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§ 1. Introduction.

hroughout the paper we operate with complex Lebesgue

measurable functions of a real variable defined on the whole

axis. For every p=>1 we consider the well-known norms? (which
may be oo)

@l =nb.  f@],

.P /‘_?:T_'__
7@l = g-wb;mml/ }—JRI f@f de (1.>0),

I £@) e = tim 17l

(the limit always exists),

I T o
| F) e = ;lgﬂx l/ﬁ.\l];(x) [da

as well as the corresponding limit notions, O-convergence (uni-

form convergence on the whole axis), S"-convergence (the norms

”f“sp correspond for different values of L to the same limit
L

notion), W¥-convergence, and B”-convergence. Understanding by
a trigonometric polynomial a finite ‘sum of the form

. 1) See e.g. Bisicovitca and Bour (I} or Besicovrren [l The norms || 7|lg»,
a7
I flly», and || f[|p» are named after Stepanorr (I, WevL [I], and Bssicovrrcu
[1] respectively.
1#
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where the coefficients a, are complex numbers and the “expo-
nens’ 4, are real numbers, the different types of almost peri-
odic funclions may be defined in the following manner:

The ordinary almost periodic functions (the O-a. p. functions)
may be defined as the functions which can be O-approximated
by trigonometric polynomials.

The $”-a.p. functions may be defined as the functions which
can be SP-approximated by trigonometric polynomials.

The WP’-a.p. functions may be defined as the functions which
can be W'-approximated by trigonometric polynomials.

The BP-a.p. functions may be defined as the functions which
can be B”-approximated by trigonometric polynomials.

The proper main theorem in the theory of O-a.p. functions
is the following generalization of Weierstrass’s theorem concern-
ing continuous periodic functions:

An O-a. p. function f(x) may be characterized as a continuous
fanction possessing to every ¢ >0 a relatively dense set of O-trans-
lation numbers ©. By a relatively dense set of numbers we under-
stand a set to which can be found a length L such that every
interval @« <ax <<« -+ L of this length contains a number of the
set. By an O-translation number = of f(x) belonging to & we
understand a number satisfying

I/ —f@ o e ie | flaet0—f@)| e

for every x.

Quite an analogous main theorem holds good of the S"-a. p.
functions:

An SP-a. p. function f(x) may be characterized as a p-integrable?
function possessing for fixed L >0 to every £>0 a relatively dense
set of SP-translation numbers 7. By an SP-translation number ¢
belonging to ¢ we understand, of course, a number satisfying
the inequality

£+ 0 =@l <&

For the W”-a.p. and the B’-a.p. functions the analogous

b
1) A function f(x) is called p-integrable if §|f(:r-) [Pdx < oo for every finite
interval (a, b). Yo
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theorems are wrong. This may be seen from considering the

example

1 for x> 0
—1 for x <<0.

F(x) ={

The limits

r>o T T>x 1
0 LA

1(” 1 ("
lim —‘SF(x) dx and lim ~~§F(m)dx
being different the function F(x) is neither W”-a.p. nor B”-a.p..
On the other hand for an arbitrary real number z we have

2 for x lying between 0 and —z (inclu-
sive- the smaller, exclusive the larger
number)

0 elsewhere

| Fx + 1) —F(x)| =

so that .
” F(x‘l‘f)‘—F(x)”WP = IlF(m+z')—F(x)|]Bp =0

for every =. ]

Still the W”-a. p. functions may be characterized in a simple
way by structural properties which are very similar to those
in the O-a.p. and the S”-a.p. cases. In fact the following main
theorem 1is valid:

A WP.ap. function may be characterized as a p-integrable
function possessing fo every ¢>0 for L sufficiently large, i.e. for
L > Ly(¢) a relatively dense set of Si-translaiion numbers.

It is of course obvious that a W”-translation number belong-
ing to ¢ is an S7-translation number belonging to—say—2e¢ for L
sufficiently large, L= Li(z), but the difference between the last
theorem and the (wrong) theorem analogous to the above men-
tioned main theorems is that in the first case the same L, must be
applicable to all translation numbers helonging to the given ¢. It is
also immediately seen that the function F(a) from the example
above does not possess this property; the larger the modulus of
7, the larger Ly(z) is to be used.

In the case of B”-a.p. functions the characterization by means
of structural properties known is not nearly as simple as in
the O-a.p., S”-a.p., and WP'-a.p. cases. We quote it after BE-
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stcovitcH and Bowur [I] or Besicovircu [II] where proofs of the
main theorems in the $”-a.p. and WP.a.p. cases are also lo
be found. ’

A set of real numbers is called satisfactorily uniform if
there exists a positive number L such that the ratio of tihe
maximum number of numbers from the set included in an
interval of length I to the minimum number is less than 2.
A BP-a.p. function can then be characterized as a p-integrable
function for which to every ¢>>0 can be found a satisfactorily
uniform set of BP-translation numbers {rn}, n=04+1,+2,--
i.e. numbers with

5

H J(x+ Tn) —]‘(:r:) HBn =e,

and such that further for every ¢>0

o

n X+ ¢

-— 1 ra 1 vl " . Dy

_ [ = ; _ < £P,

hm o7 (i’ﬂlhﬂ/ cglf(d“%) /@ dg)“‘f
\

" y——n %x /

§2. Summary of the Paper.

Our counter example from §1 shows that by a structural
characterization of the BP-a.p. funclions a stronger uniformity
property must be imposed upon the translation numbers belong-
ing to a given ¢ than that of being merely BP-translation num-
bers belonging to the same ¢. The structural characterization of
Besicovilch and Bohr shows one way of choosing this uniform-
ity property. By the WP"-a.p. functions the siluation was a
similar one. In my efforts to find a simpler structurai charac-
lerization than that of Besicovitch-Bohr I was therefore led to
consider a special class of functions which will be called K-a.p.
functions.

A function f(x) is called K-a.p..if it is finite outside a K-zero
set 7, i.e. a set? with

— — 1 :
my Z = lTlTw oM (Z;—T,T)=102

1) We operate only with measurable sets.
2) By (Z;a,b) we denote the part of the set Z which is included in the
interval [a,b].
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and to every ¢>> 0 there exists a relatively dense set of numbers
7= ¢(¢) and a sel E = E(g)2 7 wilh

— =— 1
s =lim =m(E;—T,T)<e¢
my K lTlgleTm( T,T)<e¢
such that

[flet+)—fx)|<e

when both xeCE and x-+¢eCE (where CE denotes the com-
plement of E).

My hope was that this class of functions should be identi-
cal with the class of functions f(x) which can be K-approxi-
mated by trigonometric polynomials, i.e. for which to every ¢>0
there exists a trigonometric polynomial s(x) and a set E with
my E <¢ such that

| Fx) —s(x) | < e

when xeCE, and as we shall see in §3 this is really the case.
The latter class of functions has first been considered by A.S.
Kovanko who gave a structural characterization for the func-
tions of-the class analogous to that of Besicovitch-Bohr, upon
which his proof was also based (Kovanko [I]).

Starting from the approximation properties of the K-a.p.
functions it is easy to show that a BP-a.p. function means the
same thing as a K-a. p. function for which || f(x) — (f @)y || ,p =0
for N—oc. Here (f(xz)), denotes the function f(x) “cut off” at
the number N, i.e. the function

_ f(x) for [f(x)| =N
(F@))y = { Nsign f(x) for |f(x)|=N.
Instead of the additional condition mentioned one may also—as
Kovanko has done il—use the additional condition || fz(x) [|z»—0
for my E—>0 where f.(a) denotes the function which is equal
to f(x) for x lying in (the arbitrary set) E and equal to 0
elsewhere.

In §4 instead of the additional condition || f(x) — (f(x))y |z
— 0 for N—>00 we consider the simpler condition || f(x) [z <oc,
i.e. we investigate the B”-bounded K-a.p. functions. It is shown
that .such a function means the same thing as a function which
can be written in the form
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f(x) = g(x)+j(x)

where g(x) is B"-a.p. and j(x) is a B”-bounded K-zero function,
i.e. a function with ||j(z) ||z <oc and m,(j(x)|>¢ =0 for
every ¢> 0. Denoting a set of functions which differ from one
and the same B”-bounded K-a.p. function by B’-bounded K-zero
functions as a BP-bounded K-a.p. point, we can therefore say
that in every B”-bounded K-a.p. point there is lying a BP-a.p.
point, and it is easy further to show that there can only lie one
BP-a.p. point. )

If p>1 a B’-bounded K-a.p. function is B -a. p. for1 < p'<p.

A BP-bounded K-a.p. function need not have a mean value in
the Besicovitch sense if p = 1, but the mean value notion can
be generalized as to comprehend these functions by putting

W) = im M (7)),

After that one can in the usual way associate to every B”-bounded
K-a. p. function a Fourier series which will be the same for all func-
tions in the surrounding B”-bounded K-a.p. point and therefore
identical with the Fourier series of the B”-a.p. point in that
point. Hence the Bochner-Fejér polynomials will B”-converge to
a function which only differs from f(x) by a B°-bounded K-zero
function.

We can say that we almost have a structural characteriza-
tion of a B"-a.p. function in that of being a B"-bounded K-a.p.
function, viz. in the sense that the sef of B'-bounded K-a.p. func-
tions gives rise to just the same Fourier series as the set of B°-a.p.
functions.

§ 3. The Main Theorem for the K-a. p. Functions. The Additional
Condition || f(x) — (f(x))x]lgr — 0.

We repeat the definition of a K-a.p. function given in §2.

Definition. A (measurable) function f(x) is called K-a.p. if it
is finife oulside a K-zero set Z, i.e. a set with

mpZ = o7

1) By (Z;a,b) we denote the part of the set Z which is included in the
interval [a, b}.

m{Z,—7T,T)=10,0
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and lo every ¢>0 there exists a relatively dense set of numbers
v =1(¢) and a set E = E(¢) D Z with

— -— 1
myE = lTIanE—Tm (E;—T,T)<e

such that

|t @] <e

when both xeCE and x+ te¢CE. The numbers + and the set E
are called (joined) translation numbers and excepltion set of the
function f(x) belonging o .

We are to show the following

Theorem 1. Main Theorem. A K-a.p. function may be charac-
terized as a (measurable) function which can be K-approximated
by trigonometric polynomials, i.e. for which to every ¢>0 there
exists a trigonomelric polynomial s(x) and a set E with myE <¢
such that

| Flx) —s(x)|<e

for xeCE. The trigonometric polynomial s(x) and the set E are
called (joined) approximating polynomial and exception set of
the function f(x) belonging to ¢

We first show the simple part of the theorem, viz. that a
function f(x) which can be K-approximated by trigonometric
polynomials is K-a.p.. It is obvious that Z = [|f(x)]| = o0]
is a K-zero set, for a trigonometric polynomial being finite this
set must be contained in the exception set E (¢) belonging to
an arbitrarily small ¢>0, and E(¢) has mgE (¢) <e. Next we
prove the translation properties. Let ¢>0 be arbitrarily given.
Belonging to ¢ we choose a trigonometric polynomial s (x) and
an exception set £ (2 Z). Then

1) Incidentally the K-approximation can be défined by help of the K, -norm

” f(z) ”KN = ” (f(x))N “H”

where (f(x))N denotes the function f(x) -cut off at the number N (see p.7)
and N >0 is an arbitrarily chosen fixed number. As easily seen the K -norm
fulfills the triangel inequality

“ f(x) + g(x) ”KNéll f(x) ”](N + ” g{x) ”KN'
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() —s (@) | <e

for xeCE, and myE <¢. The trigonometric polynomial s (x)
being an ordinary almost periodic function it has a relatively
dense set of O-translation numbers « belonging to ¢, so that

|s(x+r)f.q(.r)|§a

for all x. Hence
[fx+o)—f@)| < fla+2)—s(x+o)|+|stx+7)—s(@) | +|s(x) —f(x) | < 3e

when both xeCFE and x-+7eCE. This proves the first parl of
the main theorem.

In order to prove the second part of the main theorem we
set up four lemmas.

Lemma 1. Let f(x) be a K-a.p. function. To every ¢>0 it is
then possible to choose a number I' = I'(¢) and «a sel E¥ = E¥(¢)
with my E* <& such that

[f)|=r
fol. xECE:#:
Proof. Let Z denote the set [|f(x)| = oc]. Then m, Z = 0.
1
Belonging to 1% We choose a relatively dense sel {r} of trans-

lation numbers and an exception set £ of f(x). The set {+}
being relatively dense we can choose a length L so large that
every interval of this length contains a translation number .

1
*3

1 1 1
97, m(Z;— Loy L) =5 125 and 3L, m (E;— Ly, L) SE €. As s

well-known in every bounded set a finite function is bounded
outside a set of arbitrarily small measure. In the interval

1
Next we choose a length L, (;2L> so large thdt

1 1 . . . . .
— Ly - 2'L, Lo————- L] the function ]‘(m) is finite outside the set

;

1
E = ( — Lo+ L Ly- g J> with — m hl_; e, and in the

2 Ln 12
interval mentxomd f(x) is therefore bounded, | f(x)| < K, outside

1 . )
a set E,with .~ mkE,; < =5 Inthe interval 2 nlL,— —;: L<x<2nly+

2 L
-+ 2—L (n=4+1,+2, ---) we choose a translation number 7, from
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{r}. We form the set E; obtained by performing the translations
g = 0,7, T 4, Ty, 7_g, -+ on the set EQ—I—<E;——L0'+%L,
1

L —
° 2
set obtained by the translation 7, lying entirely in the interval

@Cn—1)Ly<x<<(2n+41)L, we have

L> and next forming the sum of all the translated sets. The

— . 1 1 1 1
mp by = meggz—LomEZ-FQ—LOm (E;——LO+§L, LO_E L>§

1 1 . 1 1 1
EITO mE2+2’“E;ITl (IL;_LO’IJO)§€£+EE - ‘—36.

Let E, denote the complement of the set obtained from perform-

ing the translations v, = 0,7, 7_,, 7,7 ,, -+ on the interval
1 1 .

— Lo+ EL’ L, 3 L| and next forming the sum of all the trans-

lated intervals. The interval obtained by the translation =, lying
entirely in the interval (2n—1) Ly<<x<<(2n-+1) Ly, we have

Putiing . .
E¥ =E+ L, +E;
obviously
_w<_,__,__,<1 .1
mBE32m3E+me3+me4:§E+§b+§b<é.
Further for every xeCE* we have

1
HOIES SETs

for as xeCE, for some n the argument x will lie in the inter-
1
val obtained from the interval |— L, —}—%L, LO—-——2— L} by means of

the translation z,, and as xe¢CE; the number x—r, will lie
in CE, and in CE, so that

@I eI+l f@)  fa—r) <K+ e

This accomplishes the proof of lemma 1.
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The lemma 1 may also be expressed by saying that for every
K-a.p. function f(x)

mpg [f(x)— (f(®))y|>01—-0 when N->oo,

where (f(x)), as usual denotes the cul-off function (see p 7).
Hence the cut-oif function (f(x)), will K-converge towards f(x)
for N—»o0. A simple geometric consideration shows that for
every ¢ we have

(e +0)y— @Dyl f e+ —f @),

and from this it is seen that if f(x) is K-a.p. so is (f(x)),, viz.
with the same translation numbers and the same exception sets.
These two properties of (f(x)), show that it is sufficient to
prove the second part of our main theorem in the case of boun-
ded K-a.p. functions.

Lemma 2. Let f(x) be a bounded K-a.p. function. Then the

“smoothed” function
2+ J

9 () = ;§f<:_s> a5 430

will K-converge towards f(x) for §— 0.

Proof. Belonging to ¢* we choose a relatively dense set {z}

of translation numbers and an exception set E of f(x). The set
{z} being relatively dense we can choose a length L so large
that every interval of this length contains a translation number

L+2

z. Next we choose an L, <§%(L+2)> so large that ——QJ»LF——Se
0

and ‘lfm (E; — Ly, Ly) <26 In the interval [—L,, Ly the

smoothed function ¢4 () will converge towards f(x) almost every-
where, and we can therefore determine a d,, 0 << 6, << 1, such that for
every d, 0 << d < dy, there exists a set E; = FE, (J) inside [— L, L]

. 1
with —— mFE; <& such that
- 40

[/ (@) —gp(x)|<e

when xe (CEy; — Ly, Ly). For an arbitrarily fixed d§, 0 <<d << dy (<< 1),
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. 1 1. . I ‘
the interval {~ L0+éL, L,—_ L] is divided beginning at the left

2
in as many subintervals of the length 0 as possible. Let these

subintervals fill out the interval {— L0+v;—L,L1]. The number

1
J being <C1 the interval {— L0+3L-, L,| bas a length which is

=2L,—L~—1. In the interval 2nL0—éL<x<2nLo+%L

(n=+£1,42,---) we choose a translation number 7, from {z}.
We then consider the set I, obtained by peérforming the trans-

. . : 1
lations z, = 0,¢,,7_,%,,7_,,--- on the sel <E;—L0 +§L, Ll)
and next forming the sum of all the translated sets. The set ob-
tained by the translation z,, lying entirely in the interval (2n—1) L,
<ax<(2n+ 1) L; we have

_ 1 1
My Ey = myE, = E;—Lo—f—EL,Ll}gﬁ;m(E;ﬁLo,Lo)é%z.

2L,
Putting .

E, = E+E,
we obviously have

mpEy<myE+myE, <& 428 = 36,

Corresponding to the division of [— LO—|-§L, Ll} in subintervals

of length § we consider the division in subintervals of length
0 of all the intervals translated by 7z, = 0,7,,7_,,%,,7_,, *""
Let E, denote the set consisting of all the subintervals whose
intersection with E; have relative measures > ¢. Then my E; <3+¢.
Let further E; denote the complement of the set obtained by
performing the translations ¢, = 0,7,,7_,7,,7_,, --- on the

, 1 .
interval {* Lo+ EL’ Ll} aud next forming the sum of all the trans-

lated intervals. The interval obtained by the translation ¢, lying
entirely in the interval 2n—1)L,<x<(2n+1) L, we have
L+1

2 LO ’

Let E; denote the set E, after being expanded ¢ to the left,
i.e. the set of points whose distances in right-hand direction to

mg Fy = my By <
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E, are <d. Analogously let E; denote the set E; after being
expanded ¢ to the left. Then

myE,<6e and myE;<

For xeC(E;—}—Eg) the interval [x,x+ d] is lying entirely in
C(E,--E,) and hence entirely in the sum of two successive
subintervals of the length ¢ whose intersection with E; have a
relative measure <<¢. The intersection P(x) of [x,x -+ d] with
E, therefore has a relative measure <2¢. For a suitable value
of n the interval [z, 2 + d] by the translation —¢, will be brought
over in an interval [x—7,,—7, +d] included in the interval

. —Lo—i-—;—L, Ll], and if & is lying in [x, x + d] outside P(x) the

number § —z,  in [x—7, ,x—7, + 0] will lie outside E. Hence

’ 2T+0
<3\ 17— —elas

1 -0 f.x'_‘Tnﬂ"(S
| g () —p e —2)| = yg‘SI(E)dEigSf(if)dE

r—7T
n

1 1
§--aS,l f(.E)—f(‘.f—fn)|d§+3§lf(‘§)—f(lf—fn)ld;‘i?l“- 26t et = 4T+
P(x) VCP(x);x,x+d)

where I' denotes the upper bound of | f(x)|. Let E, denote the
set obtained by performing the (ranslations ¢, =0, 7, 7_,,

1 .
Ty, T_,, -+ on the set <E1;fLO+'2 L, L1) afld next forming the
sum of all the translated sets. Then
_ . 1 ’ L < 1 e
myEg = m, E; = §Egm E ;—L, —.4:‘2—L,L1 meblzg.

Finally let
E;, = E,(0) = E;+ E,+ E,+E,.

Then in the first place
mpE, SmyEs+muE,+ myE,+ myE <36+ 6c+:+ =8¢+ 36

And secondly for xeCE;(d) where 0 < d < d,—determining =, as
above—we have
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[, — ) | <] () — gy — ) |+ | gy ()~ —2,) | =
Hlfle—r)—f@) | S@Te+ )+ e+ & = 4Te+ e+ 26,

Letting ¢—>0 both 8&+ 3% and 47¢+ ¢+ 2 will converge to-
wards 0. This accomplishes the proof of lemma 2.

Lemma 3. Let f(x) be a bounded K-a.p. function and lel us
consider the smoothed function

-+

1
9,() = 5 Sf(&) dg

for a fixed value af § > 0. Then lo every &> 0 there exists a rela-
tively dense set I = I(&) of intervals with the same length 2§, = 25,(#)
the one of which has ils central point in 0 as well as a set E* = E*(¢)
with mpy E* < ¢ such that for every v from the intervals mentioned

|pglx+2)—g )| <e

when both xsCE* and x+ veCE*.

Proof. The funclion f(x) being bounded, |f(x)|<T, the
smoothed function ¢ (x) is obviously a uniformly continuous
function, for

1 z+ i+ d 1 x4+ d
gSf(E)dE—ggf(if)d'_E ~

x4+ & s

g+ —gylx)| =

N

\c|r

=75

1 x -+ &+ d , T+ §
;;-Sf<s>d:e~ggf<ze)d;=
x+ v

which — 0 for {->0. Belonging to ¢ we choose a relatively

dense set {z} of translation numbers and an exception set E of
f(x). We divide the axis in subintervals of the length 4. Let E;
denote the set consisting of all the subintervals whose intersec-
tions with E have relative measures >¢. Then mpyE; <e. Let
E, denote the set E; after being expanded 20 to the left and 4
to the right (see p.13). Then myE, <4¢. The function g¢,(x)
being uniformly continuous we can choose an ,, 0<<{,<d,
such that ‘
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' Py (x40~ ‘Pd\(a’;) =

for |{]|<¢,. Now let « be a number from {z}, let |{|=<{,, and
let both x and x ++¢+{ lie in CE,. Then the intervals [x, x -+

- and (x4, x+2-+ 0] will lie entirely in CE, and their inter-
sections P(x) and P(x+ ) with E will therefore have relative
measures << 2¢. Hence, denoting by P(x-+7)_, the set P(x+2)
translated —+, we have

‘?J(O‘J"FT"[‘C)*?’&(Q:)[_—<—_‘%9)d‘(1'+7+ :C)ﬂfpd\(:t“}-l’)’“l—lng\(ZE‘f"E)—gJJ(.’B)lé
1 wetr+d 1 W+ d
6\/(§)d§—6'\f(§)d§

e v

x =+ o

e+ <~:€+%§|f(‘§+z)—f('§)|d§§

(]
e+§§|f<:§+T>—f(;=>|d;=+’531/<§+¢>—f(§>|c1§§e+8re+ez.
YP@)+ Plx+17) ¢ (C(P(m)+P(:L'+T)_T);z,m;d')

All numbers in the {,-neighbourhoods of our translation numbers
7 are therefore ‘““fine” translation numbers of Py (x) with a “small”
exception set E,. Further all numbers from the {;-neighbourhood
of 0 are fine translation numbers (even O-translation numbers)
of ¢,(x). This accomplishes the proof of lemma 3.

Lemma 4. Let f(x) be a K-a.p. funciion. Then fo every ¢>0
there exists a relatively dense set 1 = I(g) of infervals with the
same length 2, = 25,(e) >0 the one of which has its central
point in 0 as well as a set E* = E*(e) S| |[f(x)| = oo] with
myE* <& such that for every ¢ from the infervals mentioned

|[(@+0)—f(x)|Ze

when both xeCE* and x -+ re CE*.

3
choose a number N>0 aund a set E,2[|f(x)| = co] with

Proof. Corresponding to 7 ¢ we may on account of lemma 1

o 1
mBE1:<:§8 such that

f@) = (f(x)y

for xeCE,. For (f(x))y we form the smoothed function
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x -+ d'

and may on account of lemma 2 choose >0 and a set E,

with myE, <1j & such that
| (f(@))y— fpdn(r:)l__<...—§£

for xeCE,. Finally on account of lemma 3 there exists a rela-
tively dense set [ of intervals with the same length 2{,> 0 the
one of which has its central point in 0 as well as a set E,

- 1 . .

with mBEségf such that for every ¢ from the intervals men-
tioned ‘ 1

lgp(e+o) g, 55 e

when both weCE; and x+4-reCE;. Pulting

E:E: = El"’_Ef_)'.I"Eg
we have

my E¥ <mBE1+mBL2—1—mBE3_3 g—}——5+ "e = £
Further for every ¢ from I we have

[f@+o) —f@| = | (flat)y— )y =
| fa+ T)A\** V),r(a’+7) |+ 5"(}(33 +7) - ‘ﬁd\(x) |+ ‘P(;(x) —(f(x))y =<

1 1 1
3‘E+3‘6+'3—€ = &

when both xeCE* and x-+7eCE*, This accomplishes the proof
of lemma 4.

We now pass to the proper proof of the second part of the
main theorem. As mentioned before (p.12) we need only con-
sider bounded K-a.p. functions. Let then f(a) be a bounded K-a.p.
function, | f(x)|<T, for all x. In the following we may assume

I'<1, otherwise we only consider the function *f(r) We are
D. Kgl. Danske Vidensk. Selskab, Mat.-fys. Medd. XXI, 11. 2
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to show that f(x) can be K-approximated by trigonometric poly-
nomials or—what on account of the main theorem in the
theory of the O-a.p. funclions amounis to the same thing—by
ordinary almost periodic functions. Let > 0 be arbitrarily given.
We are to indicate an ordinary almost periodic function ¢ (x)
and a set E* with myE* <4,(¢) such that

| () — () [ S 7o)

for xeCE* where 7, ()0 and #,(¢) >0 for ¢~ 0. For the [unc-
tion f(x) and belonging to ¢ we may on account of lemma 4
choose a relative dense set I' of intervals consisting of transla-
tion numbers and wilh the same length J as well as an excep-
tion set E. The length L is chosen so large that every interval
of this length contains an interval of length ¢ from I'. Next L,

(= L+ d)is chosen so large that I_z—_(Y <e¢. In every one of the

intervals nLy<<x<nLy+ L (n =0,41,£2,--+) we choose an
interval of translation numbers flom I' with the length d. We
consider the total set [ of these translalion numbers. Let
my I = 7. Next we define a function K (#) by

L for tel
K{ty= 1%
0 for teCI.

Then
M{K{)} =1

We consider the expression
W
‘)TS fla+ K DdL

. . . 1 .
The modulus of this expression is < —. Denoting by x;, x5, - --
I/

an enumerable everywhere dense set on the whole axis and by
0<T, <<Ty<---—>00 an arbitrary sequence, by the diagonal
procedure we can extract a subsequence—again denoted T’ —such

that for the new sequence T,

Tﬂ
"é_T'" § [+ K dt

nelor,
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is convergent for x equal to x;,x,, ---. We first show that the
expression then converges for all x. Let ¢ > 0 be arbitrarily given.
We choose a set E* with myzE* <7 and a positive {, such that

[/ @+ — @) Zeon

for |{] <, when both x¢CE* and x - [eCE* (lemma 4). Next
we choose an x, from our enumerable set above such that lz—x |
={,. Letting F“ denote the set F* after being translaled —x
we have

Tll
—2; ((f(m+t)~—f(mm—l)(dt Slf(a,—i‘t) fx,+ 0| dt+

T, (E*iEB*y ;—Tn.Ty)

9m( +E* l'~1n,1 )+.5017<

2T,,S|f(x+t) f(x,,,+t){dt<“

. ((.'(E:-a:—i E:xm)' —T, 711

1 .
99— m (Eix;—’l'n, T)+2_ ——

aT. m (Eixm; T, 1 ) + &o7

2T
which for n sulficiently large, n>n,, is

S degy+degy +en = 9egy.
Hence for n>n,

W Tp Ty
21T Sf(:c—H)K(t)dt L \‘f(a"j—l)K(t)di

— T, —Tn

T, Th
7Slf(w+t)—f<x,,,+t)lK(t>dtS% §|f<x+ D—flx, +0]dt <9s.

" T
—Tn Ta

o

This together with the fact that the expression

Ty
1 .
7 Si§x+ £) K (O dt

has a limit for n— oo shows that for n, and n, sufficiently large

1 (T 1 {(*Tn
27 Sf(xﬂ)K(t)dt—gT \f(a:+t)K(t)df

- Tn1 LU— Tn

< 1980,

2%
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and hence the limit

Ty
lim \ [+ 1) K(Ddi

n>wo 2
o1,

exists for our arbitrarily chosen x. We then consider the funclion

TI 1

p(x) = lim ;, \.[(:rJri) Kt dt

n-> o
T,

which—as we shall see—will have the properties desired.

We first show that ¢ (x) is an ordinary almost periodic function.
Let &, > 0 be arbitrarily given. Belonging to ¢# we choose a rela-
tively dense set {z} of translation numbers which contains an
interval with central point 0, as well as an exception set E*

of f(x) (lemma 4). For each such 7

2T

o Th

g G+ 0= (@] <lim L&[f(x—%#kr)ef(x%—l)[K(z‘)dl’<
Il!/_T”

lim 1§|]‘(:L+1‘1T)~/(r O K (Bdt+

1-}‘ _:; ]
¥ D
(E b._1 T Ty, T n)

Iim
n-» oo

s.!’—‘

27

- \[}"(x;: t+o)—fla+ D] K@) dt <

MO OB B ) —Ta, Th)

2 1 ‘) B - —_— <
. my (F 2t A EE .l')—é— —5097___, /mBF . -T;mBhAxﬁT—ﬁ—sovS_
l N

Qeg A 2r,-F ey, = Degy.

All our numbers 7 thus being O-translation vumbers of ¢(x)
belonging 1o 5& we conclude that ¢(x) is an ordinary almost
periodic funection.

We now come to the salient point of the  proof, viz. the
demonstration that ¢(x) only differs “a liltle” from f(x) outside
an exception set with “small” m,. As M{K ()} = 1 we have
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T,

f(x) = lim Y Qf(r) K (1) dt,
n—>w ~ n o) -—1,1
and hence
(e
g () —f(x) = hmoc 5T &(i(r—l—t) f(x))K(i) dt.

Te—Ty,

Letting 7' for abbreviation also denote an. arbitrary subsequence
of the above sequence 7, we get the estimation

T

lp<v)—f(x)l<hm -~17—\|f(:v+t)'-f(x)]1{(t)dt:

—T,

lim 57 \)/(a:—i—t) /(r)lK(z‘)dt

e S tn !’(I —Ty, Tr)

and for xeCE this is

n->-90 4

\if(r +8H—=f@| K@) dt<

o (IE—_z-'*Tann) e —' e (ICE_ X ;—Tn, Tn)

<lim ‘-),1 \l/(.x+l)—f(x)!K(l)dtTllm

2 __ s
“mp(IE_,)+ &
Y

where my, is formed through the subsequence T . Now my, I =y
and the problem thus is only to prove that the intersection
IE_,of I and E_, for a suitable subsequence T, will have an
my, (formed through the subsequence T) which is essentially
smaller than the my of I for all 'x outside a set with small m,,,
Insiead of IE_, we may as well consider the set I F .obtained
by the translation x, because my(IE_,) = my (I ,E). We inve-
stigate I E when « runs through one of the intervals [nL,, (n- 1) L,
and we are to show that for a suitable subsequence T, (the
same for all intervals (nLo, (n+1) Lg]) the measure my (I E)
(formed through this subsequence 7,) will be essentially smaller
than 7 for @ in the interval mentioned outside a set with small
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relative measure. All intervals being treated analogously we
may content ourselves with considering detailed only the interval
[0,L;]. When a runs through the interval [0,L,— L] every one
of the small intervals in I will decribe an interval lying entirely
in one of the intervals [mLO, (m-1) Ly]. The interval [0,L,— L]
is divided beginning at the left in as many subintervals of length
J as possible. Let NJ denote the last point of division. Then
Ly— L—Nd < d.Corresponding to the points of division0, 6,24, - - -,
NJ we consider the sets I, Id\, Ly, - -+, Inyg- Any two of these
sets are non-intersecting (with exception of endpoints of inter-
vals) and all sets together fill out the set being decribed of I_
when x runs through the interval [0, Nd]. We now choose our
subsequence T such that

1 e
Llr)l’lw 2 T m (I —-71.T)
exists for ¢ = 1,2, ---, N and such that the analogous limits

exist for all the remaining intervals [nL,, (n-+1)L,). For this
subsequence 7T, we will use the above estimation of | ¢ (x) —f(x)|.
We first ask: How many of the sets I, have an intersection
with E with relative measure (formed through the subsequence
T,) which is > 5. As' the sets are non-intersecting and m,E < ¢
the number 4 in question must satisfy the relation

Aep < e,

i.e. A<Z. For x lying in [0,Nd] the set I_ has only points in

commonﬂwnh I, tor |x—gqd|<4d. Letting x in [0, Nd] avoid the
intervals |z — q& I < d corresponding to the A sets I , above with
mg(I,, E) > ey (my formed through the subsequence T,) the sets
I, must be contained in the sum of two neighbour- I,;'s with

mpy (I I;) < ¢7. Together the intervals which x must av01d have a
d 2
relative measure<A%—<£L—d = —27; =2¢. Thenmy (I E) <2¢y
'l] 0
(mj, formed through 1 ) and this quantity is essentially smaller
than 5. Considering the whole interval [0, L,] the argument x
must further avoid the interval [N, Ly] of a length <L 4 4.

Hence the relative measure of the intervals which « must avoid
. . L+90
in [0,L;] is<Z +

e<e+2¢ = 3¢. Analogous results are
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oblained for the remaining intervals [nL,,(n-+1)L,]. Letting
E; denote the sum of exception sets from all the intervals [nL,,
(n+1) Ly] we get

mp (I E)<2¢y (mp, formed through T)

for xeCE,, where mel<3£ Inserling in the estimation on
page 21 we get for xeC(E+ E,)

9
g @ f@ 220+ e = dete
and further

iy (E+ E) <m,E+myE <+ 3e.

Letting ¢—0 both 4¢+ ¢ and 3¢+ ¢ will converge towards 0.
This accomplishes the proof of the main theorem.

Remark. The main theorem is still valid if instead of the
“B-measure” my, we use an S-measure or a W-measure. This
is easily seen from the fact that the cut-off function still in
the corresponding sense will converge to the function considered,
in connection with the fact that the K-a.p. properties of the
cut-off function (with § or W instead of B) immediately in-
volve that it possesses the S’-a.p. respectively WP-a. p. properties
mentioned in the introduction. For the cut-off function can
then be S-, respectively W-approximated by trigonometric poly-
nomials and this involves that the cut-off function and with
it the original function itself can be K-approximated by trigono-
metric polynomials. In the S-case we obviously need not claim
the exception set to be the same for all = belonging to the same
e, cp. W. StepanoFF [1], especially definition I and lemma II.

The connection between the K-a.p. and the B"-a.p. functions
appears from the following simple

Theorem 2. A B"-a.p. function means the same as a K- a.pb.

fanction f(x) for which || f(x)— (f(m))Nlpr—>O for N— oc.
This theorem has the corollary
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Theorem 3. A bounded K-a.p. function is B'-a.p. for all p.

If f(x) is K-a.p. so is (f(x)), (see p.12). The corollary thus.
gives:

Theorem 4. If f(x) is K-a.p. the cut-off fanction (f(x)), is
BP-a.p. for all p.

We now turw' to the proof of theorem 2.

1°. If f(x) is BP-a.p. then as is well-known we shall have
| (@) —(fCx))gllpp = 0 for N—oo. Further a sequence $,(x)
of trigonometric polynomials can be found such that |f(x)—
s, (@) |lpp— 0, and from this follows that

iy [| () — 5,() | > e]> 0

for every fixed ¢>0; hence s, (x) K-converges towards f(x)
which is therefore K-a.p.

2°. Let f(x) be K-a.p. and let /(@)= @)yl —0 for
N—oc. From the first assumption follows that we can find a
sequence of ordinary almost periodic funclions p,(x) which
K-converges towards f(x). As

(PN — (@) | <[ @) ()]

the sequence (¢, (), (Nfixed) of almost periodic functions K-con-
verges towards (f(x)),. The functions (f(x)), and (9,(x))y being
uniformly bounded (¢, (2)), (N fixed) will also B"-converge to-
wards (f(x))y; for to every ¢>0 we can choose a number n,
such that

](f(m))N‘(gvn(m))NLﬁ ¢ for wxeCl, and n>n,
where m, 5, <& and from this follows that

I (f @)y — (o (Nl <+ 2 N)Pe for n>n,.

Hence (f(x))y is B"-a.p. The second assumplion | f(x)—
(f @)y |lgr —> 0 then involves that f(x) is BP-a.p., too.

Instead of the additional condition [[f(x) —(f (@)l —> 0
for N—>o250 one may also—as Kovanko has done il—use the
additional condition ||f,.(x)|[zp — 0 for m,E— 0 where fp; ()
denotes the function which is equal to f(x) in (the arbitrary set)
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E and equal to 0 outside E. This is easily seen by means of
lemma 1.

Remark. 1f we substitute for m, either mg or m,, and at the
same time for the B”-norm respectively the SP-norm or the
W¥-norm the theorems 2—4 are obviously still valid.

§ 4. The Connection between the B”-bounded K-a.p. Functions
and the B”-a.p. Functions.

Instead of the additional condition || f(x) — (f (x)) y||,» — 0 for
N->00 we shall in this section consider the simpler additional
condition || /(x)|[zp << oo, i.e. we shall investigate the B”-bounded
K-a.p. functions. In the proofs given or referred to in this sec-
tion one always uses the characterization by approximation of
the K-a. p. functions. The connection between B”-bounded K-a. p.
functions and the B’-a.p. functions is expressed in the following

Theorem 5. A B”-hounded K-a.p. function [(x) can be written
in the form

f@) = g @) +jx)

where g (x) is B"-a.p. and j(x) is a BP-bounded K-zero function,
i.e. a function® for which ||j(x)|lp < oo and my[|j(x)|>¢] = 0
for every e > 0. Conversely every function of this form is a B"-bounded
K-a.p. function.

Proof. 1°. The last part of the theorem is obvious.

2°. For the proof of the first part of the theorem we refer
to the proof of an analogous theorem in Bour and Fer~Eer [1],
p- 99, viz. the theorem that a B'-a.p. point which contains a
BP-bounded function also contains a B'-a. p. function. This
theorem relies on a theorem of Jessen [I] stating that every
real B'-a.p. function has an asymptotic distribution function.
Further Jessen and WiNTNEeR [I] have shown that every real
K-a.p. function has an asymptotic distribation function. By
means of this theorem it is possible—just as in Bonr and
Forner [I}—to show that for a B"-bounded K-a.p. function f(x)
the cut-off functions (f@)y (N=1,2,---) will form a B"-fun-
damental sequence which on account of theorem 4 and the com-
pleteness of the B”-a. p. spaces will B”-converge towards a B”-a. p.
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function g (x). The sequence (f(x)), K-converging both towards
f(x) and g (x) the function j(x) = f(x) —g (x) is a K-zero func-
tion and f(x) and g(x) being both B”-bounded so is j (x).

Remark. This theorem is not valid if m, is replaced by mj
and the B”-norm by the $”-norm (in which case functions of
the type j(x) is 0 almost everywhere). For p>1 we have a
counter example in Borr and FoLner {1}, main example 2, p. 70,
and for p = 1 an analogous example may easily be constructed.
The theorem is valid no more if mj is replaced by my, and the
B”-norm by the W"-norm. For p>>1 we have a counter example
in Bour and FoeLNER (I], main example 3, p.83 and for p =1
an analogous example may easily be construeted.

By a B"-bounded K-point we shall understand the set of
functions which only differ from one and the same BP-bounded
function by BP-bounded K-zero functions. If function one in the
points is a (B”-bounded) K-a.p. function so are all functions in
the point and the point is called a B-bounded K-a.p. poin*.
The non obvious part of our theorem may ther be expressed:
In every BP-bounded K-a.p. point there is lying a B’-a.p.
point. On the other hand only one BP-a.p. point can be lying
in a B”-bounded K-a.p. point, for if j(x) is a K-zero func-
tion and B"-a.p. then (j(x))y is a B”-zero function for all ps
specially a BP-zero function, and [|j(x)— (i (@)yllze—>0 for
N—oc, so that j(x) is also a B"-zero function.

Theorem 6. For p>1 a BP-bounded K-zero function j(x) is a
BP -zero function for 1<p' < p.

Proof. We have

P — —

P // i T p’ / .
i@l = fim ‘/ ﬁ&‘“ﬂlﬂdﬂfiﬁﬁ l/‘)_TS'J'(x) Pae  +
o T > - V(i@ s elsi—T, T)
p'
i, L 21T§|j @[ de =Nt b

Y({li@)>eli—T,. 1)

Here I, <¢. For I, we have
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12 = H/ (3“) e(x) H];l”

where e(x) = 1 in [|j(x)|> ¢] and e(x) = 0 outside {|j(x)|> ¢

By means of Holder’s inequality we get

T

P _ P’ P
= llm 'y TQI](:E)' e(x) dx <
T
’ 1 r

y R P

/ 1 AT - ) &l 11 1~p

hm e IJ () Ipdx lim —-\e(x)?” ”dx =
27 15 2T 5

1) (il @) > ) 77 = 0

so thatl, = 0. Hence || j () ||, < e forevery e > 0, 1. e.||j (x)
Moreover the following theorem is valid:

HH])’ = ().

Theorem 7. For p>>1 a B’-bounded K-a.p. funclion f(x) is a
B -a.p. fanclion for 1<p' <p.

Proof. This 1s a consequence of theorem 5 and theorem 6.
The theorem, however, may also be proved directly by means
of Holder’s inequality which shows that ||f(x) —(f(x)) -0
for N-— oo,

N “1;”'

As is easily seen a B'-bounded K-zero function (which a
fortiori is a K-a.p. function) need not possess a mean value in
the Besicovitch sense. We are to prove, however, that the mean
value notion can be generalized such that every B'-bounded K-a. p.
funclion gets a mean value and a B'-bounded £-zero function
especially the mean value 0. For a Bl-bounded K-a.p. function
f(x) we simply define the generalized mean value M*{f (x)} by

MH{f () = lim M{(f (@) ).

The mean value M{(f(x),, exists since (f(x)),~ on account of
theorem 4—is a B'-a.p. function. And as mentioned in the proof
of theorem § the sequence (f(x)), (N =1,2,.--) is a B'-fun-
damental sequence from which follows that M{(f(x)),) is a
fundamental sequence since
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|M{( @)y — M@ S M @)y, ~ (@]} =
“ (f(x))m_ (f(x))M “]}1

and hence l\im M{(f(x))N} exists. If f(x) is a B'-a.p. function
N> -

then || f(x) — (f(@)) 4l —> 0 and an estimation analogous to the
above one gives

M= {f ()} = M{f ()}

Let f(x) be a B’-bounded (and a fortiori B'-bounded) K-a. p.

~

function. From theorem 5 follows that
f(x) = g(x)+jx)

where g(x) is B-a.p. and j(x) is a BP-bounded K-zero funec-
tion. We will show that

M*{f(x)} = M{g (x)).
Proofl. For xe(]j(x)| <6 we have
[(g (@) +J @)y — (g @Dy Z[j @) | < e

and as mg(|j(x)|>¢] = 0 we get

| M {(g () +j @)y} — M{(g @)y} <e

so that
M{(g () +j @)y = M{(g @)y,
Lelting N— o0 we get

ME{f (@)} = M*{g () +) (@) = M{g ()}, q.e.d.

Now let ‘
g (x) C\DZAnelA“m.

Together with f(x) the function f(x)e¢ ™% is also a Bp-boundgd
K-a.p. function, and together with j(x) the function j(x)e '**
is also a B-bounded K-zero [unction. We then get

MEf @) e o) = M {g @) e+ (@) e = M{g () )
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By means of the new mean value notion we can in the usual
manner ascribe to f(x) a Fourier series which will be identical
with the Fourier series of g(x):

f((lf) C\)ZA n(’iAn‘T.

The Bochner-Fejér polynomials of the series will B”-converge
towards a B”-a. p- function (viz. g (x)) which only differs from
f(x) by a B"-bounded K-zero function.
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