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§ 1 . Introduction.

Throughout the paper we operate with complex Lebesgue
measurable functions of a real variable defined on the whol e

axis . For every p>1 we consider the well-known norms' ) (which

may be Ø)

Ilf(x)Ilo - u.b .

	

If(x)I ,

P /1 x+L p

IIf(x)IISL =u. b ~<~vi~If(~)I c4- (L>0) ,

f(x )

	

= lim f(x) p
L~oo

	

S r.

(the limit always exists) ,

as well as the corresponding limit notions, 0-convergence (uni -

form convergence on the whole axis), Sr' -convergence (the norms

I! f IISI, correspond for different values of L to the saine limi t
L

notion), WP-convergence, and BP-convergence . Understanding by

a trigonometric polynomial a finite sum of the for m

N

a
e ill, R x

n

n= 1

1) See e .g . Brs ► coviTcH and Bonn [I] or BnsICOVITCH [II] . The norms II f~Isz ,
II fIle, and II fllßt' are named after STEPANOFF [I], Wevr, [I], and BEsrcovrTc H
[I] respectively .

1 *
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where the coefficients a n are complex numbers and the "expo-

nens" À, R are real numbers, the different types of almost peri-
odic functions may be defined in the following manner :

The ordinary almost periodic functions (the 0-a . p. functions )

may be defined as the functions which can be 0-apprOximate d
by trigonometric polynomials .

The Sr-a . p. functions may be defined as the functions whic h
can be Sr-approximated by trigonometric polynomials .

The W1' -a . p . functions may be defined as the functions which

can be WV -approximated by trigonometric polynomials .

The Br-a . p. functions may be defined as the functions whic h
can be Br-approximated by trigonometric polynomials .

The proper main theorem in the theory of 0-a. p . function s

is the following generalization of Weierstrass's theorem concern -
ing continuous periodic functions :

An 0-a . p . function f(x) may be characterized as a continuous

function possessing to every e> 0 a relatively dense set of 0-trans-
lation numbers z . By a relatively dense set of numbers we under -

stand a set to which can be found a length L such that every

interval a < x <a + L of this length contains a number of th e
set . By an O-translation number z- of /'(x) belonging to e w e

understand a number satisfying

f(x-I- z)-- f(x) IIo <e, i . e . f(x + z) - f(x) I < a

for every x .

Quite an analogous main theorem holds good of the S r-a . p .
functions :

An S"-a . p . function f(x) may be characterized as a p-integrable' )
function possessing for fixed L > 0 to every e > 0 a relatively dens e

set of S'-translation numbers r . By an Sp-translation number z

belonging to e we understand, of course, a number satisfying
the inequality

II f(x + ~) f(x) Ilsi <

For the Wp-a . p . and the B°-a. p. functions the analogous

t ) A function f( .0 is called p-integrable if Ç ~ f (:r) dx < oo for every finit e

interval (a, b) .

	

`a
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theorems are wrong. This may be seen from considering the

example

The limits

F(x)

	

l for x> 0
-1 for x<O .

T

lim
1

\ F(x) dx

	

and
T -)- om T

0

0

lim .. 1 F(x)dx
T±cT

t/_ T

being different the function F(x) is neither Wp-a. p. nor Br-a . p . .

On the other hand for an arbitrary real number ' we hav e

2 for x lying between 0 and -r (inclu-

sive the smaller, exclusive the larger

number )

0 elsewhere

II F(x+-F(x)Ilwp = II F(x+r)-F(x)II B p = 0

for every r .

Still the WP-a . p . functions may be characterized in a simple

way by structural properties which are very similar to thos e

in the O-a . p . and the Sr-a . p . cases . In fact the following mai n
theorem is valid :

A Wp - a .p . function may be characterized as a p-integrabl e

function possessing to every e> 0 for L sufficiently large, i . e. for
L > L 0 (s) a relatively dense set of Sp-translation numbers .

It is of course obvious that a Wp-translation number belong -

ing to s is an Sp-translation number belonging to-say-2s for L

sufficiently large, L> L 'o(e), but the difference between the las t

theorem and the (wrong) theorem analogous to the above men-

tioned main theorems is that in the first case the same L 0 must be

applicable to all translation numbers belonging to the given s . It is

also immediately seen that the function F(x) from the exampl e

above does not possess this properly ; the larger the modulus o f
r, the larger Lô(r) is to be used .

In the case of B"-a .p . functions the characterization by mean s

of structural properties known is not nearly as simple as i n

the 0-a. p., Sr-a . p ., and . Wp-a . p. cases . We quote it after BE -

I F(x + r) - F (x) ~ -

so that
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SICOVITCH and Boiin [I] or BESICOVITCH [II] where proofs of th e
main theorems in the SP -a . p. and Wr' -a . p . cases are also to

be found .
A set of real numbers is called satisfactorily uniform i f

there exists a positive number L such that the ratio of th e

maximum number of numbers from the set included in a n

interval of length L to the minimum number is less than 2 .
A Br-a . p . function can then be characterized as a p-integrabl e

function for which to every e> 0 can be found a satisfactoril y

uniform set of BP-translation numbers {Tn. , n = 0, ± 1, ± 2, • • • ,

i . e . numbers with

Ilf(x + zn)-t(x) II [3r'

and such that further for every c> 0

s
Iim

	

1

lim

	

~

	

1
+ -1/~

_ -n

	

\

-r

pd~ dx < e p .

§ 2 . Summary of the Paper .

Our counter example from 51 shows that by a structural

characterization of the Br-a . p . functions a stronger uniformit y

property must be imposed upon the t r anslation numbers belong -

ing to a given than that of being merely B p-translation num-

bers belonging to the same e . The structural characterization of

Besicovitch and Bohr shows one way of choosing this uniform-

ity property . By the W p -a ..p . functions the situation was a

similar one. In my efforts to find a simpler structurai charac-

terization than that of Besicovitch-Bohr I was therefore led to

consider a special class of functions which will he called K-a . p .

functions .

A function f (x) is called K-a . p . . if it is finite outside a K-zero

set Z, i . e . a set t> with

in B Z =1im

	

in (Z;-- T,T) =0 , 2 '
T-)- .o 2̀ T

1) We operate only with measurable sets .
2) By (Z ; a, b) we denote the part of the set Z which is included in th e

interval la, b] .
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and to every > 0 there exists a relatively dense set of number s
z = z(e) and a set E = E(e) D Z wit h

1
rnB J = lim

	

m(E ;-T,T)< e
T->co 2 T

such that

If(x +z) f(x)Ic e
when both xECE and x+zsCE (where CE denotes the com-

plement of E) .

My' hope was that this class of functions should be identi-
cal with the class of functions f(x) which can be K-approxi-
mated by trigonometric polynomials, i .e . for which to every e> 0
there exists a trigonometric polynomial s (x) and a set E with
ma E < e such that

f(x)-s(x) < E

when xrCE, and as we shall see in § 3 this is really the case .
The latter class of functions has first been considered by A . S .
Kovanko who gave a structural characterization for the func-

tions of-the class analogous to that of Besicovitch-Bohr, upo n

which his proof was also based (KOVANKO [I]) .

Starting from the approximation properties of the K-a . p .
functions it is easy to show that a Br-a . p . function means the

same thing as a K-a .p. function for which II f(x) - (f (x)).v II1 -> 0
for N-*- oc . Here (f(x))N denotes the function f(x) "cut off" at
the number N, i .e . the function

(f(x))~r = ~ f (x) for f (x) I < N
N sign f (x) for I f (x)' l > N.

Instead of the additional condition mentioned one may also-a s

Kovanko has done it-use the additional condition II fE (x) IjB ,,-~ 0
for mR E-~ 0 where fl. (x) denotes the function which is equal

to f(x) for x lying in (the arbitrary set) E and equal to 0

elsewhere .

In § 4 instead of the additional condition II f (x)-(f (x))v IIBP

, 0 for N-- 0o we consider the simpler condition II f(x) II,Bp < ac ,

i. e . we investigate the Br-bounded K-a . p . functions. It is shown

that such a function means the same thing as a function which
can be written in the form
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f (x) = g (x) +.1(x )

where g(x) is Br-a . p . and j(x) is a B A -hounded K-zero function ,
i . e . a function with IIj(x) ~~pe < oo and mu [I j (x) I> e] = 0 for
every e>O . Denoting a set of functions which differ from on e
and the same B p-bounded K-a. p . function by Br-hounded K-zero
functions as a Br-hounded K-a . p . point, we can therefore say
that in every Bn-bounded K-a. p. point there is lying a B r-a . p .
point, and it is easy further to show that there can only lie one
Br-a . p. point .

If p> 1 a B r-bounded K-a . p . function is Bp' -a . p . for 1 <p '<p.
A B r-bounded K-a . p . function need not have a mean value i n

the Besicovitch sense if p = 1, but the mean value notion ca n
be generalized as to comprehend these functions by puttin g

MP {f(x)l

	

liim

	

((f (x)),v} .

After that one can in the usual way associate to every Br'-bounded
K-a. p. function a Fourier series which will be the same for all func-
tions in the surrounding Bn-bounded K-a. p. point and therefor e
identical with the Fourier series of the Bn -a . p . point in that
point. Hence the Bochner-Fejér polynomials will Br-converge to
a function which only differs from f (x) by a B ''-bounded K-zero
function .

We can say that we almost have a structural characteriza-
tion of a Br-a . p. function in that of being a Br-bounded K-a. p .
function, viz . in the sense that the set of Br-bounded K-a. p . func-
tions gives rise to just the same Fourier series as the set of Br -a . p .
functions .

§ 3 . The Main Theorem for the K-a . p. Functions . The Additional
Condition Ilf (x) - (f (x))N IIBp -> O .

We repeat the definition of a K-a . p . function given in § 2 .

Definition . A (measurable) function f (x) is called K-a . p . if it
is finite outside a K-zero set Z, i . e . a set with

mB Z= lim
1

m(Z ;-T,T) = 0, I '
.2 T

1) By (Z ; a, b) we denote the part of the set Z which is included in th e
interval [a, b] .
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and to every e>0 there exists a relatively dense set of number s
z= w (e) and a set E = E (e) D Z with

mB E = lim 1m(E ; - T,T) <
T~ oo - T

such that

I f(x+~) ..- f(x) I-<- ~

when both xECE and x+TECE . The numbers z and the . set E
are called (joined) translation numbers and exception set of thé
function f(x) belonging to e .

We are to show the followin g

Theorem 1 . Main Theorem. A K-a. p . function may be charac-
terized as a (measurable) function which can be K-approximate d
by trigonometric polynomials, i . e . for which fo every e> 0 there
exists a trigonometric polynomial s (x) and a set E with mB E < e
such that

I f(x) -s (x) I< e

for xECE . The trigonometric polynomial s(x) and the set E are
called (joined) approximating polynomial and exception set o f
the function f(x) belonging to e . l i

We first show the simple part of the theorem, viz . that a
function f(x) which can be K-approximated by trigonometri c
polynomials is K-a .p . . It is obvious that Z = [I f(x) I = oo ]

is a K-zero set, for a trigonometric polynomial being finite thi s

set must be contained in the exception set E (e) belonging t o
an arbitrarily small e> 0, and E (e) has mB E (e) < c . Next we
prove the translation properties . Let e> 0 be arbitrarily given .
Belonging toe we choose a trigonometric polynomial s (x) an d
an exception set E (2 Z). The n

1) Incidentally the K-approximation can be defined by help of the K N -nor m

II f(x)11 K, = II (f(x)) ;v 11,3P

where (f(x)) N denotes the function f(x) cut off at the number N (see p . 7)
and N> 0 is an arbitrarily chosen fixed number . As easily seen the KN -nor m
fulfills the triangel inequalit y

11 f(x)+ g (x)II I:N ~. 11 f(x)II,tT . + II g (x)II,,



f (x) - s (x) < E

for xoCE, and mj; E < e . The trigonometric polynomial s (x)

being an ordinary almost periodic function it has a relativel y

dense set of 0-translation numbers 'r belonging to E, so tha t

for all x . Hence
I s (x+a)-s(x)l< E

If(x+z-)- f (x)I~If (x +,)--s(x+01+Is(x+7) --s(x) -{-I s(x) -- f(x)1 <3 E

when both xoGE and e+roCE. This proves the first part of

the main theorem .

In order to prove the second part of the main theorem w e

set up four lemmas.

Lemma I . Let f (r) be a K-a . p . function . To every E> 0 it is
then possible to choose a number f' = r(e) and a set E = E" (E )

with mß E0 < E such that

f (x) 1 < I '

for xoCE
Proof . Let Z denote the set [I f(x) = xj . Then rzB Z = 0 .

Belonging to
12

e we choose a relatively dense set {r} of trans-

lation numbers and an exception set E of f (x) . The set {r }

being relatively dense we can choose a length L so large tha t

every interval of this length contains a translation number T .

Next we choose a length Lo

	

so large that --< 3 E

91
_ m(Z ; .-Lo,Lo)<

12
E, and

2
L nt(E ;-Lo, Lo)<6E . As i s

a

	

o
well-known in every bounded set a finite function is bounde d

outside a set of arbitrarily small measure . In the interval

[-L
°

H- 1- L, L 0 -- L
1

the function f(x) is finite outside the set

E t = (/. ; Lo + ~ L, Lo -
2

L) with 2Ln m Et .1- 12- E, and in the

interval mentioned f (x) is therefore bounded, I f (x) I <K, outside

a set E2 with - - mE2 .
6E

.Intheinterval 2nLo- L<x<2nLo +
1

	

2 0
+ 2 L (n = ± 1, + 2, • • •) we choose a translation number rn from
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{T). We form the set E 3 obtained by performing the translation s

To = 0, zi , T 1 , z2 , z_ 2 , • • on the set E2 + (E ; - Lo +
1
2 L ,

Lo--2L) and next forming the sum of all the translated sets . The

set obtained by the translation Tn lying entirely in the interva l
(2 n -1) Lo < x < (2 n + 1) Lo we have

1 ,]--i-m E
3

= m
E

E3 < 21o mE2 + 2 L o m (E ; -I.+
3

L, Lo-3L / <

2Lo
mF2+21o m (~ ' ; - Lo, Lo)<6E+ 6e = ~ s

Let E4 denote the complement of the set obtained from perform -
ing the . translations To = 0, T,, z_ t , T2 , z 2 , • • • on the interval

-Lo + L, L o ----2 L and next forming the sum of all the trans -

lated intervals . The interval obtained by the translation Tn lying
entirely in the interval (2n-1) Lo < x < (2 n + 1) Lo, we have

mß E 4 = m
B

E4 = 2 L0 <~E .

Putting
E* = E+E 3 +E4

obviously

mß E 3 < mß E+ mB E3 +mß F.4 < 12 +3+3 <a .

Further for every xECE* we have

for as xECE4 for some n the
r
argument x will lie in the inter-

val obtained from the interval I-Lo + 2 L, Lo- 2 L
J

by means of

the translation zn , and as xECE3 the number x - Tn will lie

in CE2 and in CE, so that

If (x) <IlJ
{

(x-zn)l +I f(x) - f(x-Tr)I < K+ 12 E .

This accomplishes the proof of lemma 1 .
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The lemma i may also be expressed by saying that for ever y
K-a . p : function f (x)

mB [ I f (x) - (f (x))N I > 0 ] - 0 when N --->- cc ,

where (f(x))N as usual denotes the cut-off function (see p . 7) .
Hence the cut-off function (f(x))N will K-converge towards f (x)
for N-* co . A simple geometric consideration shows that fo r
every T. we have

I (f(x+I-))N-(f(x))NI çI f(x+c)-f(x)I ,

and from this it is seen that if f (x) is K-a . p . so is (f(x))N , viz .
with the same translation numbers and the same exception sets .
These two properties of (f(x))N show that it is sufficient t o
prove the second part of our main theorem in the case of boun-
ded K-a.p . functions .

Lemma 2 . Let f (x) be a bounded K-a . p . function . Then the
"smoothed" function

('x + ~

'Mx) = d f CO d~

	

> 0
~ .C

will K-converge towards f (x) for 6-* O .

Proof. Belonging to e2 we choose a relatively dense set {z}
of translation numbers and an exception set E of f (x) . The se t
{Z} being relatively dense we can choose a length L so large
that every interval of this length contains a translation numbe r

Z . Next we choose an Lo (~(L+2)

and
2L

m(E;-Lo,Lo)2E' . In th e
0

smoothed function 9 ,j (x) will converge towards f (x) almost every -
where, and we can therefore determine a do, 0 < do < 1, such that fo r
every d, 0 < d < do, there exists a set E l = El (d) inside [-Li) , Lo ]

with 2 jmE 1 < E such that	 Lo

	

-

I f (x) - (x) I

so large that
2

L 2 < E
Lo -

interval [-Lo, Lo] the

when xe (CE, ; - Lo, Lo) . For an arbitrarily fixed d, 0 < d < do (< 1),
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the interval -Lo+2L, Lo-2L
1

is divided beginning at the left

in as many subintervals of the length d as possible . Let these

subintervals fill out the interval I -L 0 +-2-I L, L l I . The number

d being <1 the interval Lo -I ) L, L t ] has a length which is

>2 Lo L -1 . In the interval 2nLo-2L<x<2nL~+2 L

(n = ± 1, ± 2, • ) we choose a translation number E n from {z} .

We then consider the set E 2 obtained by performing the trans-

lations zo = 0, z t , Z-1 Z2' Z-2'

	

on the set (E; -Lo + 2 L, L t)

and next forming the sum of all the translated sets . The set ob-
tained by the translation En lying entirely in the interval (2 n -1) L0
<x<(2n+1)Lo we have

MBE2 = mB E2 = 21 m [E ;-Lo+LL io

Putting

E3 = E -I- E2
we obviously hav e

mB F. 3 < m B E -}- rn B E2 F2 -{- 2 E2 = 3 6'2 .

Corresponding to the division of [-L0 +LL 1 ] in subinterval s

of length d we consider the division in subintervals of lengt h

d of all the intervals translated by zo = 0, v , z_ 1 , z 2 , z_ 2 , • .

Let E 4 denote the set consisting of all the subintervals whos e

intersection with E3 have relative measures > e . Then m B E4 < 3 e .
Let further E5 denote the complement of the set obtained b y

performing the translations co = 0, v t , z 1 , z2 , z_ 2 , • • • on the

interval -L
°
+ 2L, L 1

]
and next forming the sum of all the trans -

lated intervals. The interval obtained by the translation En lying
entirely in the interval (2 n-1) Lo < x< (2 n + 1) Lo we have

m B Ea = m B E,<	
2Lo1

Let E4 denote the set E4 after being expanded d to the left,
i . e . the set of points whose distances in right-hand direction to

<
2L

m (E;- Lo,Lo) 2E2 .
0
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E4 are < d . Analogously let E,; denote the set E, after being

expanded d to the left . Then

L+ 2
m B E4<6e and mB F. ;< 9L <s ..

	

L.

For xe C (E4 H- E) the interval [x, x -{- d] is lying entirely in

C(E4 + E 3 ) and hence entirely in the sum of two successive

subintervals of the length d whose intersection with E 3 have a

relative measure < s . The intersection P(x) of [x, x + d] with

E 3 therefore has a relative measure <2r . For a suitable value

of n the interval [x, x -I- d] by the translation

	

Zn will be brought

over in an interval [x

	

x

	

+ di included in the interva l

1
- Lo I L , L 3 , and if

	

is lying in [x, x+ d] outside P(x) the

number -v, in [x-v, , x- z n + d] will lie outside E. Hence

I Te(x) - ye(x - Tn) I -

,x+S

	

1 1. .x -211 +rS

l
f(t)di;

• x

	

ex-2
rl

1 x+ ~
<~ If(~)-f(~ - zn) I d~

x

<å f(t)-fO- z n )IdÈ+ Çif() -f(_) d

	

2T 2e+f 2
= 4TE-{-s 2

P(x)

	

,(CP(x);x,x-H )

where T denotes the upper bound of I f(x)l . Let E 3 denote the
set obtained by performing the translations r o = 0, r l , z 1 ,

a 2 , Z'• • on the set (E t ; - Lo + 2 L,
L1)

and next forming th e

sum of all the translated sets. Then

m B Es = m B E 6 = 2Lo m(El ; 1-o -F 2
I„

L1)
<

9Lo
El < s

Finally let
•

	

,,
E 7 = E 7 (d) = E3 + Er4 I ;; + E, •

Then in the first place

mBE7<mBE 3 +rBE4+IBE5+m BE l <3 s 2 +6E +s+e = 86+ 3r 2 .

And secondly for xECE7 (d) where 0 < d< da-determining zn as

above-we have
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ye(x ) - f(x) I <I yd(x)-rpe(x-7n)I +
Te (x-7n)-f(x zn )I +

+I f(x-7r,) f(x)I<(4Te+E2)+E+ E2 = 41'E+e+2E2 .

Letting e-~0 both 8E+3E2 and 4TE+E+2E 2 will converge to-

wards O . This accomplishes the proof of lemma 2 .

Lemma 3 . Let f(x) be a bounded K-a .p. function and let us

consider the smoothed function

Pe(x) °

('x
+ d

\ f(~)dÉ
x

for a fixed value af a > O. Then to every E > 0 there exists a rela-
tively dense set I = 1(0 of intervals with the savne length 2 50 = 2 4(E)

the one of which has its central point in 0 as well as a set E* = E*(E)

with mß E*

	

such that for every from the intervals mentione d

I yd,(x + z) - 99c),(x) I__<_ E

when both xECE* and x+IECE* .

Proof. The function f(x) being bounded, I f(x) the

smoothed function q.,e(x) is obviously a uniformly continuou s

function, for

T (y(x+ - 49 d(x) =

x +S+ d

(y Ç-~Ç
x+d'

f(E) d
x + t

x+ +1

	

d

	

x+ S

S f(~>d~ a-

1

~f(~) d
x +d • x

which -* 0 for ~--~ O . Belonging to E 2 we choose a relativel y

dense set {v} of translation numbers and an exception set E of

f(x). We divide the axis in subintervals of the length a . Let El

denote the set consisting of all the subintervals whose intersec-
tions with E have relative measures >E . Then mB E 1 <e . Let

E 9 denote the set El after being expanded 2ö to the left and a
to the right (see p.13). Then mBE 2 <4E. The function y d,(x)

being uniformly continuous we can choose an 4, 0 < <å ,

such that

< 2 Irll ,

= a



pd (x -]- --- pe(x) I <

for I 1 <'ço . Now let 'c be a number from {4, let I' I < o, and

let both x and x -}- r+ lie in CE, . Then the intervals [x, x + d]
and [x + 'r, x + r + d] will lie entirely in CE, and their inter -

sections P (x) and P (x + r) with E will therefore have relative

measures <. 2E . Hence, denoting by P (x + r)_1 the set P (x + r)

translated -r, we have

I p,(x+ r +o pe(x)IIp6 (x +r+)-y (r(x+ r)I +I p6(x +r) -p e(x) 1

,+ < E
(
ax+r+(Y

	

ax+rP

ä

	

~~f(t) d
--

ax +r

x -

a ,lf(~ +r)-f(.)d$ <

E + (-1-Ç I+ J( -fW I d E+ ,.T I f(_ -i-r)-f(~)I d: <E+8rE+E2 .

~P(x)+P(x+r)_r

	

(C(P(x)+P(x+r) r) ;x, .x=(r)

All numbers in the 0 -neighbourhoods of our translation number s

r are therefore "fine" translation numbers of ¶J, (x) with a "small "

exception set E2 . Further all numbers from the 'o-neighbourhoo d

of 0 are fine translation numbers (even O-translation numbers )

of pd),(x) . This accomplishes the proof of lemma 3 .

Lemma 4 . Let f(x) he a K-a . p . function . Then to every E> 0
there exists a relatively dense set I = I(r) of intervals with the

same length 2 o = no (E) > 0 the one of which has its centra l

point in 0 as well as a set E* = E*(E) [ I f(x) = o] with

m B E* <E such that for every r from the intervals mentione d

I f(x -I- r) - f(x) I< E

when both xeCE1 and x+reCE* .

Proof. Corresponding to
3

E we may on account of lemma 1

choose a number N> 0 and a set E l D [I f(x) I = oo] with

mB El < 3 E such that

for xECE 1 . For (f (x))N we form the smoothed function

f(x) = (f(x))N
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ix-~

	

d '

p~(x) •_

	

~(f(~))N d
!

and may on account of lemma 2 choose 6> 0 and a set E2

with in E2
<3

e such that

~(f(x))N-p(j, (x)

	

-31- E .

for x2CE 2 . Finally on account of lemma 3 there exists a rela-

tively dense set I of intervals with the same length np>0 th e

one of which has its central point in 0 as well as a set E 3

with mß E 3 < 3 e such that for every r from the intervals men-
tioned

	

1
p d, (x +

	

99 0 ,(x) < e3

when both x s CE 3 and x + ve CE 3 . Puttin g

= Ei +E2 +E 3
we have

innE~<in13E1-I-mnE2-~-nBE33
E+3

E { 11 E = F .

Further for every z from I we have

If(x + - f(x)I = I (f(x+ ',))N- (f(x))N

I If(.z+ ~-), - p,r(x +-0 I + I pjs(x +r)-Pd,(x)I+Ipd(x)- (f(x)),,, I

3 E+3E+3E° E

when both xECE" and x+rECE* . This accomplishes the proof

of lemma 4 .

We now pass to the proper proof of the second part of th e
main theorem . As mentioned before (p. 12) we need only con-
sider bounded K-a . p . functions . Let then f(x) be a bounded K-a.p.
function, I f(x) I <I', for all x . In the following we may assum e

F :51, otherwise we only consider the function
r

f (x) . We are
D . Kgl . Danske Videfisk . Selskab, Mat .-fys . Medd . XXf, 11 .

	

2



to show that f (x) can be K-approximated by trigonometric poly-

nomials or-what on account of the main theorem in th e

theory of the 0-a. p . functions amounts to the same thing by

ordinary almost periodic functions . Let > 0 be arbitrarily given .

We are to indicate an ordinary almost periodic function cy (x)

and a set E* with BE*: ,ri1 (e) such that

f(x)-s(x) I î12(E)

for xECE* where 1' 1 (0> 0 and ?i,(s)> 0 for E > 0 . For the func-

tion f(x) and belonging to E 2 we may on account of lemma 4

choose a relative dense set I' of intervals consisting of transla-

tion numbers and with the saine length å as well as an excep-

tion set E . The length L is chosen so large that every interva l
of this length contains an interval of length

	

from I ' . Next L o
L +

(> L + a) is chosen so large that ---L < e . In every one of th e
0

intervals nLo < x < nLo + L (n = 0, +1,1 2, • • •) we choose a n

interval of translation numbers from I ' with the length J . We

consider the total set I of these translation numbers . Let

inn I = ~! . Next we define a function K (t) b y

K

	

_ 1-for ti l
(t)

	

'rl
0 for to CI.

Then
M (K (0) = 1 .

We consider the expression

1 s T

,I f(x~ t)K(t)(lt.
- T

The modulus of this expression is <= . Denoting by x,, x,, - -
ryl

an enumerable everywhere dense set on the whole axis and by

0 < 7'1 < T, < • • • > oc) an arbitrary sequence, by the diagona l

procedure we can extract a subsequence-again denoted Tnsuch

that for the new sequence Tn

T„

~ f (x-f-t) K (t) dt
n p.-Tn

1

2
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is convergent for x equal to x l , xs, • . We first show that th e
expression then converges for all x . Let co > 0 be arbitrarily given .
We choose a set E* with mBE* EDT/ and a positive So such tha t

I(x +-f(x)I Ç e o l

for 1<so when both xECE* and x+zCE* (lemma 4) . Nex t
we choose an x , from our enumerable set above such that x-xn,

< So . Letting E* x denote the set È'* after being translated - x
we have

1

	

T,t

	

1

2T Ç~t(x I t) f(x
,,, ' t) i dt

	

2T

	

f(x-f-t) - f(x,,,-I- t) ~dt- ♦-
n t -Tn

	

n

	

E'xm ;-T,,,Tn )

1

	

f(x +t) - f(x,,,+ t) dt <. 2-1
I,-2m-f-E* T ; -In ,In l ~ t o rt <2Tn (C

.(E`z-1-E`T.) ; -Tn, T n )

1
2 2T

m(E.* x ;-7n,Tn)
+22 T
	 !n(F.'±x„e ;-7'n,7'n ) +Eo]

n

	

n

which for n sufficiently large, n >_ no, is

<4EO r~-f-4EO7i + Eel = 9E0 22 .

	 1	
sT,,

	

T"
2 Tn f(x + t) K (t) dt- )

T

-1 f (xni+ t) K (t) dt
T„

	

n ! Tn .

1

	

T n

	

T„

	

2T

	

f(x+t)-f(x„, I t)~K(t)dt< JT

	

f(x+t)-f(x,n+0 dt<_9co .

	

n

	

j n

	

"

This together with the fact that the expressio n

2 Tn
f(x,,,+t)K(t)dt

has a limit for n-)-oo shows that for n l and n 2 sufficiently large

, f, f(x+t)K(t)dt-2T f(x+t)K(t)d t
-T„ 1

	

",, c-To ,

Hence for n > no

<19eo,

2'



20

	

Nr.1 1

and hence thé limit

,T ,

lim	 1- f (x + t) K(t) dt
n~oo 2 Tn

exists for our arbitrarily chosen x . We then consider the functio n

( tTr,

(x) = lim

	

~-1 f(x+t)K(t)d t
n± Z n t -Tn

which--as we shall see-will have the properties desired .
We first show that 9) (x) is an ordinary almost periodic function .

Let 60 > 0 be arbitrarily given. Belonging to E0~ we choose a rela-
tively dense set {r} of translation numbers which contains a n
interval with central point 0, as well as an exception set K *
of f(x) (lemma 4) . For each such T

1 (• T n

2 T	 l I f(x+ t -1-r) - f(x+t)~K(t)dt <
n ~-Tn

1
lim --

9 T~ m 9 Tn
~(E~s+E~-.i -~ ~ -T a• T n )

~
:~1, -- ~f(x t+r) -f(x-'~ t) ~K ( t) dt <

~ ,XC(E.,+E`s-T) ;-Tn,Tn)

2

	

1

	

2-

	

.r:

	

2-

	

:
1121>

	

T_-x- . .r + r FOryI~ ryf I2213 --x r ÿ1 mn ]s-a:-T+ Fo

2b'o+~Fp + co = J̀fo .

All our numbers r thus being O-translation numbers of p(x)
belonging to 5o we conclude that T (x) is an ordinary almos t

periodic function .
We now come to the salient point of the , proof, viz . the

demonstration that T(x) only differs "a little" from f(x) outside

an exception set with "small" ml, . As M f K (t) } = 1 we have

~ cp (x+r)-ep(x) < li m
n->

lim
n3oo



and hence

f (x) = lim
n-->-co

T n
1

f (x) K (t) dt ,
n

ÇT,,.

(f(x +t)--f(x))K (t) dt.7n
t

-

Tn

Letting T, for abbreviation also denote an arbitrary subsequenc e

of the above sequence T,1 we get the estimation

n÷r n ~-Tn

lini

	

T	 - f(x+t)-f (x) K(t) dt ,
n+ cc 2 A

n t,(I ; -Tn, Tn )

and for .xsCE this i s

<lim ~,- l I f~(x + t)-f(x) K ( t ) dt +lim 	 Îf(x ft) f(x)~K(t)dt <
rudo -~ n !. (IE_x ;-T,e,Tn)

	

n~eo 2Tri

2
mn (IE-x) + e'

where nî 13 is formed through the subsequence Tn . Now m B I
= and the problem thus is only to prove that the intersectio n

IE_x of I and E for a suitable subsequence TT, will have an

nZ B (formed through the subsequence Tr) which is essentially
smaller than the m B of I for all x outside a set with 'small ml; ,
Instead of IE_x we may as well consider the set II E. obtaine d

by the translation x, because mB (IE_ x ) = mB (IxE) . We inve-

stigate IxEwhen x runs through one of the intervals [nLo, (n + 1) L o
and we are to show that for a suitable subsequence T (the
same for all intervals [nLo, (n + 1) Lo]) the measure n- B (IxE)
(formed through this subsequence T it ) will be essentially smalle r

than ï for x in the interval mentioned outside a set with smal l

~ (x) - f (x) = li m
n -> cc

•Tn

~I ry(x)-f(x) 1 m

	

I f (x+t) -f(x) I K(t)dt = .

i
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relative measure. All intervals being treated analogously w e
may content ourselves with considering detailed only the interva l
[O,Lo] . When x runs through the interval [O,L 4 -L] every on e
of the small intervals in Ix will decribe an interval lying entirel y
in one of the intervals [mLo, (m + 1) Lo] . The interval [O, Lo - L]
is divided beginning at the left in as many subintervals of lengt h
d as possible . Let Nd denote the last point of division . Then
L 0- L- Nd < d . Corresponding to the points of division 0, d, 2 d, ,
Nd we consider the sets I, 16,12 e, • • • , IN d . Any two of thes e
sets are non-intersecting (with exception of endpoints of inter -
vals) and all sets together fill out the set being decribed of Ç

when x runs through the interval [0, Nd] . We now choose our
subsequence Tn such that

lim -1 m (I E ; - T' T )
n> 2 T

	

qd

	

n'
nis

exists for q = 1, 2, • • , N and such that the analogous limits
exist for all the remaining intervals [nLo, (n+ 1) Lo] . For thi s
subsequence Tn we will use the above estimation of ~ P (x) - f(x) I .

We first ask : How many of the sets Iqd, have an intersection

with E with relative measure (formed through the subsequence
Tn) which is > err As . the sets are non-intersecting and mB E < e 2

the number A in question must satisfy the relatio n

Aet <e2 ,

i .e. A < E . For x lying in [O, Nd] the set Ix has only points in

common with I0 for x- qd < d . Letting x in [0, NJ] avoid th e
intervals ~ x q d < d corresponding to the A sets le above with

mB (IqöE) > et' (mB formed through the subsequence Tn) the set s
Ix must be contained in the sum of two neighbour-Iv's with

mE (IvE) <err . Together the intervals which x must avoid have a

relative measure < A
2

da < E 2 = e 2 = 2 e . Then mE (IxE) < 2 err
Lo - Lo i1

	

-

(mB formed through Tn .) and this quantity is essentially smaller

than ryf . Considering the whole interval [O, Lo] the argument x

must further avoid the interval [Nd, Lo] of a length < L + J .
Hence the relative measure of the intervals which x must avoi d

L+ d
in [0, La] is	 L	 + 2 e e +2s = 3e . Analogous results ar eo
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obtained for the remaining intervals [nLo, (n + 1) L 0 ] . Letting
El denote the sum of exception sets from all the intervals [nL 0 ,
(n +1) La] we ge t

în 13 (1 1.E) < 2 erj

	

(mR formed through Tn )

for .rECE 1 , where mB E 1 <3e . Inserting in the estimation o n
page 21 we get for x o C, (I: + E 1 )

I Y' (x) - I (x) I Ç ~ 2 e•li + e2 = 4 e +e 2

and further

mB (E+ F,,) mB E-I mB EI <e2 -I- 3e .

Letting e-±0 both 4 e -{-- e 2 and 3e + e 2 will converge towards O .
This accomplishes the proof of the main theorem .

Remark. The main theorem is still valid if instead of th e
"B-measure" mB we use an S-measure or a W-measure . This
is easily seen from the fact that the cut-off function still i n
the corresponding sense will converge to the function considered ,
in connection with the fact that the K-a . p . properties of th e
cut-off function (with S or W instead of B) immediately in -
volve that it possesses the SP-a. p. respectively W"-a . p . properties
mentioned in the introduction . For the cut-off function ca n
then he S-, respectively W-approximated by trigonometric poly-

nomials and this involves that the cut-off function and with
it the original function itself can be K-approximated by trigono-

metric polynomials . In the S-case we obviously need not claim
the exception set to be the same for all a belonging to the sam e
e, Cp . W . STEPANOFF [I], especially definition I and lemma II .

The connection between the K-a. p . and the Br-a . p. function s
appears from the following simpl e

Theorem 2 . A Br-a. p . function means the same as a K-a . p .
function f (x) for which II f (x) - (f (x))N II B ~ - 0 for N-- oc .

This theorem has the corollary
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Theorem 3 . A bounded K-a . p . function is Br-u . p. for all p.
If f (x) is K-a . p . so is (f(x))N (see p. 12) . The corollary thus .

gives :

Theorem 4. If f(x) is K-a.p . the cut-off function (f (x)) ' is
Bp-a . p . for all p .

We now turn' to the proof of theorem 2 .
1° . If f(x) is Br-a . p. then as is well-known we shall have

Ilf(x)-(f (x))N hr - 0 for N->- Do . Further a sequence sn(x)
of trigonometric polynomials can be found such that IIf(s) -

-~ 0, and from this follows tha t

mBf(x) -sn(x)> e ] 0

for every fixed e> 0 ; hence s n (x) K-converges towards f(x)
which is therefore K-a . p .

2° . Let f(x) be K-a . p . and let II f (x) - (f (4)N I I B p - 0 for
N- oc . From the first assumption follows that we can find a
sequence of ordinary almost periodic functions y, Z (x) which
K-converges towards f(x) . A s

(f(x))N- ( q)n(x))N I < I f(x)- v'n(x)

the sequence (pn(x))N (N fixed) of almost periodic functions K-con -
verges towards (f(x))N . The functions (f(x))N and (pn (x))_v, being
uniformly bounded (yn (x))N (N fixed) will also Br-converge to -
wards (f (x))N ; for to every e> 0 we can choose a number n o
such that

~(f(x))N-(9)n(x))NI<e for xE E, and n>n o

where mB En <e and from this follows tha t

II(f(x))N - ('Pn(x))N IIB P < 6 rß +(2N)p e for n no .

Hence (f(x)) N is Bp-a . p . The second assumption II f(x)
(f(x))N

	

0 then involves- that f(x) is B P-a . p ., too .
Instead of the additional condition 11 f (x)- (f(x)) N 11 8 ,,->- 0

for N-±x one may also-as Kovanko has done it-use th e
additional condition lIfl .(x) IJßr, --> 0 for mri E - 0 where fl. (x)
denotes the function which is equal to f(x) in (the arbitrary set)
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E and equal to 0 outside E . This is easily seen by means of
lemma 1 .

Remark . If we substitute for m R either ms or mw and at the
same time for the Br-norm respectively the Sp-norm or the
11 o-norm the theorems 2-4 are obviously still valid .

4 . The Connection between the Br-bounded K-a . p . Functions
and the B"-a . p. Functions .

Instead of the additional condition II f (x) - (f(x)) N

	

- 0 for
N-> oo we shall in this section consider the simpler additiona l
condition II f (x) jl8p < cs), i . e . we shall investigate the Bp-bounded
K-a. p. functions. In the proofs given or referred to in this sec-

tion one always uses the characterization by approximation of
the K-a . p . functions. The connection between B n-bounded K-a. p .
functions and the Br-a . p. functions is expressed in the following

Theorem 5 . A B r' -bounded K-a.p. function f(x) can be written
in the form

f (x) = g (x) -d- j (x)

where g (x) is Br-a . p. and j (x) is a Br' -bounded K-zero function ,
i . e . a function• for which 111(x) IIBP < oc and mB [ ß .1(x) I> e] = 0
for evert/ e> 0. Conversely every function of this form is a Bp - bounded
K-a . p . function .

Proof. 1 ° . The last part of the theorem is obvious .
2 ' . For the proof of the first part of the theorem we refe r

to the proof of an analogous theorem in Bw-IR and FOLNER [I] ,
p . 99, viz . the theorem that a B'-a . p. point which contains a
Br-bounded function also contains a Br' -a . p. function . This

theorem relies on a theorem of JESSEN [I] stating that every
real B'-a . p. function has an asymptotic distribution function .
Further JESSEN and WINTNER [I] have shown that every rea l
K-a. p. function has an asymptotic distribution function . By

means of this theorem it is possible-just as in BoHR and
FOLNER [ .I]-10 show that for a Br-bounded K-a. p . function f(x)
the cut-off functions (f(x))N (N = 1, 2, • • •) will form a Br-fun-

damental sequence which on account of theorem 4 and the com-
pleteness of the Bp-a . p. spaces will Br-converge towards a Br -a . p .
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function g (x) . The sequence (f(x)) N K-converging both towards

f(x) and g (x) the function j (x) = f (x) -g (x) is a K-zero func-
tion and f(x) and g (x) being both B A-bounded so is j (x) .

Remark . This theorem is not valid if ma is replaced by m s

and the BA-norm by the SA-norm (in which case functions o f
the type j (x) is 0 almost everywhere) . For p> 1 we have a

counter example in BoHR and FØLNER [I], main example 2, p . 70 ,

and for p = 1 an analogous example may easily be constructed .

The theorem is valid no more if mB is replaced by m w and the
Br-norm by the WA -norm . For p > 1 we have a counter exampl e
in Bolin and FOLNER [I], main example 3, p .83 and for p = 1

an analogous example may easily be constructed .
By a Br-bounded K-point we shall understand the set o f

functions which only differ from one and the same BA -bounded

function by B A-bounded K-zero functions. If function one in the
points is a (BA-bounded) K-a. p . function so are all functions i n
the point and the point is called a B A-bounded K-a. p. point .

The non obvious part o.f our theorem may then be expressed :

In every BA-bounded K-a . p. point there is lying a B A -a . p .
point . On the other hand only one BA -a . p . point can be lyin g
in a BA-bounded K-a . p . point, for if ,j (x) is a K-zero func-
tion and BA-a . p . then (j(x)) N is a BA -zero function for all p ' ,
specially a B A-zero function, and II j (x) (j (x))N IlBP --)- 0 for

N-> oc, so that j (x) is also a BA-zero function .

Theorem 6 . For p > 1 a BA -hounded K-zero function j (x) is a

BA -zero function for I < p ' < p .

Proof. We have

1/l l .j () Il 8~' = T 2 (x) rdx TJ/9 '7. Ii(x ) rdx

	

-{-
e' -T

	

,([ (x)

	

F1 ;-T, T)

I
r

m
~

	

2T
Ç ] (x) rdx

	

= I1 + I2 .
~ .1[I1(x)~> F] ;-T. T)

Here 11 <e . For I, we have



Nr.11 27

L = II .I (x) e (x) 1 73x '

where e (x) = 1 in [Ij (x) I> e] and e (x) = 0 outside

By means of Hölder's inequality we ge t

T
1

	

,
IP = lim -- j(x) IP e (x) ' dx <

T3oo 2 T
.-T

(r') I >

P '/

	

1 (~T

	

p i

lim

	

IJ (x) IP (1x~ lim
T> oo 27' o T

	

\ T-)-oO

1 .1,

	

-

27 e (x) P P dx
e.-T

r

	

P '

II .1(x )IIBr'( m 13~1 .1(x)I> E]) 1 P= 0

so that I = O . Hence Hi (x) Elf < e for every r > O, i . e . ll i (x)
Moreover the following theorem is valid :

Theorem 7. For p> 1 a B P -bounded K-a . p. function f (x) is a

BP'-a . p. function for 1 :5_4) 1 <p.

Proof. This is a consequence of theorem 5 and theorem 6 .
The theorem, however, may also be proved directly by mean s

I f (x) - (f (x))N Iliiv' - O

As is easily seen a B 1 -bounded K-zero function (which a

fortiori is a K-a . p . function) need not possess a mean value i n

the Besicovitch sense . We are to prove, however, that the mea n

value notion can he generalized such that every B l -bounded K-a. p .

function gets a mean value and a B'-bounded K-zero function

especially the mean value 0. For a B'-bounded K-a . p . function
f(x) we simply define the generalized mean value M*{f (x)j by

111'" {f(x)) _ lim 11I {(f (x) v) .
N± co

The mean value 111{(f(x) N } exists since (f (x)) . --- on account o f
theorem 4-is a B'-a . p . function . And as mentioned in the proo f

of theorem 5 the sequence (f(x))N (N = 1, 2, • • ) is a B'-fun-

damental sequence from which follows that DI {(f (x)) y l is a
fundamental sequence since

of Hölder's inequality which shows tha t
for N-- x,
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I M {(f (x))nr } - 11~1 {(f (x))N2} I M {I (i (x))N

	

( {
/ (x)) }

I I (f (x))N, - (f (x))Nz I l,z l

and hence lim M ;(f(x))N} exists . If f(x) is a B'-a . p . function
Nß ø

then II f (x) - (f (x))N IIB, - 0 and an estimation analogous to th e
above one gives

M* (x)} = M{f(x)} .

Let f(x) be a Br-bounded (and a fortiori B'-bounded) K-a . p .
function . From theorem 5 follows tha t

f (x) = g (x) + .1 (x)

where g (x) is Bp -a . p . and j (x) is a Br-hounded K-zero func-
tion. We will show that

m* {f (x)} = M {g (x)} .

Proof. For xe[Ij(x)I<. 8] we have

I (g (x) + j (x))N - (g (x))N I Ç Ij (x) I <

and as mB [I j (x) I> a] = 0 we get

11111(g (x) +. 1(x) ) N} - M 1(g (x))N} I <
so that

M {(g (x) +.1(x))N} = M {(g (x))N}

Letting N-* oc we ge t

Al* {If (x)} = M* g (x) + .1(x )} = M {g (x)}, q . e . d .

Now let

g (x) N
XAnei An x .

Together with f(x) the function f (x) t" is also a Ba-bounded

K-a. p. function, and together with j (x) the function j (x) e ` x.

is also a BA-bounded K-zero function. We then get

M* if(x)
e-ttiz)

= M* g (x) é-i1
.x
+j (x)e} = M {g (s) e "x)
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By means of the new mean value notion we can in the usua l

manner ascribe to f (x) a Fourier series which. will be identical

with the Fourier series of g(.x) :

f (x)

	

A ,,1 .

The Bochner-Fejér polynomials of the series will B r-converge

towards a Br-a . p . function (viz . g (x)) which only differs fro m
f (x) by a Br-bounded K-zero function .
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