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1. Introduction.

n the theory developed by Yukawa, the short range
I character of the nuclear forces is intimately connected
with the existence of a new type of particle, the so-called
meson, with a mass of about two hundred times the mass
of thevelectr(‘)n. According to this theory, the nuclear force
should be due to a virtual emission and absorption  of
mesons by the heavy nuclear constituents which in the
following will be called nucleons*. The further assumption
of the possibility of processes in which mesons are simi-
larly absorbed and emitted by the light particles (electrons,
neutrinos) leads to’a description of the P-decay as a com-
plex process in which a meson, virtually created by the
transition of a neutron into a proton, is immediately an-
nihilated, emitting an electron and an antineutrino. Already
in his first paper”, Yurkawa developed a theory on these
lines; describing the meson field simply by a scalar wave-
function, he found for the energy distribution of the p-rays
essentially the same formula as given by the original
theory ‘of FErMI?, ' o

Since the scalar theory did not give the right type of
nuclear forces, a new formalism, in which the meson ﬁeld
is described by a vector, has been developed by several

* As regards this notation, compare reference 22.
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authors® and the corresponding form of the theory of PB-
decay has been given by Yukawa and collaborators®. They
found that the most general form of this theory, in which
the expression for the interaction energy between the meson
field and the light particles does not contain derivatives
of wave-functions of the light particles, leads again es-
sentially to the formula of Fermi. A distribution of the
type considered by Konopinskr and UHLENBECK® could
only be oblained by introducing an interaction explicitly
involving derivatives of the neutrino wave-function. This
distribution formula leads, of course, to a lifetime-energy
relation for the P-radioactive elements of the same type
as the original KowopINsgI-UHLENBECK theory, a result
which is incompatible with the experiments on ®Li; these
experiments seem, in fact, to be in accordance with a
lifetime-energy relation of the type which follows from
the FErm1 formula®. As regards the energy distribution of
the P-rays, however, the measurements on the B-spectra of
different radioactive elements do not agree even for the
so-called “allowed transitions” with the simple FErur
distribution, especially for the lower energies. Also the
formula of Koworinski and UHLENBECK is in  obvious
disagreement with recent more exact experiments.

BeTHE, HovyLE. and PriErLs? have iried to eliminate
this difficulty in the FErmI theory by the assumption that
the measured spectra are the result of a superposition of
different elementary processes of the FEeErmi type. Their
assumption is supported by the fact that the B-decay in
some cases has been found to be accompanied by a
y-radiation. According to this point of view, the shape of
the P-spéctrum should be connected with the frequency
and intensity of the y-rays. A real test of the assumption
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in the case of N, where the positron spectrum is experi-
mentally well-known®, is, however, impossible at the
moment “since the experimental data as regards the -
radiation obtained by different investigators?® deviate es-
sentially from each other, the existence of the y-radiation
even being denied by one author®.

Apart from the discrepancies in the theory of p-decay,
the vector model of the meson field leads to another
difficulty in connection with the forces between the heavy
nuclear particles, since the resulting expressioh for the

~ interaction potential also includes a term of dipole type

which is too strongly singular for small distances. MGLLER
and RosenrFELD'D have shown that it is possible to remedy
this defect by introducing besides the vector wave-function
a further pseudoscalar wave-function for the meson field.
As indicated by these authors, the introduction of a pseudo-
scalar wave-function leads also to a generalization of the
p-theory. For the interaction between the mesons and the
other particles we get then new expressions which contain,
just as in the vector theory, derivatives of the wave-
function of the mesons. If a. suitable canonical transform-
ation? which‘separates out the static interaction between
the nucleons is performed, the transformed Hamiltonian
will contain a direct interaction between the nucleons and
the light particles, described by an expression which, in
general, also contains derivatives of the wave-functions of
the light particles. Since the interaction betWeen the nucleons
and the light particles is responsible for the B-disintegration
processes, we find for the energy distribution of the P-rays
a formula which may deviate from the Fermi formula
and, in some cases, is identical with the formula which

was found by Fierz'® in a Fermi theory starting from
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the most general interaction between the nucleons and the
light particles.

It should be mentioned that Yurawa’s theory of P-decay
further supplies a connection between the lifetime of free
mesons in the cosmic radiation and the lifetimes of p-radio-
active elements. Taking for the universal P-decay constant
of the FErMmI theory the value given by FeErm1i?, Yukawa
found qualitative agreement between the lifetime of the
mesons in cosmic radiation determined by Eurer'®? and
the lifetimes of the heavy B-radioacltive elements. This
agreement was only obtained with that expression for the
energy of interaction between the mesons and the light
particles which does not contain derivatives of the neutrino
wave-function. In the case where such derivatives are
introduced into the energy expression, the value for the
lifetime of mesons turns out to be about ten thousand
times too small, since it contains an extra factor of the
order of the square of the ratio between the masses of the
electron and the meson. It is known, however, that the
value for the universal B-decay constant, as given by Ferwmi,
is too small to account for the lifetimes of light elements,
especially of °He. This means, as pointed out by Norbp-
HEIM®, that the theory of Yukawa would not give the right
relation between the lifetimes of the light radioactive ele-
ments and the lifetime of the cosmic ray mesons. It can
be shown'® that this difficulty is unavoidable in any theory
containing only one type of meson field and can, in principle,
be removed by the introduction of a mixture of two types
of meson fields. It should be noticed that recently FErm1!'?
has drawn attention to the fact that the difference between
the absorption of cosmic ray mesons in air and in con-
densed materials is due not only to the instability of the
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mesons but also to a polarization of the material. In the
evaluation of the lifetime of cosmic ray mesons, the above
effect must therefore be taken into account.

2. Survey of the theory.

Before proceeding to the main problem, we shall first
give a survey of the generalized theory of the meson field
includinlg the pseudoscalar wave-function referred to above.

For the description of the neutral and the positively
and negatively charged mesons it is convenient to intro-
duce three (real) ﬁélds, the first two of which are con-
nected with the charged mesons while the third represents
the neutral mesons'®. Each of the three types of field will
be characterized by two vectors?and TI) and two further
functions @ _and ¥, the latter having the invarianée pro-
perty of a pseudoscalar. The field guantities belonging to
the three different kinds of ﬁeld w1ll be distingunished by
a heavy printed index, i. e. (F3, Ua’ ®,, Yy) represent the
neutral meson field while (Fl, Ul, CDl,‘ Yy and (F,, U,,
®,, Yy together describe the field of the charged mesons.

It is convenient to group three corresponding quantities
into a symbolic vector, viz.

F— (F,, F, Fy

.\ U= (U, Uy Uy o
D= (0, O, O
P = (¥, ¥y V).

— —>
The field quantities ' and ¥ as well as @ and W are

canonically conjugate, satisfying the usual commutation
relations, i. e.
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fic
B Y (1 = ¢ — ") 5w
[Uk(:c,t), F (w,t)] S8 (x—a) B,
, he ) 2
[CDk (x, D), "l’l (x', t)] = TS(x——x)Sm
while all other pairs of field quantities commute.
We shall now write down the Hamiltonian for a system

of heavy particles (protons, neuirons), light particles (elec-

trons, neutrinos), and the meson field including the most -

general interaction between particles and field.

A]l quantities referring to the light particles will through-
out be denoted by the same letters as the corresponding
quantities referring to the heavy particles but with the
symbol ~ placed above. For instance, the “isotopic” spin
of the nucleons is denoted by the letter T = (T, Ty, Ty)s
where T, = + 1 characterizes the neutron state and T; =
—1 the proton state of the heavy particle. Accordingly,
we shall use the notation T = (T, T,, T4) for the “isotopic”
spin of the light particle, where T, = 4+ 1 means the elec-
tron state and T4 = —1 the neutrino state of the light particle.
Similarly, p, _o?and B, cr are the usual Dirac spin vari-
ables for the nucleons and the light particles, respectively.

For laler reference, we shall now list the quantities which
appear in the Hamiltonian and refer to the light particles:

Z\vf=g1qﬂ1q,:

= —
M = g y*1p oy
rt? g?. «;“v—?
1 VTR oy
.

S — 20555, 51

S ” T Py G 3)
-~
Pz%q}*i?&p

f _é' ¥ =

Q= © TPy
B~ fiy*T5,y
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Here y denotes the wave-function of the light particle;
the §’s and f’s are universal constants which have the
dimensions of electric charge and determine the strength
of interaction between light particles and the meson field,
K is the reciprocal of the range of the nuclear forces and
is connected with the mass M, of the meson by the relation

M_c "
K = 5o )

Analogous quantities referring to the nucleons will appear
in the Hamiltonian. It should be noticed that the guanti-

- —>
ties M, T', @ and R are proportional to the ratio of the

velocity of the nucleons to the velocity of light and are,
therefore, small compared with the quantities N, S P
We have:

N s
; N = glzr(l)S(xHx(l))

€]
= (i) (i)~ —>(i)
M =g >v p 5 5( )

i) (l)"() —> _>(')
= 2> s
KD
(1) (1)—>(l) — ()
Z o &(x—x ) ()
(B0 > (D) ’
Zrl o Blx—a. )
K ‘D

EZﬁ@)%ﬁ%

(xr—=x
K (@ B

) @ —> —>—(1)
fi 2.t ps B(x ).

@

=y
B

\F’ KIQ

1 |

QO N ow
[

I

In these ef;pressions, we represent the nucleons in the
configuration space, all quantities belonging to the i-th
particle being denoted by the index . The constants g,
g2, fi» f»» which have the dimensions of electric charge,
determine the magnitude of the nuclear forces.
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As already mentioned, the vector model leads to a
singular term in the static interaction energy between the
nucleons; a similar term, with opposite sign, arises from
the pseudoscalar part of the field. These two terms cancel
each other if one puts

| fal = |gal. 6)

The expression for the Hamiltonian can then be writ-

ten as a sum

J = I+ I+ I+ H + H, (7)

where e/, and Jf are the kinetic energies of the nucleons
and the light particles, respectively, and @}Tf is the energy of
the meson field, while the interaction energy consists of
two parts: H; containing the constants g¢, g,, f3, only, and
giving rise to the forces between the nuclear constituents,
and H, which also contains the constants fis 2> G1» G and
is responsible for the P-disintegration. If My, M, and m
are the masses of the neutron, the proton and the electron,
respectively, and if the mass of the neutrino is put equal
to zero, the first four parts of the Hamiltonian are given
by the following formulae:

@@ >, +Ty o 1—T2
I, = Z{ P Py ( B Mt B e )}

s > 14T,
e7i”k=Suy (p106p+pg 3mc2)quV

S {Fz + k2 (div F)2 -+ (rot U)2 + x? lja} av

m|.—-

f

S {(I)2+ (grad P)2 + > P2} dV

L\’){»—A

(8)
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——>b 1 > > —
Hy = —NdiVF>+<3SZ+ S rot U>} dv
)

S _f)gradqxdwr ; \ 0% dv.

‘The scalar products involving the symbolic isotopic
vectors are analogous to products of ordinary vectors, e. g.

,q)Q:qu)kék
=3 (F)
WK
s
P adlllzz 1
&r oacLJL

The expression for H, is not uniquely determined by
the requirement of relativistic invariance of the whole
scheme. It is, of course, always possible to add to the

Lagrangeian function invariant expressions as

—_ = > >

n (TT—S88)

© k2 ﬂﬁ~b’ﬁ
K ( " ) (10)
" (Q@Q—PP)

W R R

where n, ', 1" and n”"’ are arbitrary constants. The same
terms would also appear in the Hamiltonian and we have

then for the most general form of H, the expression
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H, — S {K—z Bziﬂ+ N(—divF+ N)]Jr
‘ e
{ S+S(r0t U+ S)]—[TF—%— MU]}
- - . — =
— S (Pgradp+ D O+-9¢ R—PP) IV (11)

S~>—> ——>

il -
(TT—88)dV4n' k2 S(Z’IJ’I—NN) dv

" - ——}-_V> 0 o
" \(@ @ PPy AV SRRdV.

The last integrals represent a direct coupling between
heavy and light particles of the same type as the coupling
in the original FErMr theory. In a theory like that pro-
posed by Yuxawa, where the B-process should be con-
nected with the instability of mesons, one would not expect
such direct coupling to appear in the Hamiltonian. It is
seen, however, from (11), that it is impossible to choose
the n’s in such a way that all terms of direct coupling

. ——
disappear. It is true that the terms ¥ N, 8§ 8 and PP
vanish if we choose 1 = n' = 1" = 1, but instead we get
terms containing ]!I]’I, T T and @ @, which are again
of the same type. We have, therefore, to retain the general

expression without ascribing beforehand definite values to

the 1’s. For the same reason, it is not allowed to neglect '

—>-—>-—>

the terms containing M M, T T, @ @ and R R although
they are of a smal_l)e_:r order of magnitude than the terms
—

NN SS and P P.

3. Derivation of the formula for the p-decay.

Since the terms H; and H, conlain an interaction be-

tween the meson field and the nucleons or the light part-
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icles, the PB-emission is, in this form of the theory, parﬂy
a second-order effect involving a meson in the intermediate
state. It is possible, however, to perform a contact trans-
formation'? leading to an expression for the. Hamiltonian
in which the static interaction between the nucleons appears
explicitly. This new form of the Hamiltonian contains;,
furthermore, a term of direct interaction between the nucleons
and the light particles, from which the P-process can be
obtained as a first-order effect in a perturbation calculation.

The unitary operator e, which determines the contact

transformation (defining any new variable A" in terms of

the old variables A by the formula A’ = o' 4 ef), has

~ the form
o = e (12)
S?() UdV—ng%‘ (l)ﬁ(l)S[(?O/\F*)Jr?m q)] dv
(i), e—KI'i
f (ac) = —grad - ]
4y ‘ (14)

ri:\x——xml J

.. Since the old variables do not appear again in the
following, we shall from now on omit the prime in the
symbols for the new variables.

Apart from the static interaction in the Hamiltonian
expressed as a function of the transformed variables we
shall now only retain such interaction terms which are of
importance for the P-disintegration, and we find in this
way the expression

* The symbol A between two vectors denotes their vector product.

(13)
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& = H+ K+ S+ Hy, + Hy (15)

of a process in which a neutrino in a negative energy
state disappears and an electron is created in a positive
where &, @/, and o7, are given by (8), and*

energy state while a neutron in the nucleus changes into
a proton.

— KTy,
1 (1) (k) (i) —>(k)
Hstat 24_; ( ) I;g?‘-[—gz )]

If the initial and final states of the nucleus are denoted
4Tr1 (16)

by the letters n, and n, and the states of the electron and
neutrino involved are described by the eigenfunctions g,

and ¢, the probability per unit time for such a process
to happen is equal to

l >y (k) !
—t x m—

' KT J —Kr, .
(i) ~e t ©)] (1) ')(1) e t
- s S 7
Hg Z{glgT i, KS Sp e d1
> o N
__]-:22 % - ot Z grad R dV}
L

i) >(i i %, M
#3200 B 4 S @)+

@)

2 s (E,,— B, + E, —E) (sl Hplmo o) (19)

where E,_ , E , E; (< 0) and E| are the energies of the cor-
responding states.

Using (6), it is easily seen by partial integration that
the matrix elements of the four last integrals in (17) are
small compared with the matrix elements of the three first
integrals* since they will contain an extra factor of the
order of the ratio between the momentum of the electron

(or the neutrino) and ki, which again for ordinary B-pro-

La, O] > )
9110 [0 0 () N @™+

00 9 @) +a—n) " PED)+ fan

e (D) (l) @
TRV Je a
cesses does not exceed the order of magnitude — co 1072,
() 220 ga b O 2 ), =00 .
g\ T'f dV—? T Mo Af)dV— Retaining the other integrals in (17), using the definitions
(8), and putting in the integrals approximately

(1)

g2 BAU
1S G grad) 7 av —
* The partial integration of the last integral in (17) yields, furthermore,

a double integral extended over a small surface around the point 2,
The value of this integral is

u f2 (l)‘>(l)

- LZ ST P grad div cr() e dV}
g 4y ’
Pz ) (19)

As the B-disintegration consists of a transformation of where the constant p depends on the shape of the surface chosen
a neutron into a proton with a simultaneous emission of an (e. g = 4%? for a Sphere). Terms of this type occur already in the
electron and an antineutrino, we now ask for the probability expression (17) and the appearance of (19) can be accounted for by
changing the coefficient (1—n") into (1—n"'—u) so that the general

* We have, already at this point, put P(l) 1.in H, character of the final result will not be affected by this change.

stat-
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oK - -~ %S 0050 0O G0 G0 @
i = Ls@—a) (20) i=1 ¥, e v dw o (28)
"ITIi
N .
, @ 020 1) (4t N
we get for (18) :;S‘P A > ¥ d A l)dx(z-t- ) da:( )
2 1,50 2 < 00y g G—1) , (i+1) ™)
—8(1: —E 4+E,— | 15| o) | 1) F=ZS‘P da e de Vde T dae
i=1 .
where N ) G (i—1)  (i+1 N
=;S Qps, dx” e Va Y™

so 2 @ [ R () f
Hy =250 {9191<P3%+ngngc Ps Py 0 g — 2f10 grad 9 5, 95 _

@ where Y denotes the wave-function of the nucleons and N
(D~>(1) (i) -> i)

+ 199 G2 03 cr P zU‘Pa gy G Pa o o 33q30 is the number of nucleons in the nucleus. The operators
$ .S

i O , . 2 L. p(li) alid p(i) are proportional to the ratio 2 between the velo-
a O' —

N1 91P1 e F:PrO%e 91919 %o city of the ’th nucleon and the velocity of light. Thls means

that C D F and G are small compared with B and 4,

" respectively, while E B the operator Pa) differing from unity

i = () * 1r
+1" fofepr 95019 T (1—n )fzfzc qDSGqJG

rer 3 (') *
+0" fifips 9P Ps

only by terms of second order in li This fact will be of im-~

and portance for the final discussion of the distribution formula.
@ Tm l"rf.f’ With the above nolations we get*

(n a Tlo) =

%{(l—n’)glﬁl S A(x) 95 (x) o5 (x) dx+1 g, §; S E(m)qi(w) N E“f><|>c(cc) dx

is an operalor transfolrming the i’th nucleon from the neu-
tron state into the proton state. In formula (22), the func-

tions @; and @4 are taken on the i'th nucleon’s place. We (A=) g G S E(x) %" (x) ()3‘&% (%) dx + 1 ¢4 G S Bcp; (x) 62‘5 9 (%) dz

shall now introduce the following abbrevations:

7 o\ F@) 02 @) 190 @) det (1) oo\ B @) 92120 5 0 (2 |3

N o R
* i—1)  {i+1) (N) e

A —;S‘P ", ' a a " f, fISG(:c)qi(m)pz%(x)dw
> 3 ( 1 i—1) , (i+1 N) “' Lf f =
B=_ SW*Q‘) I TR e N B (@) [grad 9} (x) 5, 95 (@) + 9% (@) B3+ grad g, ()] dx .

1=1¢* 1]
= & * o0 (')'><l) & =1 G+hH N * In the following, = and z’ denote all the spacial coordinates of
C= Y0 Y dx ---dx dx dx :

i=1 Mo (23) the respective points. :

1), Kgl. DanskeVidensk. Selskab, Math.-fys. Medd. XVII1, 7. 2
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We have now to insert the expressions for the wave-
- functions of the light particles. The neutrino can be repre—
sented by a plane wave of the form

i >

Pgl

Py = gt F . - (25)

For ¢, we have to insert the wave-function of an elec-
tron in a field which outside the nucleus is a Coulomb
field and inside the nucleas has a form suitably chosen
to represent a mean value of the electric potential of the
protons. Just as in the theory of FErMI, we may then
assume that the radial part of the wave-function ¢ and its
first derivatives do not vary appreciably inside a region of the
extension of the nucleus. We can, thus, in (24) replace the
radial part of the function @, by a constant equal to its

value on the boundary of the nucleus. This value again’

does not differ very much from the corresponding value of
the solution in a pure Coulomb field. '

An examination of the exact wave-function of a Dirac
electron in a Coulomb field shows then that, while we for
light elements may replace the exact wave-funclion by
that of a free electron, such a procedure is not allowed
for the derivatives. Since the expression (24) also contains
derivatives of the wave-function ¢, we are obliged, even
for light elements, to use the exact solutions of the Dirac
equation for an electron moving in a Coulomb field.

To get the probability of emission of an electron with
an energy between E and E-- dE, we have to sum (21)
over all neutrino states o and all those electron states for
which the energy lies in the interval (E, E+ dE). In order
to sum over all neutrino states, we have first of all to take

the sum over lhe two different spin states (belonging to
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the same momentum and energy) of the neutrino. This"

summation is easily performed by using the method of
CasiMir!®. Second, we integrate over all directions of the
momentum of the neutrino and, finally, over all energies
of the neutrino. Due to the 8-function in (21), the result

of the last integration is that we have simply to put

—E, = E, —E,—E, = W—E, (26)

- where W is the energy supplied by the nucleus in  the

B-process.
We insert the wave-function (25) into (24) and take
into account that the wave-length of the neutrino is large

compared with the nuclear radius, so that the exponential-

factor can be put equal to 1 inside the nucleus. We get thus

7)) =

{ —n) 91§ SA (x) ¢ (x) dx+n" gy §; S E(a:) @ () oy gdx

- VE@ e @eddetngs (D@ et @psw
i hi \F@ e @pdet 0 pfh (B e @sd
1 fifo 6 @) gt (@) pa

fol SB(m)glaqus(x)pzda

fzfl

N
7 Po S,B (x) @} () Py da:} ag = Sag.

The first of the integrals in this formula is of just the
same type as the matrix element appearing in the theory
of FERMI

2*

)]
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The neutrino wave-function is normalized in the usual

way inside a large cube of the volume V by putting

u
ay = —— (28)
Vv
with
ugug = 1. (29)

Using the above expression for (n IHEU{HO) we find for
(21) a formula which contains products of an integral

appearing in (27) with the complex conjugate of the same
or another of these integrals, e. g

S A (x) 9% (x) dx-S ¢, (x) A" (x) dx =
(30)
- Ja@ @ @a @ d
V@ oi@psd{ 36,0, D @do =
= i@ et @)pe @D @d'de (D)
+ S S [C (') 9 (') A& py] 9, () D* () da’ dz.

The quantity obtained has now to be summmed over all
neuirino states belonging to the emergy Ej;. According to
the method of Casimir'®, which makes use of the relation
(29), this sum is equal to

. E,+H
P Ll
2E,
where H; denotes the energy operator for the neutrino,
and the sum is extended over all directions of the neu-

>
trino momentum pg;. The performance of this rather
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troublesome calculation leads to an expression U containing
terms like

S S A @) ol (@) 9, (x) A* (x) dx’ da

> ! >
B(x") ¢ (x") py 9, () E (x) dx' dxx + c. c.

by

Si @) Ao (x) ng-qns (x) E(ac) dx’ dx—c.c. (32)

[E(x) 9, (x) py c:;] [grad ¢, (x) E(m)] dx' dx—c. c.

> >
. S [B (x") grad ¢} (x")] [grad ¢, (x)-B (x)] dx’ dex.
The probability of emission of an electron with energy
between E, and E + dE_ is then, remembering (26), given by

P(E)dE, = T S (W—E)dE,S U, (33)

the summation being extended over all states of the elec-
tron belonging to the same energy E,. In order to evaluate
this sum, it will be necessary to find sums of the type

291 (x)0,,9, ) 39
B, (u=10,1; v=20,1,2,3; py = 1).

As already mentioned, we have to use the exact solution
of the DIrac equation for the electron and to put the
radial part equal to its value on the boundary of the
nucleus. We shall use the solution in the form given by
Rose?), who denotes the radial part of the first and last
two components of the four-component wave-function by

fi and g,, respectively. The quantity kx is intimately con-
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nected with the total angular momentum quantum number
J and it can take on all values except 0. The angular part
of the wave-function depends upon K and, furthermore,

upon a magnetic quantum number m,, which can take on

half-integral values depending on x. We can thus write -

the sum (34) as

Z § Pr,m (=) Ou,vq)K,mK () = _S_ Xy » (35)
=1 =

> >
K<0 K<0

Here, Px,m, denotes the four-component wave-function of
the electron, and the inner sum is extended to all values
of m, which belong to a given «.

It is found that the quantities ng),, can be expressed

by help of the radial parts f, and g, of the wave-functions
and the unit radial vector

> >
> x x
n=-—===-.
x| r
For example, we get for k = —1 the following expressions

x5 =2[n@) R @)L (D20 (g ()
xP=0
X =0
X =2ln@ @), YD —20 () g_ (0
5, = 2i[n@ An @)1, (D (@) (36)

X = 2in@ g () (D —2in ) f,GD g ()
Xy = 2@ g () f D — 2 @) ) g, )
—>(_

X, = 20[n@ An@)]f, ) 7 0.
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Also the terms in U which contain derivatives of the
eleciron wave-function can easily be calculated. As it will
be seen, the terms of the sum (35) with |k|>2 can be
neglected in the evaluation of U, so that il will only be
necessary to find besides the expressions (36) the corre-
sponding quéntities with k = +1, —2 and 2.

As already mentioned, we may put the functions f (r)
and ¢, (r) equal to their values at the boundary of the
nucleus, i. e. to their values, when r is given by

r T
nuck << 1

h/me - hjmc

37

The functions f, and g, are given®” by the formulae

. _ _aZEs aZE,
V1 FE,2pr )Y Yp,e" ps r(y—i-i )
{&}: _ s
9« » Yo (2y+1) :
—ipgr l/ ( _aZ) ( N _uZES) (38)
—iK—i— i
x\e " K—1 P, Y P
oaZE, . 1
F(y—\-l—{-i , 2y +1; 21psrj.:Fc.c.I
R .

. where c. c. denotes the complex conjugate, F— the con-

fluent hypergeometric  function, and

y = V=2,

all quantities being expressed in atomic units.
For light elements and for the whole B-spectrum except
the very lowest part of it, we can assume that

ZC(ES
Za<<]l and

<<1. (39)

$
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Expanding the expressions (38) into series in r, putting
7 ZaE,
A =

o = 0 and neglecting terms of higher order in
8

r, we find that for negative x the function f, is small of
the first order in r compared with g,, while for positive « it
is the function g, which is small compared with f,. Fur-
thermore, it is seen that the order of magnitude in r de-
creases with increasing |x|. We have

fy oo rgye georfe|
fx—1orfy (k<0 Ix+1 TG x> 0. (40)
Jx—1 “° Igx f\<+1 C\Drfx

These relations show that the sum (35) can, in general,
be restricted to the terms with k = F 1, since the terms
with higher |1<] will be much smaller. Only in the quan-

tities like ZA“, and Z 13> Where the first term thh

x| =1 is expressed by the ‘small” radial functions only,
it is necessary to add one second term with |x| = 2 which
may happen to be of the same order of magnitude. The

calculations show, in fact, that

22

Xy = 6i[n @)1 @) [Iz’ @ A @) fy () [y () —
—2i[n @ An ()] gy () gy ()

X = 6i[n @ n@)] [R@ AR @] foy(D oy @)+
2[R @ AR E)] gy gy (),

the first part of these quantities being neghglble and the

ie(co)nd being of the same order of magnitude as X( and

X{ , , respectively.
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Also in all those terms in U which contain derivatives
of the electron wave-function and, consequently, the deriva-
df, d
tives % and %, the radial functions corresponding lo
|k| = 2 cannot be neglected. These derivatives satisfy the
differential equations

Z-f: -—(ES—1+Z—F> (1—K)flf

% = (E +1+ )fK-(1+K)~.

(41)
It is easily seen that the order of magnitude of these
derivatives decreases with increasing ||, with the only
exception of the step from |k| =1 to |k| = 2, since the
coefficients (1 —x) and (1+x) just vanish for x = + 1 and
= —1, respectively.

All necessary quantities Xf:f),, being calculated, we insert
them into the formula for U and put the different radial
functions equal to their values at the boundary of the
nucleus. These constant values can be taken out of the
integrals (32). Under the integral sign, there will remain
two of the functions 4, B, ---, G, and some combinations
of the vectors Tz(a:) and 1—;(33').

In the course of the calculation, we have to introduce
no less than 28 different types of such integrals, each of
them being a functional depending on two of the functions
A, B, -+, G, but the summation makes most of them.
disappear from the formulae. The remaining integrals are
the following:

w, (W, V) = SS W (x") V*{(x) dx’ dx

w, (Y, Z) = S S }_;(x') Z* (x) dx’ dx (49)
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W (x") ;; (x) ?* (x) dx’ dx

>

S V@A [n (@) —n ()] 2% (2) de’ de
S [Y (x’ ) n(x) J [1—;(3:) E* (a:)} dx’ dx

Whele W and V denote the scalar functions A F G, Whlle
Y and Z stand for the vectorial functions B C D IL

In the final formula, terms appearing with the same
constants can be compared as regards the order of mag-

nitude. In order to eliminate those expressions which are
small, we nolice that

and that for the light nuclei considered here

rnucl

a0 — 2
Alme xZ"eo 10 (44)

while E_and p_are of the order of magnitude 1. Further-
more, the functions F and G are small of the order of

. v _ .
magnitude 2 107" (see p. 17) compared with 4, and so

> > >
are C and D compared with B, while, as already mentioned,

W (@) [11 (@) — 1 (2] T* (@) de’ die (42)

Jii . m . »
Kh"M‘NIO (45)
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w¢

E

apart from terms of the order ( >

Two of the matrix elements which appear in the dis-

tribution formula are known from earlier theories, viz.

@ (A4, 4) = ‘SA () do ‘2 ' (45)

and

(46)

mz(é,B) = ‘SE(m)de

"~ The quantity (45) is just the matrix element appearing
in the Fermi theory and its absolute value cannot exceed

the order of magnitude 1:
w; (4, 4) = [eo; (4, D) ]max o 1.

The quantity (46) which also appears in the vector
theory given by Yurawa is of the type introduced already
before by Gamow and TeLLER®! in order to account for

the. experimental -selection rules. Since

S B, (x) dx, S B, (x) dx, S B, (x) dx
differ from

SA (x) dx

only by the appearance of the spin components o, o, o,

respectively, whose squares are equal to 1, the quanmles

2, \SBy(oc)dx 2, ‘SBz(x)dx :

l S B, (x) dx
do not exceed the order of magnitude 1, i.e.

@ (B, B) < [0 (B, B) | max = 3.
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We shall confine ourselves to the consideration of the
so-called allowed transitions, which means that the quan-
tities (45) and (46) do not vanish but nearly attain their
maximal values. In some cases, which will be discussed

later, the same assumption has to be made as regards the
matrix elements

@y (C’ C): wZ(D’ D): wl(F9F)’ @y (G’ G)9 (47)

too.

The summation over all electron states being performed,
we get with the significations indicated above the following
expression for P(E ) dE,, where E;, W, p,, p, and r are
expressed in atomic units mc®, me and —I% respectively,

and the value

p, = VE —1
1s Inserted:
P(E)dE, = (48)
() ()
2 £2
X {{%5% n""?w, (G, G) (D
{gcf)z N2y (F, F)+ (1 —1"")* o, (B, B)] 41))
+“Z; | L e, (€. 0+ (1= o, (4, 4)] ()
+ ‘((’]% %g (% w5 (D, D) + (1 — )2 w0y (E, E)] (Iv)
fags I gs (mc 1 wlpm 1
+ (hc)lz (m) (1— )[036<E,;B)+oo6 (1:, rB)]Zoc )
fafi (me 1
OO o LB er) D
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{fl(}:fif)lzlen n"’ [e; (F, G) — o (F, G)]

$RI R () (1) 0y (B ) 0} 5, )]

13 po BELI (") (1 1) [0, (5, 8) + 03B, B)

i B8 (Mo, mp)

+ '1_ ps { %]%)Z_z (Eg) " tma (F B) * 003 (F B).] Ihuer

Al Sl

+fz(q§ 131292 (:“;)(1 —n) [e0, (B, E) + w3 (B, )]

B oo o) 28] 4

: +§ p {fIQZflgz

__:fz(gflwf)fzz% 7 (1

+ l ﬁ_fﬁi (g) T],” [003 (G, B) + C’Jg (G! B)-l rnucl}

—ﬂ") [o')li (B1 C) + 0.); (B’ C)] Kl'mlcl

2 (he)?

+ ‘Lgﬁg_)i im’ [eo, (©.)~ w3 (C, D)]
BB 0ol )i o
+1 Pgspf fz(ggcl;izgz (’E_Ig) (605 (B, D) — @} (B, D)] 1,
%Eﬁ B () e i)

EL%e (1= ) [0y (6, B) 4 3 (6, B)] gy
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(VID)
(VIID)
(IX)
(X)
(XD
(XII)
(XI1I)
(XIV)

(XV)

ol (D, —}Bﬂ ro Za (XVD)

(XVID)

 (XVIID)

(XIX)

(XX)

(XXD
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2 79 2
+§ Ps (f; Cf)lg (g) w; (B, B) (XXID)
2 £2 2
_|_% Po {;cf)l“’* <g> [w6<B,%B>+®E (B%B)] Za (XXIII)
2 £2,
' /1 wf X
— (G’ r B> Ihua ™ @9 <G’ T B> r"”d} i
2 £2
AP PR AT ) 1 (6,4 0306 )] £y (RXV)
fifi (me\? ‘

The distribution formula is supposed to hold for the
emission of electrons. To get the corresponding formula
for the emission of positrons, the quantities £  and E; in
the preceding calculations have to be replaced by —E,
and — E_, respectively. This means, according to (26),
that the final distribation formula follows from (48) in
changing W into — W and E_ into —E;.

4, Discussion of the disintegration formula.

The first six terms of the expression (48) are of the
Fermi type and it is seen that no set of the constants
1, 1, N can make them disappear. The terms (V)
and (VI) depend besides on the matrix elements of the
element in question also on its nuclear charge. This depend-
ence is a consequence of the fact that the Hamiltonian
also contains derivatives of the electron wave-function.

In the formula (48) appear a number of universal con-

stants as well as the constants 1, n', i, n'"". MeLLER®)
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has recently pointed out that the theory may be brought
into an especially symmetric form in which the universal
constants hitherto arbitrary are connected by certain rela-
tions. In this way, the number of constants will be de-
creased. In section 5, the distribution formula will be dis-
cussed under the assumption that the constants are fixed
in this definite way. In the present section, the discussion
is carried out for the case where no assumptions are made
as to the relative magnitude of the universal constants
involved. It will be seen, however, that we get the same
types of energy distribution formulae as in the case dis-
cussed in séction 5.

In order to compare the differeni terms in (48) we
noticé that the constants g; and g, are determined from
the binding energy of the deuteron and the range of nu-
clear forces to be

9t _ 1 9y _ 1

4mhe 35 . 4mhe 15° (49)

They are of the same order of magnitude and so is, ac-
cording lo (6), also the constant f,. We have, furthermore,
the relations (43) and (44) so that, for example,

A

nuel

Q)g(E,%B)ZCCNODS(E,B) oo wy (E, B)

for the light elements considered here. In comparing the
different terms with the terms (II), (III) and (IV) we have,
in general, to compare them with their second pirts, since
the quantities F, C, D are smaller than A and B, respect-
ively. But in the case when the corresponding constant n
is equal to 1, only the first parts of (II), (IIT), and (IV) are
different from 0, and it will thus be necessary to assume
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that, in’ these cases, one or more of the integrals (47)

obtain, for allowed transitions, their respective maximum
-values.

As nothing is known about the relative magnitude of

the constants f;, §;, f5, §, it is convenient to distinguish
two cases: |

a) f, does not exceed the order of magnitude of the con-
stants f, and §,,

B) f, is much greater than f, and g,.

An examination shows that, in the case («), the terms
(V), (X)— (XIID), (XV)—(XVIID) and (XIX)— (XXVI) are
small compared with the terms (I)—(IV) and (VI). The

terms (VI), (XIV) and (XVIII) are also small, except in
one case, viz. if

fin'” does not greatly exceed the order of f, (50)

and, at the same time,
n=n"=1
and , 3 (1)
n"=1 or f>>§.

Under the assumption () and excepting the above case,
we obtain the following disintegration formula:

P(E) = k-F(E) [1+%] (52)

where k is a constant, E is the energy of the electron, F(E)
is the FErmi funclion

F(E) = EVE*—1 (W—E)?

and A is a constant which is seen to be of absolute value
smaller than 1
A<t
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The formula (52) is just the same as that found by Figrz'®
in the most general FErmI theory.

In the case indicated by (50) and (51) and still under
the assumption (o), we get, because of the supplementary
terms (VI), (XIV), and (XVIII), the following formula:

1

y [ | A + l "2 l Ez“-l ,2/3} _
| P(I.j‘)~lc F(E){[IfaZ ]+1»E+3c(1: D+gd=p-Z". (33)

Here, a, b, ¢ and d are counslants depending on the
universal constants and certain matrix elements. The order
of magnitude of the constants a and d cannot exceed that
of ¢, which.again is <1. Furthermore, k

¢>0, and |b|<1.

If, on the contrary, f, is so great that the relation (B)
holds, two cases are to be distinguished. ’
If
‘ fin'” >> fo (54)

we are again led to formula (52). If (54) is not true, we
obtain a formula containing two further terms with the
constants -f and g:

P(E) = K-F(E) {[1 +aZ® 4 f 2]+
E2 -1 7'2/:} (50)

l LAY _]_' 2 l
+E[b+gz ]+3C(E D+gd=p

The p-spectrum described by this formula is of quite the
same type as that given by (53).

2

The terms proportional to % and &

sign - for positron emission but, since the corresponding

D. Xgl. Danske Vidensk. Selskab, Math.-fys. Medd. XVIIL, 7. 3

change their
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constant factors b and d can be of both signs, there is no

asymmetry between the emission of electrons and that of
positrons.

The B-ray spectrum for N (W = 3,4) as given by formula

(52) is shown in Fig. 1, where curve I represents the pure

P(E)

R

Fig. 1.

FerM1 distribution (A = 0), and the curves Il and III
correspond to the extreme wvalues A = —1 and A = +1,
respectively. The curves are normalized in such a way as

to have the same height at the maximum.

The supplementary terms appearing in the expressions
(53) and (55), i. e.

1

6 (E) — 1 . N1 E?
7) = g F(B)(E°—1) and H(E) = 5 F(E) - (56)

E
are plotted in Fig. 2 together with a pure FErMI distri-
bution, for reference.

Since it is impossible, at the present moment, to- cal-

" culate the matrix elements involved and, consequently, to
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estimate the values of the constants «, b, ---, g, nothing
definitive ¢éan be said about the shape of the distribution
curves in the different cases considered here. The formula

can lead to distribution curves with a maximum lying

P(E)

T :

Fig. 2.

either at higher. or at lower energies than that for a
FERMI curve.

Among the four light elements which lie at the upper
boundary of the SARGENT area, :

GHe, 17F, 150’ 13N, 11C (57)

and which, therefore, may be considered as those with
allowed transitions, N is the only element for which
the P-spectrum was measured with sufficient accuracy.
Ricarpson® and Lyman?® found a nuclear y-radiation of
about 280 kV energy; their measurements of the relative
intensity of this radiation differ, however, considerably
from each other. VALLEY'), on the other hand, could not
find any radiation of this energy at all. As long as no
3*




36 Nr. 7. STEFaN ROZENTAL!

more exact measurements are available the question of
the shape of the elementary components of which the B-
spectrum of ¥N is built up still remains open.

The decay constant of the radioactive elements is given

" by the expression

W .
A= S P(E) dE. (68)
1

Performing such an integration for the various terms
involved, we get, putting

K(E) = & F(E),

W
\ F (2 ag = 5 wiog (w ywe—1) +
1

+—61—0(2W4——9W2—8)VW2—1

w

S G(E) dE = —i Wlog (W4 Y We—1)+
1 .
+2T,)126(8 WP — 38 W+ 87 W2 48) Y Wo—1
w (59)

S H(E)dE = 512(6 W2 1) log (WY W2E—1)+
vy

+%(4 W3 452 W3 — 161 W) W2—1

W B
\ k@) az = — AW 1) log (W VW) +
*¥1

+21—4(2Wa+13W)1/WL1.

These expressions show that, for increasing - W, the
different integrals increase as the 5th, 7th, 6th, and 4th
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: power of ‘W, respectively. Thus, if the formula (51) is

valid, the decay constant is given mostly by the fifth power
of W. In case the formulae (53) or (55) are valid, the life-
time-energy connection depends essentially on the coeffi-
cients which may vary from element to element. These
two formulae would, thus, not be in coniradiction with -the
measurements on °Li which seem to indicate that, in this
case, the decay constant is proportional to W3 On the
other hand, the relatively short lifetime of such an element

. as SHe could possibly be explained by assuming that the

coefficients multiplied with the functions G and H are
greater for ®He than for other elements. _

For the comparison of the lifetimes of radioactive elements
with that of mesons it is important to notice the following

fact. The decay constant of a free meson at rest described

by the vector wave-function -is, according to Yurawa,
given by the expression*

2 - -
L Mye {zgi 19_2_}

Ames = Toh |3 He T3 hel” (60)

Besides the mesons given by the vector wave-function the

. present theory implies the existence of other mesons origin-

ating from the pseudoscalar wave-function. Since the pro-
bability for the disintegration of these mesons2® is propor-

2
tional, with nearly the same coefficient, to % fi+h :%?)
it is seen that, in the case (B), they will be much less
stable than those described by a vector. The lifetime found

2 72

: g
* In the present formulation, Z—_!I—_; and ﬁ are equivalent to g? and

{g"A)?, respectively, used in Yugawa’s paper, in analogy to the change
of units in electrodynamics from Heavisipe units to absolute units.
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from an analysis of the cosmic radiation refers to the “vector’-
mesons only, since the “pseudoscalar” ones disintegrate
~almost at once. For the lifetimes of radioactive elements,
however, both kinds of mesons are of importance.

Finally, it should be emphasized that the variation of
the atomic number for the elements (57) is so small that
the influence of the coefficients Z*% and Z*% in the formulae
(563) and (55) is far less important than that of the change
of the matrix elements which determine the magnitude of
the coefficients a, d, f and g.

5. Discussion of the disintegration formula with fixed
universal constants.

MoLLER® has shown that it is possible to unite both

‘kinds of meson fields, i. e. the vector and the pseudo-

scalar field into one consistent five-dimensional tensor
scheme. This description leads to an interdependence be-
tween the universal constants involved, namely

fl =

fh=—g.

Iil = g, (61
fa = —ge

Is is, furthermore, necessary that the new scheme is in-
variant with respect to rotations in the five-dimensional
Space. The quantities (10) are invariant to LorENTZ trans-
formations only, i. e. to a certain subgroup of the group of
rotations just mentioned. In the general case, the quantities
(10) will be transformed into each other and the require-
ment of invariance leads to the relations
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e } 62)
n=n""

We introduce the values (61) and (62) into the dis-

tribution formula (48) and get, thus, an expression con-

talnmg the consiants fi, fs, fis fos M and n’, only.

The discussion performed in the preceding section holds
also for this special case. It will, however, be convenient

to repeat the discussion in order to get more detailed

informations about the coefficients appearing in the distribut-
ijon formula and lo show that we really obtain all the
expressions for the decay probability as in the most general
case. We have to distinguish three cases. as regards the
relative magnitude of the constanis f, and fo, the c»on-v

slants f; and fz' being determined by (49):

(O() f}<<ff
® hh
6%, E fi>> fa-

In case (&) we get a simple FErRMI distribution
P(E) = ko-F(E). ‘ (63)
In case (B) we have to retain in (48) the terms (I),
Imn, (a1, (Ivy, (VII), (VIII) and (IX). We get, thus,

P(E) = k- F(E) {a1+ b—é} : (64)

In the special case, only, where
n=n =1

we have also to take the terms (VD), (XIV) and (XVIII)

into c0n51derat10n and we obtain the formula




ag =

Ay =

b, =

2 = — fifefs foile; (F, 6) — 61 (F, 6) + 0y (€, D)~} (C, D))

- AR een
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b LR
P(E) = ky-F(E) {a2+§+%c2 (E2—1)+%d2E~EJ} (65)

where
212 [0, (G, 6) + oy (C, ©)]
+ [272 [, (F, F)+ 0y (D, D)

+ £ (ﬁ) @ (B L1 B) (Zoy

-, =
ror

27 <§3§> [@G (B, %B) + w? <B, %Bﬂ Za.

. b
It is seen that | —2 | cannot exceed 1, that ¢, and d, are

as,
of the same order of magnitude and that ¢, > 0.

In case (y), finally, we get again the same expression
(64) except if

In this case, we obtain the formula (65) with the same
values for ¢, and d, and with

1372 [0 (6, 6) + @, (G, O]
+ [373[n? (0, (P, F) + 00, (D, D)) +(1—)* (e, (B, B) w0, (E, E}]
, 11 i
R e B 1B ze®
— fifafufain o (F, 6) —wf (F, )+ @, (C, D) — &} (C, D))
— F3f3 (0 —m)? e, (B, E) + w3} (B, B)]. '

The influence of the asymmetrical term containing%

was shown in fig. 1. The other terms with (E*—1) and
Ef—1 e .
B do not change the distribution curve essentially.

(66)

(6
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Fig. 3 demonstrates the influence of these additional terms.

Besides a pure Ferwmi distribution (F) with
by = ¢y = dy = 0

the expression (65) is plotted for the following sets of
constants: '

P(E)

T

Fig. 3.
1 ¢ 1d,
— — 2 = (. — — = I
by = 0 3a2'01 3 a, 0 (1)
Ty _ 1dy _
by =0 3 ag—O.l SaZ—O.l ‘ (1),
1e¢ 1 d,
- —* . — 2 __ 9. I
{)2 0 3 a 0.1 3 a 0.1 (11D

which seem to be reasonable values for these constants if

- we assume that all the terms in a, are of the same order
 of magnitude as are the expressions ¢, and d,.

It is thus seen that the types of the distribution formula

-in’ the case considered in this section, where the constants

are fixed in accordance to MgLLER’s considerations, are
just the same as in the case where the constants are
assumed to be independent of each other.
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However, attention should be drawn to the fact that,
if we assume the relalions (61) to be valid, the lifetime

of the mesons described by the vector wave-function is

essentially the same as that of mesons given by the pseudo-

scalar wave-function so that an introduction of the pseudo-

scalar meson field would not remove the difficulty pointed.

out by NorpHEIM (see p. 6).

Summary.

A theory of P-disintegration, on the lines proposed by
Yurawa, is developed in which the meson field is described
by a four-vector and a pseudoscalar wave-function. In
section 3, the general formula for the probability of p-decay
of light elements is derived. In the following sections, it is
shown that—in spite of the necessity of introducing several
new universal constants—the general formula can, for al-
lowed transitions, be reduced to one of two simple types,
only. This result follows regardless of whether the new
universal constants are considered to be independent of
each other (section 4) or they are fixed in a way proposed
by MeLLER (section 5).

A comparison of the theoretical distribution with the
results of the experiments is difficult at the present time
because the measurements on the P-spectra for allowed
‘transitions and light elements are, except for N, not
sufficiently accurate for this purpose. Furthermore, the
shape of the P-curve will be essentially changed if the
nucleus formed after the B-process can be left in an excited
state. Only in cases where the emitted y-radiation is in-
vestigated, it becomes possible to build up the spectrum
from its elementary components. The only element the
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B-spectrum of which is measured with sufficient accuracy
is N, the results of the measurements on the y-radiation
emitted are, however, very divergent.

As regards the lifetime-energy connection, neither of the
two types of disintegration probability is in disagreement
with the experiments.

The author wishes to express his gratitude to Professor
NierLs Bour for the kind interest taken in this work and
for the hospitality extended to him at the Institute of Theo-
retical Physics at Copenhagen. Cordial thanks are, further-
more, due Dr. C. MgrLLEr and Professor L. ROSENFELD,
who have suggested the present problem, for numerous
stihmlating discussions, The author is very much indebted
to the Rask-@rsted Foundation for a grant which enabled

him to carry out this investigation.
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