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INTRODUCTION

n order to obtain a consistent theory of nuclear forces
I by means of intermediary meson fields according to the
idea of Yurawal), it has been necessary to introduce a
considerable number of independent field variables for the
description of the meson field?). As was shown in a recent
paper in these Proceedings by L. RoseNFELD and the present
author #, the meson ficld variables are to be taken as a
combination of the field quantities of the ‘‘vector” theory
with those of the ‘‘pseudoscalar” theory. These two types
of field variables are so far completely independent and
satisfy equations which are separately covariant under
arbitrary changes of the frame of reference. Each of the
two types of field equations contains a set of two universal
constants, gy, g3, and f, f5, which determine the strength
of the couplings between the nucleons** and the “‘vector’
and “‘pseudoscalar’” meson fields respectively. In order to
avoid the occurrence of strongly singular terms already in
the static interaction energy, the absolute value of g, must

* C. MgrLrLer and L. RosenxreLp, D. Kgl. Danske Vidensk. Selskab,
Math.-fys. Medd. XVII, 8 (1940), later referred to as M, R.

** In a recent note on the theory of nuclear forces?), the word nu-
clon originally proposed by BELINFANTE, has been used as a common
notation for the heavy nuclear constituents, neutrons and protons. In
the meantime, howewer, it has been pointed out to me that, since the
root of the word nucleus is *“nucle”, the notation “nucleon” would from
a philological point of view be more appropriate for this purpose.

l*
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be chosen equal to the absolute value of f; but, otherwise,
the constants are completely independent. Although the
theory has all the defects inherent in any quantum field
theory, it was shown that all processes in which distances
larger than a given critical ‘“‘universal” distance are of
importance only, can be tréated unambiguously by a “cor-
respondence’” method.

Quite apart from the fundamental difficulties of quantum
field theory, which probably can only be removed by an
appropriate incorporation of the “universal’”’ length into the
theory?®), the occurrence of two independent types of fields
and four universal constants in the theory is an unsatis-
factory feature which arouses the suspicion that the form-
alism developed in M.R. is only part of a more compre-
hensive formalism in which the vector and pseudoscalar
meson fields are more intimately connected and, conse-
quently, the number of independent constants is reduced.

In the first section of the present paper, it is shown that
the vector and pseudoscalar field equations may be com-
prised in a five-dimensional representation which is in-
variant under all rotations in a five-dimensional space, if
the constants f; and f, are fixed by the equations

f1=91 f[a=—g

These equations are in accordance with the condition
fs° = g;* mentioned above. Since the LorENTz transform-
“ations form a subgroup of the group of rotations in five-
dimensional space, the invariance properties of the field
equations are in this way extended to a wider group of

T3

transformations in which the field variables of the ‘“‘vector”

and “‘pseudoscalar’” theories are transformed into each
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other. In the new formulation of the meson theory, we are,
thus, left with only two independent constants which may
be fixed empirically, for instance by a comparison of the
theoretically and experimentally determined energy levels
of the deuteron.

In section 2 of the present paper, the physical inter-
pretation of the formalism developed in section 1 is dis-
cussed. Since the group of five-dimensional rotations is equi-
valent to the group of space-time rotations and translations
in de-SITTER space, it is possible to interpret the equations
of section 1 as the field equations of the meson theory in de-
SitTER space. In the approximation where the curvature of
this space is neglected, all consequences of the theory are the -
same as in the old formulation, apart from the difference
arising from the fixation of the constants f, and f; which,
of course, makes the predictions of the new theory more
precise. ‘

In the last two sections, the equations of motion are writ-
ten in Hamiltonian form, the expression for the static inter-
action potential is derived, and the bearing of the theory
on the problem of the electric quadrupole moment of the
deuteron is briefly discussed. It is shown that the value
of this quantity, on the present theory, is of the same
order of magnitude as the value derived from the measure-
ments of Rasr and his collaborators*). An exact determin-
ation of the value and sign of the quadrupole moment
will, however, require a closer examination*.

* The definite statement on the sign made in a recent note®) was
premature.
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1. Mathematical formalism of the meson theory.

Before proceeding to the main subject of this section, we
shall give a brief account of the formalisms of the vector
and pseudoscalar theories. In either case, the assumption
of both charged and neutral mesons necessitates the intro-
duction of three independent sets of real wave functions
F,, F,, and Fg, where the index 3 refers to the neutral
field, while the two other Isets of quantities, F, and F,,
together describe the charged mesons. The differential equa-
tions of these fields may be compacﬂy_written(as symbolical
vector equations if, following the procedure in M.R., cor-
responding components of the three sets of field variables
are grouped into symbolical vectors denoted by

F = (F,, F,, Fy).

If, similarly; the corresponding source densities Sgs Sy,
Sg, giving rise to the real fields in question are considered
as the components of a symbolical vector

S = (S,, 5. Sy)

the field equations of the three kinds of fields simply appear
as different components of symbolical vector equations. We
shall now write down the field equations of the vector and
pseudoscalar theory in a form which shows their covariance
against LorRENTZ transformations.

Let x4 = ict be the usual imaginary time variable, while
Iy, 3, 3 are the ordinary Cartesian space coordinates. In
the vector meson theory, the field is now described by a
four-vector U, and an antisymmetrical tensor &, = — G,.
Similarly, the source densities giving rise to these fields are

described by a four-vector M, and an antisymmetrical
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tensor S,d:—Slk, both of which are functions of the
variables of the nucleons alone. The' field equations may
then be written
o, dU,
W= 50 " ax T Sk
dx, Ox,
(1)
56,

o B
b T U= My (kD= (1,2,3,9)

=1

where K is the constant determining the range of the nuclear
forces. In the pseudoscalar meson theory, the field and the
sources are described by pseudbscalars Y and R and
pseudovectors I', and I”, the source densities I and r,
being again functions of the variables of the nucleons, and
the corresponding field equations are

o oy
V= =g, T Fi

4 : (1)
AN 2 =
e 3:Ek+K Yy =R.

In order to express the source quantities as functions of
the dynamical variables of the nucleons, it is convenient

to introduce five quantities y, (v = 0, 1, 2, 3, 4,) defined by

Y= —iPoy = p,0, (k=1,23)
Y, =PBP=p (2

where B and (o, p. o) (kK =1,2,3) are the ordinary
Dirac matrices.

The variables vy, obviously satisfy the commutation rules

Yqu‘{'YvYQ:zsuv (W,v=10,1,2,3,4). . (3)
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Let @ be the wave function of the heavy particles, and
Y= ivp €]

where y* is the conjugate complex of .

'If, furthermore, T = (Ty» T,, Tg) is the “‘isotopic spin-
vector’” chosen in such a way that the eigenvalues +1 and
— 1 of 15 refer to the neutron and proton states, respectively,
the source densities occurring in (1) and (1’) are simply

given by*

Mk=g1\PTTYk\P (k: 1,2’3a4) } (5)

R=f(YryY ‘
g

S, = éAK‘FTT[yk,yl]‘I’
p (6

t
Pk = 271\{} T[YO’YIJ\P

&.D=1(,2,8,4)

where [y, vy] = Y, Yy — Yy Yy is the commutator of y, and v,,.

The quantities (5) and (6) are real, apart from the four-
components which are purely imaginary, and this condition
is not altered by LoRrReNnTz transformations.

As emphasized by KLEIn®), the quantities occurring in
(5) and (6) are covariant for a wider group of trans-
formations than LorenNTz transformations. If we formally
introduce a new real variable x,, the five quantities (x,)
u=20,1,2,3,4 may be interpreted as coordinates of a
peint in a Euclidian space {R5} of five dimensions. Con-
sidering now an orthogonal transformation

* While the constants 9y fl, and f, are the same as those used in
M.R., the constant g _differs from the corresponding quantity in M. R.
by a factor of — 1, i.e.f = fiof,="f,9, =g,butg = —g.
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=0

A5=|(1W|=+1

r 4 4 4
Ty = D gy, D Ay @y = > Qo gy = 8y
P=0 p=0

in {Rs}’ the quantities

t, =¥y, Y
my, = — My, = ! [Yuvy\;} ¥ €))
(w,v) =(0,1,2,3,4)

will transform like the components of a five-vector and of
an antisymmetrical tensor in {Rs}'

For instance, the transformed variables t;, will be connected
with the old variables by the equation

4
fy= > ay by

V=0

and the transformed wave function ¥’ will be connected with ¥

by the relation
Y = SY

S being a unitary operator which, for an infinitesimal trans-
formation

4
Ty = X+ ZEI-W Ty, Egy = —Eyy 9
=10
is given by
1 & ,
S = 1+§Z g [y Yl 9)
hy=0

On account of (2) and (3) we have, therefore, §* = BS—lﬁ,where
S* is the Hermitian conjugate of S, and thus for the transformed

variable YT we get
vt - yts—L

This important relation only holds for such transformations
which preserve the reality of the variables_ xp, 1, 23, x3, and the
imaginary character of x4. The determinant of any transformation
defined by (9) and (9) is positive.
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It is tempting now to comprise the five quantities (5) in
one quantity (M) with five components defined by

=B w=0 (10)
| M w=k=1,2,3,4.

According to (8), (M) will be a five-vector if f/ = g_.
Similarly, the quantity defined by

P, p=0,v=Lk=1,2,3,4
S =8 = _ 107
b ) s P k}=(1,2,3,4) (
v =1
will be a tensor in {Rs} if f,=g,-
Putting now
_ (¥ w=0
U“_{Uk W=k=1,2,3,4 }(11)
and
I, u=0,v=1Fk=1,2,3,4
G = — Gy = letff}=1,2,3,4 )

the equations (1) and (1) may be compactly written

o 00 00,

B 8x“~6xv+ w (12
‘?—Gﬂ+K2U =M

ox, M B

(M, v) = (0,1,2,3,4)

if we assume that the field variables in (1) and (1") do not
depend. on the coordinate x,. Here we have made the con-
vention that Greek indices which appear twice, like v in
the last equation (12), have to be summed over all values
from 0 to 4.

The field equations are, thus, brought into a form in
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which their invariance against all rotations in {R5} is ap-
parent, provided the field variables and source densities in
(12) transform like tensors. As mentioned above, the source
quantities will be tensors if (and only if)

f,=9, f,=9, ' (13)

and the field variables &, and U, may by definition be
taken to be tensors.

To obtain a real covariance of (12) of the kind men-
tioned above we must, of course, admit that the field
variables and source densities in general may be functions
of all “coordinates” (xu) including x,. We are, thus, led to
the view that the meson theory developed in M.R. represents
only a special case of a more general theory in which the
field variables are characterized by five parameters (xy)
uw=0,1, 2,3, 4, instead of the ordinary four space and
time coordinates. A physical interpretation of this formal-
ism and especially of the variables x, will be given in
the next section, and we shall here let the question open
‘whether the values of (x,) are confined to a finite domain
W in {R5} or cover the whole five-dimensional space. We
only remark that the region (), if finite, must have a
form which is invariant under all rotations in {R5}, i. e.
the boundary of (0 must consist of concentric ‘‘spheres’.

The general field equations are, then, given by (12) with

M, =g Yyt
(14)
Suv = g—i‘lﬁr[yu,yv]‘l’.

To be consistent, we have now also to generalize the
equations of motion of the nucleons to make them in-
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variant against all rotations in {Rs}. This is easily done,
and we get for the wave equation of these particles

0, Moe_ig, gy )
{Y‘*&xu—i_ ¥il ke U“TYU+4KHCGHVT[YU5YV] Y—0(15)

and the adjoint equation
¥y, 2 Moc | iy, vy, — % & iyl =0 (15)
Wow, B he M TR 4xhe W W

the differentiation in the last equation operating backwards
on the function liT. Here, M, is an abbreviation for

1+71g
M, = 3

0

1—
My+ 52 My

where M;z, and Mlo, are the ordinary rest masses of neutron
and proton. The equations (15) and (15") are obviously
covariant under all rotations in {Ra} and, if g does not
depend upon x,, they become identical with the wave
equations of the heavy particles following from the vector
and pseudoscalar meson theory.

Multiplying (15) by ' on the left, and (15°) by y on
the right, and adding we get

ad
Truwyu‘*’ =0. (16)

Multiplying (15) by %‘{"T T3 on the left and (15") by %Tg‘[’
on the right and adding gives *

0 1yt _ 1y V1
_a—x—ui“y TaYu\{} ﬁg—c[( UHA‘”U)3_2<GWASW>3] (17)

* The symbol A indicates a symbolical vector produet, i. e. (A AR),
= Ay B,— A4, B,
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In this derivation we have used the relations

[Tg, 7] = 2iT, and [T,,T,] = —2i7T
3T 2 3 T2 1

characteristic for any spin vector. Using the field equations
(12), we get further

61
d x, hic

3

(GwaT,) = hic{(UHAMLJ —%(Gw;\swu. (18)

From (16), (17) and (18) it follows at once that the five-
vector

1 —Tg L, . ]
=ty Y= (G A L), (19)
satisfies the divergence relation
ds
H _ [
oz, 0 (20)

The vector ' YuW¥ in (16) and the vector s, may be inter-
preted as the particle-current and charge-current density
vectors in {R5}.

The equations of motion (12), (15) and (15’) may be
derived from the variational principle

8L=0 (21)
with the total Lagrangeian

- 1 S
L - S{—EG‘W GUV_E Dl—l bu+ UIJMU-

5 (22)
_ e 1[ 9 | My

z Yu (—9—@ % ]‘{‘} dx, dxy dx, dxg dx .
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Here, () denotes the region in {R5} covered by the possible
(x,)-values, &, is defined by the first equations (12), and
v, qJT and U are supposed to be varied independently in
such a way that the variation of these quantities is zero
everywhere on the boundary of the region . The cor-
responding EULER equations are then identical with the
equations of motion (12), (15) and (15"), if the wave func-
tions y and \pT provisorily are treated as c-numbers.

2. Physical interpretation of the formalism,

We shall begin this section with a brief survey of the
properties of the de-SrtTER world which, as we shall see, is
of importance for the discussion of the physical inter-
pretation of the formalism developed in section 1. As
emphasized by Dirac®), the de-SiTTER space (with no local
gravitational fields) represents the only solution of the
equations of general relativity which has a non-trivial
group of operations carrying the space over into itself. The
group of operations in question is just the group of orthogon-
al transformations in a five-dimensional space considered
in section 1. This follows at once from the remark made by
RoBeErTsON") that the de-SITTER space can be interpreted
as the surface of a four-dimensional “‘sphere’” (of hyperbolic
character in one direction) embedded in a five-dimensional
space {RS}. It may, thus, be described by five coordinates

x, T, T

o s Tyh T, connected by the relation

9° 3
2
xyx, = R (23)
where four of the coordinates are real and one, x, say, is

purely imaginary. The radius of the sphere R is connected
with EINSTEIN's cosmological constant A by the equation
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R:l/x and is of the order of magnitude of 10%cm.

Any rotation in {Rs} represented by

’ — — —
Xy = Ay Ty A Gyy = gy Aoy = B, (24)

A5=|auv|:+1

obviously leaves (23) invariant, 4

Further, it may be shown* that the group of rotations
(24) induces a group of transformations in the de-SiTTER
world which is closely analogous to the group of LORENTZ
transformations (including spatial reflections) and trans-
lations in the Mmnkowskr world of special relativity. An
arbitrary point P on the sphere (23) corresponds to a
certain “event” in the de-SirTErR world. In a small four-
dimensional region on the sphere around the point P, we
may introduce the ordinary space and time coordinates
x, y, z, t of special relativity. To see the connection between
these variables and the coordinates in {Rs}, we introduce
that system of coordinates (x,) in which the point P has
the coordinates (R, 0, 0, 0, 0). For the small region in
question, we have then simply

() = (R,x,y, z,ict) (25)

x
neglecting terms of higher order in ~—I—§ (k=1,2,3,4), and

infinitesimal rotations (24) in {Ra} will correspond to ordinary
LoreNnTZ rotations and translations in space and time
inside the small region.

A vector in the de-Srrrer space will be a (uantity
having five components A, which by rotations transform
like the coordinates, i. e.

A, = ay, A,.

* See the appendix and RoBertson, loc. cit.”).
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1If (A,) represents a vector which has a correspondence
in classical physics like the electromagnetic potentials or
the ordinary electric charge-current density, its direction will
lie in the de-SiTTER space and, thus, we have

x, Ay = 0. (26)

In the system of coordinates (25) for a small region at
the point P, this condition reduces to 4, = 0, and the
four components 4,, A,, A;, A, may be identified with the
ordinary space-time componenis of the vector in special
relativity. ,

Any physical law in the de-SITTER space must be invariant
against all rotations (24) and so be expressible as tensor or
spinor equations in {Rs}. Since all equations in section 1
are of that type, they may naturally be regarded as the
equations of meson theory in the de-SiTTER space*. But here
we meet with the difficulty that the differentiation processes
in (12), (15) and (15”) are going outside the de-S1TTER sphere
and a priori the field functions are only defined on this

. sphere which represents the physical space. In his paper

uoted above®), Dirac avoided the corresponding difficult
qd P y
in the formulation of the electromagnetic theory in de-SiTTER
space by assuming all field functions to be homogeneous
functions of x;, of some definite degree. In our case, it seems
more natural to use the following procedure. We extend the
definition of physical space to a five-dimensional region ®
between two ‘‘spheres’ represented by the equations

* This is one possible interpretation of the formalism in section 1.
An alternative interpretation may perhaps be provided by the ,,projec-
tive” point of view according to which the variables (:qu) are regarded
as homogeneous coordinates of a four-dimensional projective space. (See,
for instance, W. Pauri, Ann. d. Phys. 18, 306, 1933). Such interpret-

ation would also establish a connection with KiLEins unified theory
of gravitation and electricity. (O. Kuein, Zs. f. Phys. 46, 188 (1927).)
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2

d
PP = xyx, = (R——§>

it (27)
P=axyay, = <R+ §>

©
I

where d is a small but finite length, and the homogeneity
condition for the field quantities is replaced by certain
conditions at the boundary of this space. This procedure is
natural for two reasons: 1° the field vector U, describing
the meson field does not satisfy a condition of the type (26)
but has a finite component in a direction perpendicular to
the de-SiTTER space, i. e. the direction of increasing p;
2° although the variable p itself has no classical analogue,
the canonically conjugate momentum to p is, as we shall
see, intimately connected with a familiar classical quantity,
~ viz. the rest mass of the particles associated with the
field considered. For decreasing d the space defined by (27)
goes over into the ordinary de-SiTTER space, but also for
finite d the theory has a simple physical interpretation.
The boundary conditions for the field quantities are
obtained by expressing that the total electric charge in the
world has to be constant. If P, and P, are two points on
the same arbitrary five-dimensional radius vector and with

p= R—g and p = RJrg, respectively, we must have

where s, is given by (19). Any field quantity like y, y',
U, or & ,, therefore, must satisfy boundary conditions of
the form

D. Kgl. Danske Vidensk. Selskab, Math.-fys. Medd. XVIIL, 6. 2
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Y d\2
YP) (R - §> =Y(P) <R + é) (28)
which are invariant against all rotations in {Rs}

Only such solutions of (12), (15) and (15") which satisfy
the Aboundary conditions (28) can have any physical
meaning. Solutions which do not satisfy (28) would represent
a state in which the tolal charge is not conserved.

Let us now consider a certain region around the point
(R,0,0,0, 0) with an extension [ small compared with R,
Since R oo 10% ¢m this region may be very large (practically
infinite) compared with the dimensions in atomie physics.
In the following, we shall often neglect all terms of the

!, . . . .
order R since they will be of no importance. This procedure

is effectively the same as going to the limit R — oo, In this
limit, the physical space () defined by (27) becomes an
infinite plane parallel region of thickness d. Introducing a
new coordinate Esz—R instead of x . this region is
defined by

~g§§§g, —occ<a,<oc, (k=1,2,3,4) (25)
where the four variables a;, are the usual space and time
variables of special relativity. A rotation in {Ra} with con-
stant x  then corresponds to an ordinary LoRENTZ trans-
formation while an infinitesimal rotation in the (x,x;)-plane
corresponds to a parallel displacement along the x;-axis.
In this approximation, the boundary conditions (28) simply
become

| ‘P(—g,xk> - w(‘é,:@ (28")

where x, stands for the variables X, T ,XT,,T,.
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Integration of (20) over all values of § shows, by use of
(28"), that the four-dimensional divergence of the four-vector

d
E .
=\ e o v Ligoaw) lae o)
Jrk = d Y 9 Y hc< kv V>3
d
T2
(k=1,2,3,4)
vanishes, 1. e.
4
Jx
5 — = 0. (29"
=7 O,

(29), which is the ‘mean value of s, over all values of 3
multiplied by e, may thus be interpreted as the charge-
current density vector in ordinary space-time. If the wave
functions do not depend on §, (29) becomes identical with
the charge-current density vector of the theory developed
in M.R.

Consider a small three-dimensional volume in space-time de-
fined by three infinitesimal four-vectors ay, by, ¢,. The charge
intersecting this volume will then be

aybrecjy g aybicrs
dg bacaja| _ € ag by ey 89 dE (30)
az bz ez j3 d agbgegsy
agbyeyjy _g. agbyeysy

which is invariant against all LorenTz rotations and translations.
This quantity can easily be expressed in a way which shows its
invariance against all rotations in {Rj} in the case of finite R.
The three vectors a, b and ¢ lying on the de-SittEr sphere now
have five components ay, by, ¢, salisfying the equations

ayxy = buxu =cyxy=0.

To these vectors corresponds a certain four-dimensional volume
containing points with a radius vector between p and p+ dp.
This volume may be represented by a five-vector dv, with com-

ponents of the type®)
2*
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‘ﬁ ay bl Cy

P

X

2 ay by o o3
P

dvy = ﬁdp
=2 ag by ey

ag by ¢y

and the total charge intersecting the volume (a, b, ¢) will thus be

r+2

X3 ag by ¢y 83
R«% g dy bycys,

r+ 4 3| o ag by € So
e'z ¢ xyagbpeg sy p? dp ,
Essudv“ =3 Ty g by oS | Ry (30"
d
2.

i

(30") is obviously invariant against all rotations in {Rﬁ} and be-
comes identical with (30) in the limit of very large R.

Let us now consider the wave equation (15) of the heavy
particles neglecting the interaction with the meson fields.

Putting
0
@x

py= M=0,1,23,4)

~ |
D

u

this equation may be written*

M,c
{yupu+ {

} Y = 0. (31)
The five-vector p, will now, in general, not satisfy equations
of the type (26). Besides the four components in the direction
of the de-SITTER space, which may be interpreted as com-
ponents of the ordinary energy-momentum vector, (p,) will
ordinarily have a component in the direction of the “‘radius
vector’” p. To see the physical meaning of this component,

#* In his paper cited above, Dirsac has set up a wave equation for
electrons in de-SrtTeErR space which in form differs considerably from

equation (31). In the limit of large R and small d the consequences of
the two equations are, however, practically identical.
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we may for a region small compared with R introduce the
coordinates § and x;, defined by (25"). p, (k = 1,2,3,4)

will then be the ordinary energy-momentum vector and

h o
P, = %5—5 represents the component in the direction p.

Multiplication of (31) by the operator

Mc

Yublu— 17

gives, on account of (3),
[ o a o)
IZ Prtp,+ MY =0
= )
which shows that a plane wave of the form

-(-Et+??+pog)
Y = aeh (32)

represents a state in which the particle has the momentum
o .
p. the energy E, and a rest mass

M=M, Vﬁm (33)

Since y in (32) has to satisfy the boundary conditions (28"),
the variable p, can have only discrete values given by

h
P, =1 (34)

n being an integer.

The possible values of the rest mass are, thus,

h \?
— M 2 s ’
M = Mo /1+n < Dcd>' (33)
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In the limit of very small d, the distance between the
possible M-values will be so large that practically the lowest
value M is attainable, only.

Similarly, if we consider the field equations of free
mesons, we get from (12) by cancelling the source quantities

I, 19Uu
W 0wu_axv
06
[ 2 _
3 +xU, =0

v

and from these equations

o, . o' U, ' — o
dx, an ﬁavﬁxv*K K
or
& 18
At 5 < U, =
08 ¢ ot

The solutions of this equation, satisfying the boundary
conditions (28"), are of the form

+—>+ g \
_ E, PxTTP,S
Uu—aucos<ht 7 +8)

>
where E, p and p, are constants connected by the equation

o

E
?=|p|2+p02+1<2h2 (35)
and p - again is given by (34).

The equation (35) represents the cnergy-momentum
relation for a particle with rest mass
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__kh Py
M, == 1+(m<)‘

Thus, the mesons may exist with different rest masses
given by

2
M, =M. V 1+ n? (Ffi~d> (36)
C

m

. . xh
where the minimum value M:; - is the mass of the

meson in Yukawa’'s theory. While the variable § itself has
no classical analogue it is seen that the corresponding
“momentum” p is closely connected with the rest mass.
It would, therefore, seem more natural to introduce the
variable p  instead of € or x into the field equations. For
instance, if we expand the wave function y of the heavy

particles into a FOURIER series
Lp.g
Y (@€ = 5 ¥y, (x0) o (37)
pﬂ

where the summation is extended over all values (34) of
p,» the boundary conditions (28") will be satisfied for arbi-
trary functions y, (z,) of the four variables x , x,, x , x,.
Neglecting again the interaction with the meson fields, the

differential equation for y,(x,) has the form

4
S "h 0 Myc -
= YYIC—O_;]C—‘_ YOPO —i—}\l}po (xk) = 0 . (38)

k=1

which, by a simple canonical transformation, may be
brought into the form of an ordinary Dirac equation with
a rest mass given by (33). If the meson field quantifies are



24 Nr. 6. C. MBLLER:

also written as FOURIER series of the type (37) with Fourier
coefficients &}, and U°, we get for the charge- and current-
density (29)

= el T en At 69

showing that the total charge- and current density is the
sum of the corresponding quantities for particles with
different values of the rest mass. Each of the terms in this
sum has the same form as the charge- and current densities
of the theory in M.R. The “Foumier coefficients” v, , U}’
etc. may, thus, be interpreted as wave functions of the
particles with rest masses (33) and (36). Since, however,
the use of the variable p, instead of € or x, spoils some
of the symmetry in the field equations we shall, in the
following, use the original form of these equations given in
section 1.

3. Hamiltonjan form and quantization of the
equations of motion,

Following the general method developed by BELINFANTE
and RosenrFeLD®), it is easy to construct the ‘“‘energy-
momentum” tensor and the Hamiltonian corresponding to
the Lagrangeian (22) of a system of heavy particles and
meson fields.

Putting now

iGr4 _— E., I-Sr4 = Tr (I' = 09 1:25 3) } (40)
U,—iV.M,—iN

the equations (12) may be written®

L)
*) The notation A represents the time derivative of A divided by
the velocity of light.
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i-—F Ve,
. 06, (41
r =« +—-—-—M
r r axs r
8Fs
KV = — + N
da,
U, 8T (42)
Grs = 5 . n F+Sr5
ox, ox,
where indices like r, s ... are running from 0 to 3.

We shall, in the following, use a representation of the
nuclear particles in configuration space, the i'th particle
being then described by the variables

) @ @O >H >0 0D
q = (T ’ s§ )~

3 3

Since the variable x = R4 ¢ will not occur any more
we shall for the sake of greater symmetry in the formulae
often write x, instead of §. In the approximation, where R

is treated as very large compared with the dimensions of

atomic physics, the variables xg) = E(i) are confined to the
intervals
_d_ o d
7 =% =3

. I ( @ @ (i) .
while the quantities z ,x ,x | = x may have practic-

ally all values from —oo to + co.
If we simply extend the ordinary quantization rules to
this configuration space, we get

@ oy _ B
{pr’xs :[ _78 8rs

(43)
(I', 3) = (O: ls 2, 3)
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where pg) (r =1, 2, 3) are the components of the ordinary
momentum operator of the i'th particle and pg) is the
operator connected with the rest mass of the particle.
Similarly, the meson field variables ¥, and U, (r =0, 1, 2, 3)
are canbnica]ly conjugate variables satisfying the commu-
tation rules

[Fpp, (2, D, U, (&, D] = ificdd

mn 81‘8

8 (v )8 le—a)  (44)

all other pairs of variables commuting.
Using (43) and (44), the field equations (41) as well as
the equations of motion of the heavy particles may be

derived from the usual relation

. i
A—E[@%,A}

with the Hamiltonian

_ 1 [ 2 2ge 12 2 52 R N
= 2dSlFr+K | 4 —|—2Grs+1< Ur}dw SdSSL}de

—;S{U,ZVI,JrFr T)dw (45)

& 3 feel0 4 40 HO)

d

. 2
where Q di = de \ dv
) a)

and the indices r and s are running from 0 to 3. In (45),
¥V and & are to be regarded as functions of the dynamical
variables defined by the equations (42) and the four
variables o, = ify, are given by
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' p,o, r=123.

Due to the boundary conditions (28"), which hold for
all field variables, partial integrations may be performed
freely in any integral expression without taking care of the
contributions from the boundary.

The second integral in the Hamiltonian is an invariant
which could have been omitted without disturbing the
invariance of the scheme. Also from the point of view of
the derivation of the meson field equations (41) this term
remains arbitrary. As will be seen later, the inclusion of
this term is, however, necessary in order to avoid the appear-
ance of singular terms in the static interaction of the type
of a &-function.

In terms of the variables in configuration space the
source densities (14) are

M, = g, 4 510805 le— o)

S = 52d Zﬁ gy wWsle -2 (n

with 5 e—a") = 5 (e 8 (a—3")

Eight of these fifteen quantities contain a factor of the
same order of magnitude as the ratio between the velocities
of the nuclear particles and the velocity of light while the
seven other quantities remain finite in the “non-relativistic™

approximation. The last mentioned quantities are
T .
N Lot =g D 0l
7
pe @ @)
8 = (83,8, S) = Qg _5_ Ps O S(r—x( )) (48)

2 (O (i)
_(S01’S00y 03) qzd T O 8 x—x )
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The expression for the Hamiltonian (45) shows that the
energy of free mesons is always positive. The new formalism
thus constitutes a consistent scheme satisfying all theoretical

requirements.

4. Derivation of the static interaction potential. Electric
quadripole moment of the deuteron.

By the method developed in M.R. it is easy to derive the
expressions for the “‘static’” interaction between the nuclear
particles. For this purpose, let us consider the equations
determining the “‘static”” parts of the meson fields, i. e.

ovV?
(A
=G
aFO (49>
BV — sy
oz,
P AL
2 7o rs__
AR (50)
L ou ou
rs axr - 8xs -+ rs

obtained from (41) and (42) by cancelling the time-deri-

vatives l.]r, I.f’r and the source densities 7', and M _ which

are proportional to the velocities of the heavy particles.
From (49) we get

02 ‘VO 9
————x?V’ = — N,
5z, 0x, K 1 [63))
Using the relation
oU° .
L =0, (62)

Ox
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which follows from the first equation (50), we get further
from (50)
62 UO

Ox du,

-l = had® (53)
r ox

s

r and s running from 0 to 3.

We shall now find a solution W of (51) satisfying the
boundary conditions (28"). Such a.solution may be written
as a FOURIER series

Vo) =S¥ (a) s
' ZN (54)
@ = {a, )

where the sum is extended over all values (34) of p and
Vgo(_:;) is a function of * — (x,, x,, x,), only.

Expanding N in a similar way

N =3 N, (o) en™™
Po
d . (55)
> 1 2 - ipo Xy
N, (@) = 2 dS N@e " dz, |
) g

we get by introduction of (54) and (55) into (51) the dif-
ferential equations
AV —[e+ (B pe — N (56)
Po h P P
>
for the functions Vgn (x)

Equation (56) is of the same type as equation (11) in
M.R. Thus, we have the solution
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-y

+ ‘%’ 7

Vgo(x) = SNpo(x)4e e —dv (57)
> -

r= |.7c——:c' l

analogous to the equation (14) in M.R. »
Hence, with the help of (55), the function ¥ (x) in
(54) may be written

Vo(x) = %SN(m')G)(x——x’)dw' (58)
where
Ve PV,
o@—a) = > AT
(x—=x) = _ yp e

R AN €

= o(r)+ 22>7 E——Z?r—r— cos [nK (g —xy)]

with
e—-KI‘
(r) =
41rr (60)
,_ 2w
and x = 7

The fact that (58) is the solution of (51) may be expressed
by the equation

2O (x—=x)

Y-} ) — — —_
oz, 0%, KO(x—ax) dd(x—x') (61)

where 5
S(x—x) = d(xy—xy) B (x—a:)
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Similarly, we get a solution of (53) of the form

0
U=

ax,—(D(ar:—x)d(x) (62)

s

1 S 08, ()

an expression which by partial integration is seen to satisfy
the condition (52).

We now separate the field variables into a static and a
non-static part by the equations *

F. =F+F., U = U+ U. (63)

If we introduce these expressions into the Hamiltonian
(45) the first integral in <%~ separates exactly into a “static”
and a non-static part, all cross terms vanishing on account
of (49) and (50). For the ‘‘static part” of the two first
integrals in (45) we get

= g\ [ e v e e o) aw

1

I 2
L s

By partial integrations and with the help of (49), (50),
(68) and (62) this expression may be written

* As in M. R. it is casy to find a canonical transformation effecting

a separation of the type (63). The corresponding unitary operator of’
is simply .
1

FU _[U°'F
pe VFLO, U F) d W
e

e =
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ot = il e g Vaw— L\ s aw
) 2 rs rsI Sd rs
:ofig{z\f@)w)m(wxw (8., @8, @) (o4
@ 8, @) 22D yaw 1 L\ 82 aw
rt rs a 8d rs :

We have now to introduce the expressions (48) for N
and 8, . Since we are at the moment interested in the
static interaction potential only we may everywhere put
p; =1, p,— 1 being of second order in the velocities of

>
the heavy particles. In this approximation 8 is equal to

—
P and

5 (8, @ 8,@) + 8,()8,,@)) = P@) P@)5,. (65

| AR

Using (65) and (61), we thus get from (64)

v — 21(128{N(x)N(x)<D+P(m)P(x) ‘o }d&)dw
1 (=
+ﬂS(P) dw

= 2%;3{ N.(x)zv(x'>+Kﬁ-?(x)?(x')}mdw dw
or

1

» = QZ( ) (k)) { 2 +g§ (g(i)g(k))} (D(x(i)_x(k))‘ (66)

This expression for the static nuclear potential differs

from the corresponding expression in M.R. only by the

funection CD(cc(i) »«x(k)) which here replaces the function
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e L)
e KT

¢ = - in the earlier paper. In the limit of very small
d, however, the quantity k¥’ in (60) and (59) becomes very
large and for any finite value of r we may neglect all terms
in the expression (59) except the first. In this approximation,
the functions @ and ¢ are equal and the expression (66)
for the static potential is identical with the expression derived
in M.R. and does not depend on the variables :cg).

The quantities pi]i) connected with the rest masses of the
nuclear particles will then (approximately) be constants of
the motion and (in the lowest states) have the value zero.

In the limit of very small d we, thus, get the same results
regarding the stationary states of nuclei as in M.R. The
same holds for any effect derivable from the theory, the
only difference between the two formulations of the meson
theory being contained in the relations (13) which reduce the
number of undetermined constants from four to two and in
this way make the predictions of the new theory more precise.
This factis of importance for the calculation of the quadrupole
moment of the deuteron in the ground state. As shown in
M.R., the quadrupole moment of the deuteron is due to the
occurrence of given non-static directional terms in the
expression for the Hamiltonian. If these terms are treated
as a small perturbation the perturbed eigenfunction of the
ground state will be a superposition of S- and D-states, the
coefficients of the D-states being proportional to the matrix
element of the perturbation energy corresponding to a
transition from the unperturbed S-state to the D-states. The
charge-density corresponding to the perturbed eigenfunction
of the ground state will then contain cross-terms between
the S- and D-states giving rise to a quadrupole moment
proportional to the matrix element in question.

D. Kgl. Danske Vidensk, Selskab, Math.-fys. Medd. XVIII, 6, 3
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The expression for the non-static interaction energy 2
of first order in the velocities is obtained by introducing the
static fields into the third integral in the Hamiltonian (45).
Thus we get, with the help of (49), (58), (62), and by partial

integrations

n

1 ryt
w=_aS{U3M,+F31,}dw l
(67)
1 2 gy - ’ 6® 1

. the indices r and s running from 0 to 3.

In the limit of very small d, where ® is equal to ¢ and

5% is zero, we get by introduction of the expressions (40)
0

and (47) for the source densities

1 i) () (k) (k) (ki) (@) i
2 = 5 E (1‘( )T<k)) (X grad +x grad ) P (r( k)>
i,k
with (68)

)—Z(ik) 19 [P(zi) (;(i) 4 ;(k‘)) + P(11') p;k) (g(i) A ;(k))] )

This expression is identical with the formula (85) in
M.R. if the undetermined constants occurring there are
chosen in accordance with the relations (13) and the foot-
note on page 8. »

Now, it was shown in part III of the earlier paper that
the matrix element of the operator (85) in M. R. cor-
responding to a transition from a ’S-state to a 'D-state is
proportional to fy fz—g1 g, to the first order in the velo-
cities. Since the value of the constant f; and the signs of
all the constants could be chosen arbitrarily in the previous

theory the value for the quadrupole moment arising from
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these terms could be brought into accordance with the
empirical result both as regards the sign and magnitude of
this quantity. On account of the relations (13), which
represent an essential feature of the present theory, it now
follows that the matrix element of the operator (68) for any
S —’D transition is zero to the first order in the velocities
and, thus, does not give rise to any quadrupole moment
of the deuteron in this approximation.

According to the prescription formulated in M.R. (p. 45)
we have, therefore, to go one step further in the approx-
imation treatment, i. e. we have in the Hamiltonian (86) in
M.R. to retain the terms — @7?” and 2¢’ which depend linearly
on the meson field variables. While the operator 2 is of
the second order in the parameters B and y ({3 = Ecxlr’
R B
4 hic kr 1’ e’
or g, ‘72) these terms will give rise to operators of inter-
action between the nucleons which are of the third order

v = velocity of the nucleons, y =

. I
in the parameters —, B and y, and some of these oper-
C

ators will have non-vanishing matrix elements for ’s—p
transitions. Besides the field-dependent interactions — @76{
and 92, we have also to retain certain direct interactions
of the order [32y, which have been omitted in the express-
ion for the Hamiltonian (86) in' M.R. The most import-
ant term of this kind is that which was neglected in (64)
by putting p, = 1. In the limit of very small d, this term
becomes simply

o — %(%f § (195%9) (69 6B — 1) (3% grad®)

T,k (69)

(g(k) grad(k)) P (I‘(ik)).
3*
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The result of a calculation of the quadrupole moment

due to the mentioned -terms in the Hamiltonian can, of

course, only be considered reliable if all integrals in this

calculation are convergent or, at least, if the result does
not depend essentially on the exact value of the *“‘cutting-
off” radius. In order to show that this condition is satis-
fied and that we may expect a quadrupole moment of the
deuteron of the right order of magnitude we shall now
briefly estimate* the contribution to this quantity arising
from the typical term 2/, given by (69). If the two particles
of the deuteron are distinguished by the letters N and P
and relative coordinates # = " —x  are introduced, the

operator (69) may be written

2 = —-!‘}(i: (TNTP> <in pff 1) (gN grad) (3P grad) o (r) (7
where the undefined contributions which correspond to the
self-energies have been omitted. Using the representations
(110), (111), and (112) in M.R. for the wave functions we get
for the matrix element of (70), corresponding to a transition
from the (unperturbed) ground state, 0" (I = 0, energy E,)
to a “D-state with { =2 and energy E

1242 . 2
(E,1= 2|c@[n‘0) — _7928,2(2) (gP;) (3N~£>> %F;l}z(o)d,,

0 0
>
where a—:: = % and 7 and z® are given by (113) and (114)
in M.R. The introduction of these expressions and integrat-
ions over the angles gives
* 1 am greatly indebted to Mr. I. NerLuxp for valuable aséistance in

these calculations. A complete treatment of the problem is being per-
formed by Dr. L. HULTHEN.
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2 00
~ 9,/ B \2\/d 2\ E* [d 1 d*e
= 2{‘ — — / 2 0 — — el ——- « —_—
2| n| 0) 2v2 K2 (MO c) So<dr+r>R2 (dr r> R dr? d,r 1)

where M_ is the mass of the nuclear particles and R, and
R;E) are the radial wave functions for the unperturbed

ground state and a D-state with energy E, respectively. For

R we may use the approximate expression (109) in M.R.,i. e.

53 XTI
R[) = I/Q2K e z I

with MO . -2
o = 2,18 for — = —.
M, 10

and by partial integration (71) may be written

21 90(0) — 2y3 Tz (Mg’)gM 2l (g1 =2w
1= 2] 200 = 2v2 5] Mod e (B D= 2] 0] 0)
th
= 2100 - LT\ £ o 1dg Cod (4 1)y
T KD )R dr® rodrt T dr? drr/{\dr r/°°

Tk 3
_ dm g e o (o )2
i 2 b
) ,

k? 2 | dr? r dr?
0
i e.
4 ak [d®@ [ax 1) dgcp] )
W=1a JW(?*"})“W - 73

Now by (125) and (126) in M.R. the corresponding
quadrupole moment Q is given by the formula
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2)20 (0| P|E,l = 2)(E, 1= 2]|26]0)
¢ 5 § E,—E B

L

8.9, (%)3%8 OB 1 =2)(E1=2]|0]0) .
T b4wmhc\M,] & |E,|+E '
On account of the completeness of the eigenfunctions
R(ZE) we get a fair estimation of the order of magnitude of
Q by writing

M_s(_gﬁ)(‘&)_wf_ 210y L
O=—3\tmwhe/ \ 1, |E0|+Em(ollw[0) e U9

where E_ is the value of E corresponding to the maxi-
mum of the numerator of the integrant in (74) and

0]r2W[0) = %ge"(““”{(% 1)x3+(a+4)x2+(a+8)m+8 dx
!40 =

30 3a+ 120+ 180+ 10
4 (a+1)*

by help of (72), (73), and (60).
According to (108) and (109) in M.R. we have

2 a

99 _ \ — _Mne 1, —1
Imhe 0,066, o= 2,13, and x = P 10% em
for M:l = ilﬁMo' The wvalue of Em may be estimated

by taking for R;E) the BEsseL function Vir g, (kr) (\Vith
k= %\/M0 E> In this way, it was found that the maximum
of the numerator in (74) lies at about

E_; o 0,025 M, %

Since, further, E = 0,0023 M, c® we get for Q the ap-
proximate value
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Thus, the contribution of the operator 2/ to the qua-
drupole moment of the deuteron is .of the same order of

ol cmz, but of

magnitude as the empirical value®) 2,73 - 10~
opposite sign. All integrals involved in these calculations
are convergent, which is due to the circumstance that the
matrix elements corresponding to $—D transitions, only,
enter into the expression for the quadrupole moment, Al-
though the corresponding corrections to the energy values
will depend essentially on the “cutting-off”’ radius il seems,
thus, that the calculation of the quadrupole moment ori-

ginating from the interactions of third order in the para-
meters l—c), P and y will lead to an unambiguous result.

In the preceding discussion, we have only considered the
limit of very small d in which the space defined by (27)
becomes practically identical with the de-SiTTER space. The
theory is, however, as we have seen, capable of a simple
physical interpretation for any value of d, and for all pro-
cesses depending essentially only on distances larger than
the universal distance r  (see formula (97) in M.R.) the
quantity d may be chosen as large as 2mr without chang-
ing the probability for such processes. For a finite value
of d the theory implies the existence of particles with
different values of the rest mass which perhaps opens the
possibility for a unified theory of all known elementary
particles with the same spin. In this connection, it should
be noticed that the form of the theory is not uniquely
determined by the form of the nuclear forces in distances
of the order of magnitude k™. In fact, we could in the
equations of motion (12) and the Lagrangeian (22) replace
the source densities M, and 8, by certain mean values
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ﬁu and guv over the variable p without spoiling the in-
variance of the scheme under rotations in (R }.

For instance, we may put

P, P,
ﬂ'u = SMudp and S, = SSwdp
Py Py

where P and P, are two points on the same five-dimensional
radius vector ‘\Vith p equal to R—g and R—}—g, Tespect-
ively. As regards phenomena which take place in distances
larger than %r the theory in this form will give the same

results as in the form chosen in the present paper, but the
probability for a transition between two states correspond-
ing to different values for the rest mass will be zero, at least
in the approximation where IR is treated as large comp‘ared
with the dimensions of nuclear physics.

Finally, it should be remarked that the theory developed
in this paper of course contains all divergence difficulties
inherent in any field theory since we have used the ordinary
method of quantization of fields. Consequently, the ex-
pression (66) for the static potential, for instance, contains
infinite terms corresponding to i =k which have lo be

discarded.

Appendix.

By introducing suitable space and time coordinates
(x, y, 2, t) the line element of the de-SiTtTEr world takes

the simple form of
2

ds® = ¢ B (da?+ dy? -+ dz®) — 2 di® (78)

where R is a constant. The variable { may be interpreted
as the proper time of any observer with “coordinate velo-
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city” zero, i. e. an observer at a point (x, y, z) = constant.
Such observers, who by RoBerTsoN”) are called equi-
valent, are in many respects in a similar situation as the
observers of a system of inertia in special relativity. The
geometry of space is Fuclidian and the velocity of light is
independent of its direction. The mutual distance of two
equivalent observers is, however, not coustant in time, the
distance measured at time f with a rigid scale of two

such observers at the points (x;, y;, z;) and (x,, y,, z,) being
ci

I = ref! with
r= V(x,—xy)*+ (g1 —y2)%+ (2, — 2%
- . . dl ¢ .
The relative measured velocity is, thus, P EI’ i e.

proportional to the distance I.
If we introduce five variables (x,) by the equations

ct ot o
x, = xel', x, = ek, x; = zeR

g ¢
X, = R(cosht—r— R)

9 2
R R (79
rz ct
x, = zR(smthr SREe )
r= Va2t yzi?
(78) may be written
4
ds* = >'dxj
p=0
Further, we have from (79)
Dlay = R (80)
u

which shows that the variables (x,) may be interpreted as
the Cartesian coordinates of a point on a four-dimensional
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sphere embedded in a Euclidian five-space. The equations
(79) may easily be solved with respect to the variables (x,
y. 7, t). From the last two equations (79) we get

ct
x, —ix, = Relt, (81)

Putting for simplicity
=%, Yo=Y, Yy ==

the inverse relations may then be written

i 1,2, 3)
YT e U L2
. (82)
R xy—ixy
(= By |

Now, RoBERTsSON remarked that a rotation in {Ra} de-
fined by (24) generates a transformation of the (y,., 1)-vari-
ables which leaves the expression for the line element (78)
entirely unchanged, if the transformed variables (y,, (') are
defined by the transformed coordinates (x,) by the same
relations (79) and (82) as the original variables. The
transformation (y,, )= (y,, t'), thus, connects the space-time
coordinates of two sets of equivalent observers in analogy
to the LorenTz transformations in the MiNkowsxr world.

A strict accomplishment of RoBeRTsoN’s idea requires,
however, a slight modification in the relations (79), (81),
and (82). Since ¢ is real we have, according to (81),
x, —1ixy > 0, which shows that the points (x,) on the sphere
(80) representing the events in the de-Sirrer world only
cover that hemisphere which lies on the ‘“‘positive” side of
the plane

x,—Ix, = 0. (83)

This plane is, however, not invariant under all rotations

in {Rs}. The transformed quantity x,—ix] may, there-
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fore, occasionally be negative, which by (82) would make
the corresponding # complex.

Thus, we have to set up a correspondence between the
events (y,., f) and the points on the ‘‘negative’” hemisphere,
too. This may be done by letting two points (x,) and (—x,)
on the same diameter of the sphere correspond to the
same event (y,, f). While the equations (79), (81), and (82)
are still valid for points on the positive hemisphere, we
get then for all points on the sphere (80) the following

relations
xR l
Yy = o
x, — ix
RO 4 . (84—)
(=" | 2y — iy | [

instead of (82).

The general orthogonal transfoimation (24) with posi-
tive determinant can be compounded from special rotations
of the following types:

I. x, = x,, (r=1,2,3) l
xy—ixy = A(xg—ixy) (85)
b s 1 .
X, + i, = x (o + ixy) J

where A is an arbilrary real number.

This transformation leaves the expression >’y and
el

u
the equation (83) invariant and has a determinant A, = + 1.

By (84) we get for the corresponding transformation in
the de-SiTTER' world

H’,:%; (l‘-: 1’2’3)

(86)
U= H—?lnﬂ[
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i. e. a change of time origin with a corresponding change
of scale in space. For A = —1 (84) reduces to
y.=—uy, (r=1,2,3)

} (87)
=1

which represents a spatial reflexion at the origin.

x, = E a, x—i— x,—ixy), (r =1,2,3)

s=1
X, — iy = 1y —1ix, 5 (8¢
Zaz

xy+ix, = xy+ vy — R E a.a, x——_R (xg—ixy)

r,s=1

where a, and a,, are real numbers satisfying the relations

Zart si Zatr ais - rs
Ay = la,| =+1.

This itransformation leaves the expressions >'xj and
U
xy,—ix, invariant, it has a determinant Ay = +1 and

generates, according to (84), a spatial rotation and trans-
lation in the de-SITTER space
3

Y, = ;amstra,, (r=1,2,3 9

’ - k4 r
III. X, = Xy, Ty = Xy, Ty = T3
x| = 2,080+ x,sin ©
x, = —x;5in O+ x,c08 O

90
tg@:"ig or with © = ie (%0)

v
tghe = o
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(90) leads, by (84), to the transformation

x P =2
] 2}—?coths~1—ﬁ+e R
x’ = Rcoth—-
2 b€ X g 12 2
coth §_2Ec°th§+ﬁ§_e
o (91)
, R, | . ,¢ 28 % e P -2
' = t—l—zln sinh 5 coth é———-ﬁcothé——l-ﬁ—ﬂ:
et o o et
y'el = ygel, z'eF = zef,

which gives the relation between the space and time vari-
ables of two freely moving systems of equivalent observers -
analogous to that afforded by a special LoreNTzZ transform-
ation. The transversely measured distances are the same for
both systems and the motion of the origin @ = y' = 2/ = 0
of one system with respect to the other system is that
of a freely moving particle which for # = 0 has a co-
ordinate velocity v in the direction of the x-axis. (Ro-
BERTSON, loc. ¢it.”)). For events with large negative values
of ¢, the second equation (91) shows clearly the necessity
of replacing the equations (82) used by RoserTson by
the equations (84).

In a small region on the de-SrrTER sphere around the
point (R, 0, 0, 0, 0) the equations (79) reduce to the
equations (25) if we neglect all terms of higher order in

-;%, %, IE?’ %—t than the first.
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blem of the quadrupole moment of the deuteron.
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