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1. The number of general theorems concerning divided
differences is so small that any addition to the list may,
perhaps, be welcome. The unexpectedly simple theorem
which forms the object of this Note seems, as far as I have
been‘able to ascertain, to be new; it may be regarded as
a generalization of LemsNiz’ formula for the r" derivate of
a product of two functions.

The notation will be ‘that of the author’s book “Inter-
polation”. Thus, for instance, ¢ (xyx; ... x,) will be the ri
divided difference of ¢ (x), formed with the argnments x,
xy,...x, In order to save space we shall, as a rule, only
write the first and the last of the arguments, where no
confusion is likely to arise.

Let, then, C
g (@) = (@) g(); (1

we propose to prove, by induction, that

plxy...x,) :Zf(xo...my)g(a:,,...mr). &)

v=0

It is readily ascerlained that the formula is true for
r =1, that is,

g (xyx) = f(xy) g (xo xy) -+ flagxy) g ().

We proceed to show that, if the formula is true for one
value of r, it also ‘holds for the following value.
1*
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In order to prove this, we employ the identity

gy .. ) —p (e, 2, )
x,—x )

p(xy. .., ) =
r+1

Applying this, we find, assuming (2) to be true for some

particular value of r,

(x0~xr+1)gJ(x0...xr+1) =

=Zf(x0...my)g(xu...xr)——Zf(xl...xyH)g(nyrl...er).

Y =0

Inserting, in this,

flay...a,, ) = f(oco.. ) —(xg—wx, Py .x, ),

we find
v (xo—xr+i)go(x9...xr+1) =

:Zf(:co...my)g(xp.;.x,,)——Zf'(xo...xy)g(xyﬂ...:cﬂrl)

y=20 ¥ =10
r]
+ 2 : (xo——x,,ﬂ)f(xo...a:,,+1)g(x,,+1...mr+1).
¥ =0 ’
In the second sum on the right we introduce
glx, (...x, ) = glz, ... acr)—(xy——xwrl)g(;vy cee ),

and in the third sum we write »—1 instead of ». Thus,

we obtain
(-”Co_xr+1) play ... x, )=

:Zf(xm--x,,)g(x,,---$,)~Zf(m0...a:y)g(acy...xr)

Y =10 Y=20
r
-7
- § (x,—x,, )f(@...x)g(x,.. X))
v =10
P i

+Z(m0—xy)ftx0...ac’/)g(xy...xr_H)

=1
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which reduces to

r+4+1
(o—x, ) Sﬁf(x(,...ocy)g(xy...xr“»),
v =0
so that
r+1
plxg...x,, )= § f(wa...xy)g(xy...xr+1).
V=0

But this is (2) with r-+-1 instead of r, so that (2) is
true for all values of r.

2. Formula (2) contains several well-known formulas
as particular cases. Thus, if we make all the arguments x,

tend to the same point x, we obtain, il the derivates exist,

(r) (a;) 2/ f(r) (x) q —¥) (ac)

(r—»)!

which may also be written

r

r o r v r— .
Df@g@ = > (0@ 0@, o)
V=0
This is the theorem of LEeigNiz referred to above.
Putting next, in succession, x, = x+», x, = x—» and

x, = x——%Jrv and making use of the relations

L f(x)
n!
V()
n!

ot o B e t) ),

f(x, x+1,..., x+n) =

E

flx, a—1,..., x—n) =

we obtain, in analogy with (3), the three well-known
relations
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r

@@ = D (et e G, @

V@g@ = > (@ e, 6)

vV

r . N fr " _l'—'T/ LT i}
& Flx) g (@) ﬁg@a f(m . ) f g<x+2>. )
3. We now put _ o
f@ = FO—F@, ¢@=;1, @
so that
1
R G BN G
and
o) = FO=F@), ®

Inserting in (2), we oblain, keeping the first term on the
right apart,

FO—Fy) N\~ Fl...x,)
t—ay) ... ((—=x,) — t—=x)...(—=x,)

or, solving for F(f),

rP(‘IL'O'-':I"I'):(

v

F() = > —a)...U—a, ) F@...x)+R, (9

R=(t—xp)...(t—x)p(x,...x), (10)

where the factorial (t—xy)...(t—=x,_,) for » = 0 is inter-
preted as 1.

This is NewtoN’s interpolation formula with divided
differences and a remainder term differing slightly from
the usual form. The lafter is obtained by observing that,
if we put ‘
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o, fxe) = f(xq xp) s 0f(xy) = flx, D), (11)

g, and ¢ being symbols acting on x; alone, then, since
‘f’(x()) = OF(xO)’

plry...x) =066, ...0¢(xy) =66, ...66F(xy,
or
plxg. .. x,) = F(lay...x,), 12)
so that
R={(—=xy)...(t—x) F(tx,...x,). (13)

But from (10) we obtain in particular cases forms of
the remainder which are worth noting. Thus, for instance,
if all the arguments tend to the same point x, we find
TavLor’s formula

F(f) = Z (t_yifc)y FP(x)+ R (14)

V=0

with the remainder

_ (=" L F()—F(x)

R= r! D t—x ’ (15)
the operator D acting on =x.
Further, pulting x, = x+», (9) and (10) yield
Zr (t—2)® '
F(t) = Y AYF(x)+ R, (16)
Vo= ’

—_ (r+1) ¢ —

R Gl MUNS (O JCO) an

r! . t—ax

where A acts on a. This is the interpolation formula with
descending differences and a remainder term which has
already been given by Boorr.

“* Finite Differénces, 3rd ed.; p. 146,
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Finally, pulting =, = x—», we find the interpolation
formula with ascending differences

R
F@azftiuwww+& (18)

¥ =

R =TT L FO-F@)

r! t—x

(19)
V acting on .

It is evidently easy to transform the preceding remain-
der terms to the usual forms.

4. It is easy lo extend the formula (2) to a product of
any number of functions. Thus, if

f@ = A@DA@®, 9@ =A@,

we have |
fxy ..oz :Zﬁ(% .. :1:#) fry, ... x),
w=0
p(x) = fi (@) f,(x) f; (x)
and
plxg...x) =
=Z Zfl(xo co ) folay ) i, . x).
=0 u=90 .
Generally, if
p(x) = i@ fa(x). .. [, (), (20)
we may write
plxy...x,) =

=Zf1(a:0...m,x)f.z(xa...mﬁ)ﬁ(xﬂ...a:j,)...fn(xe...xr), 3y

the sumfnation extending to all values of «, 8, y,...p for

which
0<a<pg<y<-.---<o=<r. (22)
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Thus, for instance, if n = 3 we may at once wrile down

¢ (@2 5) = [1(xy) folxg) 15 (g, ;)
+ filxe) fo (o) fi ey ey)
+ fi () fo (o2, 705) f3(2p)
+ filzoxy) folzy fo(ayxy)
+ fi(xomey) fo (2 20) £ (205)
+ filxex o) fo (20) fi (25)-

If, in (21), we let all the arguments tend to the same
point x, we get

(I‘) (.CC) fl(oe) (33) f f—a) (x) /;1(,._9) (x)
Z B—ea)r (r—o)!

and from this, putting o=y, B—a =19y, ..., IT—0 =1y
0 () = § P SR @ A L [0, (23)
1 ..
the summation extending to all values of »;, »,, ... v, for
which
V1+V2+"'+Vn=r. (24)

This is the theorem of Leibniz for a product of n funec-
tions. It may be written symbolically in the form

¢O = (fi+fut L) (25)

with the convention that, after expanding, f* should be
replaced by f(”). It should be noted that the zero powers
of f cannot be omitted, since f@ does not mean 1 but f.

If, in (21), we choose x, = x -+ », we find

AT (@) L) AP fete) ATt )
r! :Z «!  B—e)! T G—o)!

or, in the notation (24),
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.o oot |
N ga(x)f E :7)1!7/2!..-Vn!>< (26)

LM fi(e) A (e + ) - Nnf @+t + ¥,y

Similarly, pulting x, = x—w», we obtain

r 7 r!
¥t Vog:... 1}11‘ (27)

v”lf]_ (x)vyzfz(x,._vl) e Vynfn(w‘*vl_ . ——7/11__1),

and finally, making x, = x—%—{— v,

7 rt
& g(x) = E o
v (*) covleeloiw!

I, (x—’

r—w,

ERA : =

: r—uw
. 0%n ,1(x+vl+ .- —H)nl*Tr—l).

It is easy to put also (26), (27) and (28) into symbelic
forms; but as these are more complicated than (25) and,
therefore, not so useful, they seem hardly worth recording.

5. As an application of (21) we put

1 1

f@) = ——. @ p@) =

— o (29)

and obtain without difficulty

(p(ocg...x,) =

- 1 ' 7 | A (30)
S (taxy) .. (B—ay) Z (t—x,) (t—gcﬁ) . (t—xQ) 4o

the summation exlending to the values of «, 8,...¢ salis-
fying (22).
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But since the degree of the product
t—a) (t—xp) ... (t—xQ)

is the same as the number of the quantities «, 8, ... 0

which is n—1, (30) may also be written

gplag...x,) =
_ 1 1 (31)
(t—axyp) ... (I—2,) Z(t—xo)f“’. .. (z‘—xr)”r, '
the summation extending to all values of g, uy, ... u, for
which
ot p+ ...+, =n—1. (32)

Instead of (31) and (32) we may evidently write

7 1 -
9@ m) _Z —xp . (aphe Y

o+ i+ e+, =n+r, i,=1. (34)

where

It thus appears that ¢(x,...2,) is the coefficient of
""" in the development of

(1_}__5;()) <1ﬁt~zx1> . (I*tjx’) | (35)

or the coefficient of z" ' in the development of

1
t—xy—2)(t—xy—2) ... t—x,—2)"

(36)

The number of terms in (33) is obtained by putting
t=1, x, = 0 for all », and is therefore, according to (36),

the coefficient of z" ' in the development of (1—z) "%,

that is, (’JZMTI).
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6. Lasily, we consider the case

1 1
f, (@) = L —x’ y () = t,—x)...(t,—=x)’

v

(37)

assuming all { different. Here, an abbreviation of the nota-

tion becomes necessary, and we shall write

1 = (t—x) (t—xhey) .. . (t—=p). (38)
We obtain, then, from 21)
1
ay.w) = > 39
9@y .. 2) < e e (39)

the summation extending as before to (22).
But we have also, for instance by LAGRANGE’s inter-

polation formula,

1 = 1
where

KV = (t—1,) (z‘z—ty) ... (tl,_l ~1,,)-(t,,/+1—ty) e ({‘n~lu), (41)
so that

n

§:7 1
(p(xo e ocr) - ) ﬁ . (42)
vy

=1

We therefore obtain, by comparison of (42) and (39), the

identily ) n
: 27
= . (43)
2 A K t)

In the particular case where n = 2 this becomes

P

N | 1 1 1 1
> v orr . (OI—E) : (44)
£ BTt T

Indleveret til Selskabet den 31. Marts 1939.
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