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Introduction.

n the formulation of quantum electrodynamics as introduced

by Ferwmi, the state of a system has to obey a supplementary
condition and the Maxwell equations are not valid as operator
equations, but only as derived supplementary conditions. Several
authors have pointed out the inconsistencies?), ), 3) which arise
from the fact that the Hilbert space introduced to characterize
the state of the system does not contain elements satisfying the
supplementary condition. On the other hand, a considerable
number of ¢ontributions have been made in recent years to
elucidate the way in which the longitudinal field variables appear
in the Ferwmr theory and ils connection to the Coulomb inter-
action')7), and progress has been made in many respects in
the understanding of the problem. A rather radical change in
the interpretation of the scheme by means of the indefinite
metric of Dirac has also been proposed?®).

We want to approach the problem of the formulation of
quantum electrodynamics in this paper from a different point of
view. By means of a new quantization method, NovoB4tzky?)
has given a canonical formulation of quantum electrodynamics
with a separated treatment of the Coulomb interaction, avoiding
completely the appearance of the supplementary condition. In
a second paper!?), he proposed, in order to include from the
beginning the Coulomb interaction but to avoid the supplemen-
tary condition, to introduce only two kinds of transverse and one
kind of longitudinal photon variables, instead of the four kinds
of photons of the Fermi theory. The proposed covariant de-
composition of the potentials which applies well in the meson
case seems to lead, however, to difficulties in the electromagnetic
~ case, owing to the singularities in the operators introduced. There-
1*
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fore, in taking over the idea of NovoBArzky of introducing only
three kinds of photons in order to describe the electromagnetic
inleractions, we follow a quite dillerent line and the form of the
resulting theory will in this way also be different.

Whereas the decomposition of a potential vector into trans-
verse and longitudinal parts is always connected with a special
choice of the lime axis, the difference in the physical meaning
and the role played by the transverse and longitudinal photons
leads to the conclusion that the distinction between the states of
free transverse and longitudinal photons has to be a relativistic
one. Starting from the interaction representation, one can char-
acterize the states of transverse photons in a relativistic way by
means of the 6-vector solutions of the vacuum Maxwell equations
which correspond in any reference system to transverse waves
only. In order to characterize longitudinal photon states we in-
troduce then another, scalar field. The interaction with the
electrons can then be described by defining potentials given by
these fields and related to a given time-like direction (or to a
given space-like surface). These potentials satisfy commutation
relations depending on the given time-like vector.

By means of a canonical transformation, very similar to that
used in the Fermi theory, one can eliminate the variables of the
scalar field and obtain the wave equation of the usual reduced
theory with a Hamiltonian which is the sum of the transverse
interaction energy and of the Coulomb energy. Transforming the
equations from the interaction representation to the Heisenberg
representation, we obtain potentials whose equations depend ex-
plicitly on the special choice of the gauge and which do not
satisfy the Lorentz condition. The field strengths formed by
means of these potentials do not depend, however, on the scalar
photon variables and on the special gauge, and satisty the in-
homogeneous Maxwell equations. Finally, we show that in cal-
culating the S-matrix, the commutation relations of the potentials
can be replaced by the simpler ones of the Fermi theory, since
the additional terms in the commutation relations do not give
any contribution.

As shown by Prof. C. M@LLER, one can build up the theory
also by starting directly from the Heisenberg picture, and in-
troducing suitable energy-momentum expressions and the cor-
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responding commutation rules. Some aspects of the theory be-
come clearer in the Heisenberg picture and, in writing down the
formal solution of the equations, one can also get a clearer in-
sight into the transmission of the Coulomb interaction by means
of the longitudinal waves. The detailed discussion of questions
related to the Heisenberg representation will form the subject
of a forthcoming paper.

Interaction representation.

(a) Transverse photon stales.

A ftransverse photon state can be described by means of a
¢ . .
6-vector Fulv) satisfying the vacuum Maxwell equations

0y Fy = 0. ' (1)
O ‘,L(quj + a-vF:\i,lLZ + a,u, F;J;lx) = 0. (2)

The equations (2) express that F;}J can be derived from a 4-vector

8
Ay’ as

Fuy = 044 — 0y A (22)

Since two of the equations (1), (2) are 8, Fiy + 05 Fsy + 0, F5y — 0,
8, Fyy + 0, Fy + 0, F15 = 0, F;}'J represents a transverse field in
any reference system. To every light vector k, J\/ﬁ =0, cor-
respond two independent solutions of the equation system (1),
(2), characterizing the two kinds of polarization of a plane wave.
In writing equations (1), (2) in the form of a parlicle wave
equation, one can also give a simple interpretion to the quantities
related to the particle aspect of radiation theory?!).

The quantization of the vacuum equations (1), (2) can be
performed in known ways!®). For the hermitian operators F;},ﬂ
giving the field strength in the interaction representation we ob-
tain the commutation relations

[Flis (), Fib ()] =

. , (3)
{03 O B~ Oy By 93— Oy B 03— Ous Oy Oy D (2 — "),
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We use units with ¢ = 1, i = 1; the sign of the invariant function
D (x—a") is that used by ScEwINGER®). These commutation re-
lations can also be obtained, following a method of NovosATzry?),
by deriving F,&lﬁ from two quantities Q,, Q, characterizing line-
arly polarized waves and related to canonical commutation re-
lations. One can also introduce two scalar (invariant) functions
Q,, Q. related to circularly polarized waves. Some more details
about the free fields will also be given in the forthcoming paper
mentioned above.

In describing the states of free electrons by means of the
Dirac equation, we want lo initroduce the interaction of the
electrons with the electromagnetic field first in the interaction re-
presentation. As pointed out especially by CoesTER and Jaucu?),
the covariant aspect of the calculations in electrodynamics is
fully preserved in relating the state of the system to a hyperplane
o, defined by a time-like direction ny, nyn, = —1, instead of
introducing more general space-like surfaces. We shall accept
this point of view throughout, ¢ meaning in the following always
a plane perpendicular to n,. In denoting by 7 a time parameter
measured in the direction 1'1“, the state @ of the system of elec-
trons and photons satisfies in the interaction rep1esentatlon a
wave equation of the form

9 ,

The part of H; corresponding to the interaction energy of the
electrons with the transverse field F,(},f can be written in the form

HY = \ Ao’ ju(x) AP’ | (5)

Ju(x’) is the current operator of the Dirac electrons in the in-
teraction representation, and the potential AM (") will be deflined
now by means of the field F;},ﬁ

Using the notation of CoesTeER and Jaucu?), we write d = ny 0y,
and write 0! for the inverse operator which, in the case when
a Fourier expansion is possible, means a multiplication of each
Fourier component by (i nyk,)"'. With this notation, we define
a transverse potential A(ﬁ) related to the time-like direction ry by
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4y = (3‘1F(1; Iy (6)

One has
Ay = 0. (6a)
9y A5 = 0. (6b)

(6a) is the consequence of the antisymmetry of F;},}, (6b) follows
from equation (1). The relation (2a) is fulfilled by (6), owing
to equation (2). This shows also that a different choice of the
time-like direction n, means only a different choice of the gauge
of the potential A”. From (1), (2a), (6b) we have also

04 =0. (6c)

Ay’ satisfies, according to (6) and (3), the commutation re-
lations

[/ (), 47 (2] = idy D (w—") (7)
with
(1)

d'u'p = 6/,”; -— 8‘1,4 81)8_2 -— n‘u ary 071 — 111;0# a—‘l. (7 a)

These are the same commutation relations as those of the trans-
verse potential related to the time-like direction ny of the Fermi
theory, as given for instance by SCHWINGER?).

Writing the potential (6) in (5), and taking for the Hamll-
tonian of the wave equation (4) H, = H}" + H, where H is the
expression for the Coulomb interaction energy in covariant form,
the content of the theory is exactly the same as that of the usual
treatments where the Coulomb energy is added separately to the
interaction energy of charged particles and light waves. The
formulation presented here has, however, the advantage that the
states of the light quanta are described in a relativistic way by
means of the 8-vector functions Fjy.

(b) Scalar photon states.

Recent calculations in quantum electrodynamies have shown
that one can treat many problems more easily by dealing with
the Coulomb energy on the same footing as the interaction with
the light waves. Also for physical reasons one has to avoid the
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instantaneous aspect of the Coulomb interaction, in ascribing it
to interactions transmitted by a ficld. In the scheme, as skelched
here until now, there is, however, no place left for interactions
by means of a longitudinal field. The field F;}; obeying equalions
(1) and (2) is completely transverse.

We introduce, therefore, a new field in order to describe
longitudinal interactions and choose it in such a way that it can
give account of the Coulomb interaction. In the quantized theory,
this interaction will correspond to the virtual emission and ab-
sorption of quanta. This field and these quanta will, however,
not represent measurable quantities, but will be related only to
the gauge of the potentials. This will correspond to the fact that
also in the classical theory the retarded transmission of Coulomb
interactions is related only to potential waves. Since the homo-
geneous Maxwell equations for the field strengths have only
transverse solutions, the Coulomb force in the corresponding
inhomogeneous equations has also an instantaneous appearance.

We introduce a 4-vector field By, satisfying in the vacuum
equations analogous to (1) and (2)

BuBy = 0. (®)
0y By — 0, B, = 0. C)

From (9) one can write
By = 0,0 (9a)

and in this way derive B, from a single scalar function Q (x).
By being a 4-gradient, its space component is in every reference
system a longitudinal vector. The canonical formalism of the
equations (8), (9) can easily be worked out. It corresponds to
the theory of a scalar meson with zero rest mass?).

We want to characterize the states of scalar photons by means
of the functions By or Q. In quantizing the theory we choose
commutation relations

[Q®), Q)] = —iD(x—2a). (10)

We shall come back to the question of the minus sign in (10).
It corresponds to negative energy quanta as in the case of the
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scalar photons of the Fermi theory. As remarked, we do not
altribute any observable physical meaning to these quanta.

We want to introduce the interaction of the electrons with
these scalar photons by adding in the wave equation (4) of the
interaction representation to the transverse interaction energy (5)
another term of the form

H = _S do’ j, (AP (). (11)

o

We define the potential AﬁJ with respect to the time-like direction
ny as
[} — — P
AR = —0'B, = —8,0 Q. (12)

TFrom (10), we have for Aﬁ) the comimutation relations

[AD (), AY (2] = idpD (x —a) (13)

d[((f:l,)! = aﬂaya-z. (133)

From (12) we have evidently

Fiy = Ay — 3y A = 0. (122)
From (8) and (12) _
—nﬂAﬁ) =0 (12Db)
8,4 = 0. (12¢)
From (8), (9a), and (12)
O 4y = 0. (12d)

In introducing the potential
:1# — A‘([}) + ‘4;3): (14)
we have from (6b), (6¢), (12¢), (12d)
O AA‘LL = 0, a‘u[i‘u - O, (143)

and from (7) and (13)
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Ay (@), 4y ()] = idwD (x — ") (15)

d:“” - dﬁqj '+‘ d‘l(f; — alu,p —_ 2 a‘u 81} 6—2‘* Hlu (91, a_l‘ 121;5!40¥1. (153)

With (5), (11), and (14), we can write for the Hamiltonian of
the wave equation (4)

H, = H 4+ HY = -—ﬂda' Ju () A, @), (16)
Yo
As we shall see, the wave equation (4), (16) together with the
commutation relations (15) describes correctly the interaction
between electrons and the electromagnetic field.

Considerable effort has been made in recent publications to
define the vacuum state in the Fermi electrodynamics. In the
present theory, the vacuum state can be simply taken as the
state in which there are no electrons, no positrons, no transverse
and no scalar photons present. As a consequence of this de-
finition, the annihilation operators of single particle states give
zero if applied to the vacuum state @, With respect to the photon
variables this can he written in the form

Fuy' () Py =0, Q@ (x) Py =0, (7)

where the 4 sign denotes the positive and negative frequency
parts of the corresponding operators. These equations are natur-
ally independent of the time-like direction ny. Owing to the
fictional character of the scalar quanta which are related only
to the gauge of the potentials, much significance should not be
attributed, however, to the second of the conditions (17).
Though we have written the equations and commutation re-
lations in covariant notations, this does not imply in itself the
relativistic invariance of the scheme. The commutation relations
(7), (13), (15) depend explicitly on a time-like vector ny, and
the Hamiltonian (16) is defined with respect to a reference
system in which ny is the time axis. Nevertheless, the scheme
is not only covariant in its notations, but relativistic also in its
content. As to the form-invariance of the commutation relations,
this can be seen from the following remarks*. The commutation

* The elucidation of this point is the result of discussions with Prof. C. Mor.-
LER. Other aspects of the question will be dealt with in the referred forthcoming
paper.



Nr. 13 11

relations (7) follow from (3) and (6). Conversely, (3) follows
from (7) and (2a). In the same way, the commutation relations
(13) follow from (10), (12), and (10) follows from (13), (12b).
(3) and (10) do not depend on n, and are independent of the
reference system. The relation between the potentials Aﬁ),f_lﬁ)
defined by (8) for two different time-like vectors ny, 7, can be
obtained in writing in (2a) the potential Z‘,f and substituting this
expression in (6). The equations (12b) and (12) define in the
same way a relation belween A(ﬁ) and Zﬁ). Starting from these
relations one can easily see that if (7) and (13) are valid for
the potentials A(,}’, Aﬁ) defined with respect to ny, the same re-
lations are valid with 7, instead of ny for the potentials Z;’, z_’iﬁ);
for (7) and (13) involve the relations (3) and (10) which
are independent of ny, and these involve again (7) and (13)
with fi, instead of ny,. The commutation relations which have”
the same form in every reference system follow in this way
from each other, and the wave equation (4), (16) has also the
same form in every system.

The elimination of the scalar photon variables.
Coulomb interaction.

The simplest way of showing that the effect of the introduced
scalar field and of the interaction term (11) is simply the trans-
mission of the Coulomb interaction, and that in this way the
physical results of the present formulation are the same as those
of other formulations of quantum electrodynamics, is to obtain
by a canonical transformation the elimination of the scalar
photon variables and the direct appearance of the Coulomb
energy.

Let us transform the wave equation (4), (16) by means of
the canonical transformation

D (7) = €% y (2) (18)
into the form

oy (@) = G2 (19)

where
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G = e—‘EHIeIE—ie*“‘?a—%elz — H,+X+i[H,, X+ 5[2,2]. (20)

The second equality in (20) is valid if [H,, X] and [2, X] com-
mute with X. This is the case for

don,j, (£) 071 Q(x) = — \ don,j, () 0" n, AZ(x) (21)

[ ¢ g

=
for which the Gauss theorem gives with (12) and (11)
\ a 7 s ’ a 8—1 ’ (9)
ZZQ;Zz— de' j,(x')0,0 Q0 (x") = — HP. (22)
a

We have further, using the commutation relation (10),
[3, 5] = —[HP, Z] = —[H,, 2] =

- —Sdo‘Sda’nﬂjM(a:)jv(x’) 9,570, 07 0 @) = | (a3

= ﬂ'\' dchdcr’ Ry @)y (@) 8,02 D (x—a').
g g

The four terms of (20) give with (22), (23)

G = H,—H+ S ng do’ 1y f,, (%) Jy ()
.U U
1 (24)
{—01,0‘1—,—58.2, 0——1} ang(x_x’) — Hi“+ Hc
where
1 l; . . . 9 ,
He = =5 (oo’ nyjy 5, @) 8,57 Dw—a) =
“Ve Yo
1 . (25)
= 38 dGS do’ iyt (x) ny j, () a'D (x—2x")
2) 07N

is the covariant expression of the Coulomb energy. The second
form of (25) is obtained by using the fact that on the hyperplane
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o one has (& +myd) 9 D(x—=a’) = 0. In the special system,
. . . 1 . . -
with ny as lime axis, 7' D(x—x") ~ e H(ID is the interaction

Tr
energy (5) with the transverse radiation field, and the Hamil-
tonian of the wave equation (19) does not contain any longer
the scalar field variables. We can see from (23) that, in order
to get the right sign in the Coulomb energy, we had to choose
in the commutation relation (10) for  (x) the sign corresponding
to the time-component photons of the Fermi electrodynamics.

On the elimination of the longitudinal variables in
the Fermi theory.

At this stage, it seems instructive to compare the canonical
transformations proposed by different authors in order to elimi-
nate the longitudinal field variables in the Fermi eleclrodynamics.
In this case, the interaction Hamiltonian of the wave equation

.0
i-® = H.® . (26)
H = _S do’ jy, (@) Ay () (262)
g

contains the potential components with the commultation relations

[A,u (CC), ;4.1) (x’)] = ilS/U) D (:L‘—x’) . (27)
The state @ has to satisfy the supplementary condition

Qx,1)P(r) =0

with
‘ I . I / (28)
0w, 7) = 8, 4, () + \ do’ n,j, (=) D(x—a').

Yo (1)

The potential components 4, (x) obey the equations O A, () = 0.
By means of the operator dﬁv’ of (7a) we can define a trans-
verse potential
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Ap(x) = duy Ay () =

(29)
= { (sluy —_ 8# 01; 5*2 —_ HM 61; 6_1 — Ty (9/1 a—l> A'p (fL‘)
for which _
ng A, =0, 0,0, = 0. (30)
(29) can be written in the alternative forms
Au(@) = {8 + npny— (8,0 "+ 1) (8074 )} Ap () (292)
Dy = {8ur— 040 'ny— (0,0 "+ np) 0 4y () (29b)

: 1 , 1 N
Ap(a) = {0y —5 00 (D TR 2m)—  (0p 0 "+ 2n) B0 S Au (). (29¢

(292a) corresponds to the decomposition of ScawiNGeRr®). The
second term is a vector in the ny, direction, the third term is in
the special system the longitudinal potential given by a space-
gradicent. In this form of d;},,) one can see clearly that, for (1A, =0,
di}ﬁ is the projection operator of the transverse 4-vectors be-
longing to the time-like direction n,. It is defined as the dif-
ference of the unit operator and of the projection operators of
the n, direction and of the perpendicular longitudinal direction.
(29) satisfies the commutation relations (7).

(29b) is the transverse potential in the form defined and
used by CorsTer and Javcn?®). The second term is a 4-gradient,
the third term depends only on dy4,. (29¢) corresponds to the
decomposition used by Kosa, Tatr and Tomonaca?) and by Hu®).

One can arrive in the Fermi theory by means of different
canonical transformations (18) to the direct appearance of the
Coulomb interaction energy in the transformed equation (19).
Such transformations are defined by

2= ;S do nﬂ-jlur (.l) 6*1 (av(a;l =+ 111,) A‘V (.’tf) (31 a>
c

Y= »\ do n,j, () 07" 0, 4, (x) (31b)
Yo

: . a1 /1 — .
Z:—Sdanﬂjﬂ(m)d 1<§6v0 1-}~Hy>Ap($)- (3lec)

ag
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(31a) corresponds to the transformation used by SCHWINGER,
(31b) is the transformation of CorsTer and JaucHh, (31c) cor-
responds to the transformation used by Kosa, TaTr and Tomo-
naGga and by Hvu.

2 results in all three cases by the application of Gauss’
theorem, and the commutators® in (20) by the commutation re-
lations (27).

We obtain in this way in the three cases for the four terms
of (20)

G =:}1r+—Sdajﬂ(x)aﬂa"d(ava_w%—nv)Am(x)4~
a

+ S do S do’ n, j, () j,(x") {(01,6*1—}- n,)— % 0, 8_11. ' D(x—2x")
. :

o J

G = Hy+\doj, (@)8,0 " n,4,2) +

(32a)

g (32b)

—f—gda

o

C C 1, ot e ,
\dG’ n,u.],u(x).]v(m ) {Hy+ 581}8 1} a lD (,L‘—CL‘ )
Yo

G = H1+\' dorj, () 8,0 ( 5,,01+n,,)A,,(x)+

5 do’ n,Jj (x)j, (") {(% Ova“‘H— nv>4 Ol oD (x—a").

J

We have in all three cases

[ [0pdy(x), 2] = gS do’ nuju(x)D(x—x") 3%
20 (x, 1) el = 0,4, (x)

and the supplementary condition (28) is transformed by (18)
into
Oudu(@) 1 (v) = 0. (34)

* The calculation of these involves only the commutability of the current
components j(x) with the time-like component ny, quJ (x) -on the surface g. Con-

trary to the statement in ref. (3) and (8;), the current operators j, (=) and j/_L(ﬂc)

of Dirac electrons themselves in general do not commute on a space-like surface
(in the point of coincidence).

(32¢)
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From the point of view of states y (v) satisfying (34), the
transformations (31a, b, ¢) are identical and lead to the same
states @ (1) = eizx (z). The first two terms of (32a, b, c) re-
duce for these states to the expression of the interaction energy
with the transverse potential. From the point of view of the
Fermi field, however, with the commutation relations (27),
which reduces only for states satisfying the supplementary con-
dition to the Maxwell [ield of electrodynamics, the canonical
transformations defined by (18) and (31a, b, ¢) are different.
All of them lead to the appearance of the last terms in (32a, b, ¢)
which are equal to the covariant expression (25) of the Coulomb
energy. As pointed out especially by Coester and Javcw in the
case of the transformation (31b), the appearance of this Coulomb
term is quite independent of the supplementary condition. The
supplementary condition is only used to reduce the first two
terms of (32a, b, c) to the expression of the transverse in-
teraclion energy.

The origin of the Coulomb term is, however, very different
in the three cases. In the case (32a) of ScHWINGER, since we
have (3,0 '+ ny) 0 ' D(x—=2') = 0 on o, the transformation
of the interaclion energy H; does not contribute to the Coulomb

. .m0
term, and the whole expression comes from the term — e~ 1% oy et
T

in (20) which corresponds in the Schrédinger representation,
where X is time-independent, to the transformation of the Ha-
miltonian of the fields without interaction. In case (32b) of
Coester and Jauch, the transformation of H, gives twice the
Coulomb energy which is compensated by a negative Coulomb

. gm0
term coming from ﬁze_‘za—T ¢'®. In the case (32¢) of Kona,

Tatt and TomonsGa and of Hu, the appearance of the Coulomb
term is due completely to the transformation of the interaction
energy H.

The transformation (18), (21) is closest to the transformation
(31b) of Comster and JaucH. In our formulation we have
identically 94,4, (x) = 0 and correspondingly changed com-
mutation relations. The second. term in the decomposition (29b)
corresponds to the longitudinal potential A(ﬁ]. But, while (29b)
gives the decomposition of the same operator Ay () for dif-
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ferent n, —s, the definition (6) and (12) of Ay'(x), 47'(x) in-
troduces for each ny a different 4-vector potential Ay (x) which
is determined by the 6-vector Fyp () and the invariant Q (x).
The canonical transformation (18), (21) adds to A;f) (x) the
Coulomb potential and, as seen from (24), the transformation
of H, leads, therefore, to twice the Coulomb energy. This has
to be compensated by a negative Coulomb term coming from
the energy operator of the free scalar photons. One has, therefore,
to choose the minus sign in the commutation relation (10),
associating in this way the transmission of the Coulomb in-
teraction with the virtual appearance of scalar negative energy
quanta.

Transition from the interaction representation to
the Heisenberg representation.

In the present formulation, the introduction of the quantities
in the interaction representation has some advantage owing to
the relativistic distinction between light waves and scalar photons.
In the Heisenberg representation, the field equations relating the
inleracting electromagnetic field with the currents of the electrons
have to reduce to the well-known Maxwell equations. Since we
have no supplementary condition in the theory, the Maxwell
equations have (o be valid between the operators themselves.
This is to be shown now.

The operators of the interaction representation can be lrans-
formed into those of the Heisenberg representation by means of
a unitary transformation U, depending on the plane ¢ or on 7.
To the operators 4,,j, of the interaction representation cor-
respond operators Ay, j» of the Heisenberg representation ac-
cording to the relation

A, =U'AU,  §,=U",U. (35)

We write bold-face type letters for the quantities in the Heisen-
berg representation.
All the quantities from now on are taken on the plane ¢, and
for the time derivation in the perpendicular direction n, we can
Dan.Mat. Fys, Medd. 26, no. 18, 2
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write 0 = n,d,. The time dependence of the operators of
the interaction representation (in the 1y direction) is given
by the Hamiltonian H, of the system without interaction,
04, = 1 [H,, 4], and with the Hamiltonian H = H,-- H,
we have in the Heisenberg representation

dA,(x) = i[H, A, ()] = U {04, (@) +i[H, 4, @] U=

. . (36)
= U '0A,(x) U— 5 do'j () dy D (e —2).

In the last form the expression (16) of the interaction energy
and the commutation relations (15) have been used.

Since the derivatives in the plane ¢ transform in the same
way as the operators (35), we have with (36) also

8,4,(x) = U0, 4,(x) U+ n, S do'§ (@) dyD(x—a).  (37)

For the second time derivative (in the n, direction) we have
in the Heisenberg representation®

PA, =i[H,i[H,A)]) = U~ [0®A,+i[H,04,]+ l
(88a)
i [Hyy £ 1Hy, 4]+ i [y i[Hy, 4]} U |

Using the expression (16) for H,, the commutation relations
(15), and
i[Hyjyl = 0j; U 0j,+i[H,j YU =34, (38b)

we obtain from (38a)

A () = U N (— 0%4,(x)) U+ Sdo'jlu(x/) 0d,D(x—a’)+ ] (38)

+ S do' d,D(x—x)0'F,(x).

* The reasoning of formula (2, 11) of ScawiNgER’s first paper?®) which takes
into consideration only the first two terms of the right-hand side of (38a), though
correct in the special case of the Fermi electrodynamics, leads in general, as for
instance in our case, to wrong results.



Nr.13 19

This gives with O 4, = 0 and with (O 4+ 9% 4, (x) =
U (@ + 80 4, () U,

0A,(x) = gda','jﬂ(at') ddy, D(x—a')+ Sda’ dyy D(x—a") 0§, (x). (39)

On the plane ¢ perpendicular to n,, we can write, using the
relations D (x—a') = 0, (0,4 n,0) D(xz—a") =0, (9,+
41,00 D(x—a) =0, (0,+1,0)(3,4n,0)0 *D(x—a) =0,
which follow at once in the special system, and (7a), (13a), (15a),

dpyD(x—a") = {0,(0,+ 0,0) 0"+ 0, (8,41, "\ D(x—a') = .
(40a)
= d‘ff,i D(x—a’)

dpD(x—a') =0 (40b)
ddy,D(@—a’) = {8,,0 =20+ n,0)(0,+ n,0)0~"} D(x—a) (40¢)
if (x,—a)n, =0.

Using (40a), ne = —1, n, (0y + nyd) = 0, 'we have from
(37), with 9,4, (x) = 0,

9,4, = —Sda'j‘u(x') (0,+n,00 " D(x—a).  (41)

In the Heisenberg representation A4, does not satisfy the Lorentz
condilion, but 9, 4, has according to (41) a value which de-
pends on the currents and on the direction n, with respect to
which the gauge of the potential was chosen. In the special
system, with n, = (0,0, 0,7), (41) has the form

9,4, = \ da'g, ()0, Bj (&) = 49,4, (41a)

\ 1
=\ B
4ar S * 4nar
The inverse A~ ! of the Laplacian 4 is defined by the last equality.
With a similar notation, we can write (41) after partial integra-
tion, in the form
i
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9,4, = —§ do' (9, + 1,004, (x) D (e —a) = ]

(41Db)
= (@407 @yt 1,9)f j
or with 4,4, = 0,
8,4, =0(0+0 'n,J,. (41¢)

In calculating the two terms at the right-hand side of (39),
we obtain with (40¢) and (41), dD(x—x") = — 6 (x—=x') on o,

\1 do’ j, (x")0d, D(x—x') =
= gy @ =2 Ot 0,0\ ' () By, 00 D(e—a) = (120)
- _j7,($) + 2 (av_l_ 11,,8) (ay A%(CC))
with (40a), (41), (41Db), (41c)
Sda’ A D (x— ) 0 (&) =

= (0,+ n,0) i do'd'n,jg, ()0 D (x—a')+

) (42Db)
{4004, () @y, 001D (x ) =
= — (04 n,0) (0,4, (%)) — 1,0 (0, A, ().
From (39), (42a, b)
O A, —0,0,4,) = —Jy (43)
which gives for the field strengths defined by
r,=0,4,—0,4, (43a)

the Maxwell equations

0, Fy = —Jy. (43D)
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The potentials are related to a gauge depending on ny, but
the field strengths satisfy the Maxwell equations (43b) which are
independent of ny.

From equation (37), with ;,D, dﬁ; instead of A4,, dyuy, one
has, according to (40b),

d,4) =0, 0,AY =0,4,. (44)

(39) gives, if written with A, d;}v) or A7, dﬁ,,’, equations of the
form (43) with the covariant expression of the fransverse or
longitudinal current with respect to the vector n, on the right-
hand side. The equation for 4, can be written with (44), (41¢)
in the form

O A(vg) = On,(O+ az)ﬁlnxjx (45)

which shows that 4.* differs from the Coulomb potential ¥V,
related to ny

vV, = n,,([] + 82)7111:4-7-%
(45a)
012771; = avA(vz) = avAv

only by a solution of the homogeneous equation oA =0.
The corresponding inhomogenecous equations for the quantities
Q and B, depend also on ny.

As to the field #Fy,, in writing

Y

1y __ [¢8 (98]
el Ky, =0,4,—0,4),

(46)
T = 0,49—0,47
we have with (40b) and the equations corresponding to (37)

FL=U"FuU. (46 2)

According to (12a) Fjiy = 0, but with (46), (37) we have,
in stating first that with (40a), (41), (41¢),
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S do’ § (&) d% D (x—x') = (8,+ n,d) S do’ 0,4, (x) 0" D(x—a')+

- 1, g do"jx (a’,) (ax + 1, a) a LD (’L "_:CI) - (av + 2n, a) (D + 62)_1 Il%-j%’

B = a0 d, ) dsn o) n {4 g0 dgp ) =
(46b)

S (aﬂnv—a,,,n‘u) (D + 82)_117;4.7'% = a#v;;_av]—/u

(46Db) is the covariant expression for the Coulomb force, and
we can see explicitly that the field #7, does not depend on the
scalar field variables which are related only to the gauge of the
potential.

On the calculation of the S-matrix.

In the reduced form in which the wave equation is

0
{5 1) = Gg(v); G = H{"+ H, (19a)

with the expressions (5) and (25) of the transverse interaction
energy H," and the Coulomb energy H,, the present formulation
of the theory is identical with that obtained by eliminating the
longitudinal variables of the Fermi electrodynamics. In cal-
culating the S-matrix in the reduced theory, we obtain the same
result in both cases.

In the Fermi electrodynamics, however, the calculation of
the S-maltrix is much simpler iu the unseparated form, and the
common treatment of analogous terms is the chief advantage in
comparison with the reduced theory. We want to show now that
the simple rules of calculation of the unspareated Fermi theory
follow also directly from the unseparated treatment of the present
formulation. In the calculation of the S-matrix the commnutalion

rules (15) of the present formulation can be replaced by the
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simpler rules (27) of the Fermi electrodynamics, the additional
terms in (15) giving no contribution.

Writing the solution yx (7) of equation (19a) corresponding
to an initial solution y (7,) in the form

x(7) = U, 7o X (7o), (47)

the unitary transformation Uy, ,, can be expanded according to
perturbation theory in the form

Uprg = 14+ Uy 4+ -+ U8, 4+ - (472)

UT,T0 contains in the integrand k& factors G (7;). In writing
G (7)) = Hy" (7)) + He(t;), we obtain a number of terms which
can be classified according to the number of factors Hq ().
The terms with a single factor Hq(7;) give a sum

(—0 2 S

i=1

dvy HV (7)) - gdr[_lH?’(ri_l)
Ty

(48)

Ti1 a Tr
er’ HC(TI)K Tiy H‘I’(TI_H) . SdrIcH‘ll’(rk).
T

* Ty To
Similarly, we obtain terms with more than one factor Hg(x;),
and also a term with only transverse energy factors.

Following Hu®), but simplifying somewhat thc argument
which does not depend on the special reintroduction of the
longitudinal field variables, we want first to show how in the case
of 7g— -—o0, 7> -+ oo of the S-matrix, the sum of (48) and
of the corresponding part of the term

T Ty T
K
(—1) i g dz, H(L”(Tl) g dT-zH(LD(Tz) Tt i dT]g+1H(LU(?:k+1) (49)
vy, T, vz,
of Ug‘t;) can be brought into a form in which the identity with

the analogous terms obtained by the simpler rules of the unse-
parated treatment of the Fermi electrodynamics becomes mani-
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fest. Analogous considerations hold for the case of the terms
containing more than one Coulomb encrgy factor. The same
argument will then lead at once to the mentioned simplification
of the calculation rules in the unseparated treatment of the
present formulation with the commutation relations (15).

Since (0,8 '+ n,)d 'D(x—a’) = 0 on the plane o7, we
can write the Coulomb energy (25) with®) D(x'—a") =
D¥ (x'—a")y + D™ (x’—=x") in the form

’ s # 1t 1 /1 _ y—
Hq(v) = Qdc]u(oc )gda J(x )nvbaﬂa 14—11”)8 !
QUT ’GT

(50)
DV (' —2")+D (2" —2'")).

In introducing this form of H. (%) into (48), we want fo transform
the expression, by successive application of Gauss’ theorem, in
pushing the second surface integral in (50) with Dt (x'—x") at
the right, with D™ (x’—x") at the left of the lerms.

To obtain the necessary formulas, let us write for an arbitrary

function G (x, 7)
T

gla, ) = gd%G(m,%). (51)

"TO
With the notation g (x, v) = ¢ (x/7) for « on oy, we have

dg (x/t) = aa—rg(x/r) = gd%@G(:c, )+ G(x, 1) (52a)

L‘[’O

—0,g (x/v) = — (0,4 n,0) g (x/r)+ n,0 g (x/v) =

v T
—K dz (0,-- n,d) G (x, ?)—!—Qd?nva Glx, )+ n,G(x, 1) =

1, *T

T
= —gd%@w(}(x,%)—}— n,G(x, ).

%o

Since from (51), g (x, 7)) = 0, we have from the Gauss theorem
and from (52D)
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T (]
Qdo_//jv(x//) Ilvg(x”, T’) _ __Rdl_l/ \ dO‘HJA_y(x”) allg (./,E”/T”) e

Ty Lg‘_[//

’ s ’

T T T ]
—K dt"’ Q da"j,(x'") S dtd,G(z", 7))+ K dz"” \ do"j, (") n,G(x", 1"").
v e/

vz, Yo Ty Ty oy’

We apply now this formula to different expressions & (x, 7).
With

G(x",'ci_H)——(‘) 8,0 "+ n ) IRy B (z,, ) (54a)

where the dots . .. mean some other factors depending on 7,
TI T/

and with the notation gdr"Qda” = §d4 x', we obtain from
. Ty !/g_[// !,-L—D

(53), (1)

’

&do—”j-v(r )Il,,( 8 0" +n )8,“1D4V(5‘3,4m11)§d H[l“(THL) :

!/g,[/ k)

T i’
_ Sd‘l 2, (:c”)& G 0,50, nu) 5 D" (o —a) +
Y7 T )
* 1) 17 ’7 16 8_1 a,—l— + ’ o
v, H (‘L’l_'_L) do"’j, (") n, 50 +n, D (x'—a") -
LA

Ty Oy

i+1

The change of sign of the first term comes from d, D¥ (x'—2x'") =
— @y DT (x'—x"). In the case of an even number of differential
operator factors acting on the same variable we can. omil the

primes.

With

G, 7)) = g da’j,(x) (9 3M8_ + nﬂ> PTIDT (@' =) (55a)
LX

224

(53), (51) gives

(53)
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oT; _q I .
’ it t ,a ’ 1 — - — ’ .
Sdr gda Julx )11,,\ daJ‘,l(:c)(§8#0 1+nu)6 DT (2 —x) =
T, Yoy Yo
f 1 T//
Sd*m j,(x )§d4x Ju(x') 0, ( 9_14 n )0 D ('—=x")- (55)
To
v AT 1 \
. ’ — L =Ll = 77 -
\da J,(x')n, \ 4”c ]M(m)(ga/_ﬁ ‘]—n/ub)a D (a'—2") .
.U’L' YT,
With
. G(x”, l‘l) _ H“](Ti_l) . (2 alu'a— + M) 8;—1 D— (-m/;:c//) o (56&)
we obtain from (53), (51)
¥ T __9 (] ]
Sdfi_lH'ﬁ’(fil) & do"j,(x" ) ny - - - (5 0,0 "+ nﬂ) I D () =
To Y07y
71—2 o'’ 1
= Q x ']1,(’1’,‘”)& dTi_lH(ll)(Tl“l)' ) 'av(ga,u(a*l%» nlu) a_lDﬁ(xlgx”)' . + (56)
Lzo Ty
AT;_y
+§da”]1,(x”)n \ dr, (H{'(r, )-- (9 aya— + 11;,;) D (=) -

Yoy Ty

The relation (54) can be used repeatedly in order to push
the surface integral with Dt (x’—ax") in (48) with (50) to the
right. Every application of (54) gives a new term and, finally,
we may use the relation

\da "I, (& )11,,(9 Ma“l—Fn ) 't —a) =

GO"T

:S‘ 2 ("), (Qaﬂa— +n )a DY — )+ b (5T)

1 ! ] — ' = + ’ 1%
gda (e )n_,,(gﬁ‘ua 1 Hﬂ)()‘ D ().
L%

Ty
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We obtain in this way for the corresponding part of (48)

k (1) " ’/.sz;_l// .
(=) ) _S_ \dTLH -\ d x]M(a) \d 2 )
i ¥ YTy
*Th—1 (1) 1 —1 — [ ’ 1
dr, H' (1) av(aaua +11M)a DT (x'—=x")
Y1,

and from the last term, according to (37),

kot iy
o > N\

i=L YT, LT,

T
Sdr H'U(Tk) do”'j,(x )111,< 8,0 "+n ) D (a2,

To Yoy,

In a similar way, for the part of H¢ in (48), (50), conlaining
D™ (x'—x"), we can apply first the relation (55) and then re-
peatedly (56) in order to push the corresponding surface integral
to the left. Changing afterwards the notation according to o’ = x”,
wv, izj, and using —D7 (x'—2a) = Dt (x'—a"), we
obtain for this second part of (48)

B P A
ey § N \dn (n)---gd*xh(x)-~\d*rc,1u(x)---
i=1L j<i ¥T, vT.

0,7,’0

Tr—1 .
S dr, H" (7,)-0 ( 8—1—{— nu> D (2 —2") =
To

T

S 3T (i

i=1 j>Ii o

a ,(‘) 9,0 '+ n )a_lDJr(n:'—w”)

and from the terms containing a surface integral at the left

(58)

(58a)

(59)
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Ti—t
<—1>2 \da“jm)n \drl W) - gd‘*x'jM(x’)
i=1 Yor Ty Ty

. (59a)
k—1

idr} 1)(7;k) (‘) #0*1_#11#)8 —ip~ (x'—a'")

2

To

Since we have for any finite ',

lim < da"j,(x"") n, <; 0 ot “,u) FTIDE@ 2y =10, (80)
T—> T+ o0 '/O"T =

the terms (58a), (59a) do not contribute to the S-maftrix, even
if we do not suppose an adiabalic swilching on and switching
out of the interactions. The contribution of (48) to the S-ma-
trix is, in this way, the limit of the sum of (58) and (59) for
Tg—>— %, T—> 1@,

I T T ;
7 ! ot -t I r
(*i)k S S ~~-&d4;r/jﬂ,(x')--'\d4x' ]1,(.1') )"’
Pl .

i=1 j>i vty To

(61)
< (8,0,0 4+ 0,n,0 '+ 0,n,6 YD (x'—2x")

Tg—> —%, T—> 1.

We marked only by dots the transverse energy factors.
(49) yiclds an analogous term with

(Z,(leD+(9:'—$”) = (0,,—9,9, 0 — 0,09 —81’11/&6‘1) D¥ (o' ~x

in the integrand. This cancels with (61) to the simpler term
containing the factor 84y DT (2’—x”) which corresponds to the
commutation relations (27) of the Fermi electrodynamics and
can be obtained directly from the unseparated treatment of this
electrodynamies. This gives the result of Hu.

We return now to the question of the unseparated ireat-
ment of the theory with the comumutation relations (15). Since
(3,07 4 n,) ' D (x'~—=x") = 0 on the plane o7, we have
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& dG’jM (Q’J,) \ dO‘”,]‘,, (xr/) ny (alu 641 4"(11;;) a’—-l
0;(;-7:/ "G‘L" (62)

(D" (/=) + D (' — ™)) = 0.

Writing, instead of (50), this expression at the place of H (7)
in (48), the resulting expression also vanishes. Using the relations

(54), (55), (56), (57) with (9,0 + 1) instead of (;—% o+

we obtain analogous expressions to (58), (58a), (59), (59a) and
also to (60). With a result analogous to (61) we obtain in this way

e T )
K s ’ e ’t
(—1) 2 § -~&d4x1,¢(x)-~-&d4x PACO IR

i=1 j>i %7, ez,

(63)
(20,0,0"+8,n,0" +0,n,0 HD"(x'—x") = 0

for 7y —%, 1>+ >,

(63) shows thal terms of the type (61), (63) of the S-matrix,
calculated in the unseparated freatment with the commutation
relations (15), and containing the factor

d,lw D" (x'—a'") = (6,u1/_ 2 8/1'811 o a,unv a—l“avll‘u aﬁl) D* (x'—a"")

can be replaced by the simpler terms containing the factor
duw D' (x'—a"). The contribution of the other terms vanishes.
(It 1s understood, that the ordered products of the unsecparated
treatment correspond, as in the Fermi electrodynamics, to the
arrangement where the negative frequency parts of the potentials
stand to the lelt of the positive frequency parts, both for A;}’ and
A[MZ’). The result is the same as if we had used the commutation
rules (27) of the Fermi electrodynamics.

The combination of the results (61) and (63) shows further
that the contribution (61) of (48) to the S-matrix can also be
replaced by the simpler expression
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—(~z>22 \&?i],i(r)--'

i=1 j>1i
—1 ) (64)
< d*a’’ j, (' ) < 8,0,0 DT (')
0T,
Ty — 0, T+ %,
(64) contains the factor d;“)qi D¥ (x'—a") = — 0,0,0* DV (' —x”

which corresponds to an interaction of the electrons through the
field Aﬁ) (x). (64) can be obtained also directly in writing the
first form (25) of the Coulomb energy in (48), making the de-
composition D (x'—a”) = DV (x'—a”) + D~ (x'—x") and using

the argument corresponding fo (54)—(61) with ‘7(9#0 Y in-
stead of( 0,0 +nM).

Using the same arguments, but starting from the second form
of Hg in (25), the resulting contribution to the S-matrix obtains
the form

i—1t ‘Tj'—l . .
(”‘1)2 Qd”‘x]#(r) &d*:v"]v(x PR
=1 ]>1

vz, :

L (85
ﬁ(a 0 '+ 8,0, DD (2 —a") ©
9 \ully vty

Ty—>—®L, T—>—1 ®

This can be obtained also by subtracting half of the vanishing
expression (63) from (61). (61), (64), (65) give alternative forms
of the coniribution fo the S-matrix, corresponding to the Coulomb
interaction.
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the inspiring atmosphere of his institute. I gratefully acknowledge
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Summary.

A formulation of quantum electrodynamics, without a supple-
mentary condition, is given. Starling from the interaction re-
presentation, light waves are characterized by the 6-vector field
satisfying the homogeneous Maxwell equations. In order to
describe longitudinal interactions, an additional scalar field is
introduced. Interactions with the electrons are defined by means
of potentials given by these fields and related to a special time-
like vector ny (or fo a corresponding space-like surface). The
scalar field variables can be eliminated by means of a canonical
transformation which leads to a wave equation containing the
transverse interaction energy and the Coulomb energy. In the
Heisenberg representation, the polentials whose gauge is related
to the special time-like vector n, do not satisfy the Lorentz con-
dition. The field strength operators obcy, however, the Maxwell
equations. In calculating the S-matrix, the commutation rules of
the potentials which depend on n, can be replaced by the simp-
ler rules of the Fermi electrodynamics.
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