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G L

As is well-known all the laws of geometrical optics may h e

deduced from FERMAT ' S principle '

P

nds =
sT

n (dx
dZ}2

+

(dz12+ ( di)2 d z= 0 (1)

or from the mathematically equivalent principle of HUYGENS ' .

In (1) a is an arbitrary parameter of the integration curve fro m

P' to P, and n is the ray index given by

c
n = n r = ->

	

(2)
U r

c being the velocity of light in vacuo and Ur the velocity of th e

ray, i . e . of the energy current'. Thus the integral in (1) i s

simply c times the time-interval from P' to P . In the mos t

general case, v,, and thus n are functions of the point, the direc-

tion, and the colour, i . e . the frequency of the light . In geometrica l

optics we only consider monochromatic light, i . e . we abstrac t

from dispersion phenomena . If for a certain medium n is inde -
pendent of the point, the medium is homogeneous, if n is inde -

pendent of the direction, it is isotropic .

In most textbooks on optics 3 FERMAT ' S principle is onl y

proved to hold true for a finite number of reflections and refrac-

tions in an isotropic medium with piece-wise constant index o f

' This is shown most completely in CARATHÉOD0RY (1937) . In this paper th e
theory is developed quite generally for an inhomogeneous, anisotropic mediu m
by means of the methods clue to HAMILTON . Furthermore, it also briefly outlines

the history of the two famous principles .

	

c
a n is often erroneously stated as being the index of refraction, n,, _ -

u ,t being the normal or phase velocity . This statement is only true in the cas e

of isotropic media, the normal and the ray directions as well as u„ and v ,,
coinciding only in this case .

3 See e. g . the well-known textbook of DRUDE (1900) or the modernize d

version of this standard treatise : FÖRSTERLING (1928) .
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refraction . Furthermore, HvvGENS' principle is as a rule only

stated but not proved' .
Now it is an obvious task to deduce the two fundamenta l

principles in the general case of an inhomogeneous, anisotropie ,

absorbing medium from MAxwEL1 .'s electro-magnetic theory o f
light, at the same time deducing the conditions for the validit y

of geometrical optics . It is the purpose of the present note to

work out this programme, which surprisingly enough has not ,

as far as we know, been done before . We thereby proceed b y
combining a method due to SOMMERFELD and RUNGE' with the

general theory of partial differential equations of the first order

and their connection with the calculus of variations .' Although
the following considerations do not, of course, yield any ne w
results, they may perhaps be of some pedagogic interest .

§2,

Any propagation of light in an arbitrary non-ferromagneti c
medium is governed by the four MAXWELL equations

	

rotes= 4 •+ 1 e E

	

(1 )
c

	

c

rotE -H

	

(2)
C

	

dive • E = 0, div µH = 0,

	

(3 )

in which e = e (x, y, z) and a = a (x, y, z) are symmetric tensor -
functions (indicated by a dot in all products) and p, = ,e (x, y, z )
a scalar function (no dots in the products) . The main equations

' See e . g . the most modern textbook on optics : BonN (1933) . In LAND É
(1928) HUYGENS ' principle is deduced from that of FERMAT, but this principl e
itself has not been proved .

a SOMMERFELD and RUNGE (1911) . This method is also described in Bond' s
textbook, in PLANCK (1927) and JENTZSCH (1927) .

s See e . g . COURANT-HILBERT (1937) or CARATHLODOEY (1935) . The metho d
of SOMMERFELD and RUNGE is in fact only a special case of a general metho d
for obtaining the characteristic equation belonging to an arbitrary partia l
differential equation of the second order with n variables, see COURANT -
HIr,BERT (1937) chap . VI § 10 .1 . Furthermore, the same method has been use d
by DIRAC (1930), p .120, to deduce the corresponding transition from wave

a z

	

té classical mechanics . In this calculation a term - Ili

	

SS
0

	

has, however, er-

	

r

	

ßy 2
L r

roneously been omitted ; this term is just important because the condition tha t
it . may be neglected imposes the restriction that the radius of curvature of th e
"path" is to be large compared with the wave-length (cf. p . 8 below) .
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are (1) and (2), while (3) only imposes certain conditions on th e

direction of - the field-vectors E and II. In fad it follows fro m

(1) and (2) that if (3) is satisfied at the initial time, (3) wil l

be satisfied for all times . We eliminate II between (1) and (2 )

by taking the time derivative of (1) and rot of (2), obtainin g

by means of the vector identitie s

rot y,A = y rot A + [grad y x A ]

rot rot A = - JA + grad div A

the general wave equation

and (4)

JE grad div E+
grad Fi,

xrot E
~b

4 TrFr,
-

c2

a .E-	
2 E•E = O . (5)

Having calculated E from (5) and' the boundary conditions we

obtain IT from (2) . We now assume the time variation of E t o

be strictly harmonious (otherwise we only need expand E in a

Fourier series) i . e . we put

E = Feint co = 27rv,

	

(6)

which inserted in (5) gives the time independent wave equation ,

being a system of 3 simultaneous, linear, homogeneous, partia l

differential equations of the second order ,

/4F-grad divF+
[gradµ

x rot F )- 4 ''" 2,o a • 11+toe• O . (7 )

c
40

_
w

is the vacuum wave=length divided by 27r .
Now geometrical optics is just characterized as that branc h

of optics in which we may consider 7 o as infinitely small, i . e .

strictly speaking obtained by making the limit ~o> O . In orde r

to obtain a solution of (7) which will approximately describe a

light-ray, i . e . a wave propagation which vanishes outside a ver y

narrow region which in the limit 4 o > 0 may be considered as a

geometrical curve, we put F approximately equal to a homo-

geneous plane wave

	

l
= A (x, y, z) exp ~ S (x, y, z) ,

	

(9 )
0

	

111

Here
(8)
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in which the amplitude A = A (x, y, z) is a slowly varyin g

vector-function, being approximately constant along the light -

ray and zero outside it, and the phase function S =S (x, y, z) ,

describing the wave fronts, deviates but little from the linear
function n(s . r) n(sx x+sp y+s.z z) . (In order to obtain the
exact solution we had, as is well-known, to superpose plan e
waves with slightly different wave vectors s) . Using the well-
known vector identities (4) ,

and

	

grad (pp) = p grad + p grad

T div(R A) = pdivA.-F(A_ . grad p)

grad (A . B) = (A . grad B) + (B • grad A) + [A x rot B] +-[B x rot A]

we obtain (using furthermore the fact that rot grad

	

0 )

rotF
=in

esp ) ioS][grad SxA]+exp[ o S rot A_

z
,/F = div grad F = i. exp VS (grad S) 2 A +

v o

1
%o

exp[,
o
S] (2(grad A• grad S)+ArIS)-Fexp[i-S]J A

	

/ \2

	

L

	

L

grad div F I i I exp [ts] (A . grad S) grad S +

r
o

+ exp l )I S (div A. grad S (A-grad (grad S)) +

	

o

	

L o _

H- (grad S• grad A) + [grad S x rot Al + exp [ S grad div A .
o _

(11) inserted in the wave equation (7) finally, after divisio n

with exp

	

S] , give s

(- (grad S) 2 + grad S'(grad S . ) +

	

)A 4 0. 0 ((grad S . grad A) +

+AJS-grad SdivA-(A•grad (grad S))-[grad SxrotA]+
(12

grad it
x [grad S X A] ]

4 n
A

	

div A) = O ,
Jc

in which grad S (grad S •) denotes the tensor product of grad S wit h
itself . If now 20 is a very small number, we see in fact that (9) is a
solution of the wave equation (7) if S is a solution of the equation
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(- (grad S) 2 + grad S (grad S ) + µe .) A = O .

	

(13)

This equation is, however, as an equation for A, a linear homo-
geneous vector equation . Consequently the necessary and suf-
ficient condition for its having other solutions than A O con-
sists in the determinant vanishing, i . e .

-(grad S) 2 -{- grad S (grad S•)-I- ttE• ~ =

us2x (gradS)2 +~x) 2, ~CtE~,y+ax

a

yS ~GEx"+ a xa z

F`EiJ z + a y a x '
pew - (grad S)2

+ \a S;/
2'

p
EJz + a v^ zy

	

trE +
o S aS

	

+ a S a S
14,6.2: - (grad S) 2 + (ab,

S\ 2

	

o'z x

	

dz y

	

z

in which (x, y, z) is an arbit r ary Cartesian coordinate system .
This equation is just the so-called characteristic equation belong -
ing to the wave equation (7) . It is a partial differential equatio n
of the first order and the degree 6 (viz . equal to the product o f
the order of and the number of equations in the wave equation) .
We shall, however, see in a moment that the degree of (14) i s
in fact only 4 . Before doing so we shall state under what con-
ditions the terms in (12) with 7 o and VD' may be neglected i n
comparison with the first term . They are, obviously, since th e
dimensionless quantity grad S is of the order of magnitude 1 ,
the following :

(a) 7o((gradS•grad A)-grad Sdiv A [grad S x rot A]) « A

a 9 ~
i . e .

	

2.0

	

x « A (i, k = 1, 2, 3)

	

j (15)

1.

(b) (//S - (grad (grad S) • )) A « A

	 FS

	

~r (16)
~ . e .

	

axi axk «1 (i, lc = 1, 2, 3)

	

1

o [[grad S X Al «A_
au

i . e . 2,0
ap. « lu (i = 1, 2, 3 )a .xi

( e )

(14)
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4
4rrtr,

a
A

« A
c

. 4n.1o

	

/I),
o

~ s

~a c	 6i

	

\d
,- «1 (i = 1, 2 ,3) ,

(d)

i . e .

in which'
An

	

c
d = -- _

--xi

	

4 Tr V vµdi

(x., : the coefficient of' absorption in the direction of the i'th prin-

cipal axis of a, d1 : the corresponding length of penetration) .

tiô (oA -grad div A) « A

ô 2 .9 .
(e)

	

i . e . 7å

	

`
OxkOxz

« A I (i, k, I = 1,2,3) .
.

(a) -I (e) means that each component of the amplitude A is to

vary so slowly that both the first and the second variation of A
in a distance of the order of magnitude of the wave-length 2,a

is negligibly small compared with A I . If we consider a sharpl y

defined light ray, A will obviously vary strongly in a distance o f
the order 4 on the border between the ray and the shadow. In
this region we shall, consequently, expect deviations from the law s

of geometrical optics : the phenomena of diffraction .
(b),means that the phase function. S is to deviate so little from

linearity that its second derivatives are negligible compared with
1
) , i . e . the principal radii of curvature of the wave fronts give n

by S = cons/ are to be large compared with 4 . This statement ,

again, is equivalent to Iwo other conditions : (cc) the radii of cur -
vature of the light rays themselves are to be large compared with 4.
(/3) no points in which the light rays diverge or converge are t o
be considered (as in these points one or both of the principal radi i
of curvature vanish) . . Finally we see from (14) that, S bein g
determined by the variation of the product tor, our condition (16)
demands that tre varies so slowly that its variation in cc distance
of the order 4 o is negligible compared with p,6 itself:

o (,ta
lk )

7 0

	

«fre t], (i, k, t = 1, 2, 3) .

	

(21 )
O x i

i Cf. e . g . 13onx (193* p .261 .

(19)
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(c) means that ,u is to vary so slowly that its variation in a

distance of the order ). is negligible compared with tr itself. From

(21) it then follows that the saine applies to the dielectric tensor e

itself.

(d) means that the medium is to have so small a conductivity
tensor e that the principal lengths of penetration d i are very large

compared with the wave-length 2. 0 . This condition is, besides ,

obvious, as we could not otherwise speak of light rays at all, th e

rays being at once absorbed .

(f) Finally we see that geometrical optics is only valid so lon g
as all questions regarding phenomena of intensity, polarization ,

and interference, and as already stated also of dispersion, may b e

disregarded .

§ 3 .

Having stated the exact conditions for the validity of geo-

metrical optics, we shall now investigate the equation § 2 (14) ,

which contains all its laws . Firstly, we note that the équation i s

invariant against all coordinate transformations . Secondly, that

the dielectric tensor e being always symmetric, it may in each
point be transformed on diagonal form, and to obtain simpler .

formulae it will, therefore, be convenient to transform to ne w

generalized, orthogonal coordinate s

(F> 7/,

	

= (~ (x, y, z), q (x, y, z), 6 ( :x , y , z ) )

	

ds 2 = dx 2 + dy 2 +dz2 =

	

14' 2 -{-g';dri z +g4-d 2

	

(
a

.x\2+ 1' a g\

J+
(

z

)2°

	

(a
)2+

a
y)2+

(

	

ax?

	

ayl2 ~azl2g~
-

\a~l+~a~l+\ô~ /

(g, g,1 , gÿ are the only non-vanishing, elements of the fun -
damental metric tensor gik of the (01,

	

coordinate system) .

Here the transformation matrix a k
is determined so that e i s

in each point of the ( , r1, 5) coordinate system on diagonal form .
In case the medium is homogeneous, the transformation become s
simply orthogonal with constant coefficients and g,i = g,n = g~ = 1 ,

otherwise it consists in general of non-linear functions of (x, y, z) ,

(1)
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g , g,J , g 4 being then functions of (t, 12 , O . Nov
a
	 = S4,

as
= S,i ,

as 6 ,

1 ~ = S4- are the covariant components of grad S in the (4 j 12, ~)

coordinate system, and the elements of the tensor in § 2 (14 )
the mixed components, 114-4 (grad S)2 + (grad S) i (grad S)k .

Expressed in terms of the envariant components Ss, S,J , s4. our
equation § 2 (14) thus becomes, because in case of an orthogona l

coordinate system we have S i = g iiS1 = 1 S i (no summatio n
over i),

	

g i i

(grad Sr-
1

I G E

S,J S~

g~ ~ E n

S~ S,J

	

SE S4.

g~/.p~

	

g~Fps

(grad S)2 _	 1S 2
S Ç̀

g,J ,u,E,i

s,S,J

g~FcE~

(grad S) 2-	 1 SS

1- -
~

l~3
q

E ~1 E Ç

Î

3l~ E~ E ,1 E(`,

S 2' +2 S 2

-I- 2	 ar

~ (grad S)2-	 S2\

	

(grad S) 2 -l s~

9'4-

	

+

1te''

	

/

	

1
9 ,l	

/ /

	

(gradS)2-	
1

sn~
g ~J

,[GEZ

/Le,'

~ (grad S) 2 -i Sl
S S	

1-	 g	 )1 -2 2
gs~ g~l~ QE~ E J \

	

~ E c

1 -
\

,.s

gE g,J go
~ 	

l~ E~E,JE~ 9~9~-1L Em \
1 -

	

S2S.z

	

/
(grad S) 2 -	 1 S~

	 ~2s 	 -

g 79SlU E7 E ~
\'

S 4. SE

9C /LE t

(grad S)2-
1

S g

p E

(grad S) 2 -1 SI (grad S)2 -1 S 2i (grad S) 2

	

/k E,i q,	 	 +	 g, +	 	 g r

	

+
1.661)

	

/~E

s2

	

s2

	

s 2

2

	

+ 2 + 2

	

0
gg/c E,JE~

	

6. - q gm
E~E,J

	

-

/u =

	

,

	

.=

	

4. 0, 12 , , (grad Sr = 1S~ +1 s,2J + 1

gl

	

91

	

g
c

-I- (grad S) 2 (covariant comp . of grad S)
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Here r , r , eS are the principal dielectric constants in the (4', ri ,

coordinate system. They are in the general case of inhomogene-
ous media functions of , 7i, . We see in fact, as already an-
nounced, that (2) is a partial differential equation for the phas e

function S, which is of the first' order and the 4 th degree . We

note that writing each factor of the first term in the for m

(1

	

S 2- (grad
s)')+---, • • • we would have obtained (2) in the

tGE4

	

Ç~~~L f

form

1

	

2

	

1

	

1

	

- S~

	

-

	

- S 2

	

(graS)2

	

+(grad S)2- 1lE,~ +(gradS)2 -F~Er
= 1 . (covariant) (3)

If we multiply on both sides with (grad S)2 and next subtract

(grad S)2 from both sides, (3) may also be written in the for m

,wEg g4 S,

	

µE~ ~y ,Sn

	

LLE~ ~~ S z

(grad S)2 - uEy + (grad S) 2 -,ttE,l + (grad S)2

	

= O . (covariant) (4)

We note that the two last equations are just the generalizatio n
of the well-known normal equation of FRESNEL (in the covari-
ant form) .

In order to prove FERMAT ' S and HUYGENS' principles it is no w
only necessary to write (2) in Hamiltonian form and then cal-

culate the corresponding Lagrangian function L, which function

shall then turn out to be equal to the integrand in § 1 (1) . By
this procedure there is, however, a difficulty because L, in th e

case of an isotropic medium, becomes homogeneous of the firs t

degree in z, the ray index being in this case only dependen t

on x, y, z-and . furthermore equal to the index of refraction . I n

this case the Legendre transformation from the variables

	

i,
to the generalized momentum variables px , py , p z , being neces-
sary in order to write the equations in Hamiltonian form, be -

comes impossible' . In order to avoid this complication we shall ,

therefore, assume that all the light rays considered are of suc h
a kind that we may as the parameter z in § 1 (1) choose one

1 COURANT-HILBERT (1937) chap . tl § 9 .
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of the variables É, themselves which will in practice always
be so t. The equation for the phase function S, (2), containin g
only terms of the 0 th, 2"a and 4 th degree, we may solve it with
respect to SS , assuming in what follows to be the parameter .

We thus in general obtain two different solutions (which ma y

be shown always to be both real) corresponding to the well -
known fact that we have in general two different kinds of rays ,

called the ordinary and the extraordinary, respectively, which

coincide only in the case of isotropic media :

Ss -I- H ± (i;,

	

5,,, Sc) = 0

	

(5)

Ij+ (5 ,ry/,S,S,7,Sc) = -
V

-2cI~± V 202 '
f

rD

	

~=

	

+1 - S n

	

9t
5~

	

( E ~t +E z )
Ç'-.

E~ g2

	

'/E -I- Er\

	

2

	

2 2

(6)

[ E E ~
zit

	

2 S,~ +

	

2 SS + I
I	 	 S 	

q g,I
E y

! g S 2

,l
~l

~	
2

+
E~ gC

Sz + µ2
Er~ ES ~

Here (5) is just of the form of a HAMILTON-JAC0BI partial dif-

ferential equation for the phase function S, which function thu s
corresponds to HAMILTON 'S principal action or characteristic-
function, , F corresponding to the time variable . Next H ±
H± (5, 7i, p 4 ) given in (6) are the two Hamiltonian function s

corresponding to the ordinary and the extraordinary ray ,
respectively. Furthermore, py , p 7 are the generalized momentu m
variables defined as usual by

p,, = 5y> pc =Sr .

We note that the two signs of the first in (6) do not corres-

pond to two different light propagations, but determine only th e
direction of the light rays . We have chosen the negative sign i n
order to make the normal and the ray directions point to the sam e

i Cf. also CAI9ATHr:ollo11Y (1937) p . 9 .

rE,j E c

\ E~

(7)
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side of the .wave fronts, i . e . have an angle between them les s
-ir

than 2 .

From the general theory of partial differential equations of

the first order e p . 11) it follows that the equation (5) has a complet e

solution (i . e . a solution containing three arbitrary constants o f

integration), which may be written in the form

	

N ,

	

=

	

2,

	

d +S(o, No, o) ,
P o

P =

	

q], ), Po - (0, q0, b0) '

Here S('o, No, 'o) is an arbitrary function of Po giving the initia l

values of S on an arbitrary boundary surface F(to, No, Co) = O . In

case this surface is a wave front, we have S (Po) = const on thi s

surface . (We note that S (P) corresponds to the indefinite integral ,
P
\Ld to the definite integral in the case of differential equation s
Po

with only one unknown.) Next it follows from the general theor y

that (5) is equivalent to the variation proble m

ô`L+ dÉ= 0 .

	

(9)
U P '

The Lagrangian function L occurring in (8) and (9) is, further -

more, obtained by differentiating (8) along the integration curv e

and using (5) and (7 )

	

L ±

	

q, '/,

	

=

	

Hf _4- Pn'q +1) 4

Finally i and = s}() occurring in (8) and (9) are

the coordinates of the ordinary, respectively extraordinary ligh t

ray between Po and P . They are given uniquely as solution s

of the Hamiltonian system of ordinary differential equation s

(10)

_ dn _ âH +

	

dÉ

	

p,

	

dPr

	

HI

	

15'1

_
dÉ

	

â~

âH 1_

â P4-

	

dP Z

	

âHt

	

Pz- d~

	

â ~
	 .

In the general case the principal dielectric constants q , s, ., , a 4-, the

magnetic permeability NL as well as the elements of the funda-
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mental metric tensor (4, g 5 , g,- of the (,

	

) coordinate system
are functions of

	

S and the same, therefore, applies to H± .
If, especially, they are all constants, H ` becomes independent o f

rj,

	

and (11) is then immediately solved t o

15 ,7 = pt = O i . e. p5 = tonst = ci , p h = tonst

	

e t

rl = const = f,1 (c, , (.2),

	

= tonst = fc (c,, c2) ,

7; = f, (c i , c2 ) ~ ~- c s

= fs (c i , c 2 )

	

-!- c,l .

In the generalized coordinates 15, 2i,

	

the light rays are thus
straight lines if eye,

	

e-, p, g ,

	

, gs are constants . This is just
the case for a homogeneous medium. Here the transformation
(x, y, z) il, 0 may, as already mentioned, simply be take n
as a linear, orthogonal transformation, i . e . a rotation of the
Cartesian coordinate system . Thus the light rays are also straigh t
lines in the coordinates (x, y, z) of real space. For inhomogene-
ous media the light rays, however, in general are curved lines' .

Now (8) just expresses HUYGENS ' principle, as it follows fro m
this equation that if S = const = c is one wave front, then we
obtain the neighbouring wave fronts S = c ± dc by drawing
through each point of the first wave front a light ray and o n
each of these rays mark out the distance ± ds given by

dcds =

	

+ d,lz
+ g z d S 2 = I,!dxz + dy 2 -f- dz 2 =

n
L+

=	 	 (13)nn~(~,~,=	
ds -

~
2

--.~ .
Vgs g,Ï7i + .9t5 "

We note that a treatment of geometrical optics based on eqs . (5)-(6) ,
which is due to HAMILTON, shows, as already stressed by HAMILTON himself, a
very close analogy with classical mechanics . It was just this analogy which led
SCHRÖDINGER (1926) to his discovery of wave mechanics by his idea of inter-
preting the mechanical principal action function of HAMILTON as a phase func-
tion of the ne. BROGLIE waves (or in mathematical language, of interpreting th e
HAMILTON-JACOBI eq. as the characteristic equation of a wave equation) . In fact ,
starting with the H-J eq . and carrying out , in the opposite order the calcula-
tions (with i h) which led us from the wave eq . § 2 (7) to the H-J eq .
§ 3 (5), just leads to the time dependent SCHRÖDINGER wave eq. Consequently ,
conditions corresponding to those in § 2 for the validity of geometrical optics ,
viz . small wave-length, apply to the validity of classical mechanics.
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P

	

P
We may now interpret the phase function S± (P,P ') = uds = c Çdt .

p'

	

P'
in which the integral is taken along a light ray between two
arbitrary points P ' and P, as a geodetic distance, equal to
the time interval, between the points P ' and P. (S is then
called the characteristic function or the eiconaI) . Two wave
fronts given by S = c ' and S = c, respectively, may the n
be said to be geodetic parallel surfaces corresponding t o
the fixed distance S (P, P') = c- c', P ' being an arbitrary
point of the first wave front and P the point of intersec-

tion between the ray through P ' and the second wave front ;
for it follows ('p .11) that (a) S (P, P ' ) is independent of P ' and (8)
6S (P, P ') = 0 for .each fixed P' and P varying in the secon d
wave front. Hence, if. we plot a geodetic `sphere' with radiu s
c-c ' about each P ' , i .e . a surface-called a ray surface-havin g
the constant geodetic distance c-c' from P ' , then, for each o f
these surfaces, we also have ôS (P, P ') = O. This fact, however ,
just means that the second wave front is the envelope of all th e
geodetic `spheres', which is exactly HUYGENS ' principle . We note ,
furthermore, that because of the property åS = 0 the light ray s
may in a generalized sense be said to be transverse to the wave
fronts . They are, therefore, also called the transversal curves-no t
to be confused with the orthogonal, or normal, trajectories, th e
direction of which are given by grad S.

Introducing n from (13) in (9) and comparing with § 1 (1),
we see that in order to establish FERMAT'S principle it now only
remains to prove that n defined by (13) is identical with the ray
index defined in § 1 (2) . We treat isotropic and anisotropic medi a
separately .

(A) . Isotropic media .

Such media are characterized by the dielectric tensor reducin g
to a scalar, i . e .

	

= e,7 = q = E = e (x, y, z) . Consequently w e
can put (5, ) = (x, y, z), i . e . our fixed Cartesian coordinates .
In this case the ordinary and the extraordinary rays are see n
to coincide, since our equations reduce to the following

	

Ø = 2(S~-}-Sz-Fr,E)

	

1
.

	

-

	

~i .e . Ø 2 - ~ = 0= (S
~~ ~ - FcE) ~y S z

	

J/--le . H + =H- =H=- ~
(14)
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Sx ~ H = S - -S---Sz = 0 i . e . (grad S)2 = p,E

	

(15)

dy

	

H

dx Chi

py

- 'li IfcE -p
2
y p

2
z

dz cH
z= _ _

dx cp z

p z
rue ~' p 2

~y

(16)

-H + p y y + p z z = ~µE- p~ -pz

vp',j -p2

	

' / ttE-py2 -p2
(17 )

= V 1 + J 2 +` 2
dx

	

V
/ GE -~2 -)2

	

(18)F

	

p y ~ z

n

	

n (x, y, z) =
ds

= y,w (x, q, z) E (x, y, z) .

	

(19 )

dx

(19) is, however, just the MAXWELL relation for the index of

refraction = - , q. e . d. From (16) it next follows, by means o f
v

(15) and (7), that the normal direction, grad S, and the ra y

direction, (1, g, z), coincide :

grad S = (- H, py, p z) =

	

ply -pz (1, ', z) .

	

(20 )

Consequently, the index of refraction and the ray index coin -

cide . (15) together with (19) and (20) may finally be writte n

in the well-known form'

grads - ns = vFGE8, 8

	

grad S
=

	

s

	

(21)
gra d

(B) . Anisotropic media .

In this case it would he extremely laborious to determine n±

directly from (13) and verify that it is a solution of the well -

known ray equation of FRESNEL (in the contravariant form)

obtained from the normal equation (4) by making the trans -

formation s -- - Ø, nn --*- 1 , ei - 1 (together with

	

= qi i ) 2
nr

	

E i

y	
(ßi)2

	

g (ßy) 2

	

(~~ ) 2

2

	

+ 2 -+ 2 _

	

= 0 (contravariant) (22 )
n r _,ae1

	

_
/ nr pe,i nr ,aec

1 BoRN (1933) p.48 .
2 BORN (1933) p .225 .
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in which
r

	

1=

	

, e,

	

=	 -	 (1, ,

	

(contravariant) (23 )

is a unit vector in the ray direction and, e ,

	

its contravariant

components in the Ë, 71, 5 coordinate system . We may, however ,

make a short cut, observing that the index of refraction nn = c

is equal to the rate of change of the phase function S in th e

direction of the normal given by ds = coast . grad S

dS = (grad S, ds) = nn ds,

	

(24)

whereas the ray index n r = c- is equal to the rate af chang e
Ur

of S in the ray direction given by d~ = const .

dS = (grad S , d d) = nr cN .

	

(25 )

Considering two neighbouring wave fronts S and S + dS, w e

have ds = då cos (s, ) = d~ (s , and the well-known relatio n

follows :
nr = nn (8 .0-

	

(26)

From (24), (5) and (7) we now have that the covariant com-

ponents of grad S still satisfy (21) with n = nn :

gradS = (S , , S~) = (-H, p,1 , pc) = 12n (s .4 ,, s,7 , ss) . (covariant) (27 )

Introducing (27) in (4), n n = nn (, s ,s. , s,; , sZ ) is thus seen to

be a root in FRESNEL ' S normal equation (in the covariant form )

1 2

	

1 2

	

1 9
sf

	

s,~

	

-s-
J4

	

9~

	

9
2

	

+ 2

	

+ 2 -

	

= 0 . (covariant) (28 )
Itn

-1

	

n n

	

nn -- 1
FIE_

	

NE 77

	

11E '

Introducing (27) in (10) then just gives, with the use of (26) ,

for the integrand in (9) of either sort of ra y

Ldp

	

(-H-Hp 5 +p".) dF = (nns4 + nn s 7

	

nn s 4- 5) d s

= nn (s å' + s5 5 +

	

+ yg 5 2 + gt ~2 d É =

	

(29)

= nn (s• ) dia = nrcN ,

D . Kgl . Danske Vidensk . Selskab, Mat . -fys. Medd . XXII, 8 .

	

2
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q . e . d . nn satisfying the normal equation (28) it follows as usua l

that nr satisfies the ray equation (22) .

In conclusion we see that FERMA'r 's principle has now bee n

proved for both the ordinary and the extraordinary ray in the

most general case of a non-ferromagnetic, absorbing, inhomo-

geneous, anisotropic medium under the one assumption that th e

magnetic permeability scalar a and the dielectric tensor e are

continuous functions of x, y, z . If, however, we have a discon-

tinuity surface, i . e . two neighbouring media with different value s

of ,u- and e, a case which is of the utmost practical importance ,

then we have for either sort of ray-in the first medium a certai n

Hamiltonian H('> and Lagrangian and in the second mediu m

another one, HP and L t ' > , respectively . Now in both media th e

phase function S satisfies the HAM1LTON-JACOBI equation (5) an d

is given by (8) . Next it follows from the general theory of partia l
differential equations' that S is uniquely given from the equatio n

and the boundary conditions, i . e . the functions F ( .o, No, ~o) = 0

and S (to, no, so) in (8) . Thus, if the values of S are given on a

certain surface F (to, No, ~o) = 0 in the first medium, the value s

of S on the discontinuity surface will be determined by th e

equation . Next, these values of S being the boundary values in
the second medium, we see that the behaviour of S is uniquel y

determined in both media and that S is a continuous function

given by (8) throughout . From this fact, which is equivalent t o

the general validity of HUYGENS ' principle also for discontinuousl y

varying e and p, follows the well-known law of refraction (a s

well as that of reflection) in the general case of both media

being inhomogeneous and anisotropic, the directions of the ligh t

rays (1, N , ) being simply given on both sides of the discon-
tinuity surface by (11) . It may be shown 2 that the general law

of refraction may equally well be obtained from postulatin g

FEIMAT ' S principle to hold true also for discontinuity surfaces .

Consequently, this principle is also generally valid .

It may be of interest to note that in the case of isotropic media thes e
facts may be seen quite elementarily . It follows, namely, in this cas e
from (21) tha t

n (s • dr) _ (grad S dr) =
aS

dx +
e S

dy +
e S

dz = dS

	

(30 )
ex

	

ay

	

a Z
COURANT-HILBERT (1937) chap . II ,

S CARATHF.ODORY (1937) § 23 .
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is a total differential, and as S is, furthermore, continuous throughout ,
we therefore have

	

n (s•Ør) = 0

	

(31 )
, c

for an arbitrary, closed curve C independent of, whether or not C
passes any discontinuity surface' . From (31) it follows firstly, in th e
same way as in electro-dynamics, tha t

	

(ns)tg = (ns)t

	

(32 )

i . e . the continuity of the component (ns) tg of-the vector ns in the tan -
gent plane of the discontinuity surface . (32) is, however, just the law o f
refraction, which states (a) that s o ) and s(2) are both lying in the plan e
of incidence and (p) that ni sin ap t = n, sin apt .

Secondly, it follows from (31), if C is a light ray from P' to P and
K an arbitrary different curve between P' and P, that

	

nds =
Ç

n (s dr)

	

ndr

	

(I s I) = 1) .

	

(33)
.c

	

K

The curve integral of n is thus a minimum along the light ray C fro m
P' to P and the first variation of S nds consequently vanishes along C,
which is just FERMAT ' s principle § 1 (1) . We note, however, that d nds = 0
does not always mean nds = min . ; it may also, as is well-known, mea n
a relative minimum or even a maximum, e . g . by reflexions from certai n
curved surfaces . In fact the proof in (33) is only valid under the as-
sumption that the light ray field ns is a unique vector field, but in the
case of reflexions this does not hold, two or more rays passing throug h
each point . Nevertheless it is possible to interpret the correct formula-
tion of FERMAT ' S principle § 1 (1) in terms of a minimum statement' :

A curve C may then and only then be the path of a light rag, if
every point P of C is an inner point of at least one subeurve of C with
the following property : the integral nds along this subcurve between its
endpoints P' and P" has a lower value than the same integral take n
along a different curve having the same endpoints P' and P" and lying
in a certain narrow neighbourhood of C .

`Ve see that by this formulation the above proof in (33) is also vali d
for reflexions.

Summary.

As is well-known all the laws of geometrical optics may b e
deduced from FERMAT ' S principle or the equivalent principle of
HUYGENS . It is the purpose of the present note to deduce thes e
principles from MAXWELL'S electro-magnetic theory of light in

• We note that (31) here follows directly from the theory, whereas in Boa s
(1933) p .50 it is deduced from the law of refraction .

• CARATHÉODORY (1937) p .11 .

2*
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the general case of non=ferromagnetic, absorbing, inhomogene-
ous, anisotropie media, at the same time obtaining the exac t
conditions for the validity of geometrical optics . In § l the pro -
blem is stated . In § 2 the equation for the phase function i s
deduced together with the conditions mentioned. In § 3 the phas e
equation is written in Hamiltonian form and FERMAT ' S and
HUYGENS ' principles are deduced together with the generalization s
of the normal and ray equations of FRESNEL . It is seen tha t

then occuring in FERMAT 's principle is the ray index and no t

the index of refraction, as seldom stressed in the literature .
Finally the case of discontinuity surfaces is discussed .

Institute of Theoretical Physics of th e

University of Copenhagen .
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