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Introduction.

he theory of almost periodic functions had its origin
Tin the problem, what functions f(x) = u(x)+ iv(x)
can be decomposed, in the interval —oo<<x < oo, into
pure oscillations, i. e. into oscillations of the form e**2.
The problem stated in these general terms has evidently
no definite 1ﬁea11i11g until the notion of “decomposition”
has been strictly defined and this of course can be done
in many different ways.

The first and most primilive way of interpreting the
term would perhaps be to regard as decomposable only
those functions which can be represented as the sum of
a finite number of oscillations:

N

a1 s(x) =Z_la,, eii”.
. y=1

We shall denote by A the class of such functions s (x).
But at the first attempt to develop the theory of unctions
of this class we see that the definition is too narrow. In-
deed the class A is not “closed” to limit processes, so that
when working only with functions of the class A we should
have to exclude from the start those operations which in-
volve the idea of continuity in “functional space”.

We must therefore close the class A, that is we must
extend it to a larger class € (A) consisting of all functions

/(x) (including the functions of A itself) which are the
1*
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limits of sequences of functions s (x) of A. But here again
the content of the class € (A) depends on the kind of the
limit process employed.

The simplest limit process is that of ordinary con-
vergence: f(x) is a limit-function of the class A if there
is a sequence

si(x), 5@, ..., sa(x), ...

of functions of A such that for every x

2 () = Iim sa ().

But the class € (A) to which this limit process leads is
found to be too wide, in the sense that practically none
of the characteristic properties of the functions s(x) (those
relating to oscillations) are conserved. In fact, as BEsico-
vircu {1]* has shown, the above class C (A) includes all
bounded continuous functions.

The same is true even when we demand that the con-
vergence shall be uniform in every finite interval.

We are therefore led to consider 'only limit processes
which involve some sort of uniformity in the whole inter-
val —oco <<y << oo,

In the theory of a. p. (almost periodic) functions devel-
oped by Bonr in his papers in Acla Mathematica [1, 2, 3]
the limit process employed was that of ordinary uniform
convergence in the whole infinite interval — oo < & < co.
The class € (A) corresponding to this limit process is the
narrowest possible closure of the class A. Bul, as we
shall see, the theory of larger closures C (A) derived from
more general processes of uniform convergence can be

treated simply as generalisation of the theory of the above

! The list of papers quoted is given as an appendix.
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closure C(A) in the sense thal we can extend very many
results directly, without repeating the arguments of their
proof.

In § 1 of this paper we give a short outline of a part
of the theory ol a. p. functions. § 2 contains some general
remarks on the generalisation of the theory to larger classes.
Finally in § 3 we give in full detail an application of the
principles lied down in § 2 to a particular generalisation
of a. p. functions; for this purpose we choose the class of
summable functions discussed by STEpPANOFF in his inter-
esting paper in Math. Ann. [1], where such generalisations
were studied for the first time.

§ 1 _

For convenience and also in order to bring out as
clearly as possible the similarity between the definitions
and proofs of this paragraph and these of § 3 we intro-
duce the following notation:

By
(3 U-lim £, (x) = f(x)

we mean that £ (x) tends to f(x) uniformly in the whole
interval —oc <@ << oo, We shall call the upper bound of
the difference | f(x) —g(x) | for —oo < x < co the U-dis-
tance between the functions f(x) and ¢g(x) and
shall denote it by D, [£(x), g(x)]; thus (8) can be written
in the equivalent form

Dylf, @, F@] > 0, as n - oo.

By D, [f(x)] we mean DU[f(x), 0], i. e. the upper hound
of | f(x)| in the interval —oo < & < oo,

A being as before the class of all finite sums
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N
s(x) = Eﬁa e
- v

y=1
where the 4, are real and different, and the a, arbitrary
complex numbers, we denote by C,(A) the class of all
tunctions f(x) for each of which there is a sequence
sn(2) of functions of A such that f(x) = U-lim s, ().
We proceed to establish some properties of functions
of the class C;(A), which follow directly from this de-
finition.
1°% Every function f(x) of C,(A) is bounded for
— 00 < x < 00,

For, given f(x) we can choose an s(x) so that

Dylf(@), s@)] <1;

since s (x) is plainly bounded, the result follows from the
inequality

Dy lf@] < Dy lf@, s@]+Dyls@)].

2% Every function f(x) of C;(A) is uniformly con-

- tinuous in the whole interval — oo < a << co.

For, given ¢ we can choose an s(x) such that

Dylf @, s @] <.

s(x) is evidently uniformly continuous; we can therefore
choose ¢ so that

DU[s(ac—{—h), s(x)] < for |h| < 4.

3
From the inequality
Dylf+ 1, f@)] = DylsC+h), @]+ 2Dy [f (@), 5]

it now follows that for |h| < ¢

Dy [fx+h), f()] < e.
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3% The sum and the product of two functions of
Cy(A) are again functions of C,(A).

This follows at once from the fact that the sum and
the product of two functions s(x) are functions s (x).

In particular we observe that if f(x) belongs to Gy (A),
then so does f(x) ¢+ for every real value of .

4°. Every function f(x) of C,(A) has a mean value
M{f(x) ), i e

Coq (e
Tl_l:r; T Sy [ (x) dx
exists; this is even true uniformly in ;.

The property is obvious for any function s (x) (the
mean value in this case being the conslant term in s(x)).
Choosing s (x) so that Dy [f(x), s(z)] is “small” the result
follows in the usual way from the inequality

1 y+T 1 AT )
—\ f@de—z\ s@dx| < Dylf@), s@].
T v T vy

From the same inequality we see that if

(4) U-lim s, (x) = f(x)

then

M{sn(m)}» M{f(x)}, as n-—» o0,
and further, for any real value of i,
3)  M{sn(x) ey > M{f(2) %2}, as n—>oo.
For (4) implies
U-lim s, () €% = f(x) ek
5° For any function f(x) of C;(A) the mean value

M{f(x) e ) = a ()
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differs from zero for at most an enumerable set of values
of 2. _

Let s;(x), s,(x), ... be a sequence of funclions of A
such that

U-lim sy () = f(x).

For each function s, (x) the mean value M {sn (x) e}
differs from zero only for a finite set of values of 1,
namely those occurring as the exponents in the polynomial
expression for s, (x). It follows that, except in at most an
enumerable set of 1's, M{su (x) e“i“} is zero for every n,
and so by (5) that a(i) = M{f(x) e"“”} is zero except
for at most an enumerable set of values of A.

We can now denote these i’s by

Ay, Ay, ...
and the corresponding a (i) by
Ay Agy o

We express this symbolically by writing
(6) @) o 24,

and we call the series (finite or infinite) on the right the
Fourier series of the function f(x).

The Fourier series of a fonction s(x) of A evidently
‘coincides with its polynomial expression (1). From (5) we
see thal, as n— 0o, the polynomial expression of s, (x)
goes over by a “formal” limit passage into the Fourier
series of f(x); this already shows that Fourier series are
likely to play an important part in the study of functions
of Cy(A).

"'W¢ next consider a property of functions of €, (A) of
a different kind.. We call a real number z =17(¢) a
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translation number of the function f(x) belonging
to ¢ if

Dylf@+o), f@)] < e
l\T
Corresponding to any given function s(x) = E Iaf,e“a»f”
' 1

of the class A there exist for any given ¢ > 0 an infinite
number of translation numbers, and the set of these
numbers z = z(g) is even “relatively dense” in the
sense that any interval of a certain length [ = I(¢) con-
tains at least one such number 7 (¢). This is an immediate
consequence of the BoHL-WexNBERG theorem on dio-
phantine approximations (see f. inst. Bohr {1], p. 120), which
states that for an arbitrarily small ¢ the N diophantine in-
equalities?*

|2,2] < d (mod.2mx) r=1,2 ..., N)

have relatively dense solautions with respect to ¢ In the
ordinary way (i. e. by approaching the function f(xr) by
a function s(x) such that D, [f(x), s(x)] is small) we see
that the functions f(x) of C;(A) also possess the above
property, namely that for every ¢ > 0 the e-translation
numbers exist and are relatively dense.

Functions which are continuous in —oo <x < oo and
possess this property are said to be almost periodic;
we have just seen that every funclion of A, and even
every function of CU(A), is almost periodic.

The main result of the theory of a. p. (almost periodic)
functions is that the converse of the last statement is also
true; every a. p. function is a function of C;(A), so that

The class Ci;(A) is identical with the class of a. p. functions.

' By |a|<{ b (mod. ¢), where a, b, ¢ are.real and b and ¢ positive,
we mean that there exists an integral n such that | @— nc| << b.
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Naturally we shall not enter the proof of this theorem
which would involve the development of almost the whole
theory of a. p. functions. In proving the identity of the
class C;(A) with the class of a.p. functions Bohr had
first to show that the latter class possesses all the above
- properties 1°, ..., 5° of the class C,(A); and though this
was not the main difficulty of the investigation, it never-
theless involved considerations of a different character from
the immediate deductions employed above in establishing
these properties for the class C,;(A). The main difficulty
to be overcome was the proof of the “fundamental theo-
rem” (Parseval’s theorem) namely

M{F@ 2 = 24,2,

from which follows és an immediate corollary the “unique-
ness theorem’:

An a. p. function is uniquely delermined by ifs Fourier
series, 1. e. two different a. p. functions cannot have the
same Fourier series.

When the identity of the class €;;(A) and the class of
a. p. functions has been established the question naturally
arises: given an a. p. function f(x), actnally to find a se-
quence of functions s, (x) such that

U-lim s, (x) = f(x).

A method of obtaining such a sequence of functions was
given by Bohr in his second paper in Acta Math.; his
sums sp (x) contained as exponents only exponents from
the Fourier series of f(x), a fact of importance in the
extension of the theory to functions of a complex variable.
An essentially simpler method of obtaining such approxim-
ation functions s,(x) was given by Bocuner [1], who
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succeded in extending the Fejér summation method of
classical Fourier theory to the class of a. p- functions. Like
Bohr, he started from the representation of the “Fourier
exponents” .7, with the help of a “base” oy, &y, . ... By
a base we mean a sequence of linearly independentl'
positive numbers oy, @,, ... (which generally is enumer-
able but in particular cases may be finite) such thal every
the o’s 4, may be expressed as a finite linear form in
exponent with rational coefficients,

A, =T, 101+, a0+ ...+ Ty,q, O,

Fejér in his summation of Fourier series of pure periodic
functions f(x), with period 2z, used as approximation
sums the expressions

A

sn(x) = %T g_f'(x DT (Ddt = M{f(x+ D T (D)),

where the “kernel” /7, (f) was given by

. Ly 2

~ ' sinn

— S IVI —ivi __ 1 2

Hn(t)_u (1 n )¢ T on\ .t
Py sin —

2
Bochner 1'ep1aéed Fejér's simple kernel by a finite pro-
duct of such kernels

() = 11',; B, D ... Mo, (Bpt) =

Z A
V. v — e .

—n, <y <an <1—| ll) . <1_‘—| p' et Byt

="1=" ny ny

_”p;”pé"

! ¢y, g, ... are said to be linearly independent if no equation of

the form :
riggraes - ... ryey, =20

holds, where N > 1 and the r’s are rational, not all naught.
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where the #'s are linearly independent numbers. This
composite kernel has the same characterislic properties as
the Fejér kernel — it is always positive and its mean-
value M{]I(t)} is equal to 1 (the constant term in the
polynomial expansion of Z(f) being 1 on account of the
linear independence of the A’s). Bochner considers an ex-
pression of the form

M{f(a:H)th<A%1! z‘) . an<§;"—] t)}

which, since
[latD) oo 204, 7 dhr,

is equal to the finite sum

S(x) - 1 \1/1‘ <l IVP| A id,,z
— < — ] ... —_— ety
nléyl_n ’ ( 1Yy np v
. _npé"/pénp
where _
1 Vp
(7 A,/——T—Nl'al—}—_,_+szap

(and 4, is to be interpreted as zero when the linear com-
bination (7) of «’s is not an exponent in the Fourier
series of f(x)) Bochners result is:

The sum s(x) tends nniformly to f(x), as p— oo,

. n n .
N,—o00, N,—~o0o, ... and =% o0, —%= =00, ..., in
1 2 N, ! "N ’
Ny! 5!

other words, provided the limit process is carried out in
such a way that every exponent .7, occurs sooner or later
in s (x).

As we shall have to prove in § 3 an analogous theorem
for a more general class of functions, we next give a proof
of Bochners theorem which, though perhaps not so elegant
as Bochner’s own, is better adapted to generalisation. Like
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Bochner’s, our proof depends on the fundamental theorem.
We start from the following property of a. p. functions,
which (see Bohr, II p. 110) is a fairly direct consequence
of the fundamental theorem:

“To any & corresponds an integer M and a positive
number y such that every solution ¢ of the system of

diophantine inequalities
| A 1] <4 (mod. 2m), ..., |A,t] <y (mod. 2x)

is a translation number ¢ (¢) of the given a. p. function”.

Since each exponent .4, can be represented as a finite
linear form in the «’s with rational coefficients, we have
the immediate corollary:

To any & correspond integers P and Q and a positive
number ¢ << 7 such that every solution ¢ of the system
of diophantine inequalilies
ﬂ[ ﬁ)[

Q Q

is a translation number z (%) of the given a. p. function.

(8) < d (mod. 27), ..., < d (mod. 2 7)

Let I; denote the set of all values of ¢ satisfying (8)
and I, the set of all other values of & We can write the
kernel

[24 [24
(D) = Oy (50 ... 'h—"—)
® ”1<le > u P(Np!t
as the sum of two kernels
@ =" O+’ o
where
o =u, T'®H =0 for t< I,

T =0, '@ =mod@ for t< I,.

We may further assume that p > P and N, ..., Np all
>, where P and  are the integers (depending on &)
which occur in (8).
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From
s@—f@ = M{(f@+D—Ff@) T}
we. have
ls@—f@| <M f@+td—f@ |0 O}
+M{[fE+D—f@|T" D]
where M{q(z‘)} for a positive function ¢ () (which
need not necessarily possess a mean value) denotes

T
S g (@ dt as T—oco. Thus

lim sup =
' —T

~

{DU s @), @] =MD, [f@+D, f@]T 0]
+M{Dy[f@+0. f@] 2" O}
where the distance D, on the right hand side is taken

with respect to x, ¢ remaining fixed.
Since for all values of t belonging to I

o e
Dylfx+1), f@)] =5
while for all other values of ¢

a@H=0
we have at once

M{D,lfx+D, f@] 0 ®}

10 _
a0 <su{m )< u{u@®) =

€

5
Writing K = Dy (f(x)J , we have for the second term
on the right hand side of (9)

(1) MA{Dylfx+0, f@|O7" W <2kM{n’ D).

Let Izq (g =1, 2, ..., P) denote the set of values {, at
which the g¢-th of the inequalities (8) is not satisfied.
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This set I, = consists of the whole f-axis with the exception

d . .
of small intervals of length 21,= 2 Q with their centres
t
at the zeros of sm% Since Ny > Q and Ng! is thus a

are

. agl
multiple of , we ohserve lhat the zeros of sin ;)N v

included among these of sin 22° Putting

2()

H;q<-ci:~! t> ILW(N , ) for t< I, , and = 0 for { outside [, ,
we evidently have for —oo << I << 00

< ’

12) o' < 2 Hny Mo, M, . My My, ... I,
g=1 :

since for any ¢ in J, at least one of the inequalities (8)

is not satisfied and thus at least one of the P term of this

sum is equal to I7(f). Therefore

M’ @y §2 My, Iy, ... Iny /A / S

As the product Iy, . .. Iy, , gy - - lTnp is a finite sum
s(x) = Za,,e”” with the constant term 1 whose other
exponents do not satisfy any relation of the form 4, + req
= 0 with rational r, the mean value under the sign of
summation is simply equal to the mean value M{H;q},
both being evidently equal to the constant term in the

ordinary Fourier .series for the pure periodic function

]I:Lq <w1th period 2 wy = 2 n]::] ) Thus
¢
‘7
i ’ 1 L Qg
(13) W\l] (f)j S > llf{ﬁnq <@t>}

g=1
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Further -

[ fea N\ 2™ (o,
M (1) = 00, P SOl

£ ngewgegly  wdQ ng  8Q ng

_ 16(Nq!)2§ di _ 16(NeD* _ 16 Nyl _ 6 Ny
./lq

- =
ng g og

Thus by (13)

P
— 6 Ny!
M () < = N e
0Q < ng .
On putting 7=1

ng >Nl G@=1.....P)
we have therefore

okM{n" ()} < %

and thus finally by (9), (10), (11)

Dyls @), f@)] < &

for p > P, Ny >Q, ng > CNy! (¢g=1,..., P), where P,
(), C depend only on ¢
Q.E.D.

§ 2. ‘

A natural way of generalising the theory of a. p. functions
is to use, in closing the class A, a limit process more
general than the simple U-lim employed in § 1. Let G de-
note such a limit process. Then the first and main problem
which arises is to determine the generalised almost periodic
properties which characterise the class C;(A), the closure
of A by the limit process G.
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But once this problem has been solved in the original
theory its solution for generalised classes may be reduced
to considerations concerning only the limit process G and
its effect on almost-periodicity. Stepanoff himself proceeded
along these lines in the paper already quoted and thus
escaped entering once more into the difficulties involved
in establishing the fundamental theorem or the uniqueness
theorem. It is however possible to go further in this way.
We have only to take into account and use to the full
the fact that the U-lim process employed in the original
theory, while general enough to bring out the main pro-
perties of almost periodicity, is at the same time the
“narrowest” of all limit processes of the kind described
in the introduction. It is the narrowest in the sense that
the closure of the class A by any limil process G coincides
with the closure by G of the class C,(A) already closed
by the U-process, i. e. in symbols

C,(A) = C.(C, ).

C;(A) = C, (a. p. functions)

Thus

which shows that the problem of characterising the class
C;(A) by almost periodic properties is equivalent to the
investigation of the effect of the limit process G on ordinary
almost periodicity.

Once the character of the almost periodicity corres-
ponding to a given process G has been determined, the
next main question is to find an ‘“algorithm”™ which,
applied to a.function f(x) possessi‘ng this type of almost
periodicity, will lead to a sequence s, (x) of functions of A
which approach the function f(x) in the sense of the given

limit process G, i. e. for which
Vidcnsk.Selsk.Math.-fys.Mcdd.VUI,E. P
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G-lim s, (x) = f(x), as n— oo,

The natural method of treating this question will generally
be by establishing the existence of the Fourier series of
f(x) and applying to it a suitable method of summation.

We now cairy out an investigation of the type just
outlined, obtaining finally what is perhaps the most natural
generalisation of the class of a. p. functions, namely the
class of integrable (L) functions considered by Stepanofl.
The very fact that this class of functions — defined by
Stepanoff himself through generalised almost periodié pro-
perties — can also be characterised as the closure of the
class of (ordinary) a. p. functions by a certain limit pro-
cess (the S-process given below) has already been pointed
out by Bochner [2]. ‘

, § 3.

The functions which we have to consider in this section
are assumed to be defined almost everywhere in the whole
interval —oo << & << 00 and to be integrable (L) over any
finite interval. We begin by introducing a notation analogous
to that of § 1. We say that the function f(zx) is the S-
limit (Stepanoff limit) of the sequence f, (x) (n=1,2,...)
and write
(14) f(x) = S-lim f, (a)
if a1

Upper bound § | fE)—[, (B |dE—0, as n— o0,

— 00 < X< 00 v
By the S-distance Dy [f (), g(:c)} between the func-
tions f(x) and ¢ (x) we mean

' Evidently the definition of the S-limit will not be altered if we

41 vtk

replace S | |2 by \ | | @&, where k is an arbitrary positive constant.
[

€Xx X
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x—+1
Upper bound S F©—g @ |ds;

— 00 < <00 ©

thus the equation (14) is equivalent to
Dy [f(m), fu (CC)] — 0, as n— oo,

Further by D [ f(x)] we mean Dy [f(x), O}, i. e. the

w1
upper bound of % | £(§)|d& in the interval — oo < x < oo,

L2

This section is devoted to the study of the class Cg(A),
i. e. the closure of the class A by the S-limit process.

As in § 1 we begin by establishing a number of pro-
perties of the functions of C4(A) which follow directly
from their definition as S-limits of functions s(x) of A.
The deduction of these properties is on the same lines as
before, the only difference being that the U-processes of
§ 1 are here replaced by S-processes. Our notation is
essentially that of Bochner [2].

1°. Every function f(x) of C;(A) is “S-bounded” in
—o00 < x < 00, e Ds[f(m)] is finite.

The property follows from the inequality

Dg[ @] < D[f(x), s@)]+Dgls(@)]

in the same way as in § 1 (s(x), being bounded, is a for-
tiori S-bounded). :
2%, Every function f(x) of C4(4) is “S-uniformly

continuous”™ in —oco < g << 00, 1. e.
D f@+h), fx)] <e  for |h| < 4.

In the same way as before the property follows from
the inecuality

Dy [f@+h), f@)] < Dgls(@+h), s @]+ 2D [f(x), s @)].
2#
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3,1°. Evidently the sum of two functions of Cs(A) is
again a function of Cg(A).
3,2% If f(x) belongs to Cg(A), then the product
f(x) ¢** belongs to Cg(A) for every real 1.
For
Dy [f @) é**, s () ] = Dy [r @), s@)].

(The property does not hold for the product of any two
functions of €4 (A), since such a product may not be
integrable).

4°. Every function f(x) of C;(A) has a mean value

y+z
M{f@)) = l.im—%g f@) de, as T— oo
v

(and the limit even exists uniformly in y).
This follows from the inequality

| (rrme
= T\ | f(x) —s (x) | de

(35

1 T "y y+T
T\ [(x) d. —?S s(x) dx
vy

}/

<" D @, s@] < 20, [f@), s@]  for T2 1.

From the same inequality we see that if

<

S-lim sq (x) = f(x)
M{sn (@)} = M{f(x)}

and, more generally,

then

M{sn (x) e} — M{f(cc) &ty

as n— oo,

5°. Repealing word for word the argument of § 1 we
can now establish the existence of a Fourier series,
write

f(x) o 2 4, 4,
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in the same sense as before, and assert that when
S-lim sp (x) = f(x) the Fourier series of f(x) may be ob-
tained from the expressions of s,(x) by a formal limit
passage.

We now pass to the main part of the theory of the
class C4(A), the investigation of the almost periodic pro-
perties characteristic of the class.

We shall in the future refer to the translation numbers
defined in § 1 as U-translation numbers. We now intro-
‘duce another kind of translation numbers, defined as fol-
lows: A number ¢ is said to be an S-translation

number of the function f(x) belonging to &, if
Dylf @), f@)] < e

We call f(x) an S.a. p. function if for every positive &
there exists a relatively dense set (in the sense of § 1)
of S-translation numbers « (£) of f(x).

Theorem. The class Cg(A) is identical with the class
of S. a. p. funclions.

In proving the identity of the class Cg(A) with the
class of S. a. p.functions we shall, so far as the latter
class is concerned, use nothing but its definition; we do
not even need lo begin, as- Stepanoff did in his develop-
ment of the theory, by establishing the elementary pro-
perties, just deduced for Cg (A) as immediate consequences
of its definition. In accordance with § 2 we base our proof
on the fact that the class Cg(A) is identical with the class

Cg (a. p. functions).

For convenience we shall in future denote an a. p. function
by o ().



22 Nr, 5. A. BesicovitcH and H. Bour:

1. That every function f(x) of C;(A) is an S. a. p. function,
is obvious. We have only to choose ¢(x) in the inequality

Dlf@@+o), f@] < Dglo@+2), o@)]+2D,[f(x), o@)]

so that D [f(:c), ri(nc)] < %, to ensure that every U-trans-
lation number of o (x) (which is a fortiori an S-translation
number of o(x)) belonging to% shall be an S-translation
.number of f(x) belonging to .

- 2. We now]procged to the proof of the converse result,
namely that every S. a. p. function is the S-limit of a se-

quence of functions o (x). For this purpose we consider

the functions
1 2+
pg(x) = K S f®de
- o3

already studied by Stepanoff. We shall prove first that
pg(x) (which is evidently continuous) is an a. p. function
o (x), and secondly that

f(x) = S-lim gy (x), as 6— 0.

We may suppose ¢ << 1.

To prove the first statement we observe that every
S-translation number of f(x) which belongs to #d°is also
a U-translation number of ¢4 (x) belonging to e. Given such
an S-translation number = = 7 (¢d) we have in fact for
every «

z-4-d' :
g (fE+o)—F(®) ds

e

1
[ g @+ o) =g, @) | =

41
= 1 & | fE+0)~f®]dE <.

oy
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To prove the second statement we first observe that
any S-translation number # of f(x) belonging to ¢ is also
an S-translation number of ¢4 (x) belonging to 2& For we
have for every x,

2 -1 1 A+l - g
S lg)a(x+1')—soa(ﬂc)ldx_<,a\ de [fE+D—f©]ds

{To

1710+1+J o X+ 2 .
=5 Slf(eru) f(‘f)‘d§g dx g f(E+0)— f(é)! £<2e¢
—d

Lo

What we have to prove is that Dy [f(:z), gp(;(a:)] < ¢ for
d < d, (e), i. e. that for everv x, '

i'co+1 ) -
(15) S [ f(x)— gg(x) | dx < & ) for ¢ < ('50“(8).

Ty

Let I = ZGL) be a number such that every interval of
length I contains an S-translation number ¢ = r( ) of f(x)
which (as we have just seen) is also an S-translation

number, belonging to %, of every ¢4 (x). Corresponding

to the value of x; in (15) we select a trapslation number

/7

T (i) so that the point x, 4 7 lies in the interval (0, [). Then

2+ 1 g+ 1
S | £(x) — gg () [ dr < S | (@) —f(x+o)|dx

Xy xy

o + 1

o 4 1
+S‘|f($+f)—%‘(m+’€)| dx+S [ g5 (X +2)— g (x) | dx

XLy

o tr+1 3 I[+1
<5t S @ —gs@ e+ ,.,4e+golf(x)—w(x)ldx-v

X+ 7T

Thus the proof will be complete when we have established
the following simple proposition, which we state as an
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independent lemma since it may be of use in other pro-
blems involving the smoothing of an integrable function.

Lemma. Let f(x) be a function integrable (L) in a finite
inlerval (a, b), and let

x4+ d
Sva(x)=3S f&ds (a < x<<b—2J).

Then, for any 8 < b,

lim \ﬂlf(x)— po ()| dw = 0.
d—> 0 Ja
We denote the number b—g by d. Then ¢4(x) is de-
fined in the interval (a, 8) for every ¢ < d. By the theo-
rem on the differentiation of a Lebesgue integral we have
that g4 (x) — f(x) as d— 0 almost everywhere in (a, 8).
We first prove that to any & > 0 corresponds an ¢ > 0
such that
(16) { 1o @ dw < e
: x
for all values of ¢ (<X d) and for every set E < (a, #)
such that mE < 4. We write
. 1 ax+d 1 g
S lsof»(x>ldx§5§dxg [F©lds = SS |F(®) | deds
v €T .
E E

G

where G denotes the two-dimensional set of points in the

x, & plane
P xcE, x<i<<at+d

whose measure
mG=J0-mE.

o

On making the simple transformation

! 7 o~/ d —
§=8", x'—§ 2'6‘(1‘_9)
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the set G goes over to a set G’ in the «, £’ plane, of
measure

a7 mG’:gwnG:d-mE,

£

g=t

a z A R
which evidently lies inside the constant (independent of ¢)
parallelogram P whose vertices are the points (a—d, a),
(a, @), (b, b), (b—d, b). And

(18) %gglf@)ldxdé‘zésg [F(e) | dx'd &'
A .

7

Since the function f(&’), regarded as a function of the
two variables a’, &', is integrable in the parallelogram P,
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the integral on the right can be made less than ¢ by
" taking mE sufficiently small (< ), for by (17) this makes
mG' “small”.

(16) being established, the proof of the lemma may be
completed in the usual way: We choose 4" < # so that

S |f(x)|dx < & for mE < 4, and then chose &, so small

E

that for d < d, the set F = Fy of points of (a, 8) at which
| f—gg| < ﬂ—g—d is of measure > 8—a—4', and conse-
quently the complementary set C(F) of measure < 7.
Then for d < 4, ‘

‘8 .
S | f(x) —g4(x) | de < g | f (@) — g () | dac + g [f ()] de_
¢ ’ o op) '

ﬂ_a(ﬂ-—a)%‘—e‘l—a = 3e,

+S | g () | doe <
CiF)

When the identity of the class C4(A) with the class
of S. a. p. functions has been established the next problem
which arises is to find a simple algorithm which, applied
to an arbitrary S. a. p. function f(x), gives a sequence of
finite sums s, (x) tending to f(a) in the sense of the limit
process characteristic of the class, i. e. such that

S-lim s, (x) = f(x), as n— oo,

The above proof evidently provides a mean of con-
structing such a sequence. For the above functions ¢,(x)
x -+ d .
= ES f(¥)d ¥, being ordinary a. p. unctions, can in ac-
€T
cordance with § 1 be approched within an arbitrarily small
U-distance .(and a fortiori within an.arbitrarily small S-
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distance) by Fejér sums of their Fourier series. Therefore
" by first taking d sufficiently small and then approximating
sufficiently closely to ¢4(x) by a Fejér sum, we shall ob-
tain finite sums whose S-distance from f(x) can be made
arbitrarily small. This process can be regarded as an algo-
rithm on the Fourier series of f(x) ‘itself, since the Fourier
series of ¢y(x) involved can be obtained at once from
this series by a formal integration:

g d_

177 ei Ay %
14,0

(19)  pe@) e 24,

eizlq,cr__l I :
( R stands for 1 when .7, = 0). This follows from

the obvious equation

e‘i)l(f__l

-
L Py U ) LR Py
M{(;S f(®)dE-e }—M{/(x)e TR

=
already used by Bohr ([1}, p. 62) for a. p. functions and
by Stepanoff for S. a. p. functions. i

The above algorithim for the construction of a sequence
sn (x) is complicated by the presence of the parameter d.
This complication can be avoided; we shall show that we
may . use as approximating sums the Fejér sums of f(x) il
self, instead of the Fejér sums of the functions ¢4 (x).

For this purpose we first prove that the relation given
in § 1 between the Fourier exponents and the translation
numbers of an a. p. function holds also for an §. a. p. function;
in other words that:

“If ey, @3, ... is a base of the Fourier exponents .7,
of an 8. a. p. function f(x); then to any ¢ > 0 correspond
integers P, Q and a positive number ¢ << & such that every
solution of the system of diophantine inequalities
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ﬁt ﬁ)1

Q Q

is an S-translation number T(%) of f(x)”.

< ¢ (mod. 2m), ...,

< 0 (mod. 27)

We take a ¢5(x) such that Dy [f(x), gzdx(x)] < % Then

every S-translation number of g4 (x) (and a fortiori every

U-translation number of ¢,(x)) belonging to % is also an

S-translation number of f(x) belonging to g We have now
&
6
the (ordinary) a. p. function ¢z(x), which by (19) also
has the sequence oy, &y, ... as a base for its Fourier ex-

ponents.

only to apply the theorem of § 1 { with — in place of g) to

Using the notation of § 1 we write
[44 «
x) = N D) M (28 L M (2
s (x) M{f(m D n1<N1!t) 17 ”<Nplt>}

3
= —nzénl <1——l—ﬂ—}> e <1—@>A7 eiA”z

where

. o v vp
<and 4,, as before, denotes zero when Z_\’% T N o,
is not one of the Fourier exponents of f($)). We shall
prove, just as in § 1, that
S-lim s (x) = f(x)
provided only p, N;, Ny, ..., ny, ng, ... lend to oo fo-
gether in such a way thatl NLEY — oo, %—) 00, ...

For any x at which f(x) is defined (and so for almost
all values of x) we have
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s@—f@) = MU(f@+H—f@) T B}

and therefore
ls(@)— @) < M{|Fx+D—f@)|T®};

the mean value on the right exists, since |f(x+ O —f(x)|

is plainly an S. a. p. function of £ Thus for every x

ax+1 1
(20) ls(§)~f(‘§)|d§§gM{lf(':c'*ki)—f(f)llf(i)}d&-

We shall show that the last integral is less than or equal to

w1
21) M{H(f)g |[f(E+D—1(®]dE);
-1
(this mean value also exists sinceS [fE+FD—F®|dE is

even an ordinary a. p. function of ). We have

(22)

1 A v+ 1
*S ﬂ(t)dts [fE+D—f®]dE
— T wva
1

@+ T
N Sxd 2T S_If(g—l_t)_/(é‘)ill(t) di.

As T— oc the left side of (22) and therefore also the right
side tends to (21). But the limit of the right hand side is,
by a theorem of Fatou' greater than or equal to

s +1 1 T
& d§limﬁS [FE+D—F® |z ®at
—T

s+ 1
~ S‘dwl{lf(ﬁt ~[®TW}.

P £, (@) > 0 in (a, b) and fr (@) = f(x) then
b

2]
lim inf. S fn () de = S f () dz.
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Thus by (20)
w41 w1
S |s(®—f®|ds < M{m® &M|f(§+i)*“f('§)|d§}-

Dividing the t-axis, as in § 1, inlo two sets Ij, I, and
wriling 7 (1) = II' () + 11" () as before we have

D[s @), f@] < M{D[fx+D, f@) 0D}

+M{Dglr+0, Fe] " ®F.

This inequality differs from the inequality (9) of § 1 only
in having Dy replaced by Dg. Since further the distance

D, [fw+ D, f(x)]

is < _-in I, and < 2K in I, (K is Dy (/‘(a:)]) , the rest of

&
2
the proof is word for word the same as that of § 1.

In conclusion we may remark that the above “sum-
mation theorem” implies the ‘“uniqueness theorem” (see
Stepanoff) which states that an S. a. p. function is uniquely
delermined by its Fourier series. For if two functions are
both S-limits of the same sequence (Fejér sums of the
given Fourier series). their S-distance must be zero and
consequently they are equivalent, i. e. equal almost every-

where,
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