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1 . Introduction.

I t is the aim of the present paper to discuss the information on

the coupling in '3-decay which can be gained from the allowe d

transitions . At the present stage of experimental information, i t

seems that the best determination of the coupling is achieved b y
comparing the experimental ft-values with the calculated nuclea r

matrix elements . In the following, we consider the mirror tran-

sitions and a few other favoured transitions, since methods fo r

estimating matrix elements for unfavoured transitions arc mor e
uncertain . The precise investigation of the shape of ß-spectra an d

the angular correlation in /3-decay (recoil experiments) is als o

valuable for the determination of the coupling and will b e

discussed in relation to the present considerations . Information

may also be obtained from polarization experiments which hav e

already been discussed in detail by de Groot and Tolhoek 1 .

In the following, we shall consider an arbitrary mixture o f

the five linearly independent invariants in ß-theory (Table 1) ,

	

which, for allowed transitions AI =

	

no no, leads to the following

ß-spectruml1*) :
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*) In formula (1), we have omitted the pseudoscalar term which, according
to its selection rules, contributes to allowed transitions only through higher orde r
terms22 )
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where we have used the notation from ref. 1, with

g . + g2 = gF and A+ g24 = gG T

b __ 2Ygiga b
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l 2

= V1 -(aZ)2 .

The cross terms g0' 2 and g 3 g 4 are the so-called Fierz terms .
They are in general assumed to vanish . In section 2, where we
shall discuss the information on the coupling, vv-hich can be

gained from experimental ft-values in combination with cal-
culated matrix elements, these terms are neglected . In section 3 ,

TABLE 1 .

Coupling

	

Nuclear matri x
Invariant

constant

	

element . Allowed Selection rules
transition s

Scalar	 S1 d I =

	

0nogil
grVector	 gz d I =

	

0 no

Tensor	 g 31 dI =

	

no
1

	

no 0± 0
l 0

g G T

Pseudovector	 g iJ S~6 4 I =

	

no no 0 ± 0

Pseudoscalar	 g s J i 5 A I =

	

0 yes

however, it will be shown how uncertain is the usual argument
against the existence of cross terms, and a discussion of th e
influence of cross terms on the results obtained in section 2 wil l
be given, together with a few remarks on the interpretation of
angular correlation experiments in view of the possible existenc e
of cross terms .

1
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2. Information from ft-values and matrix elements .

If we neglect cross terms the total disintegration probabilit y
is given by

C4
A-

2

n2a37

[gF2 I) 1 I u + gGT I .1 6 21 f~i

B = ft [( 1 -x)IM2+xI S6I2]>

	

( 2)
where

2 7
3 h.`tn 2

	

gc	B

	

2
	 	 T	

(gF + g2cT) nz5c4
and x = 2

	

2 ,
gF + gsT

It is seen that the experimental ft-value combined with cal-

culated matrix elements determines a straight line in a B-x dia -
gram for each allowed ß-transition . The common intersection
point for such lines determines gF and AT .

For mirror transitions, we can neglect the change in the radia l
wave functions and thus compute I Ç 11 2 and I ; M 2 from the
angular wave functions alone . In this case, the Fermi matrix
element is given by

1I

	

i

= <JM

	

Q i IJM>I 2

	

(3)

where Q i changes the i'th neutron into a proton . We have specified
the total angular momentum J and its z component M only .

The Gamow-Teller matrix element is, correspondingly,

I S~ 12 -~~ <JM' Z6ki Qi I JM> 1 2

J (J-I-1)

	

~

=

	

1112

	

~ <Jill I Qi J1VM> 1 2
t

according to the general rules for matrix elements of vector com-

ponents2) .
If the state of the mirror nuclei in question can be describe d

in terms of a single particle outside a core, coupled to an
angular momentum zero, one obtain s

or

(2a)

IS 1 1 2 =L

	

I,, .
<JM'~ Qi JM> 1 2

(4)
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<6z/J .,: = MI
2

2J(J-{-1 )

11Ï2--

3

< J2i < Jz>

J = 1 - t 1 2fo r

for

where 1 is the orbital angular momentum of the odd particle .

In Table 2, we have listed the experimental ft-values for al l

mirror transitions together with spins and magnetic moments fo r

the daughter nuclei . In the table we have also listed the shel l

model configuration assignments for the particles outside close d
configurations and the corresponding magnetic moments .

a) Closed shell 1 i nuclei4 ) .

It is generally believed that single-particle states are mos t

purely realized for those mirror nuclei which have closed shell s
of 0, 2, 8, 20 protons and neutrons ± one nucleon . This assump-
tion is supported by the fact that the experimental magneti c
moments generally agree rather well with those calculated from

single-particle wave functions. In Table 2, under the headin g
closed shell + 1, we have listed the matrix elements for these ,
transitions found from formula (5) . Using these together wit h

the ft-values one obtains the B (x)-lines in Fig. 1 . These lines ar e
inside the experimental errors consistent with a common inter -

section point of (Bo, x o) = (2650 -I-- 85, .50 .05), where the

errors are mean square deviations found from internal con-
sistency of the data . However, these errors should not be taken
too literally and some remarks in this connection will be given
later*) .

*) In a paper by LANGER and MoFFAT 2U), which carne to our knowledge afte r
the conclusion of this paper, a redetermination of the H 3 ft-value is given . The
result is It = 1014 ± 20, which is in clearcut disagreement with a common inter-
section point in Fig . 1 . LANGER ' S value for Er ;, x = 17 .95 + .10 disagrees also with
another recent value given by HAMILTON, i. C. E,l,,,, = 19 .4 - .4 keV19 ) .
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Fig . 1 . B (x) lines for closed shell -}- one nucleon transitions . Mass numbers are
indicated.

b) Other mirror transitions .

Also in other cases than those discussed under a )

the shell model predicts closed configurations + one single

nucleon (i .e. for mass numbers 11, 13, 19, 27, 29, 31, 33) . In

these cases, the matrix elements may also be calculated fro m

formula (5) .

For several particles outside closed configurations the ft-valu e

depends sensitively on the coupling scheme .

If one assumes that the even structures couple to zero angular

momentum, as is often done in shell model calculations of mag-
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TABLE 2 . The Emax quoted are often taken from reaction data (ref . 1

where the formulas of FEENBE R

Transition Erna , (MeV) t ft-value spin
/~ex p

daug]
te r

1 n 3 p 0 .782

	

+ 0 .001 16) 12 .8" '

	

+ 2 .5 1280 ± 250 1/2 2 .7 '

3 H ~ He 0 .0191 ± 0 .000514) 1s) 12 .45 J + 0 .2 1240 = 120 1/2 -2. 1

7 Be ~ Li 0 .863 + 0 .002 15 ) 52 .9`~

	

± 0 .2 2240 +

	

40 3 /2 3 . 2

11 C ~ B 0 .958 i 0 .003 15 ) 20 .39"` ± 0 .06 3840 ±

	

70 3 /' 2 2. 6

13 N ~ C 1 .200

	

+ 0 .005 15 ) 10 .1 "'

	

+ 0 .1 4560 1 100 1 / 2 0. 7

15 0 -~ N 1 .683

	

+ 0 .005 14) 2 .1 "'

	

± 0 .1 3800 + 200 -0. 2

17 F ~ 0 1 .745

	

+ 0 .006 16 ) 65 '

	

+ 2 2320 ± 100 5 /2 -1 . 8

19 Ne ~ F 2 .234

	

± 0.005 16 ) 19 .5 5

	

~ 1 .0 1970 ± 100 1 /2 2 . 6

21 Na a Ne 2 .50

	

± 0 .03 14) 22 .8''

	

+ 0 .5 3700 i- 200 (3 /2) <0

23 Mg ~ Na 3 .073

	

± 0 .010 1G ) 12 .05

	

± 0 .2 4780 ± 150 3 /2 2. 2

25 Al ~ Mg .

	

. 7 .3'' .

	

. ( 5 /2) -0. 8

27 Si ~ Al 3 .48

	

± 0.10 17 ) 5 .0'

	

± 0 .4 3350 = 600 3. 6

29 P -~ Si 3 .60

	

± 0 .15 1'1) 4 .6 8

	

+ 0 .2 3510 ± 700 1 / 2 -0. 5

31 S ~ P 4 .06

	

± 0 .12 17 ) 3 .1 5

	

= 0 .2 4020 + 600 1 / 2 1 .1

33 Cl ~ S 4 .43

	

± 0 .13 17 ) 2 .0 8

	

± 0 .2 3800 ± 650 3 i2 0. 6

35 A a Cl 4 .4

	

+ 0 .2 14) 1 .908 + 0 .05 3420 i 800 3 /2 0 . 8

37 K > A 4 .57

	

± 0 .13 17 ) 1 .2 5

	

± 0 .2 2520 ± 600 .

	

.

39 Ca ~ K 5 .13

	

~ 0 .15 17 ) 1 .06'' ~ 0 .03 3740 - 500 3/2 0 . 3

41 Sc -> Ca 4 .9

	

± 0.2 14 ) 0 .87'8 ± 0 .03 2430 ± 800 .

	

.

*) probably in strong admixture with
ds/Y

s, 1 which would make I S I 1 2 and

netic moments, etc., the j-j coupling scheme leads to unique
wave functions. The matrix elements are easily calculated using
the formulae (3) and (4) together with the rules for matri x
elements of sums of single-particle operators3) . The result is shown
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nd 16) . The ft-values are calculated numerically except for Z < 7 ,

nd TRIGG
18)

have been used.
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in Table 2 under the heading "j -j coupling, even structure 0" .

The ft-values calculated from these numbers, using the Bo x o

value given in a), are in very poor agreement with the experi-

mental ft-values . This is not surprising since the wave function s
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used are not consistent with the charge independence of nuclea r

forces .

In general, the wave function will depend on the nuclea r

forces . However, in some cases (i . e . mass number 7, 25, 35, 37) ,

the wave functions may be uniquely constructed from the assump -

tion that the ground state has the lowest possible value of th e

total isotopic spin T .
The wave function for

	

where J = M = 3/2 and T = T~

= 1/ 2 is thus given by23 )

/

	

3

	

'Iz, ' lz
1 Pal~s~ a/a, alz

4 N N

	

P

	

9 N N

	

P

1/ 15 P3/2,'1z Pa/a, -'/a

	

alz

	

15 P ala, a /a Pa/8,- a1 2 Pa/2, a/rs

i

1 N

	

N

	

P

	

1 V

	

N

	

P
+

	

15 Pa/a, a/z Py2,-'/n Pals,'Iz -1/ 15 Pa/a, a/2 Pala,'l : P /a,-/ a

where we have left out the antisymmetrization operato r

where P means the permutation of all three particle coordi-

nates. For mass numbers 21 and 23, where j = 6 / 2 , the wave

functions are not uniquely determined from the assumption
T = 1/ 2 .

If the total isotopic spin T is a good quantum number, one

can easily show that the Fermi matrix element for a transitio n
between a state T,

	

and a state 7', TS - 1 is given by 6)

IS 1 12 = (T+T~)(T-T~+1)bTT •

	

(8 )

For mirror transitions, where T' = T = 1 / 2 and T- = 1 /2 ,

we get 1 11 2 =1 .

The Gamow-Teller matrix element may be calculated using
explicit wave functions inserted in Eq . (4) . The results are listed
in Table 2, under the heading "T-multiplet", together with th e

matrix elements for the above mentioned cases, where we hav e
to do with closed configurations ± one particle . In hig . 2, the
corresponding B (x) lines are plotted . The Bo xo value from section

a) is indicated by a cross . It is seen that the agreement with this



value of B, x (or any other value) is very poor. However, it
should be noted that the lines which deviate most from Bo, x o

correspond to transitions between nuclei for which the theoretical

31 29

	

if

	

19

magnetic moments deviate essentially from the empirical ones .

It thus seems interesting to try to and whether any simple cor -
relation exists between the ft-values and the deviations of th e
magnetic moments from the Schmidt lines . Such correlations
have actually been found by TRIGG12i who evaluates the matrix

0
X

Fig . 2 . B (x) lines for mirror transitions with unadjusted matrix elements . Mass
numbers are indicated.
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elements from an interpolation between the Schmidt lines an d
the Margenau-Wigner lines for the magnetic moments .

In the following, we shall try to give an argument for a n
evaluation of the Gamow-Teller matrix clement which is essentially
an interpolation between the two Schmidt lines .

If one assumes that the deviation of the magnetic moment s
from the Schmidt lines arises from an interaction between th e
odd particle and some other particles in the nucleus, which tak e
over part of the angular momentum, e .g., as in the model use d
by A. Borax and B . MOTTELSON 7 , one may write the magneti c
moment

= gs <sz>J_ = J gJ < Iz>J_ = J + gR <Rz>J_ = J

= (gs -g~)<sz%J_-J+ g 1 J+(9'RJz =J .
> > -> > >

Here, J = s + I + R = j -{- R . s and I are the spin and orbita l
angular momenta of the single particle, and R is the angular
momentum of the system of particles to which it is coupled .
< j means average value and the g's are the gyromagnetic
ratios .

The success of the shell model in predicting spins of th e
light nuclei leads one to believe that < j= j is not very

different from J, that is <Rz>

	

J is small compared with J .

As the factor (gR -g1 ) is small also compared with (g s - g1) ,
gR being perhaps of the order ''/ Z , one may in first order neglect
the last term in (9) . This result in fact also turns out if one uses
the model by AAGE BoFta 7) .

For the Gamow-Teller matrix element, we get from (4)

MT = 4 J J < sz>J_=J 2 .

<s z ) may be inserted from (9) after neglect of the last term and w e
thus get the following approximate formul a

~54J-I-1

	

-giJ 2
.

`I ~

,ug

s

	

g z ~

For the Fermi matrix element we find from (8)

(10 )

IS1 2 =1 .
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Using the magnetic moments listed in Table 2, we can thu s
obtain the matrix elements listed under the heading "semi -
empirical" . The results are plotted in Fig . 3 . The full-drawn lines

X

Fib . 3 . B (x) lines for mirror transitions with adjusted matrix elements and for
Hee and 014 decay . Mass numbers are indicated .

closed shell -I- 1 transitions .
other mirror transitions .

• - I-Ie' and 0 14 decay.

are essentially the same transitions as those plotted in Fig . 2 . The
dotted lines are those transitions which were used in Fig . 1 for
the determination of Bo, xo . The use of formula (10) instead of
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(5) has changed these lines only by small amounts . The semi-

empirical method does not work, however, in the case of th e

triton decay (I <si> > 1 / 2) where we have used the value 3f`) .
The deviations of the full-drawn lines from the B 0 , x 0

value are, in several cases, larger than the experimental un -

certainty . We have tried to evaluate the magnitude of the teren

OR - g l ) < Rz>J - _ j which would be necessary to explain thi s

deviation . It turns out that I gß - g 1 I 1 / 2 and I < r~ iJ = s I 1 / 2

will suffice to explain the deviations in all cases . One might thu s

hope that a theory which in detail explains the magnetic moment s
will at the same time explain the matrix elements for mirro r
transitions .

c) Even-A transitions and unfavoured transitions .

Among the allowed even- A transitions only those which ar e
of the type 0 0 no are very simple . For transitions of thi s
type, the Gamow-Teller matrix elements vanish. The Fermi

matrix element may be calculated from formula (8) which i s

based on the assumption of charge independence of nuclear
forces only. Until now, two cases of 0 - 0 no transitions ar e
known with some certainty, namely Cm° Bl°t and 014 --» N'

The experimental data are listed in Table 3 .

TABLE 3 .

Decay Emax (MeV) t Branchin g
ratio

fl-value

G10> Bea* 1 .15 + 0 .10 19 .1 5

	

± 0 .8 0 .021 + 0.006 6000 - ;- 3000 2 0
014 a- N IA * 1 .8

	

± 0 .1 76 .5 5

	

+ 0 .2 1 3300 ±

	

900 2 0
Hes ± Li' 3 .50 + 0 .05 0 .823 5 ± 0 .013 1 815 t

	

70 0 6

The O 14 decay has been used by BLA T9) to determine the
coupling in ß-decay, but, with the present experimental uncer-
tainty, both this transition and the C 10 decay are consistent with
our values for B ° and x 0 .

t) A more detailed estimation of the Gamow-Teller matrix element has been
given recently by BLATT 8) who finds I' å 2

_ 2 .84 . As mentioned by BLATT ,
this result is rather uncertain . The value 3 which we have used is, according t o
BLATT, an upper limit.
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Also the decay of He 6, the experimental data of which ar e

listed in Table 3, has been used for the determination of th e

coupling10) . It seems, however, that the Gamow-Teller matrix

element for this transition is rather ambiguous (the Fermi matrix

element is certainly 0) . The matrix element obtained by usin g

j --j coupling is definitely too small . The matrix element quoted

in. the table is obtained by L S coupling . Although this value i s

probably an upper limit ; we have used it for the B (x) line for

He s in Fig . 3 .
A few other even-A transitions with "superallowed " ft-values

exist, but matrix elements for these are even more uncertain tha n

for the He b decay .

For all other allowed transitions the ft-value is a factor 50 -

100 larger than the ft-value for mirror transitions ; they are

so-called unfavoured transitions . The "unfavoured factor" ma y

partly be understood by noting that, in all other cases than th e

mirror transitions, the quantum number T is different for the

ground states of mother and daughter nuclei, i . e . the Fermi

matrix element vanishes 0) . This will, however, only explain a

part of the unfavoured factor and probably one has to take into

account other differences between the nuclei than the states fo r

the odd nucleons 71 .

3 . Cross terms 1 1

Until now we have assumed that the products g i g, and g3 g 4

vanish. In this section, we shall investigate in how far this assump -

tion can be verified experimentally .

a) Spectrum shape .

As seen from Eq. (1), the cross terms are energy dependent ,

i . e . they will show up in a '3-spectrum. If we consider a Kurie plot

l
/

	

p
K

= 1/F(Z,E)pE
= C(Erras -E)Vl-I-b[E,

	

(11 )

the most important effect of the cross term b/E for low and mediu m

maximum energies is a change of the slope of the plot . This
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change is, however, not detected since it is equivalent to a chang e

of C . What remains is a curvature which appears as a small

deviation from a straight line the slope of which is adjusted t o

the experimental points .

E
Fig. 4 . Kurie plot with cross terms compared with straight line adjusted to th e

points El and E .

In Fig. 4 we have illustrated an example where the straigh t
line is adjusted to the curved Kurie plot11) in the points El and
E2 . The maximum deviation 4 m will appear at a point Em VE,E 2 .
To illustrate the magnitude of the curvature, we have plotted in
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1 7

Fig . 5 A n,/K, n as a function of the maximum energy for dif-
ferent values of b in the case where E1 = 1 .2 and E2 = Emax -- 0 .2 .

It is seen from Fig. 5 that even large values of b (- 1 < b 1 )

give only small deviations and that, consequently, it is difficult
to obtain narrow limits for b . In fact, an analysis of the published

%
too

b =

b =. 1

b = .01

1

	

5

	

10

	

15 mc 2

Emax
_>..

Fig . 5 . Maximum deviation drnIKr,, of curved Kurie plot from straight line for
different values of cross terms b .

ß-spectra indicates that, in no case, b-values as large as 0 .4 can
be excluded . In such experimental comparison it should, o f
course, be remembered that b has opposite sign for positon and
negerton emission'') .

*) Recently, MAnaxoln and KoNOPxNSKu 21 ) have given a careful analysis o f
the shapes of some allowed ß-spectra in order to set a limit on the cross terms .
Their result b < 0 .2 is based on a statistical treatment of all the experimenta l
data .

Dan . Mat. Fys . Medd . 27, no.14.

	

2

10

1

dm/Km
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Furthermore, it should be noted that experimenters usuall y
apply the straightness of [he Kurie plot as a control on their
spectrometers .

The information about the coupling constants which can b e
obtained from a determination of b is contained in Eq . (la) .
Since b depends on the nuclear matrix elements, it is o f
course most valuable to determine b in cases where the rati o

1 IZ f I yin' is known. As an example, we have in Fig. 7
plotted the dependence of b on the ratio g 4/g3 in the simple case
where IS 1

I2
is known to vanish .

b) ft-values .

The cross terms will also have some influence on the ft-values
as the new f-value will be given b y

f = fo( l + b8) ,

is the usual Fermi integral an d

a = Î F (Z, E) p (Emax ` E)' dEi /fo

bGT
f

Fig. 6 . Area in b F, bG 7 plane which is allowed according to the assumption o f
consistent B (r) lines for closed shell ± 1 transitions .

To see what influence this will have on our consideration s
in section 2, we derive from Eq . (1) that

1

	

n4 5 c4

t

	

2 .7t 3 }i' In 2 fo [gF ( 1 Æ bF 6)1

	

+ gGT ( 1 Æ bGT~) ' I2j •

fowhere
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With the notation (2 a) we ge t

B = fot[(1-x)(1+bF 6)I Sll9+x(1ÆbGT(5)1

	

1 2]

which shows that the B (x) lines will still be straight lines, onl y
they will be shifted by an amount depending on bF and b GT .
This now provides us with another tool for the determination
of the cross terms . If we assume that the B (x) lines for the simpl e
closed shell +1 nuclei have to pass through a common poin t

within their experimental uncertainty, we can estimate limits fo r

bF and b GT . In Fig . 6, we have indicated the area in the b F, b G T
plane which is allowed according to this condition .

c) Recoil experiments .

If cross terms exist, the angular correlation between ß-particl e

and neutrino for allowed transitions is given by 1 )

Fig . 7 . The experimental angular correlation parameter a and the cross term para-
meter bß - for allowed GT transitions .

	

2*
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where

a=-	
(g i
	 - 92) S	 1I 2- 1/3(g3

.-a'- Î22)

	 ISå 2
a__ _

gFI1 1 I 2 +gGT I

and b is given in (la) .

In angular correlation experiments, one usually determine s
the ratio between the cosine-dependent term and the constan t
term

a = a/(1 + b/E) ,

where E is the energy of those electrons for which the angula r
correlation is measured .

To illustrate what information on the coupling constants can
be obtained from a determination of a, we have plotted in Fig. 7 a
a as a function of g 4 /g 3 for E = 2 in the simple case wher e

I 1 1 2 is known to vanish . It is seen that a determination of a
in general does not permit a unique determination of g 4 /g 3 . I t
thus seems valuable to combine angular correlation experiments
with ß-spectroscopic measurements, especially in those case s
where the ratio I 1 NI S 6 1 2 can be estimated .

4. Summary.

I . the present paper, an investigation of nuclear matri x
elements has been combined with the experimental ft-values i n
order to determine the coupling constants for Fermi- and Gamow-
Teller interaction in ß-decay . It is shown that the mirror transition s
between nuclei with closed shells ± one nucleon are consisten t
with approximately equal amounts of the two couplings . Within
the limits of error, this result agrees with similar calculation s
carried out by TRIGG 12) , BOUCHEZ and NATAF I3) , and BLATT 9) .

For the remaining mirror transitions, the matrix elements derive d
from the shell model are not consistent with this result . However,
as pointed out by TRIGC 12) , considerable improvement can b e
obtained by adjusting the wave functions to the observed magneti c
moments . In the present paper, it is shown that, on the assump-
tion of an interaction between the single particle and the nuclea r
core, an approximate correlation exists between the Gamow-Teller
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matrix elements and the magnetic moments of the nuclei involved
in the transitions. The results for the adjusted matrix elements
thus obtained are, within the uncertainties and the approximation ,

in agreement with the above mentioned coupling constants .
The possible existence of cross terms in the ß-decay couplin g

is also discussed . It is shown that the present experimental dat a
do not provide very narrow limits for these terms, and further
experiments on this matter are therefore desirable .

We wish to thank Professor NIELS Bohn for his interest in

our work and we are indebted to Mr . AAGE BOHR and Dr . BEIN

MOTTELSON for many valuable discussions and suggestions .
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