P(+)’ —i—p”,—P(+)')
(26)
_I_<P(+)npu

B | P(-I—)’p' > G(P(-H”’ *PH)”—:])”) G(P(+)' _‘_p”ﬁp(ﬂ')'

Also the matrix element determining the nucleon-nucleon scat-
tering cross-section can in the local limit be written as a sum of
two terms A and B. If P’ and P’ denote the momenta of the
incident nucleons, and P’ and P those of the scattered nucleons,
the corresponding matrix elements in the theory of non-localized
interaction are
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<P11Piv | A | P/P/u > G(I)II, __Pl) G(Piv, _PIII)

. " (27)
s <P//P1Vl B [ PP > G(Pw,—Pl) G (P”, V_I)/u)_

The two terms are the coniributions from the following two
graphs, respectively.

Pl ’ i Piv Piv P/ ’

I)l Pl// PI ‘ J PIII

By comparing the G-factors in (26) and (27) with those in (5),
(6), and (7) it becomes clear from the discussion on p. 26 and 27
that the scattering malrix elements (26) and (27) are identical
with those of the corresponding local theory for all processes in
1
which the momenta involved are small compared with 7 in the
frame of reference where the center of gravity of the system is
at rest.

5. Physical interpretation of the theory.
Transformation theory.

In the general formalism developed in Section 1, the variables
P(x), p(x) and u(x) play a role similar to that of the field vari-
ables in the usual theories, in as far as the connection between
these variables in different space-time points is given by certain
integro diflerential equations. However, the physical interpre-
tation of the field variables is in general much more complicated
than in the usual theory. In fact, a direct interprefation is given
only for the in- and out-fields which are the quantities having
a simple physical meaning. In the general case, the v and u
variables may rather be regarded as a kind of auxiliary quantities
giving the connection hetween the directly observable in- and
out-fields and thus allowing of a determination of the S-matrix.
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The usual interpretation of the field variables is possible only
in the limit of slowly varying fields where the conventional
theory is valid.

The present formalism offers an example of a theory which
allows the S-mafrix to be calculated for any system of interacting
nucleons and mesons. The only arbitrariness still present in the
theory is that involved in the choice of the invariant function
G (1%, 1%). This function could in principle be delermined by
comparison of the results of high energy scattering experiments
with the cross-sections following from the theory.

In order to obtain a convergent theory, it seems necessary
to give up some of the general concepts of quantum mechanics
and, to avoid paradoxes, it is important to realize the fundamental
difference between a theory of the kind considered here and the
usual quantum mechanical description. This difference was
strikingly illustrated already in the first section, where it was
pointed out that the quantities which in the local limit correspond
to energy, momentum, and charge of the system cannot be
considered constants of the motion. This should, however, not
be considered a defect of the theory, since it is sufficient to require
that these quantities in general are constants of collision.

On account of the non-Hamiltonian form of the present
formalism it is clear that also the notion of canonical transfor-
mations loses its importance in this theory. There are other, more
general transformations, however, which play a similar role as
the canonical transformations do in ordinary quantum mechanics.
In the local theory, a canonical transformation of the field vari-
ables ¢ (x) can always be written in the form

¢(x) = TTp(x) T, 1)

where T is a unitary operator which may be regarded as an
arbitrary functional of the ficld variables ¢ (%, f) on a space-like
surface t == constant. This transformation has the property that
the commutation relations for the transformed variables ¢ are
the same as those for the old variables on the surface f = constant.
Further, the field equations in terms of the new variables have
again the form of canonical equations of motion with the same
Hamiltonian H, although of course H is a different function of
the transformed variables than it is of the old variables.
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In an S-mairix formalism where the S-matrix is defined as
the unitary matrix connecting two sets of free field variables

in

@™ and ¢, by the equation

¢ () = ST () S, (2)

one 1s led to consider canonical transformations of the in- and
out-variables given by

(ﬁin (.’L) _ ]vill'f‘(pin (x) Tin ,
(ﬁout (CC) — Tout’r(POHt (CL‘) Tout ( )

where T and T° are certain functionals of ¢™(x) and ¢°** (),
respectively, on the arbitrary surface { = constant. From (3)
we get . R

(iout _ ST(i)inS, (4)
where R

S = TinTSTout (5)

is a unitary matrix. If the transformation (3) is such that
To% = §'Ting, (6)

which means that 7° is the same functional of out-variables as
T is of the in-variables, we have

§ = TT[g"]-8- T ("] STS @
= T[Tl S =S

and the S-matrix is invariant. A transformation of this kind may

be called a “collision transformation” and, in a pure S-matrix

theory, such transformations play a similar role as the canonical

transformations in the usual theory.

In a formalism like the present, which pretends to link up
the pure S-matrix description with the usual quantum mechan-
ical description, a certain class of transformations of the variables
@ are of special importance. To any collision transformation
corresponds a very wide class of transformations

§=plp@] ®)
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which have the property that @ (x) asymptotically for [—» - o
coincides with ¢™ and ¢°", respectively. However, on account
of the correspondence requirement, we are only interested in
those transformations which in the limit of slowly varying fields
reduce to canonical transformations. Transformations of this
kind will be called quasi-canonical.

We shall now consider a special type of quasi-canonical

transformations, viz. the gauge transformation

7 = 2@y (x
f(w) v (x) } ©
u(x) = u(x)

which transforms the field cquations (1.19) into

{’y# (a[u— iau%) —’—ﬂ]}'&) — 75 7] (33, xl/’ .’L’I”) Ll(.’X}”) "(D/J(CC“’) dx’'dx’"’

. o (10)
(O—mP)u = S@ () D (2', 2, 2"y (x") da’d’”,

where we have put .

vz

1%(:1:', ', xy = A EVF(x, x, ay ein@”), ® = AF. (1D
Since the transformed in- and out-fields are equal to the original
in- and out-fields times ¢'%, it is clear that the S-matrix connecting
the in- and out-fields remains unchanged by this transformation.
As is well known, the phase transformation of the free field
variables is a canonical transformation of the type (3) with

™™ = T[y"] = exp {iSy)i“T (Z, ) P (@, 1) 4 (F, 1) d<3>%}
Tout — T[,"Uout].

(12)

In the case of slowly varying fields, both @ and @ are effectively
equal to d-functions, and we have complete gauge invariance
in the usual sense. On the other hand, if the fields cannot be
considered slowly varying, the form factor F must transform
along with a phase transformation of the ¥’s in accordance
with (11).

Dan.Mat. Fys. Medd. 27, no.7. 3
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If the nucleons are protons subject to an external electro-
magnetic field, a gauge invariant theory can again only be ob-
tained if the form factor is considered as dependent on the four-
potentials of the external field. As remarked by C. Brocs, a
formally gauge invariant theory can be obtained in the case of
an external electromagnetic field if the form factor is taken as

D,z x"") = exp(—1i Sm, Aydey) - @ (x', 2, x""y,  (13)

where @ is the form factor for A, = 0, and the path of inte-
gration is taken as the straight line connecting the points =’ and

e

x""" in Minkowski space. The field equations can then be taken as

{yﬂ (Op—iedy) + M} Y = —g Dy(x, 2, " yu(x )y (@ )ydx dx'"’
' (14,
(D __m2) u = g@(ll) ¢A (.’EI, x, xu/) 1/) (LC”’) dx'd:c"'. .

It is easily seen that the so defined form factor by the gauge
transformation o
Ay = A, +aud (15)

of the potentials transforms as
O . / 17 ’ . s
Fy(a,x', a'"") = A& F (', 2, 2"y e A, (16)

which means that the transformation (16) is equivalent to a
quasi-canonical transformation of the type (9).

Instead of this completely gauge invariant scheme with the
complicated form factor (14) an alternative procedure would
be to fix the gauge of the potentials by choosing these as the re-
tarded potentials from external current and charge distributions.
Since the retarded potentials in the limit of vanishing current
and charge distribution tend to zero, it would be consistent to
choose the same form factor as in the case of no external fields.
For a different choice of gauge, the form factor should then be
transformed in accordance with (11).
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6. The polarization of the vacuum by an external
meson field.

As is well known, the coupling of the meson field to the
nucleon field in its vacuum state gives rise to a polarization ef-
fect which, in the language of perturbation theory, can be at-
tributed to the virtual creation and annihilation of nucleon pairs.
In this section, we shall confine ourselves to the approximation
where the meson field can be treated as a classical field. Although
the physical interpretation of an external meson field is not al
all obvious, an investigation of this kind throws some light on
the types of polarization effects which arc caused by quantized
meson fields.

To illustrate this effect, we shall calculate the vacuum ex-
pectation value of the source density ‘

1) = g\ B peF e 3w () d(13) n)

to the second order in the coupling constant. To simplify the
problem, we only treat the case of a meson field which is weak, in
the sense that no rcal scattering and pair creation processes take
place to the [irst order in the coupling constant g. Consequently,
the first order correction to the out-fields obtained from the
field equations (2.6) vanishes. Transforming the expression (2.10)
for this correction to momentum space, it can be seen that the
Fourier components u(p) of a weak meson field vanish when-
ever pair creation is compatible with the conservation laws of
energy and momentum, i. e. whenever

p=P-—P, | (2)

where P and P arve nucleon wave veclors, P? = P? = — M2,
Hence, the only non-vanishing Fourier components of u are
those corresponding to wave vectors which could be considered
as four-momenta of a particle with rest mass smaller than 2 M.
In the same way as in Section 2, the vanishing of the first order
correction to the out-fields allows one to simplify the expression
of the first order correction %) to the 9’s to

p D) = ig\SO—DyP B3 a2 (@)
3*
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given by (2.12). We can now calculate the vacuum expectation
value of the source density (1). To the second order in the coupling
constant g, we get

(I = ig\ P2 3) (7 (e (3004 (13)
+ g\ F(123) G5V (D) yep™ (3) 20 4 (19) @
+ig\ F (1) (P (1) pap™ (3) 50 d (13).

The first of the terms on the right hand side vanishes. The two
other ones can be evaluated using standard methods given in the
Appendix B and we obtain after a short calculation

<1>0:_4g2(2n)—3§dde G(L+p —L)| l
Ll 5)
_pL— 2 2 ipx [ (
><2PL+P2(5(L + M2 u(p)eP*. J
‘Here, G is the Fourier transform of the form factor and u(p) is
defined by . )
u(@) = \u(p)erap. (©)
(5) can conveniently be written in the form
(Do = @) u(p) map )
or, alternalively, '
(Io = P(—i0p)u(x). (8)

From (5) we obtain the expression for @,

o LGt p,— L) P (pL)-0 (L2 + M*)

» ~—agr2m) 5ot ©®

According to our assumption about the external field, p is a
time-like vector and we can introduce the variable of integra-

tion A defined as the magnitude of L in the frame of refer-
> P
ence where the “‘meson is at rest”, i.e. where p = (O,:I: i[/fpz).

Using (4.18), and performing three of the integrations, we obtain
o A A+ M l

) 1
AZ—FM“rin ] (10)

‘

- _492(2n)—2s'd/1|G(/12)
Jo
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Making use of the covariant expansion

—1

2 2 1 2)‘1_ / 2 f/rz_l,z
<A +M +4p = (‘/l +M 4m

1

® |1+~
4<A2+ﬂ[2"~%mz> 16(/12—%1!/[2—%”12)

E /

2

(cpom®) 1 (promr ] o

we finally obtain the operator @ introduced by (8) as a power
series in the operator ([0 —m?)/M?,
D = dm*+e(O—m?) + A - %ﬂd (C—m¥)+ ... (12)
It is convenient to express the induced source density (I}, in
terms of the external source density I creating the external
meson field due to
(O—m»u = I, (13)

and by (8) and (12) the expression for (I}, is

A m?
(I>y = dmu + 1@ U g——-ﬂil@ 4+ (14)

2

The various constants introduced are easily obtained from (10)
and (11). We get

(ks S
2y 12, 421/ 12 )
dm? = —4g*(27) > |G P-4 l//ll +M i
0 A2+ﬂ[2*‘11]12

(dd -

o\ G A2 YA

& = — 92(2%) 2\[ ( )[ Vl - d (15)
Jo ( Z—I—ﬂ/lz—znzz)

o“° 2) [z, 72 421/ A2 2 a2
C(l):_igfz(gn)—z 1G(/1)1 1"1/11_[,/1 ;I—J[ dA.
0 (/12 + ME:— 1 1112>

Clearly, dm?® represents the contribution to the square of the
meson mass due to the interaction of the meson field with the
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nucleons. In fact, dm* in (15) is identical to (4.19). The induced
density el® is also uncbservable in principle and gives rise to
a change of the coupling constant by an amount eg. Thus, the
first observable term in the series is the third one. It will be
seen from (15) that the numerical values of the expansion coef-
ficients are highly sensible to the choice of the form factor. In
the local limit, the two first of these diverge, dm® quadratically
and ¢ logarithmically, while with the choice (4.18) of the form
factor we obtain the finite and small corrections

dm 2 [g*\m 3
— ==
m 3a\dn/ M

16
s—_i(gz m\’ oo
T 3m\dn/\ME

where we have neglected higher powers in 1/AM.

Here, o is the product of 1 with the meson mass m. Also the
value obtained for the constant ¢ is considerably reduced by
the introduction of the form factor. In fact, in the local limit,
we obtain

1 {g* -
Cfocar = — o (Ex) (17)
while, using the form factor (4.18), ¢ becomes
QL (gt (m g 18)
I TEAVT RV 7 (

The ratio of the two wvalues

v m\’ 3
Ll o
may be expected to be small. Thus, in the present theory, ¢,
does not represent the true vacuum polarization, conirary to
what would be expected from a renormalization point of view.
This is in accordance with the point of view that the difficulties
in quantum field theory should be overcome by a modification
of the theories in the high energy region.
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It is seen from (15) that the main contribution to ¢},
comes from the region A~ 2M. Hence, in meson theory, the
vacuum polarization should be considered as a high energy
phenomenon, contrary to what is the case in electrodynamics
where the main contribution to the induced current comes from
distances of the order of the Compton wavelength of the electron.
This distance must be expected to be large compared with the
constant A’ which must be expected to occur in a convergent
electron theory.

Added in proof. Professor W.PauLt has kindly pointed out to
us that it is possible to construct a tensor tuw and a four vector
Ju having the properties that a) for A—> 01, and Ju become
identical with the usual expressions for the energy-momentum
tensor and the four current of the field, respectively, and b) that
tw and jy, satisfy the strict continuity equations d, {yy = 0 and
Opju = 0. As shown by Professor PauLi, this opens the interesting
possibility to introduce a Hamiltonian formalism and, hence, to
perform a canonical quantization of the theory. We are greatly
indebted to Professor Pavrr for many illuminating discussions
and comments on the subject of this papir,
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Appendix A.

In this appendix®), we shall, for the purpose of reference,
give the definition of the various Green’s functions introduced
in the text and their Fourier expansions. The singular function 4
can be deflined as Green’s function solving the initial value problem
of the homogeneous wave equation. Let us consider that solution
® (x, o) of the equation

(O—x®)DP(x,0) =0 (D)

which, together with its normal derivative, is given on a space-
like surface ¢. Writing the solution in the form of a surface
integral

@ (x, o) = SU{A (x—a) 0B (2, 0)— B (%, ) A (x—aHy doy,  (2)
A (x) obviously must satisfy
(O—»)A(x) = 0
Ax) =0, xpx, >0 ' (3)

Sa#A () doy = 1
a

for any o including the origin.
To solve the same boundary value problem of the inhomo-
geneous equation '

(O—#) P (x) = I(x) @
we introduce one more Green's function A°(x,a') satisfying

* This appendix and the following contain no new results. For details and
proofs the reader is rveferred to () and (0,
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(C—w) 4% (2 @) = —8(x—a')
A% (xfo, 2’y = 0 (5)
Nudp A% (xfo, ') = 0,

where we have used the notation x/¢ to indicate a point x lying
on the surface ¢. n, is the unit normal to ¢ in the point x/o. The
solution of the mentioned boundary value problem is then

& (z) = b (a, a)_\'A"(x, =) (') do, (6)
where the free field @ (x, 0), coinciding with @ (x) on o, is given

by (2). Taking in (5) for fixed a’, ¢ in the infinite past, we obtain
the retarded Green’s function

A" (x—a") = lim 4% (z, x") (7N
T > —o0
satisfying
(O—) AN (x—2x) = —d(x—2a)
lim A™t (x— ) = 0

Lo =0 . (8)
lim g 4™ (x— ") = 0. '

2y >0

Formally, 4™" solves the initial value problem, where the
asymplotic form of @ (x) and its derivative in the time direction
are given at the infinite past. In the same way, we can define

A (x—a"y = lim A% (x, ") )]
0>+
satisfying
(O — ) A2V (z—a') = — 6 (x—a')

Hm A% (x — ") = 0 |
€Tyt oo ( ) (10)

lim g 47V (x —x') = 0.

Xo-> oo A

Starting from the thus defined Green’s functions A, 4™ and

ad . . . . .
A", we can define various other singular functions satisfying

either the homogeneous equation
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(O—x)DP(x) =0 (11)

or the inhomogeneous equation
(O—»®) D(x) = —6(x). (12)
It is clear that the positive and negative frequency parts of 4
A™) = positive frequency part of A (13)
A = negative frequency part of 4 (14)

satisfy (11). The same holds for the function
AN = (AP ANy, (15)

On the other hand, 4 defined by
Z - %(Aadv+Al'et) (16)

is a solution of (12).
If we introduce the characteristic functions

£(x) = sign x, l

e(o,x) =

—1 for x on the future side of ¢ : (17)
41 for x on the past side of o ]

the following relations can be shown to hold among the various
functions introduced. ‘

A = A 4O ‘ (18)
7 = @4 () (19)
y _ ey gret o)
adv _ Z—;—%A — _S(x?j’—ld (21)
et _ Z—%A _ _‘i{); Ly (22)

A%y = —le(r—a)—e (o)) A (x—a)).  (23)
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From the well known Fourier expansions of 4 and 4 and
the relations given above, one can easily deduce the expansions
for the other funections. We have

A - (2 n)~3 S e (]c) S (1{.2 + %2) eikxdft' (24)
AN = (2 nyd & 1 +” (1‘) 8 (k* + %) ek (25)
= _3{1l—e¢ (1\ ikx

I e AGRE P (26)
A (2 —3 S 8 (k2 + %2) e e (27)
. —4 1 lk’c

A = @ 5 ek (28)
ATt (2 ﬂz)“45 JE T_ o +ime (k) d(&*+ %2)} e ke (29)
0 =l im0 ol Rk a0

Here, 7@%2 should be understood as Cauchy’s principal value,
*?

so that, for instance,

At _ (9 n)“}sﬁ dOF Scmdko qulr e, (31)

where €™ is taken along the ko-axes below the poles at k, =

4 l/}i>2 +%*. In this form it can easily be verified that A™t
has the required asymptotic form.

Let us denote any of the Green’s functions introduced above
by 4°. The corresponding Green’s functions belonging to the Dirac
equation are then defined as

8" = (yudu—n) 4. (32)

For completeness, we give the expansions for the S-functions

S = (271)*3‘8 (ke + i) £ () 8 (B2 + ) el (33)
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1+ e (k)
2

= (2 ﬂ)* S (y,uk,u -+ i”) ) (11"2 -+ %2) e gl

= %(2 :rz) 3 (yu]cﬂ—{—i%)}%g(]i)a(kz_'_%z) eikxdk

= i(Z2a)” SS(yﬂkqulx)é(Awﬂ) e

= 2 ﬂ)“"‘Sy e ++: © el

= 1@2a) AS(VﬂliﬂﬂLl/){kz--l—%+1ne(]c)5(1«°+72)} thes g
% !

1
= 1(2 ,’/Z) 4 (yﬂ]('l”—i—lj{){kz lL_x ]7'[&\(1{-)6(1t Iﬂ) elkxd]{'.
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Appendix B.

In this appendix, we shall derive the various matrix elements
needed in the calculation of the S-matrix. All field wvariables
considered here are in-field variables and will be written without
the subscript “in”’. For simplicity, we also use the notation of
§ 3, i. e. instead of «', ', ..., we write 1, 2, ... . The spinor
variables can, in a relativistically invariant way, be decomposed
into a positive and a negative frequency part

Py = w(-l*)_»_,l/)(*), P = ¢(+)+’(,_l)(—). (1)

From the well known commutation relations for y and y one
immediately finds that the only non-vanishing anticommutators are

W 3.9 (D) = —isHE—1)

2

BB T (D) = — iS5 3 1), @
The operation of any positive frequency operator on a state of
the nucleon field lowers the energy of the system and the operation
of the yp-function lowers the value of the quantity 4N#) while
the negative frequency operators and % increase the energy and
AN, respectively. Accordingly, % creates nucleons, y'™ creates
antinucleons, while %) and ") annihilate antinucleons and nu-
cleons, respectively. The vacuum state vector |0>, defined as
the state in which no particles are present, then satisfies

7}’(+)|0>:O’ @(+)|0>:0, (3)
and the Hermitian conjugate equations
O =0, <ofp =o. (4)

*) AN = SwT wd(s)g.
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(2), (3), and (4) allow us to calculate the vacuum expectlation
value of any product of ¥ and yp functions occurring in the
S-matrix. For instance,

<0, (D3 |0> = —iS5) 3 —1). (5)

Using (1), the vacuum definitions (3) and (4), and the relation
(2), the proof is straightforward

017, (D vy 30> = <Ol W) v (3] 0>
= OFP@W, v @Yo
=—iSp) (3 1),

if we assume that the vacuum state vector is normalized. In a
similar way, we can show that

C0[, (P, (B) ()]0

6
= 8L (6—1)Si (3 —4)—S72 (6 —4) S5 (3 —1). ©
To define states in which nucleons are present, it will be con-
venient 1o work in the momentum representation. We introduce

> >
the following notations: v¢™ (g, P) exp (iP™Mx), and v (o, P)
exp (iP(“)a:) are the one particle eigenstates of energy and mo-
mentum satisfying the Dirac equation and corresponding to
positive and negative states of energy, respectively. If the am-
plitudes v{*) and »™ are normalized, the expansion coefficients
a defined by

- > RS :
WP (@) = 2a) 2\d‘3)P o (o, By PV E W (0, B)
G L)
7 i
PO @ = @t S\ dD P 0, By T a0 (0, B)
i ™)
i > ipl)
W () = (2m) %ZSd@)F o (0, Py PR o) (o, By
g
, _3 _ip) .
P @ = @ S\ Po @, By (0, B
G L

satisfy the following commutation relations (only the mnon-
vanishing anticommutators are written)
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> > -> >
{E("“)(a”, Py, a(*)(o’,P’)} = g7 g0 (P —P)
> > > > (8>
{aH(a”, Py, aM (o, P')} = 0676 (P —P').
7y plid; or (P i VP2 a2 D for (P— i VP21 a2
In (7), P*"is shortfor (P, zl P2+ M?)yand P for (P,-zl P24 M7
while ¢ is the spin quantum number. It is easily seen from (7)
that ‘ '
@t = o™, G = g (9)

The one particle states are now defined in the following way
[P = @9 (0, B 0>, <oPD| = (0|dP (o, D)

o i L (10)
|oPT)y = o (0, P) |0, (oPT| =<0|a* (e, P).

By this definition the states with one particle present are auto-
matically normalized. For instance,

(o pH) l G/P(+)’> = {0 [ al™? (o, ?’) a) (o, 1—31)

0)
= O a0, B, @, B0} 0>
— 8008 (P—~P)<0]0>

— Og0 0 (P— D).

If an annihilation operator o) is applied to [aPs, we
obtain

att (O",j;’) oPH)y = 60({5(;—?"”0) (11

In the same way, states with two particles present are defined as
puin —_ > — —>
o P G P - G (ot Py (o', PY|0>.  (12)

By this definition the states arc automatically normalized and
antisymmetric in the two particles, i. e.

F ar/P(+)1/’ O“IP(THI > _ ;' G/P(+)l’ O_//P(-;-)//> (13)

in accordance with the exclusion principle.
If an annihilation operator is applied to the state (12) one
obtains
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> !
o't (P, 6" | o‘"P(H”, O./p(+)'> _
rrr ’ Y
= dg7 g O(P"" — P | o p >— 0y g (P —P)

J

‘G//P(—|-)// >,

a relation which can be verified most easily in the standard way
by pushing the annihilation operator through to the right, using
(8), (3), and (10).

We can now derive the matrix elements of the one particle
part of the operator p_ (l)wﬁ (6) obtained by subtraction of the

vacuum expectation value times the unit operator, 1. e.

[@a M wﬂ (6)}(1) = @oc (1) T/)ﬁ (6)— <»0 l @a (1) ¥ (6) I 0. (15)

For instance, if the initial and final slates both are nucleon states, we
obtain .
<O'”P(+)”l [w“(l)wﬁ(6)](l)lalp +)¢> _ ]

_ > 16
= (2 n)_3fifx )(G”, Py vfgﬂ (o', 73') expi (P P 1), [ (1)

To prove this, we first remark that

P, (1) w5(6) [0’ P =
7. (D9 7(8) [ 6" PO
7.7 (1w (6) |’ P,

which is a consequence of the fact that terms conlaining two
creation or two annihilation operators vanish when the number
of particles is the same in the two states considered. The first
of the terms on the right hand side is easily identified as the
matrix clement of the operator subtracted in (15), and the second
becomes identical with the right hand side of (16) if one intro-
duces the expansion (7) of % and ") and uses (11).
Similarly, we find

Co" P[5, (D Tg (D w, (6)15(3)]yy | 0" P> =
( . >
_f(zn)—B{v;,—) (a",f)") U;ﬂ (o', Py exp i(P(+)'6—P<+)” 4)-8§7(3--1)
+ 5 (o, Py 0§ (o, P exp i (P 3 — U ) S (6—1)
et By (B s B :pl) UMW) ‘
— Uy (a", P")v57 (o', Py expi(P) 3 — P 4)-SW (6—1)
> > .
— T)Ef) (a”,P"") Ugj—) (o', P expi(PH)g—pton 1)-83?(3—4)}

Dan. Mat. Fys. Medd. 27, no.7. +

< O_/IP(+)//

— <O_//P(+)u

_|_<O_//P(+)/l

(14)

(A7)
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Finally, using the same type of arguments, we obtain the
matrix elements of the two particle part of the product of four
yp-functions. In the derivation, due regard must be paid to the
minus signs introduced by the annihilation processes as illustrated

by (14). The result is

(P, POV | [, (DB (D) 9, (6) 15 ()] 5, | ' PH, o PO —

— (2 n)'G{ 50 (Y, P 557 (o, Py o (o, Py o) (o7, B
X exp {{P1" 6 + POH g piei | piaiv 4}
— 357 (a", By 5 (o, P o (o', Py (67, P
Xexp { {PCH§ - PV g plH)rg  peHiv 1)
— 5 (0, P aiCat P 0§ (of, P o (o7, 20
X exp ({ PUY 3 4 PG pLr g p(iivy)
+957 (o, P50 (o, BV ol (o, DY) oG (o, 20

X exp i{P() 34 POV 6 PO 4 pLIvy L

The corresponding results for the free meson field are the
following. The meson wave functions can be decomposed into
a positive and a negative frequency part o™ and u*7, where u*™
the annihilation operator of the

is the creation operator and u*

field. The meson vacuum is defined by
u(+)|0> = 0, <0|u(g) =0

and the non-vanishing commutators are

[ (2), w7 (5)] = i4D)(2—5) ] (20)
[ (2), uH) (5)] = 47 (2—5) J
in accordance with A (x) = —4(—=x). From (19) and (20)

we get immediately the following vacuum expectation value used

in the text
C0lu@yu(B)|0> = idH(2—5).

(18
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Introducing the quantity
@) = Vp*+m, p=(p.in) (22)

u"? and ') can be expanded

ut) = 2 n)_%g ore b(p) ei””d(s)ﬁ
JV 2w
3 1 . (23)
) = (2 n)_(fs ——- bl ) e gy
V2w

and the b’s are seen to satisfy the commutation relations
[, 0" (B)] = 0 (B —P). (24)
A state with one meson present of momentum p is defined as
5> =b"@o> (25)

and it follows that the one particle part of u(2)u(5) has the
matrix elements

>

<G|l u )| > =
= §<2nr3{w 70! w@')}_“ (26)

X [l 5=p"2} 4 pi{p’2-p"5}]

Indleverel til selskabet den 17. april 1952,
Fzerdig fra trykkeriet den 20. november. 1952,








