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Abstract

For a convex body K in R” with surface area S(K) it is shown that
S(K) = $(BY(1 +2n%c(m)B* + 0(B)),

where B denotes the ball with the same volume as K and centred at the centre of gravity of K (with Lebesgue

measure), while 8 denotes the volume of X \ B divided by the volume of K, and the constant ¢(n) is taken
with its biggest possible value. It is shown that 1 < c(n)/(n + 1) < 1.4943 and that

_ [Vul? — (n — Dllu]?

c¢cm) =mn{ ——mMm————

2
llzelly

e CYE.R), up = uy =o],

where % denotes the unit sphere in R”, V the gradient in the Riemannian sense, | - || the L?-normand | - ||,
the L-norm on %. Finally, u; denotes (for any L2-function u on T) the projection of « on the eigenspace
for (minus) the Laplace-Beltrami operator on X corresponding to the kth eigenvalue Ay = k(k +n — 2),
k=0,1,2,.... The following dual characterization of c(n) is obtained:

”fk”
c(n) [Z Ay —

It is shown, moreover, that every function f realizing the maximum 1/¢(n) takes the values 4-1 only, and
(at least in dimension n < 4) that f is even: f(—§) = f(£). For even n = 2m it is shown that the function
f& = sgn(gf +...4+ &2 ~1/2) is a stationary solution to the above maximum problem in a natural sense,
and it is conjectured that the maximum 1/¢(#n) is attained by this function and essentially by no other. For odd
n = 2m + 1 the constant 1/2 must be replaced by the solution to a certain transcendental equation involving
hypergeometric functions. The stated conjecture is proved valid for n = 2, thus recovering a recent result
of R. R. Hall, W. K. Hayman, and A. W. Weitsman. The conjecture remains open for » > 3.
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1. Introduction

Recently it was shown by Hall, Hayman and Weitsman in [HHW], [HH] that, when f
ranges over all measurable functions on R (mod 2x) taking the values 1 and —1 only, and
having the Fourier series Z/?O:o (ay cos kB + by, sin k6), the quantity

1. Cl2 + b2
A(f) == k__ Tk )
”>2§W_1 (1.1)
has the biggest possible value
4
k(2) :=max A(f) = — — 1, (1.2)
T

attained by the function sgn(cos 26) and its translates. From this they derived the following
sharp lower bound for the isoperimetric deficit of convex domains K in R? (with area
A(K) = A, perimeter L, and ‘asymmetry’ «, see (1.4) below):

4
4—x

L?>47A (1 + o+ 0(a3)> (1.3)
as o — 0, the constant 71/(4 — ) = 1/k(2) being best possible. They also described
a family of convex domains which approach a ball and for which the equality sign holds,
[HHW, p. 113].

The asymmetry o = a(K') was defined as follows by L. E. Fraenkel (unpublished):

o = a(K) = mig 2 NBC )

1.4
xeR? A(K) (14

as B(x, v) ranges over all discs with the same area as K, i.e., A(K) = wv2.

The determination of « (2) in [HH] involved subordination theory from complex analysis.
The present paper is an attempt — only partly successful — to obtain similar results in higher
dimensions. Our method allows us also to recover (1.2) and (1.3) along with some additional
information.

In Section 3 we use the Fracnkel asymmetry «, now in arbitrary dimension n, and also
the similar barycentric asymmetry £ (> «) defined by fixing the centre x of the ball B(x, v)
of equal volume as the barycentre of the domain K (see (2.1) and (2.2) below).

If V denotes the volume and § the surface area of a bounded convex domain K in R"
we obtain the following slightly weaker n-dimensional analogue of (1.3):

n n—1
( 5 ) > (1) <1+%(n+1),82+0(/32)), (1.5)
nwy, Wy n
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where w, is the volume of the unit ball in R”. The function 8% is sharp in order of
magnitude, but the constant %(n + 1) is no longer best possible (not even in dimension 2).
In proving (1.5) we may of course assume that K is normalized so that V = w, and the
barycentre b of K is the origin. We then expand the radial function R = 1 4 u for X in
spherical harmonics, while drawing on results from an earlier paper [F1]. We also obtain
more precise information about the remainder term o(82). An inequality similar to (1.5),
but without the remainder term o(82) and without assuming K to approach a ball, was
obtained in [F3], though with a very small constant coefficient (unspecified, but calculable)
to B2.

Writing the biggest possible value of the constant coefficient to A2 in (1.5) in the form
%c(n) we thus have c¢(rn) > n + 1. We show that ¢c(n) > »n + 1 and that ¢(z) is also the
biggest possible constant in the Poincaré style quadratic inequality :

IVul> — (n — Dull® = c@) |, (1.6)

valid for all real-valued C!-smooth functions « on the unit sphere ¥ in R” such that

fudcr:O, /u(.g-)gjda(g):o for j=1,...,n. (1.7)
b)) =

Here Vu denotes the gradient of the function # on % in the sense of Riemannian geometry
on . Moreover, do refers to the normalized surface measure on X, and || - || and || - ||+
denote the L2(c')-norm, resp. the L' (o)-norm. There exist non-zero functions u satisfying
(1.7) such that the equality sign holds in (1.6). One may regard (1.6) as the infinitesimal
version of (1.5) corresponding to making the radial function R = 1 + u infinitely close
to 1, whereby the side conditions (1.7) express the above normalization V = w,, b = 0.
The presence of the L'-norm [« ||; in (1.6) (rather than the Z.2-norm) makes the precise
determination of ¢(n) difficult. ‘

In Section 4 we consider the following r-dimensional generalization of A (f) from (1.1):

(o] 2 .
A= 3 MBI 08

e R0 kS|

where f = Z/?io fe is the expansion of a (real-valued) function f € L?(c) into spherical
harmonics f; (of degree k), and A; = k(k 4+ n — 2) is the kth eigenvalue of (minus) the
Laplace-Beltrami operator A on X. We give the following dual characterization of c(n):

Lk = max{A(H) | —1< f < 1), (1.9)
c(n)

It turns out that the maximizing functions f in (1.9) take the values 1 and —1 only (al-
most everywhere on X). This duality result (1.9) is inspired by what is essentially the
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2-dimensional case thereof, obtained in [HHW, p. 109—-113] where the Fourier expansion
of the support function of K was used.

As described in Section 8 the sum A(f) in (1.8) can be evaluated as an integral as
follows:

ACS) = f / G(En) FE)F () do (€) do (),

where the kernel G(t), —1 <t <1, has been determined explicitly by recursion w.r.t. the
dimension n by Berg [Be].

The variational problem of determining the biggest possible constant ¢(n) in (1.6) under
the side conditions (1.7) leads to the following Euler type equation in the distributional
sense (after a suitable normalization of u):

oG
—Au—(n—Du=f:= ka, where f = sgnu,
k=2

again under the conditions ug = u; = 0 from (1.7). The presence of sgnu on the right
makes the Euler equation non-linear.

Similarly, let us denote by %c* (n) (= %c(n)) the biggest possible constant coefficient
to 2 in the estimate obtained from (1.5) by replacing 8 with . Alternatively, c, (n) is the
biggest possible constant in the inequality obtained from (1.6) by replacing ||u||; with the
quotient norm || - ||« on L' (o) /H1, H1 denoting the space of restrictions to % of the linear
forms on R". (The second side condition in (1.7), amounting to u#; = 0, is unnecessary
here.) In analogy with (1.9) we obtain

1
cx(n)

and the Euler equation is the same as above, but now with the side conditions ug = f; = 0.
In Theorem 4.4 we show in dimension n < 4 that every maximizing function f for « (n)
in (1.9)is even: f(—§&) = f(&) (almost everywhere), in particular f| = 0, and hence

=kx(n) =max{A(f) | -1 =< f =<1, =0}

ke(n) =), ci(n)=chn) for n < 4.

Tt follows that every minimizing function u for c(n) in (1.6) is likewise even. The proof
of these symmetry properties is rather long; it is inspired by a construction due to Hall
and Hayman [HH] in the 2-dimensional case. We use spherical harmonics and Legendre
polynomials, and spherical potential theory with respect to the operator A + (n — 1) on X
as developed by Berg [Be]. — Although our proof of Theorem 4.4 only seems to work for
n < 4, it is conjectured that the result holds in all dimensions.

In Section 5 we treat the case n = 2 and prove that «(2) = «,(2) = 4/m — 1, by
using the corresponding Euler equation and also Theorem 4.4. We further show that the
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maximum (1.2) remains in force when f is allowed to take arbitrary values in the interval
[—1, 1], and moreover that, up to isometries of X, this maximum is attained only by the
function sgn(cos 20) = sgn(&l2 - %).

Section 6 contains an incomplete discussion of the case n > 2. (For the complete
solution of a related, but more manageable problem, see [F5].) Writing n = 2m for even
n and n = 2m + 1 for odd n, we consider the function

fn; &) =sgn(Ef +...+ &2 — 1% (1.10)

of £ € ¥ and show that this function is statiornary in a certain natural sense for precisely
one value of the constant 7 = 7(#) (> 0), namely t(n) = 1/ +/2 for n even, while for n odd
7(n)? is the root of a certain transcendental equation involving hypergeometric functions.
In terms of the corresponding stationary value A( [ -)) we have because f(n; -) is an
even function on X with values in [—1, 1] :

1
A(f(n; D) S ke(n) <k(n) < Pt (1.11)
the last inequality being equivalent to c(n) > n + 1, cf. above just before (1.6).
We also consider certain other stationary functions. We conjecture, however, that f (r; -)
from (1.10) is maximizing for x (n), so that the first two inequalities in (1.11) are equalities,
but we cannot prove this (except for n = 2, cf. above). For even n = 2m we find

A(fCm; ) = (1.12)

1 L) r@QrE+a
2m =1 \THIEHTEIE+2)
(which equals 4/7 — 1 form = 1).
For n = 3 we have from (1.10) f(3; &) = sgn(&l2 — 72), and we find that
1+ 2

1 = . ie. T~ 0.5644,
BT Ty T

A(f(3; ) = (1 —1)? ~0.1898.

The conjecture that, with the stated value of 7, the function sgn(;‘:l?‘ — t2) is maximizing for
x(3), which then equals (1 — 7)2, has also been proposed in a different form by Richard
R. Hall (personal communication).

Stirling’s formula applied to (1.12) leads to the following asymptotic formula for the
ratio between the lower bound A( fn; .)) and the elementary upper bound 1/(n + 1) in
the estimate (1.11) (at least when n is supposed to be even):

Jim (n+ DA(f(m; ) = LI/Y )« 0.6692,

T /mr@EM4)
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the sequence (n + 1)A ( fn, -)) being decreasing through even n. In particular, we obtain
0.6692 < (n + Dk.(n) < (n+ Dx(n) <1 forn even.

The same estimates hold for #n odd (Theorem 6).

In connection with (1.5) we mention that a different estimate, somewhat similar in spirit,
has been obtained by Schneider [Sc] with 8 replaced by another average measure of non-
sphericity of K, defined in terms of the L?-distance between the support function of K
and that of the associated Steiner ball (like in [HHW] for n = 2). — For other so-called
stability versions of inequalities for convex bodies see [F4] and [GS] (with references) and
the survey article [G].

We close this introduction by comparing the results mentioned above with similar results
(first in dimension 2) in which the ‘average’ asymmetries « and 8 of K are replaced by a
stronger ‘uniform’ measure & of the deviation of K from circular shape, such as

=T (1.13)
v
where r, denotes the circumradius and r; the inradius of K, while v as above denotes the

radius of a disc with the same area as K. Virtually all work on the present topic has its
background in the inequality

1
L > 47rA(1 + —52> (1.14)
w

obtained by Bonnesen [Bo] for convex domains K in R?, the coefficient 1/7 to §2 being
best possible. Actually, Bonnesen’s inequality (1.14) holds for arbitrary planar domains
K bounded by a simple closed rectifiable curve, [F2]. However, (1.14) does not extend
to multiply connected or disconnected domains (not even if we replace 82/ by any other
positive continuous function of § approaching 0 as § — 0), as one sees by taking for K
the difference or the union of the unit disc and a small disc (inside, resp. outside the unit
circle).

Itis in this connection that the Fraenkel asymmetry o from (1.4) (but not the barycentric
asymmetry ) has an advantage over the uniform measure of non-sphericity & from (1.13).
In fact, it was shown in [HHW] that

L* > 47 A(1 + La?)

holds for arbitrary planar sets K (of finite area A and finite perimeter L). (The constant
% is not claimed to be best possible.) It is conjectured that a similar result (with another
constant to replace %) holds in higher dimensions, mutatis mutandis, but this has been
proved only in the convex case, see [F3]. On the other hand, for convex domains K in R
we also have lower estimates of the isoperimetric deficit (when sufficiently small) in terms
of the n-dimensional version of 8 from (1.13), the term §2 /7 in (1.14) being then replaced
by a constant times § " ifn > 4, and by a constant times 82/ log(1/8) if n = 3, and these
functions of § are again sharp in order of magnitude, see [F1].
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2. Preliminaries

In Sections 2 and 3 we shall mostly use the same notation as in [F1, §1, p. 622-623]:

K denotes a bounded measurable subset of R, n > 2 (with further properties to be
specified later). (The set K was denoted by D in [F1].)

V = V(K) denotes the volume of K (rn-dimensional Lebesgue measure).

S = S(K) denotes the surface area of K (i.e., of K), assumed to exist.

wy, = ™%/ (n/2 4 1) is the volume of the unit ball 2 = B(0, 1) in R, hence nw, is
the surface area of the unit sphere ¥ = 92 in R",

D = D(K) denotes the (dimensionless) isoperimetric deficit of K. This deficit (denoted
by A in [F1]) is defined by

n—=1
S 1% ~Tn
D=5 (*) 1
Wy \ Wn

b denotes the barycentre of K, with jth coordinate % fK xjdx, j=1,...,n.

v = (V/w,)" is called the volume radius of K.

Ky = v~ UK — b) is called the normalized set associated with K.

d=dK)=imf{t >0 (1-1t)1Q C Ky C (1 + 1)} is the Hausdorff distance
between Ko and 2. We call d the spherical deviation of K (cf. [F1, Definition 2.1]).

Further we consider in Section 3 the asvmmetry of K in the sense of Fraenkel:

V(K\B(x,v) _ " V(B(x,v) \ K)

= o(K) = mi 2.1
o =al)=mn —% R VE) 1)
and also the following barycentric asymmetry of K:
VK\ B, v)) V(B v)\K)
p=pu) =" = : @2)

V(K) V(K)

Note that each of the quantities D, d, «, f is the same for K as for the normalized set
Ko=v"(K —b). Clearly0 <o < 8 < 1.
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Throughout the paper we denote by o the normalized surface measure on the unit sphere
¥ in R”. The abbreviation a.e. means: almost everywhere with respect to . We consider
the usual L? (o)-norms of o-measurable functions f : £ — R:

1/p
||f||p=(L1f(§)|Pd0(€)> ; l<p<oo,

[ fllo = min{t € Ry | |F(E) <t o-ae.].

For simplicity we shall mostly write || /|| in place of || f||2.

Animportant role will be played by the decomposition of L2 (o) into eigenspaces for the
Laplace-Beltrami operator A on %, cf. e.g. [Sp, p. 193 f.] and [M, p. 38]. For any integer
k > 0 we denote by H;, the vector space of all spherical harmonics of order k, ie., the
restrictions to T of the harmonic polynomials homogeneous of degree k. These subspaces
H;, of the Hilbert space L2(o) are mutually orthogonal and span together L2(c):

L*(0) = PHs-
k=0

For any function f € L%(c) we denote by f; the orthogonal projection of f on Hy, and
we have the expansions

F=> fo IFIP=D" 1A
k=0 k=0

the former expansion being convergent in the L?(¢')-norm | - ||. Note that

m=fmm

the mean-value of f. In dimensionn = 2 the above expansion of f is the Fourier expansion
because fy = %ao, Jr(cos 8, sin8) = ag cos(kf) + by sin(k0) for k > 1, in terms of the
Fourier coefficients ax, by of f; hence || fi|l> = 3(a} + b2) fork > 1.

The Laplace-Beltrami operator A on % (acting in the distribution sense) is a self-adjoint
operator on L? (o) with discrete spectrum, the eigenspaces being Hy with the corresponding
eigenvalues (actually for —A)

M=k(k+n—2), k=0,1,2,...,

cf. e.g. [M, Lernma 2}. For any function u = ZI?;O g in the domain of A we thus have

00 00
—Au = Zlkuk = Z)»kuk-
k=0 k=1
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For m = 1 or 2 we denote by W”:# = W™ (L) the Sobolev space of all real distri-
butions u on X whose partial derivatives of order m (hence also of orders < m) in local
coordinates on T are (locally) in L? (¢). In particular, Wb = Lip,, the functions on 2
satisfying a Lipschitz condition.

For u € W12 we denote by Vu the gradient of u in the sense of Riemannian geometry
on X, cf. e.g. [Sp, p. 188], and by ||Vu]| the L2(o)-norm of the length |Vu| of Vu.

We denote by dom A the domain of A as a self-adjoint operator in Lz(or), and similarly
for other operators. It is known that dom A = W22, cf. e.g. [Se, p. 685], or argue as in
Remark 4.4 below, using [Ho62, Theorem 17.1.1]. The following lemma is presumably
known. (It was used implicitly in [F1, (18), p. 625].)

Lemma 2. Forany u € dom A we have

(e,9]
—/uAudcr = Z)Lkllukll2 = ||Vul?.

k=1
The Iatter equation holds more generally for any u € WH2(%).

Proof. The former expression for — [u Audo is obvious since Ag = 0. Because
domA = W22 ¢ W2 it remains to establish the second equation in the lemma for
u € WL2. The positive self-adjoint operator — A has a positive self-adjoint square root Q,
and

Ou=7y Vieur, 1Qul* =3 relul? 2.3)
k=1 k=1

for any # € dom Q (the domain of Q, characterized by the finiteness of the latter sum in
(2.3)). For any u € C%(Z) (C dom Q% C dom Q) we have

lQul? :/Eu Q%udo = —fzu Audo = | Vu|? (2.4)

by partial integration. For any u € W1?(X) there exists a sequence of functions u of
class C?(Z) such that

™ —ul -0, V@™ —w)] - 0.

This can be shown by regularization in local coordinates combined with the use of a partition
of unity, cf. e.g. [DL, p. 312]. In view of (2.4) the sequence ( Ou™) is Cauchy in L? (o),
and since Q has a closed graph it follows that # € dom Q and Qu®™ — Qu. From (2.3),
(2.4) we therefore conclude that

o 0]
D Allull? = 1 Qul? = lim [| Qu|> = lim | Ve 1* = || Vae|*. 0
k=1
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Note that
AMm=n—1 A—i=n+1,
and if ug = 0, the expression, important in the sequel,
(o0}
IVul? = (o — Dl =D G — A0l 2.5)
k=2

is independent of the linear component 1 € H;. If moreover u; = 0, the stated expression
is> (ko — AUl = (n + D flull?, with equality precisely when u € Ha.

3. The case of strongly starshaped domains

In this section the set K in R” is supposed to be strongly starshaped with respect to its
barycentre b in the sense that the boundary d K of the normalized set K can be represented
in polar coordinates R = |x|, &£ = x/|x], x € R" \ {0}, by

R=R(E)=1+u(), §el,

with R(-) of class Lip; = W', cf. Section 2. Note that d = ||u|o.. We may assume that
K itself is normalized, i.e., K = Kp. Asin [F1, p. 623] we then have

_ S _ [ 2 [ 2
1+D_nwn_/ER R2 + |VR|2do
2/(1+u)"—1\ﬁ+ (14 u)~2|Vul? do, (3.1
z
1%
— :f(l—l—u)"da (:[ ldo = 1), (3.2)
Wy b3 b))
b=];3(1+u($))n+l$da(§) (=0). (3.3)
Similarly, from (2.2) above,
2,3:[ |1+ w)" — 1| do. | (3.4)
P

In the first approximation, (3.2) and (3.3) imply that xo ~ 0, u; =~ 0. More precisely we
have, as the spherical deviation d = ||u || tends to 0,

lolloo- lu1lloe = OW)|ull® = O(@)|ul:. (3.5)
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(Here and elsewhere the Landau symbol O (-) is understood to apply uniformly with respect
to the strongly starshaped domain K for any prescribed dimension #. In some cases O (-)
may take negative values.) From (3.2) we get in fact

0= f (1 +w)" — 1) do = nug + O(D)||ul?,
X

whence [lugllco = O(ul®). Also, ul® < llullsolluli = dlluli. From (3.3) and
fuydo =0 (since u1 € H1) we obtain

-1
lurl)? = /):uul do = m/ (A+w)"™ —1— @+ Du)urdo
z

= 0 lu1llcollul®.
whence ||u1]loo = O([u]|?) = O(d)||lull; because [|u1 o equals a positive constant times
[z ]l-

Definition 3. For any function u € L!(c) we write
lle]l« = min {”u =1 } le Hl},

the L!(o)-distance between u and the n-dimensional subspace H| of all linear functions
(restricted to X). Thus [|u||« is the quotient norm on L!(¢) /H;.

Remark 3.1. Clearly ||lu|l« < |lu|l;- The following estimate in the opposite direction
will be used in Remark 3.2 below and in Section 7. Consider any u € L'(o) orthogonal
toHy: fugj do =0(j =1,...,n), and any minimizing / € H; in the above definition.
Then

Il < gllell« (3.6)

with a constant ¢ = g (n) to be determined below. It follows that

llally < lle = 2le + 1210 < 1+ P luell« (3.7)
In fact,

13 = /zl(l —u)do < |[llloolll —ullt = llllcolleell,

and since / is a constant multiple of & after a change of coordinates, (3.6) ensues with

e / f jet 2 DY)
= = do=1/ | @ -»'Tdr=-"=—2"
TE o=1/ V7 T(a)

This constant g is best possible in (3.6) as well as in (3.7). We shall not use this fact; it
can be shown by taking « (identified with the measure u do) weak™ close to the measure
&q—E_q—2n&1 do (orthogonal to H1), where e.g. &, denotes unitmass ata = (1,0, ..., 0).

If u is even: u(—&) = u(§) for § € I, then ||lu|l. = |lull1. In fact, for any [ € Hy,
2Mully < flu =y + e + Uit = 2]lu — |1 since I{(—§) = —1(&).
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Remark 3.2. For any function 4 € L%(c) write
xX
ﬁ:u—uo—m:Zuk. (3.8)
k=2

Returning to strongly starshaped domains K in R” we then have (in the notation explained
in the beginning of the present section):

ll0loo + llu1lloo = 1@ 10 (d) = |1i1.0 (), (3.9)
lully = [l@li (1 + O(d)), (3.10)
lllle = @1+ O)), (3.11)
IVul® — (o = Dlul® = (IVEl? - (e — Dal?) (1 + 0@>). (3.12)

From (3.5) we have in fact

lolleo + llutlloco = llulli Od) = llill1 + lluolloo + llx1lloe) O (),

from which the former equation (3.9) follows, and it implies the latter by application of
(3.7) to u (which is indeed orthogonal to H;). Next, (3.10) and (3.11) follow from (3.9)
and the triangle inequality. Finally, (3.12) is obtained by use of Lemma 2:

IVul® = (e = Dijul? = IVal* — ( — DY|a]® — ¢ — Dlluo|?
= (IVal? = (= — D)) (1 + 0@?),

noting that
luol® = 0@Hill} = 0@H(IVal? — o — Dljal?)

according to (3.9) and the last two lines of Section 2 applied to i.
Lemma 3.1. For strongly starshaped domains K in R™ we have
D = 3(IVull® = (e = DIl (1 + 0(d + [ Vull,)),
B="5luli(1+ 0@),
3 lull(1+ 0@),
|Fl =v0(d).

[e4

where F denotes the compact set of points x in R” realizing the minimum in the definition
(2.1) of «, and |F| := max,cr |x|, while v is the volume radius of K.
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In view of Remark 3.2 the stated expressions for D, 8, and o remain in force if u is
replaced throughout by # = u — 1o — u1 from (3.8), except in the term ||Vu||§o.

Partial proof. Ad D. The term — % (n—1)|u||? arises when the term [ u do is eliminated
from [ (1 + )"~ do by use of (3.2), keeping only terms order 2 at most; and the term
% | Vue||? is obvious. See Section 7 for a complete proof.

Ad B. According to (3.4) we have

do,

n n .

2 = ]. n—l d = J

p= [ 10w - ido /E;(J)”

128 — nllull1] s/ Z("f)df“mma = 0@)|ul1.
T4 N

Ad a. We may assume that K is normalized. For any x € F (see the notation at the end
of the lemma) the representation of 9 X in polar coordinates centred at x rather than at the
barycentre 0 is, in the first approximation, R = 1 + u(&) — (&) with [(¢) = x-£. This is
because || x{| is small for small d, by the final estimate of the lemma. In view of Definition
3 and the above proof concerning 3 this explains the main term % l|ull«. See Section 7 for
a complete proof.

Ad | F]. This estimate is used only in the proof of the above expression for « and will
be established in Section 7. O

Remark 3.3. For convex domains K the remainder term O (d +||Vul| %o) in the expression
for D in Lemma 3.1 can be replaced by O (d) because ||Vu]|%O = O(d) according to [FI1,
Lemma 2.2]. Even for non-convex K this replacement can be made in the estimate of D
from above (i.e., with the equality sign replaced by <), see the proof in Section 7.

Without discussion of the remainder term, the principal term in the expression for D in
Lemma 3.1, expanded in spherical harmonics, was given for n = 3 in [PS, p. 33].

Lemma 3.2. For any C%-smooth function w on ¥ such that ug = u; = 0 there exists
a C%-smooth function u(t, &), defined for real t in a neighbourhood of 0 and for £ € %,
such that u(0, §) = u(&) and that the set

Kty ={rEl&ecX, 0<r<1+4+iu(,é)} (3.13)
is convex and normalized (i.e., K (t) has volume w, and barycentre 0). For t — 0,

2wz, oo, 1V, Nl = O(2). (3.14)
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Proof. Fors = (sg,51,...,5,) € R*"! write
n

us@®) =uE +s0+y s&, £e.
=

Guided by (3.2), (3.3) we consider the following polynomials fy, f1, ..., foin (s, 1) €
R"*2, all of which take the value 0 at (s, £) = (0, 0) :

fols, ) =171 / ((1 + tug)" — 1) do  (for t #£0)
)
n n B
= ns0 +kZ:; (k>t" ! /E (us)do,
andforj=1,2,...,n:

G600 = [ (A4 @)™ = o @ Gort £0

1 n+1 1
= ”: 5 +Z(": )z"-l /E (s (€)' do (5),

k=2

where we have used that fudo = 0, Jugjdo = 0, [do =1, f&do(€) = 0, and
fé,-éj do(f) = n_ISij. At (s, 1) = (0, 0) we thus have dfy/8sg = n, of;/as; = (n+1)/n
for j > 0, and 9f; /dsx = O for j # k. By the implicit function theorem the equations
fits,t)=0,j=0,1,...,n, can be solved near the origin in R"*2 in the form

§ = S(t) = (S()(t), Sl(t)! M ] Sn(t))v

where s(-) is analytic in some interval I = [—z, t], and s(0) = 0. Writing

J

w(t,8) = usy (&) = u® +s0(0) + Y_ s (08,
=1

the function u(-, -) is C%-smooth on / x ¥, and u(0, &) = u(&). The estimates (3.14) are
obvious by the compactness of I and . We may therefore take t small enough so that
L+ tut, &) > 0for (z,&) € I x . The set K (¢) defined in (3.13) is then normalized
for each ¢ € I in view of (3.2), (3.3) because fj(s(¢),1) =0, j = 0,1, ..., n. It remains
to establish the convexity of K (¢) for small |¢[. Tt is convenient to extend the function
u(t, £) to a C2-smooth function on / x R", likewise denoted by u(-, ). Consider any
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2-dimensional linear subspace E of R”, and choose an orthonormal base 1, ¢ for E. Then
K (¢) N E is given in polar coordinates (r, 8) by 0 < r < R(t, 8), where
R=R(t,0) :=1+1tu(t,ncosd + sinh)
is of class C? on I x R. Denoting partial differentiation w.rt. 6 by a dash we have
R=1+0(h), R =0(D, R =0(

uniformly w.r.t. 6 € R, € I, and also w.r.t. E and its orthonormal base 5, ¢. This is shown
much like (3.14) above by application of the chain rule of differentiation while observing
that ncos® + ¢ sinf € T and that £ and / are compact. It follows that there exists a
number 7y, 0 < 19 < 7, independent of 7, ¢ and hence of E, such that

RP+2(RY ~RR"=14+0(t) >0

for every 6 provided that [¢| < tp. In view of the expression for the curvature of a planar
curve given in polar coordinates, the above inequality shows that K (¢) N E has positively
curved boundary and hence is convex, provided that |t| < 7p. Since this holds for any
choice of E, K (¢) is itself convex when |f| < 1. [

Theorem 3. For strongly starshaped domains K in R" we have

D= I+ DIul?(1+ o(d + 1Vul))

(3.15)
o 20D 14 o+ 15l

The constant —é—(n + 1= %(AQ — X1) in the former inequality is best possible.
The best possible constant c(n), resp. c«(n), in the ensuing ineguality

2
D= ;gc(n)ﬁz(l + 0(d + IVul)), (3.16)

. 2
D= n—ZC*(H)Olz(l +0(d+ i|Vu||%o)), (3.17)

respectively, for strongly starshaped domains is the same as for convex domains, and is
also the best possible constant in the quadratic inequality

IVul? = (n — Dlul® > ctmlulli, (3.18)
IVul> — (n — Dlull® = ca(mllul?, (3.19)
respectively, valid for all u € W'-2(X) for which ug = u; = 0, i.e.,
/ udo =0, f w(€gdo€)=0 for j=1,...,n.
b b))

We have
ci(n)=cn)y>n+1. (3.20)
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Proof.  As usual we represent the boundary of the normalized domain Ky in polar
coordinates as x = (1 +u(§))§,£ € X, whereby u € Lip;(X) = WL (%). Expanding in
spherical harmonics we obtain by Lemma 2, taking into account that Ag = 0, A; = n — 1,
and Ay > Ay fork > 2:

IVal? = = Dl =30 — 2l
k=0

oo
= D 02 = A)lugl® = Azlluol® — (ra — Al |12
k=0

= (2 — AD)ul*(1+ 0(d?)

in view of (3.5). Since Ay — A1 = n + 1, this leads to the former inequality (3.15) in view
of Lemma 3.1. The constant # - 1 in that inequality is best possible (even for convex K) in
view of the final statement in Section 2 together with Lemma 3.2 applied to some non-zero
u € Hy. The second inequality (3.15) follows likewise from Lemma 3.1 since ||u!| > {|u];.
By comparing the ultimate inequality (3.15) with (3.16) we see that ¢c(n) > n + 1, while
cx(n) = c(n) follows from > a, thus establishing (3.20). From the comment after
Lemma 3.1 we also see that e.g. (3.18) (applied to &) implies (3.16). Invoking also Lemma
3.2, we see that, conversely, (3.16) implies (3.18) in the case where u is C2-smooth. For
generalu € W2 withug = u; = Owe merely approximate u in W'-2-norm by C2-smooth
functions v (by regularization). Then vy — ug = 0 and v; — u; = 0. It follows that the
function w = v —vg — vy is C2-smooth, wg = w; = 0, and w — u (in W12). The validity
of (3.18) for u therefore follows from its validity for w. Similarly, (3.17) and (3.19) are
equivalent. O

Remark 3.4. The condition 1 = 0 is unnecessary in (3.19) because either member of
the inequality remains unchanged if u is replaced by u — [ for some € H;. As to the left
hand member this is because 1 = n — 1, cf. (2.5).

Remark 3.5. For convex domains K the remainder term O(d + || Vu|2)) in Theorem
3 can be replaced by O(d) in view of [F1, Lemma 2.2]. For planar convex domains
O(d + lquHgo) may further be replaced by O(8) in (3.16) and hence in the ultimate
inequality (3.15). In fact, for any convex domain K C R? such that D < %C(Z) B2 we have
from Bonnesen’s inequality (see (1.14) in the Introduction): d = O(8) = O(D%) = 0(8).
(As to the relation d = O(8) see [F1, p. 634].) Similarly O(d + HVullgo) can be replaced
by O(«) in (3.17) in the case of convex domains in R?; this leads to [HH, Theorem 1],
where ¢, (2) is found to be 7 /(4 — ), as will be recovered in Section 5. — For convex
domains K C R" with n > 3 we may similarly replace O(d + [|Vu||%,), e.g. in (3.16),
by O(B/log(1/B)) if n = 3, and by O(ﬁniﬂ) if n > 4. (In the above argument replace
Bonnesen’s inequality by the n-dimensional version of it, obtained in [F1, Theorem 2.3].)
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4. The infinitesimal version. Duality

In view of Theorem 3 we are led to investigate the best possible constants c(n), c«(n) in
(3.18), (3.19), respectively; that is (in the notation of Section 2):

2 _ _ 2
) :min{ Vil (n2 D lull u e WIS\ 0], o = uy = o},
lleelld “.1)
(IVal? = (= Dju]? 12
cx(n) = mm{ T we W (X)\ {0}, up :O}, 4.2

where ||u/|, denotes the quotient norm on L'(c)/H; (Definition 3).

The fact that there are actual minima in (4.1), (4.2) derives from the compactness of the
identity map from W12(Z) with the Sobolev norm [[u]|1,2 = +/|| V|2 + ||| into L2 (o)
with the norm ||u||; this is Rellich’s theorem [R] (applied in local coordinates on ). Also
note that, on the relevant subspace (cf. Remark 3.4 in the case of c. (1))

{ue WH2(2) | uo = u1 = 0},

1
lull1,2 and (HVull2 —(n— 1)||u]|2) 2 are equivalent norms because, by Lemma 2,

o0
lell? 5 =Y + Dl
k=2

2n+1& 5 2n+1 9 9
< A — A = Vull© — —1 .
=T kZ:z< =l = S (Ivul* — (= Djul?)

Remark 4.1. The minimum in (4.2) remains the same if u is subjected to the further
condition |l#]; = |lull«. In fact, if ||u||; > [lu]lx we may replace u by u + [ with [ € H;
so chosen that ||u + {]|; = | u|«, cf. Definition 3; this substitution leaves ug, |||, and
[Vul* — (n — 1)]ju||? unchanged, cf. Remark 3.4.

Lemmad4.l. Ifuc Ll(a) and |||« = |lu]l1 then the function f defined by

1 if u@®) >0

F&) =sgnu() = [ U i <0

can be extended to a function f € L™ (o) such that || fllee < 1and fi =0 (e, {fldo
=0, I € Hy). In particular, if u(£) # 0 a.e., then f = sgnu satisfies f; = 0.
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Proof. Write

E={fecs|u@ =0}, E={EecZ|u@) <s)

for ¢ > 0. We first show, by a variational argument, that

’/ (sgnu)l do
CE

We may assume that [|/]|o < 1 and that ;. (sgnu)l do > 0. Then

5/ lda, L e™H. (4.3)
E

el = fulle < N — 8011y |
:/ |u—sl|do+8/|l|dcr+f | — el|do
CE, E EN\E
=f (sgnu)(u—al)da—l—sf \lldd—l—f lu —¢el|do
CE,. E E\E

:/ (sgnu)(u—sl)dcr—!—s[ l|do + O(e)o(Es \ E)
: CE E

_ nu[n—e(f (sgnu)ldo—/ |l|do)+o(s>,
CE E

which is only possible if (4.3) holds.

If o(E) = 0, there is nothing left to be proved, so suppose that o (E) > 0. The
restriction map [ ~> Iz of H; into LIE, o) = Ll(E) is then injective because any
(n — 1)-dimensional subspace of R” meets ¥ in a null set for . We may therefore define
alinearform ¢ : {{|g | € H1} — Rby

pliE) = —f (sgnu)l do, I € Hy.
CE

By (4.3), le(ip)| < fE l|do = l|Ellz1 £y, and so ¢ extends, by the Hahn-Banach
Theorem, to a linear form ¢ on L' (E) such that

(@) < lglpis. g eLi(E).
There exists f € L®(E) with ¢(g) = [ fgdo forall g € L'(E), and I fllzoocry =

”QQH(LI(E))* < 1.In particular,

—[ (sgnu)lda:/fldcr, l e Hy,
CE - JE

and so the function f which equals the above f in E, and sgn u in CE, satisfies || f||leo < 1
and f1 =0. O

The following dual characterization of ¢(n) and c,(n) was inspired by [HHW], [HH]
(in which n = 2).
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Theorem 4.1. We have c(n) = 1/k(n), c.(n) = 1/k.(n), where

L fll? }
= oo =11%, 4.4
k() max{gzzﬁ T I @.4)
S AP }
- = oo = 1, - 0 . 45
K« (n) max{];:2 o (Al i 4.5)

Proof. First of all, there is an actual maximum in (4.4) and in (4.5). To see this, we
define for f € L?(0)

v fe
Tf = ;Ak_h (4.6)

(convergent in the Lz(o)—norm). Here 7 is an integral operator with a symmetric kernel
(&, n) = G(&-n) determined in Section 8 with reference to [Be]. At the present stage it
suffices, however, to note that 7 f € dom A and that

(—A—(-D)Tf=F=) fi=Ff-fo—h 4.7)
k=2

in the notation employed in Remark 3.2. (This follows from (4.6) because —Af; = Ag fi

~and Ay =n — 1) Since Ay — Ay — 00 as k — o0, the self-adjoint operator T : L%(6) —

L?(o) is compact, and the quadratic form
q

Il fiell?
Ak — Al

A= [apfar =3y 48)

k=2

is therefore continuous as a function of f in the weak topology on L2 (o), a fortiori in the
weak* topology on L™ (o) viewed as the dual of L!(¢'). Because the unit ball in L®(¢) is
weak™ compact, A(f) has an actual maximum « (n) when considered on this unit ball, and
by homogeneity this maximum is attained on the unit sphere { f € L (o) ‘ [ flloo = 1}.
Similarly as to x4 (n) because the condition f; = 0 is equivalent to [ fldo = 0 for all
{ € M1, and hence determines a weak* closed subspace of L°° (o).

We bring the rest of the proof for the case of ¢, (n), k«(n), the case of c¢(n), «(n) being
similar and slightly easier.

1° k4 (n)cy(n) > 1. Consider any non-zero function u € W12(Z) with ug = 0 such
that | V|2 — (n— D) ||u]|? = cx(n) ||u]|%k (briefly: a minimizing function for c,(n), cf. (4.2)).
According to Remark 4.1 we may suppose that

leelly = llulls.



MiM 44:1 23

Choose f € L*°(¢) as in Lemma 4.1 (ie., || fllee < 1, f1 =0, and f (&) = sgnu(§) for
any & € ¥ with u(§) # 0). Then

_ _y f -
||u[|*_/fudo—.kz=;/muk\/kk A do, (4.9)

wl? < 3 IAel? i(xk—muuknz
B R N W (4.10)

< ks @IV — (= Dllul?)
by Lemma 2 and the Cauchy-Schwarz inequality applied to the vectors Y 5° ug/Ax — A1

and Y "5° fi/~/Ax — A1 in the Hilbert space L?(0) = @2, Hy. It follows from (4.10) that
indeed . (n)cy(n) > 1 because u is minimizing for ¢, (7).

2° kx(n)es(n) < 1. Consider any f € L (o) with f1 = 0 such that A(f) = ke (n)
(briefly: a maximizing function for k. (n)), and write as in (4.7),

f=> fi=f-fo-h
k=2

(= f — fo in the present case). Choose [ € ‘H; sothat |[Tf + 1|1 = ITf ||« (cf. (4.6) and
Definition 3), and write u = T f + [, whereby ||u|l1 = |lu]|/«. Then # € dom A, and since
A1 = n — 1 we obtain by (4.7) and Lemma 2

—Au—(n—Du=f, 4.11)
IVul? = (n 1>nuu2=ffudo :ffuda =ff(Tf)do — ()

because ug = f1 = 0. In view of (4.2) this implies

Kx(n) = [|Vul® — (n — Dlu)® = /fudcr < lully = llulls
(4.12)

< J(IVul2 = (o= Dll2) fexln) = Viealm)es (),
and consequently «,.(n)c,(n) < 1. (]

Remark 4.2. kx(n) < «(n) < 1/(n + 1). The former inequality is trivial. In view of
Theorem 4.1 above, the latter is a reformulation of (3.20) except for the sharp inequality
sign. Here is a direct proof: For any measurable function f : ¥ — [—1, 1] (not equal to
0 a.e.) we have from (4.8) because Ay — Ay =n + 1

& felt? 1 2 1 2
A(f)fémsmllfli = I
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These inequalities cannot all hold with equality, for then f would be of class H and hence
Il < |l flleo- An adaptation of this proof leads in principle to a better upper estimate
of kx(n), e.g. k(2) < 1/3 — ((Sﬁ/n) - 1)/15 =2 (0.3067, but we shall not go into that
because the calculations are complicated for n > 2.

Remark 4.3. Every maximizing function f for «(n) or &, (n) satisfies
f(&) =%£1 o-ae onZX.

To establish this, suppose that f is maximizing e.g. for «,(#), and imagine that the set #
={£ € £ | |f(#)] < | — ¢} has measure o (F) > O for some ¢, 0 < & < 1. Choose
g € L°°(o) with ||g]looc = 1 sothat g = 0 off F, f(Tf)gda = 0 with Tf from (4.6), and
finally that go = 0, g1 = 0, i.e., [ gldo = O forall/ € Hg + Hi. This is possible since
L®™(F, o) is infinite dimensional. Then || f 4+ eglleo < 1, (f + eg)1 = 0, and

f (T(f + £8)) (f + £8) do = f (TF)fdo + & f (Te)gdo > xuln),

because [(I'g)gdo =Y sy llgxll?/(Ax — A1) > 0. From this contradiction we see that
actually o (F)) = 0 for any choice of ¢, and so indeed f(£) = +1 a.e.

In the next two theorems we establish a bijective correspondence between the set of
all (suitably normalized) minimizing functions u for c(n), resp. c4«(n), and the set of all
maximizing functions f for x (n), resp. x«(n). In addition, these theorems contain further
properties of the minimizing or maximizing functions in question.

Theorem 4.2. Any minimizing function u for c(n), resp. c.(n), is C _smooth (after
correction on a null set), and .

u(€)#0 ae onXx. (4.13)

Let u be such a minimizing function, normalized so that c(n)l|ully = 1, resp. c«(n)||u]l«
= 1, and suppose in the case of c,(n) that ||ull] = ||u||«. Then f := sgnu is maximizing
for k(n), resp. k4 (n), and

u=Tf resp.u—uy =Tf.

Consequently, u is in the domain of A and satisfies the Euler type equation

—Au—(n—Du=f:=) f (4.14)
k=2

(= f — fo in the case of c4(n)).
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Proof. Again we bring the proof for the case of c,(n), ««(n). Suppose then that u is
minimizing for ¢, (n) and normalized so that ||u|; = |u|+ = «. (1) (vViz. cx ) |ullx = 1),

cf. Remark 4.1. Consider any f as in Lemma 4.1. Then (4.9), (4.10) hold, the latter with
equality throughout because i, (n) = 1/c.(n). In view of (4.9) there is hence a constant

y > 0 such that
upyrAk— A =vfi/Vie— A, k=2

Since ug = 0 it follows by Lemma 2 (with 7 f from (4.6)) that

w—ur =Y wg=vy fi/Ou—hr)=vyTf, (4.15)

k=2 k=2

o0
ey = Vel = (n = Dlul® =Y G — A el
k=2

=Y [fuwdo =y [ fudo = yluly =yl
k=2

(in the third last equation we used that ug = f1 = 0). Consequently, y = c,(n)||u|s = 1,

and ,
o Ifl? & B _
2o ];2/ fue o = [l = u ().

k=2

‘Thus f is maximizing for i (n). In view of (4.15), u is in the domain of A, and the Euler
equation (4.11) holds with f = f— foby (4.7). Since f € L®(o) this implies by Remark
4.4 below that 1 is C!-smooth (after correction on a null set).

It remains to establish (4.13), which implies that the above f equals sgn u a.e. Suppose
that the closed set E := {§ € ¥ | u(§) = 0} has measure o(E) > 0. It is known that
Vu = 0 ae. in E because u € WL2(D). (In fact, there exists locally in £\ E a sequence
of smooth functions 1/ of compact support such that u¢/) — » in W2, cf. [DL, p. 359].)
Each component of Vu (in local coordinates on %) is likewise of class W12 because
u € dom A = W22(Z) according to [Se, p. 685] or Remark 4.4 below. Consequently, the
second order partial derivatives of u (in local coordinates) are likewise null a.e. in E, and
so f =0ae. inE, by (4.14). It follows that f = fy + f1 a.e. in E, and this contradicts
o(E) > 0 because f = =£1 ae. in T according to Remark 4.3. (If fi = 0 note that
—1 < fo < 1 because we cannot havee.g. fy = 1, forthen f =1 a.e. on T, hence u > 0
a.e. on X, cf. Lemma 4.1, and this contradicts uy = fudo = 0. Andif fj $ 0, the
set where | fo + f1| = 1 is either empty or the union of at most two (n — 2)-dimensional
spheres (or single points) on X, hence of o-measure .) J

Remark 4.4. Consider any f € L°°(¢). By standard regularity theory for elliptic
operators every solution u to (4.14) (in particular the function u = T f)is of class W27 ()
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for every finite p and hence of class C'(X) (after correction on a null set) according to
the Sobolev embedding theorem, cf. e.g. [Hol, Th. 4.5.13]. In the first place it follows
e.g. from [Ho2, Theorem 17.1.1], applied in local coordinates in X, that (4.14) locally has
solutions of class W2#, and hence all solutions are of this class (even globally on %, by
compactness), the solutions of —Av — (n — 1)v = 0 being analytic.

Theorem 4.3. Let f be a maximizing function for k(n), resp. x«(n). In the case of x(n)
write u = Tf with T from (4.6). In the case of k.(n) define u = Tf + 1, where l € H)
is uniquely determined by |\Tf + |1 = ||Tf|l«. In either case u is then minimizing for
c(n), resp. c«(n), and

sgnu(§) = f(&)

for almost every & € ¥. Moreover, u is in the domain of A and satisfies the Euler equation
(4.14). Finally, ||u||1 = k(n), resp. i« = ks (n).

Proof. Again we bring the proof for the case of c.(n), x«(n), so suppose that f is
maximizing for «, (rn). Consider any ! € Hy with ||Tf 41|l = ||Tf ||« (cf. Definition 3),
and write u = T f +1. By Theorem 4.1, x«(n) = 1/c4(n), and so (4.12) holds with equality
throughout. Since ug = 0 this shows that u is minimizing for c.(n), that ||1]l+ = x(n),
and that f(§) = sgnu(£) a.e., cf. (4.13). From (4.6) follows again (4.14).

To establish the uniqueness (not used in the sequel) of I € Hy with ||Tf +1|l1 = |Tf ]|+,
suppose by contradiction that there exists m € H; withm #£ [ and |Tf +m|1 = 1Tf ||+
Write v = T f + m; then v is likewise minimizing for c.(n), and sgnv = f a.e. With the
convention sgn0 = 0 we infer that sgn v = sgn u everywhere, u and v being continuous
by Theorem 4.2. Consider the hemispheres

Ty={eX|m@>1®) Z-={eX|m@) <&}

and their common boundary %5 = {m = [}. Any point & € ¥ at which u(&) = 0 must lie
on g because also v(§) = 0, hence m (&) = [(£). It follows that » has constant sign in
24 and in X _, and these two signs are opposite because ug = 0. Consequently, ¥ = 0 on
Y. and either sgn u = sgn(m — [) throughout X or else sgnu = — sgn(m — [) throughout
2. But in either case this leads to a contradiction:

if lm—lldo:f(m——l)sgnudozj(m-l)fdo:()
b = b

because fi =0andm —1[ € Hj. O

Remark 4.5. 'We show in the beginning of Section 8 that the operator T from (4.6) is
an integral operator on LZ(O’) with a kernel of the form (&, n) — (~}(§ -n), where Gisa
certain continuous function on [—1, 1] (finite except that @(1) = 400 when n > 2). More
precisely, G@t) = 1/(n—1)+G(@#),t € [-1,1], where G : [—1, 1] — ]—o0, +o0] (apart
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from a negative constant factor) equals the kernel g, constructed by Berg [Be] in his study
of potential theory on the unit sphere ¥ in R” associated with the differential operator
A+ (n—1). When f € L°(X) we thus have

TfE) = /E G(En)f () do () 4.16)

a.e. for§ € ¥; and because T f can be taken to be continuous this holds for every £ € ¥, the
function n > G(§n) being integrable, cf. [Be, Theorem 3.3], and the right hand member
of (4.16) being a continuous function of &, cf. [Be, Prop. 2.9].

We conjecture that the following theorem holds in all dimensions n > 2, but the method
of proof, which is based on an idea in [HH, p. 105] for the case n = 2, does not seem
adaptable to dimensions n > 4.

Theorem 4.4. Suppose n < 4. We have

k(n) =k(n), cn) = cy(n).

The maximizing functions f for k(n) are the same as those for x,(n). The minimizing
functions for c(n) are precisely those minimizing functions u for c.(n) for which a1
= |lullx. All the stated maximizing or minimizing functions are even:

F(=8)=7¢) u(-§)=ul) aeforfecx.

Plan of proof. The proof uses Legendre polynomials, spherical harmonics, and potential
theory with respect to the operator A + (n — 1) on T as developed by Berg [Be] for the
purpose of studying the first surface measure of a convex body.

In the first part of the proof, given in Section 8, we establish (for n < 4) the existence
of even, maximizing functions f for x(n). Any such f satisfies of course f; = 0 and
is therefore a fortiori maximizing for «.(n), and so «(n) = k.(n). It follows in view of
Theorem 4.1 that c(n) = c«(n). The identity « (n) = . (n) implies that any maximizing
function for k() is likewise maximizing for « (n).

In the second part of the proof, given in Section 9, we show that every maximizing
function for « (n) (n < 4) is even.

According to Theorem 4.2, if u is minimizing for ¢(n) and normalized so that ¢(n) ||«
= lthen f := sgnu is maximizing for « (n), hence even. Consequently, u = T f is even,
whence ||u||1 = ||u]|+ by the end of Remark 3.1, and so u is minimizing for c,(n) as well.
Conversely, any minimizing function u for c,(n) such that ||u|{ = ||u|. (cf. Remark 4.1)
18 a fortiori minimizing for c(n) because c(n) = c,(n). O
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Corollary. At least for n < 4 the best possible constant is the same in (3.16) and in
(3.17) in Theorem 3, namely c(n) = c«(n).

Stationary functions and values. In addition to the maximizing and normalized mini-
mizing functions considered above we shall discuss more generally stationary functions.
In this connection it is useful to note that, for any f € L2(c), the function u := T f from
(4.6) satisfies by (4.7) the differential equation (4.14); and T f is the only solution to (4.14)
such that u; = 0. In fact, if « € dom A denotes any solution to (4.14) with #; = 0 then
u — Tf belongs to H1, the nullspace of A 4+ (n — 1), and hence u — Tf = 0 because
wu—-Tf)=0.

Definition 4.1. A k(n)-stationary function is a function f & L?(0) such that the func-
tion u := T f satisfies u(£) # 0 o-ae.and sgnu = f.

The number A(f) = ||u||1 is then called the « (n)-stationary value corresponding to f.
Indeed, by (4.8),

A(f):ffodo:/fudcr:flu!da: llull1. 4.17)

Definition 4.2. A c(n)-stationary function is a function © € dom A with u(€) # 0
o-a.e. such that u = T f holds for f := sgnu. It follows that ug = u; = 0.

The number 5
IVull> = (n = Dju)®> 1

el llzell4

is then called the c(n)-stationary value corresponding to 1. Indeed, by Lemma 2,

(4.18)

IVull*> — (n — Dlu|? = /u(—Au — (n— Du)do

:fufdc:/ufdo:fluldf_f=||bt||1

because [ — f € Ho+ Hy1 and up = u1 = 0. According to Remark 4.4, u = Tf is
C1-smooth. Moreover, u satisfies the Euler equation (4.14), as mentioned above.

A bijective correspondence between the class of all k (n)-stationary functions f and the
class of all ¢(n)-stationary functions « is clearly given by either of the relations

u=Tf f=sgnu.

The corresponding « (n)-stationary and c(n)-stationary values A(f) = [(Tf)fdo and
(IIVull> = (= 1)[l«|*) / lu|} are the reciprocals of one another according to (4.17), (4.18).

Every maximizing function for « (n) is « (r)-stationary. Every minimizing function u
for ¢(n), normalized so that c(n)||lu#|; = 1, is c(n)-stationary. These assertions follow
immediately from Theorems 4.2 and 4.3.
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5. The case n = 2

Using the general results in Sections 3 and 4 we shall now recover and slightly extend the
results from [HHW], [HH] quoted in the Introduction.
We begin by determining on the unit circle % in R? all those « (2)-stationary functions f

for which f; = 0, that is, the Fourier coefficients of order 1 of f considered as a 27 -periodic
function of § are both 0, whereby

(cosf,smb) = (£, &) =& € T.

We also determine the associated c(n)-stationary functions © = Tf, cf. (4.6), and the
stationary values. In particular, this will allow us to determine «(2) and c(2) and the
associated maximizing, resp. minimizing functions.

In terms of the above coordinate 0 the normalized Haar measure on the unit circle  is
do = (2)~1d#, and the Laplace-Beltrami operator takes the form

42y
Au = —.
do?
The eigenvalues of —A are A, = K2k = 0,1,2,..., and the eigenspace H; C Lz(o)

has for £ > 1 the two orthonormal basis vectors /2 cos k6, /2 sin k6, and for k = O the
normalized basis vector 1.

Consider any « (2)-stationary function f such that f; = 0, i.e., the Fourier series of f
has the form

x0
F®) =ap+ Y (axcoské + by sin ko), (5.1)
k=2
where |ag| < 1 because we cannot have f = 1 a.e. or f = —1 a.e., for that would imply

Tf = 0 in contradiction with Definition 4.1. The associated c(n)-stationary function
u = T f satisfies the Euler equation (4.14) from Theorem 4.2, where f = f— fo = f —ag,
and we have sgnu = f ae.

Now consider any component Uy, resp. U, of the open set where u(8) > 0, resp.
(@) < 0. InU; (j =0, 1) equation (4.14) reads

—u" —u= (1) —q, (5.2)
and its solutions in these two intervals have the form
u=—(=1) +ag+ (—1)/cjcos(d — 6, (5.3)

where ¢;, 8; are constants, 8; being the mid-point of U; since u equals O at the end-points
of U;. Because (—1)/u(6;) > 0, we therefore have

¢j>1—(=1)Jag > 0.
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More precisely it follows from (5.3) that

1—(=1)ag
Up =16 —pj, 0 + 4l cospj=——" (G
7
with 0 < p; < /2. By differentiation of (5.3),
u' = —(~1)/¢jsin(@ —6)), (5.5

which has the same non-zero absolute values, but opposite signs, at the two end-points
8; £ p; of U;. Because u is of class C 1 everywhere, the only possibility is that an interval
of type Up is followed immediately by an interval of type Uy, and vice versa. If Up is
followed by Uy, let U, denote the interval of type Uy following immediately after Uy, and
denote by ¢3, p2 the numbers associated with Uy in the same way as ¢p, pp were associated
with Up in (5.4). Then (5.5) holds at the end-points of U1, and this in conjunction with
the version of (5.4) with j = 2 shows that (c5 cos p2, ¢ sin p2) = (co cos pp, o sin o),
and consequently (cz2, p3) = (cq, po). Similarly, all intervals of type Uy have the same
associated couple (cy, p1). The sum of the lengths of Uy and U7 must therefore divide 27,
that is,

21
200+ 201 = > (5.6)

for some integer p > 2 (because pg, p1 < 7/2). We have thus shown that « and f have
period 2/ p and that

n
2mag =/ fdo = Pf fdo =2p(po — p1). (5.7
- Uouly

The smoothness of « at the common end-point 6y + pg = 61 — py of the closed intervals
Up and U is expressed in view of (5.5) by

cp 8in pg = ¢ sin p1.
From (5.6), (5.7) we get ap(po + p1) = po — p1, that is
(1 —ag)po = (1 + ap)pz.
Combining the last two displayed equations with (5.4) leads to

tanpg  cosinpo cisinpy  tanp

oo (—appo A+app  m

L]

hence pg = pi1, and consequently, by (5.7), (5.6), (5.4),

7 T
ag =0, po=p1=5, co=61=1/cosz—é.
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After a translation in the variable # we may assume that 8y = 0, 8; = pg + p; = 7/ pin
(5.4). Accordingly (5.3) reads (with some integer p > 2)

[cos(@ — jT
u:(_1)f(cos(—njez—1) for \8—j£ <, (5.8)
Pl 2p

valid for j = 0, 1, and in fact for j = 0,1,2,...,2p — 1 since u has period 27/ p. We

obtain
1 [~ 1 (72D ¢ cosB
Jual :*[ w@)ldo =2p- ( f —1)de
2 — 2 —m/(2p) \COS 2p
-1
= (—ﬂ—) tan T _ 1.
2p 2p
Conversely, the function u defined by (5.8) (with p > 2) is (r/p)-antiperiodic in the
sense that u(f + 7/p) = —u(f); and hence uy = u; = 0. Similarly, f := sgnu =

(5.9)

sgn(cos(ph)) satisfies ap = fo = fi = 0, and so the Euler equation (5.2), or (4.14),

holds. Since u; = 0 we infer from an observation in the paragraph preceding Definition

4.1that u = T f, and so u is c(n)-stationary and f is x (n)-stationary, with f; = 0.
Summing up, the above analysis establishes the following result.

Theorem S. The «(2)-stationary functions f of the form (5.1) are precisely the translates
of the following functions f(p,"):

F(p,0) =sgn(cos(pd)), peN, p>2.

The corresponding ¢(2)-stationary functions u == Tf are the translates of the functions
u(p, -) given by

0
wp. )= -V 1 for fe [—-271 21]
5 P 2p

continued so as to be (w/p)-antiperiodic: u(6 + m/p) = —u(8). The x(2)-stationary
values are

2
A(F(p, ) = lulp, Il = ;ptan % —1.

Since the function p + p~! tan p occurring in (5.9) is increasing for 0 < p < 7 /2, the
«(2)-stationary value A(f(p, -)) is biggest when p is smallest, i.e. for p = 2. By Theorem
4.4 (valid in the present case n = 2) the maximizing functions f(#) for x(2) have period
7 and are therefore in particular of the form (5.1). Consequently, we have the following
corollary of the above theorem, containing the result obtained by Hall and Hayman [HH]
quoted in (1.2) in the Introduction:
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Corollary. «(2) = x,(2) = 4/n — 1. The maximizing functions f for «(2) are the
translates of the function f () = sgn(cos(28)), and the minimizing functions u for ¢(2),
normalized so that ||u||; = «(2), are the translates of the function

u@® =~2cos —1 for 6 € [-n/4, /4],
continued so as to be (m/2)-antiperiodic.

Remark 5.1. For the c(2)-stationary function u = u(p, -) defined in Theorem 5 the set
{& € X | u(&) # 0} has 2p connectivity components (arcs). Note that u is an even, resp.
odd, function on the circle T if p is even, resp. odd.

Remark 5.2. Returning to the geometric interpretation given in Theorem 3 consider
convex domains K in R? with area A = A(K), perimeter L = L(K), and barycentric
asymmetry § = S(K) = A(K \ B)/A(K), where B denotes the disc of equal area
A(B) = A(K) centred at the barycentre of K, cf. (2.2). In view of Theorem 3, Remark
3.5, and the inequality (1 + D)? > 1 4+ 2D, we thus obtain

72

= 2 T2 3
4nA_(1+D) 21+4_nﬁ +0(8°) (5.10)

as 8 — 0,and ¢(2) = 1/«(2) = 7 /(4 — m) is the best possible constant here. This
strengthening of the estimate (1.3) in the Introduction is essentially what was proved in
[HHW, p. 109-113], [HH], though with the Steiner disc of K in place of B in the above
definition of 8. As to 7 /(4 — 7) being best possible in (5.10), it suffices to produce a
family of planar convex domains K, such that 8(K;) — 0 ast — 0 while the equality sign
prevails in (5.10). (Similarly for the weaker estimate with 8 replaced by «.) Such a family
(K;) can be obtained in polar coordinates (r, 8) in the form

O=<r <l1l+4tu@®

in terms of the solution # from the above Corollary because u is even (as a function on the
unit circle) and C!-smooth. For infinitesimal 7 £ 0 the C!-smooth boundary 8 K; consists
of 4 nearly quartercircles, two of which have radius slightly smaller than 1 and separate
the other two which have radius slightly bigger than 1, all four circular arcs having their
end-points on the unit circle. Also this geometric interpretation is given in [HHW, p. 113],
based on an elegant, heuristic argument involving the classical isoperimetric property of
circular arcs.

6. The case n > 3. Examples, estimates, and a conjecture

Our starting point is, for each dimension #, a detailed study of altogether n — 1 even
«x (n)-stationary functions and their corresponding ¢(#)-stationary functions (Lemma 6.1,
Lemma 6.2).
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Lemma 6.1. For any dimension n > 2 and any integer m = 1,2, ... [n/2] (the biggest
integer < n/2) there is precisely one constant o (necessarily with 0 < a < 1) such that
the following even function f = f(n, m) on the unit sphere % in R” is «(n)-stationary
(Definition 4.1):

fE) = fn,m; &) =sgn(z —a), z=&+.. +EL, (6.1)

for £ = (&, ...,&,) € . This constant « = «a(n, m) is the unique root with 0 < o < 1
in the transcendental equation (6.10), (6.11) below, involving the hypergeometric functions
U,V from (6.8) and B from (6.4). The c(n)-stationary function u = u(n,m) = Tf
corresponding to f (cf. (4.6) and Definition 4.2) likewise depends only on z from (6.1),
and u 1s given by (6.9). The k(n)-stationary value A(f) = ||u|l1, cf. (4.17), is given by
(6.17).

The limitation m < [n/2] is only apparent in view of the isometry of ¥ taking £ into
Emt1s -2 80, &1, ..., En). Note that, for any constant ¢, we have 7 —« # 0 o-a.e. on
2. Clearly, z and hence f and u are even functions of £. In the particular case n = 2m we
have o« = a(2m, m) = 1/2, see below.

Proof. We use the following parametric representation of X consistent with the defini-
tion of z in (6.1):

E=(van, v1—-z¢), <ze€[0,1],

(6.2)
U=(771s--v,77m)€2m, g:(é‘la---:fn—m)exn—my

where e.g. %, denotes the unit sphere in R™.

Suppose first that the function f in (6.1) is « (n)-stationary for a certain «, and denote
by u = TF, cf. (4.6), the corresponding c(n)-stationary function, which is C!-smooth.
Clearly 0 < o < 1, for otherwise f = 1 or f = —1, hence u = 0. To see that # depends
only on z, note that f (&) is invariant under isometries of X leaving z invariant, and so is
therefore each term f(£) in the expansion f = > fi. It follows that each f; depends
only on z, and so does therefore u = ) 50 fi/(Ax — A1).

Because u is analytic in the two open subsets of & where f = sgnu = =1, that is
7 Z «, we see by using the parametric representation (6.2) (writing z = 2 or 1 — z = r?
and noting that e.g. (tn, v/1 — 12 {) remains unchanged if 1 is replaced by —t and 7 by
—n) that & as a function of ¢ extends in a neigbourhood of 0 € C to a function which is
even and holomorphic, and hence u as a function of z extends holomorphically near z = 0
and z = 1.

In terms of the normalized surface measures 0, 0n—m, and ¢ on X, %, _,,, and 3,
one finds from (6.2) that

do (&) = B(1) ' B'(z) dz dom () dow—_m (), (6.3)



34 MIM 44:1

where .
B(Z) — f xm/2—1(1 . x)n/z—m/Z—l dx (64)
0

is an incomplete betafunction. The Laplace-Beltrami operator A on ¥ is

32 1 1
A=4Z(lﬁZ)_2+2(m_nZ)_+*Am+_An-—ma (6.5)
az dz  z 1—z
where e.g. Ay, denotes the Laplace-Beltrami operator on %, with variable point 7 as in
(6.2). In (6.3) and (6.5) there is the limitation 0 < z < 1.

The Euler equation (4.14) for u as a function of z now reads in view of (6.5)

2
4z(1 - z)%‘ 2 - nz)‘;—: = Du= @)~ fo. 66)

where fo = fz S do; this is because f is even and so fj = 0. The corresponding
homogeneous equation (after division by —4) is the standard differential equation for the
hypergeometric function u = F(a, b; ¢; ), |z| < 1, with parameters

a=-1/2, b=n/2-1/2, c=m/2. (6.7)

A second solution is known tobe F(a,b;a+b+1—¢; 1 —z), cf. e.g. [E1, (5), p. 105].
In the present situation we thus have in the interval 0 < z < 1 the linearly independent
solutions to the homogeneous equation:

U(z) = F(—1/2, n/2 —1/2; m/2; 2),

(6.8)
V(z) = F(=1/2, n/2 - 1/2; n/2 —m/2; 1 — z2).

Because none of the parameters a, b, ¢ in (6.7) is an integer < 0, U is not a polynomial,

and U (z) as a function of a complex variable z is holomorphic for |z| < 1 (in particular for

0 < z < 1), but not extendable holomorphically near z = 1. (Indeed, the power series of

U (z) has radius of convergence 1, and the only possible finite singularities of a solution to

(6.6) are at z = O or 1.) Similarly V (z) is holomorphic for |1 — z| < 1, but not at z = 0.
The mean-value of f from (6.1) over T is according to (6.3), (6.4)

Jo=1-2B(a)/B(1).

In the intervals of constancy z < « for the right hand member of (6.6) this equation has the
following constant solutions 2 0:

fo+1 2 B()— B for 2 < fo—1_ 2 B@
n—1 rn—1 B() ’ n—1  n-—1BQ)

for z > a.
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Invoking the solutions (6.8) to the homogeneous equation for z < « and taking into account
the singularity of U at 1 and of V at O we find from f = sgnu (with # = u(z) continuous
for0 <z < 1)thatu(e) = 0, U(x) # 0, V{a) # 0, and hence we must have

2 B(l)—B(a)(U(z)

1), O0<z=xuw

n—1  B(l) Ua)
u(z) = 2 B@ (V@) (6.9)
o Z
n—lB(l)(V(a)_l)’ asz=l.

The smoothness of u(z) at z = o leads to the following equation serving to determine «:

d(a) =0, (6.10)
where '
®(z) = B@U@V'(2) + (B(1) — B@)U' )V (). 6.11)
Note that
Uoy=v{l)=1, U@ <0, V() >0, . (6.12)

e.g. by use of the hypergeometric series for U and V from (6.8). For example,

_ o (=1/2)i (n/2 — 1/2) Lk
V) =1+ ; 0wz —m 1 _ (6.13)
for 0 < z < 1, using the notation

@r=a@+1)--(@+k—1, k=12....

For m = 1 this gives V(z) = ./z, and for arbitrary m > 1 we therefore find for 0 < z < 1
by comparison of the (negative) terms in (6.13)

-1 —1 —-11
Vi) s —— D2y s BT (6.14)
n—m h—m n—m?2
with equality for m = 1. Similarly for0 < z < 1
n—-m—-—1 n-—1 1 , n—1 ~1/2
Ulz) < — + (1—-22, -U@>>——(1-2) (6.15)
m m 2m

with equality forn —m = 1.
Using (6.12), (6.14), (6.15), and the behaviour of B(z) for z near 0 or 1, it is easy to
check that ®(z) from (6.11) satisfies

®(z) >0 forznear 0, &(z) <0 forznearl,
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and so (6.10) has at least one solution in the interval J0, 1[. (Consider separately the cases
m=1and2 <m < [n/2].)

Conversely, let o« € 10, 1[ denote a solution of (6.10), and define u by (6.9) in terms of
z from (6.1), noting that U («) and V () are non-zero and have the same sign. Indeed, if
e.g. U(e) > 0 and V(a) < 0 then both terms on the right of (6.11) would be > 0 at «
in view of (6.12), and hence U(a) = V{(a) = 0 by (6.10), but that contradicts U and V
being linearly independent solutions to the homogeneous equation corresponding to (6.6),
whence their Wronskian UV’ — U’V does not take the value 0. Reversing our steps we
see that u satisfies the Euler equation (4.14), namely (6.6) for 0 < z < 1. As observed in
the paragraph preceding Definition 4.1 it follows that u = T f because 11 = 0; in fact, u
is an even function on ¥ since « depends on z only. To prove that f is « (n)-stationary it
remains to show that sgnu = f, and this follows from (6.9) and (6.12) because

U(x) >0, V(x)>0. (6.16)

In fact, we have just seen that the only alternative here would be that U(x) < 0 and
V(x) < 0, but then it would follow from (6.9) that sgnu = — f, and we would be led to
the contradiction

o0 -2
_||u||1=fzufd(,:/gf)fdg=2 I fel

k=2 }"k MA‘I -

Because u = Tf we have ug = [ udo = 0 and hence from (4.17) and (6.9), (6.3)

ACFH) = ully = —2f wdo
{z<a)

(6.17)

Ta_1 B ( A U@ @)

where we have used that foa z’"/z_l(l — z)"/z_’”/z’lU(z) dz can be expressed in terms

of U’ (&) in view of the homogeneous equation corresponding to (6.6) (e.g. in divergence
form) applied to UU. There is a similar expression for |lul|; = 2 f(zm} u do containing
V'(a)/ V (), and the two expressions are equal on account of (6.10), (6.11).
The uniqueness of the solution « € 10, 1[ of (6.10) will be established first for m = 1,
where we show that the function © from (6.11) is strictly decreasing in 10, 1[.
Forn=2,m=1,wewrite z = sir129, 0 <0 < m/2, and obtain B = 28, U = cos @,
V = sin @ (cf. above), and hence

® =8/tand — (/2 — §)/ tan(w /2 — 6),

which is strictly decreasing and has the unique zero 8 = 7 /4,1.e.,z = @ = 1/2. Inserting
in (6.17) leads to ||u||; = 4/7 — 1, cf. Section 5.
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Forn > 3 and m = 1 we have from (6.13) and from the power series of U (z) :
1 z
V) =22 U@ =1- Ez‘ﬁ/ x T2 = )V 1) dx. (6.18)
0

(As functions of ¢, with 12 = z, the functions V = 7 and —U are the Legendre functions in

dimension 7 of degree 1 and of the first and second kind, respectively.) The Wronskian of
U and V as fuctions of z € 10, 1[ is

U@V'(z) - U()V() = %z—lﬂa —g)l/2 =2,

and we therefore obtain from (6.11), (6.18) for0 < z < 1

20(z) = 27 V2BHU (D) — z72(1 — VY272 (B(1) — B(2)),

BO) | ypiny— w1y B0 = BQ@ _

4z(1 — )B' ()P (z) = ——=2
Z 1—z

0

because (6.4) in the present case m = 1, n > 3, implies
Z
B(Z) - f x—l/Z(l . Z)n/273/2 dx —_ 221/2(1 _ Z)n/2—3/2 — 2ZB/(Z)-
0

In the remaining case, where m > 2 and n — m > 2, it follows from (6. 16) that we shall
work only in the interval

J={z€l0,1[ | U@ >0, V(z) > 0},
and here we consider the function ¥ = ®/(UV), that is by (6.11)

V'(2) U'(z)
B(l) — B(z .
Vo) + (B(1) (2)) U

¥(z) = B(z)

To establish the uniqueness of the zero & € J of @, or equivalently of ¥, we will show that
z{1 — 2) B'(2)W(2) is strictly decreasing in J (whenm, n —m > 2). Writing for brevity
B for B(z), etc., we obtain by differentiating ¥ and eliminating U and V” by use of the
hypergeometric differential equation satisfied by U and V:

S e (7)Y
n (VY-

1
{0-0F Byt aa—p B0 - B

U\t U ~1
+(B(1)— B) (U) + B/F + 4—;;1—_2)3
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The latter line arises from the former (after the equality sign) by interchanging m and n—m,
zand 1 — z, B(z) and B(1l) — B(1 — z), cf. (6.4), (6.8). It therefore suffices to prove that
the former sum is > 0, and we do that by showing that the discriminant of this quadratic
polynomial in V//V (> Q) is negative for all z € ]0, 1[, or equivalently that

D(z) == z(1 - 2)B'(2)* — (n — DB2)(B(1) — B()) <0 (6.19)

for 0 < z < 1. Note that B’ (0) = B’(1) = 0 because m, n — m > 2, cf, (6.4). Hence
D(0)y = D(1) = 0, and it suffices to prove that D is strictly convex as a function of B, or
equivalently that

D'(z)/B'(2) is strictly increasing. (6.20)
For convenience write
m=p+2 n—-m=qg+2, n=p+gqg-+4,
whereby p > 0, ¢ > 0. By differentiating (6.19) and expressing B” in terms of B’ one
finds after reduction (for 0 < z < 1), writingw =1 — z:
D'(z)/B'(z) = ((p+ Dw — (g + D2)}B'(2) — (p + g + 3)(B(1) — 2B(1)),
22(1 —2)(D'/B"Y'/B' = (pw — g2)* + pw’ +qz> + (p + g + B)zw > 8zw > 0.

This establishes (6.20) and thus completes the proof of the lemma. O

The case n even and m = n/2 (> 1). This is the simplest'and most interesting case.
Here m = n — m and hence V(z) = U(l — z), B(§) = 3B(1), cf. (6.8) and (6.4).
Consequently, (6.10) holds with ¢ = a(2m, m) = % and we may therefore write

f@m,m; £) = sgn(2 D gt - 1) = sgn(z g2 — Zg,%m.). (6.21)
=1 i=1 i=1

Moreover, (6.17) leads to

2l 4 U'(y)

Qm — Dlu|; = B(Z. Z)2m—1U()

3

where U(z) = F(—%, m— %; %; z). Applying (50), (20) in {E1, §2.8] we obtain

UG 2m—1T(rt
udy 4 rerdzeey
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and

A(f@Cm,m)) = uly =

1 (F(’"T“) rOrg+n 1) 622

2m—I\rHreréreE+3)

where we have used that 21‘”‘1"(m)/(1“(%))2 = F(’"T“)/(F(%)F(%)) according to Le-
gendre’s identity. For n = 2, m = 1, we thus recover once more the « (2)-stationary value
4/n — 1 from Section 5.

Using [El, (4), p. 47] (or Stirling’s formula) we find from (6.22) the asymptotic formula

1
A(f(2m, m)) = L ( ! F(4)—1+0(1/m2)),

2m— I\ V7T (3)
and so !
lim (n+ DA(f(r, n/2)) = ~1—E(—§2 — 17 0.6692. (6.23)
e VET ()

It can also be shown by Stirling’s formula that the sequence (2m + l)A( fQ@2m, m)) is
strictly decreasing (from 3(% — 1) 2 0.8197 to the above limit).

The case n odd and m = [n/2] (> 1). This is the main case for odd n.

Forn =3,m =1, we write z = #2, 0 < ¢ < 1, and obtain from (6.4) B = 2t and from
(6.18), (6.11):

t 1+1¢ 1 1 1+1

V=t, U=1l—-Zlog—, &=— — Zlog—0.

’ 2 %1, T+t 2 81— ¢

One finds that the strictly decreasing function ® equals Ofort = v =~ 0.5644,i.e. 7 = o« =
t2 22 0.3185; and (6.17) gives A(f(3, 1)) = |lull; = (1 — )% 2 0.1898.

In the next example we exclude the case n = 2m in which the two examples would be
the same: f(2m, m) = g(2m, m), cf. (6.21), (6.24). See however Remark 6.1 below.

Lemma 6.2. For any dimension n > 2 and any integer m with 1 < m < n/2 the
following even function g = g(n, m) on T is «(n)-stationary (Definition 4.1):

g€) = gln,m;§) =sgnv, v=) &Y £ (6.24)
i=] i=1

Foreven k =0,2,4,... the projection gi of g on Hy, is given by (6.37) (see also (6.34)
and (6.41)—(6.45)), and || g ||* is given by (6.46). The « (n)-stationary value corresponding
to g can thus be computed by

llgelI?
A = — 6.25
(2) kE e — (6.25)
even
k>2
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Proof. Note that v # 0 o-a.e. on ¥. In order to show that g 18 x (n)-stationary write
u = Tg,cf. (4.6). Consider the isometry J of £ by which & and &, ,; are interchanged
for§ e Zandi=1,...,m. Then g(JE) = —g(¥), and hence

g0 = / gdo =0. (6.26)

=
It also follows that gi (/&) = —gi(§) and hence u(J§) = —u(&). In particular, u(€) = 0
if J§ = &, and more generally if } 7% | &2 = Y7, 2 4; because g and hence g and u are
invariant under any isometry of ¥ involving only &1, ..., &, oronly &1, ..., £2,,. This

also shows that gy as well as u only depends on §7 + ...+ &2 and &2 | + ...+ £3,.
‘We proceed to show that

u>0in{v>0}, u<0in{v <0} (6.27)

with v from (6.24), hence sgnu = sgnv = g. Consider any connectivity component V of
{v > 0}, say. Note that v is of class H2(X) because Yoy (xl.2 — x; ;) is harmonic in R".
In particular,

Av+ru=0inV, v—>0 ataV,

and since v > 0in V, A; must be the first non-zero eigenvalue of —A considered in V,
with the requirement of zero boundary values, cf. [CH, Chap. 6.6]. Choose a connected
open proper subset W of T with smooth boundary 3W so that W > V, but also so that the
first non-zero eigenvalue A (< A3) of —A considered in W still exceeds M =n-—1,cf.
[Col. Let w denote a corresponding eigenfunction of —A in W:

Aw+iw=0inW, w—=0 atdWw.
It is known that w(£) # 0 for £ € W, and we may hence assume that w > 0 in W. Then
—Aw—-—m—Dw=x-E—1D)w=>0 inW.

This shows that the C2-smooth function w in W is spherically superharmonic in the sense
of Berg [Be, p. 48-49], or equivalently, by [He, Prop. 34.1], superharmonic in the sense
of Hervé [He, Chap. 7] applied to the elliptic operator A + (n — 1) (expressed in local
coordinates), with reference to the axiomatic potential theory of Brelot [Br].

By (4.11), u = T g satisfies the Euler equation

—Au—(n—NDu=g=g inX (6.28)
because go = g1 = 0, by (6.26) together with the fact that g is even and so

gk =0 foroddk. (6.29)
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Since g > 0in V, u is spherically superharmonic in V, by (6.28). In the beginning of
the proof we saw that u = 0 on {v = 0}, cf. (6.24), hence on dV. Since the spherically
superharmonic function w > 0 is bounded away from 0 on V C W we conclude from a
well-known boundary minimum principle that . > 0 in V, and in fact u > 0in V, see
[Br, p. 33]. This proves that # > 0 in {g > 0}, and similarly the latter assertion in (6.27).
Consequently, sgnu = g o-a.e. in I, and g is indeed « (n)-stationary.

In the sequel we use the parametric representation (6.2) of ¥ = X,;, but now we replace
m by 2m (< n) in the notation for z, n, ¢. This leads to

£=(VanvV1—z¢), 1=E4...+£, €[0,1],

(6.30)
n=01,....02m) € Loy, E =15 En2m) € Zp_2m,
and so by (6.3), (6.5) for 0 < z < 1 (with B denoting the betafunction)
do®) = ——— "1 = PNy oy () domgn (D), (63D)
B(m,n/2 —m) ‘ " s
82 3 1 1

A =4z(1 — Do+ @m—2n2)— + - Doy + —— By—am. (6.32)

0z 0z  z 11—z

For any even integer k > 2 (cf. (6.26), (6.29)) let H} (X, denote the subspace of My (X,)
consisting of all functions R € H;(%,) for which R(§) only depends on (&4, ..., &),
thatis on (z, n) in (6.30). Adapting the procedure leading to the definition of the associated
Legendre functions in Miiller [M] we proceed to determine for each even integer k > 2 a
family of functions z = Ag ;(z), j even, 0 < j <k, such that the functions

R(&) = A, j(2)S;(m), Si € Hj(Xam), (6.33)

belong to Hy(X,) and hence to HF(X,), and that they together span 1} (Z,). In view
of (6.31) any two functions of the form (6.33) corresponding to distinct values of j are
orthogonal to one another in 1.2(X,) because the respective S; € H;(32,) are mutually
orthogonal in LZ(Ezm). From the requirement AR + ArR = 0 one finds by separation of
the variables z,  and using (6.32) a differential equation for Ay ; solved by

(k24 jj2+m—1 i
st =2 )
e (6.34)
i L+1
= (-2 PEP ), z:_;“ ,

in terms of the Jacobi polynomial P}Ea’ﬁ ) in Szegd’s notation, cf. [E2, §10.8], whereby

a=Z-m=1, Bp=j+m-1, h= s (6.35)
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The fact that the functions (6.33) span the whole of H;(X,) follows from the dimension
relation
dim M (Z,) = ) dimH;(Tom),

Jj even

0<j<k
which we shall establish by extending the proof given in [M, p. 25] for the particular case
n —2m = 1. First we note that the extensions to R” of the functions in H}(X,) by
homogeneity of degree k are precisely the harmonic polynomials H on R” of the form

H@) = Y Hi .. xom) (5 + 0+ x0)?
jeven
0=<j=<k

with H; ; a homogeneous polynomial on R?™ of degree k — j. From the requirement
that the Laplacian of H be O one easily finds that Hy can be prescribed arbitrarily, and
that Hy_1, ..., Hp are uniquely determined from Hy. This implies that dim H}(%,) =
M(2m, k), where M(g, r) denotes the dimension of the space of all homogeneous polyno-
mials of degree r in g variables. As shown in [M, p. 3],

dim H; (Sam) = MQm — 1, j) + M@m — 1, j — 1),

andsince M (2m, k) = ?:0 M(2m—1, i) we obtain the stated expression for dim 1} (3,,).

For z > 0 write
m

m
SZZ"?_ZH%HI‘ =2 (6.36)
i=1 i=1 <

with v from (6.24). Then s # 0 o-ae. on X, and g(§) = sgnv = sgns. As shown
in the first paragraph of the proof gi depends only on §12 +...+ & = %z(l + s) and
‘g‘r%hq + ...+ ézzm = %z(l — 5), in other words on (z, s). In particular, gi(£) depends
only on (z, n) in view of (6.36), and so g belongs to H}(Z,) as defined in the paragraph
containing (6.33). Accordingly, g has (for evenk > 2) a unique representation of the form

g®) = Y cxjAr; (S0, (6.37)
Jjeven
O<j=<k

where the constants cx, ; and the normalized functions S; € H;(X2,,) are to be determined.
From (6.31) we obtain since [ S}z doyn =1

e, j = L (A, @S; ()’ do (€)

(6.38)
1

1
= N2 1y yn/2-m—1
B B(m,n/2—m)/o (Ak @)™ =2 dz.
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Inserting (6.34), (6.35) and writing b = (k — j)/2 we obtain (cf. [E2, §10.8])
o= p—1

B(m, n/2 —m)

B T'(n/2)T(h+n/2 —mk—h+m)
CTm/2—m)m— DR (k+n/2—DT(k—h+n/2—1)

ar,; = (P;f" PO =07 +1)far

(6.39)

Next we determine S;(n). Because g¢(§) depends only on (z, s), as mentioned after
(6.36), it follows by the uniqueness of the representation (6.37) that S; ; depends only on
s and so 1s a polynomial in s of degree j/2. Applying (6.5) with n, m, &, z replaced by
2m,m,n, 5 (1 + 5), respectively, to S;(n) as a function of s, we obtain, noting that S; isan
eigenfunction to —Ajp, corresponding to its jth eigenvalue j(j + 2m — 2):

dzs; as; 1. .
(1—-s)d2 msd—;+21(1+2m—2)sj=o (6.40)

with the normalized solution

_1
Sjm =b; > Pipm+1,5), (6.41)

where P;/2(m + 1, 5) denotes the (generalized) Legendre polynomial in dimension m + 1
and of degree j/2, cf. [M, pp. 17, 21], and where

1
%= B2 m f_l(ijm +1,9))*(1 = 5?2 s

_ 1 _ G/ m — D!
CONm+1,7/2) (G4+m—D3G/24m - 2)!

(6.42)

with the notation N (g, r) = dim H,(XZ,). Here we have used [M, p. 1], [M, Lemma 10],
and [M, (11), p. 4].
From (6.37), (6.38), (6.31), (6.41) we obtain (always for even k > 2)

1 . .
Crj=— f g(€) Ak, (@)S; () dor (£) = PedIhS (6.43)
a 1/
k,jJxE ak,jbj

where

— A . m—1 1 . n/2—m—]d ,
B(m,n/2—m)/0 6@ -2 ¢

1 1
P ———— P; 1 1 __ 2 m/2—ld .
i = B2 m2) ,[_1(Sgns) j2(m 41, 5)(1 — 5%) s
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Inserting the expansion of the hypergeometric polynomial z~//2 A k,j(2), cf. (6.34), in pow-
ers of z and integrating term by term leads after some calculation to

k/2—1\T(@/2 Tk/2—j/2 2 —
pkj:( / ) GR24+mI(k/2—j/2+n/2 —m) (6.44)

k/j2—j/2 B(m,n/2 —m)T(k/2 + n/2)

by use of the Pfaff-Saalschiitz identity, cf. [E1, p. 188].
From (6.40) with §; replaced by P;;2(m+ 1, ), cf. (6.41), we get after integrating from
Oto1l
2
J120j/24+m—

B(1/2,m/2) qx,; = I)le/z(m +1,0)

2
= —P;;n_ 3,0
m1/21(m+,)

according to [Be, p. 32, line 1]. Expressing P;;2_1(m + 3, -) by Gegenbauer functions and
applying [E2, §10.9, (19)] leads to

T +m/2+1/2) (2:‘ +m

-1
gr.j = (=1)' i/mTmz4 D\ 2 ) , i=(—2)/4 (6.45)

for j/2 odd, while clearly g, ; = O for j/2 even.
From (6.37), (6.38), (6.43) we obtain for even & > 2, cf. (6.29),

Pi 4k
lgel® = D cfjay= Y, (6.46)
jeven j/2 odd ak, jOj
0=<j=<k O=j=<k
in which (6.39), (6.42), (6.44), and (6.45) can be inserted. O

Remark 6.1. The formulae obtained in Lemma 6.2 and its proof (notably (6.25), (6.37),
(6.39), and (6.42)—(6.46)) hold also for n = 2m (the case where f(r,m) = g(n, m), as
observed just before Lemma 6.2). One merely has to interpret various undefined expressions
in the obvious way, whereby ¢ j = ax j = px,; =0for j < k, while ax x = prx = 1.

Theorem 6. For any dimension n we have

1
1> m4+ Der) = (n+ Diy(n) > —\/1—77%%—; —1 (= 0.6692).

Proof. The first inequality 18 contained in Remark 4.2 and the second is trivial. For
even n = 2m the third inequality follows from (6.23) and the subsequent lines since
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kx(2m) = A(f(2m, m)) in the notation of Lemma 6.1. For odd n = 2m + 1 use the fact

that «.(2m + 1) > A(g) with g = g(n, m) from Lemma 6.2. Taking k = 2 in (6.46), and
inserting (6.39), (6.42), (6.44), (6.45), leads in view of (6.25) (where Ay — A1 =n + 1) to

(n+ Die(n) > (n + DAGg) = g2 l* =

P3a@ia 4 2m+3(T(%H\?
azaby  wm2m 4+ 1\ T'(%)
22m+3

>

T w2m+1

1 2
- — (=~ 0.6366),
exp( Zm) ” T ( )

using Stirling’s formula. In order to obtain the slightly sharper lower estimate stated in the
theorem one must take also the terms in (6.25) with k > 2 into account. In the notation
explained after (6.13) one obtains fork =4i +2,i =0,1,2, ...,

RS 1/ 1 1\ (3
lim gl = —(—, [ 1)%, (647)
nodd kT M TNtz 143/ 0B

while the limit is O for other values of k. This is because the terms with j < k in (6.46)
contribute with 0 to the stated limit, while the term with j = & equals O unless k has the
-stated form k = 4i 4 2, cf. (6.45). Tt follows now by (6.25) that

o0 1 1 & /4 15, 2 li 15,
liminf (7 + 1) ke (n) > hjgo n+ ”gk”2 > = 2 :(% . (32) )(zl)t
T odd =0 hods MM i\ (P () /o

4 2 1 '

zgpl,l;i;l__Fl’l;§;1= BT S

T (4 2 4 ) T (2 222 ) \/_T?F(%)

according to [El, (14), p. 61]. By the way, the same holds for even n — oo (cf. Remark
6.1 above), and this leads to an alternative proof of (6.23) and of the third inequality in the
present theorem for even n because it can be shown that (n + 1) || gx 112 J(Ax — A1) is astrictly
decreasing function of even n for fixed k = 4i + 2 (now of course with g = g(n, n/2)).
Unfortunately, when i > 1 (i.e., k > 6), the corresponding function of odd » is not
decreasing, and its values for large » are smaller than the limit in (6.47). The completion
of the proof of the theorem for odd » therefore requires a further analysis which we omit
here. ]

Comparison of stationary values. For any measurable function f : & — [—1, 1] we
have from Remark 4.2 (or the above theorem)

1
A(f) k@) < m——l
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‘We begin by comparing the particular x (n)-stationary values A(f (rn, m)) and A(g(n, m))
from Lemmas 6.1 and 6.2 above. In Table 1 below we list for a few pairs n, m with
1 < m < [n/2] the root & = «a(n, m) of the transcendental equation ®(«) = 0 with ®
from (6.11) in Lemma 6.1, and the corresponding « (n)-stationary value A (f(n, m)) given
by (6.17). In view of Theorem 6 we also hist the values of (n + DA(f(n,m)) (< 1). In
the last column we list the analogous products (n + 1)A(g(n, m)) from Lemma 6.2 (cf.
Remark 6.1). Entries followed by a double, resp. single, asterisk pertain to the main case
n = 2m, resp. n = 2m + 1, in the example in Lemma 6.1.

n+1)x n+1x
nooompam) | A m) A m)) | Ag(n, m))
2 1+ 0.5000** 0.2732%* 0.8197** 0.8197
3 1* 0.3185* 0.1898* 0.7591* 0.7051
4 1 0.2323 0.1424 0.7119 0.6487
4 E* 0.5000** 0.1530** 0.7649** 0.7649
5 1 0.1825 0.1134 0.6804 0.6152
5 2% 0.3933* 0.1241* 0.7445* 0.7252
6 1 0.1502 0.0941 0.6584 0.5930
6 2 0.3237 0.1037 0.7256 0.6989
6 ek 0.5000** 0.1056** 0.7390** 0.7390
20 10** 0.5000** 0.0330** 0.6931** 0.6931
21 10* 0.4757* 0.0315* 0.6920* 0.6910
50 25 0.5000%* 0.0133** 0.6791** 0.6791
51 25% 0.4901* 0.0131* 0.6789* 0.6787
Table 1

By comparison of the last two columns in Table 1 it seems that

A(f(n,m)) > A(g(n,m)) whenn > 2m. (6.48)

(Recall that f (2m, m) = g(2m, m).) The table furthermore seems to indicate that, for each
dimension n (= 4), the biggest among the « (n)-stationary values A(f(n, m)) is the one
for which m = [n/2], the main case discussed after the proof of Lemma 6.1.

For each dimension » there are infinitely many equivalence classes (modulo isometry
of ) of x(n)-stationary functions, cf. Remark 6.2 below, and it seems difficult to classify
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them, except perhaps for n = 2, where at least we have found in Theorem 5 all « (2)-
stationary functions f such that fi = O (probably there are no others). For each integer

p = 2 we found that there is precisely one equivalence class of «(2)-stationary functions
f with f = O such that the set

{E €T |u)#£0), whereu =T, (6.49)

has precisely 2p connectivity components; and this is the class of all translates of the
function f(p, 8) = sgn(cos(pf)). The maximizing functions for « (2), i.e. the translates

of f(2, -), thus have the smallest possible number of components of the set in (6.49) above,
namely 4.

Remark 6.2. For any dimension n > 2 and any integer p > 2 it can be shown by
the method from Lemma 6.2 that the function sgn(cos(p@)) is « (n)-stationary, writing
{(cos8,5in0) = (£1,&2), & = (&1, ..., &) (cf. Theorem 5 in case n = 2, and Lemma 6.2
with m = 1in case p = 2). But in dimension n > 3 there seem to be infinitely many
other (equivalence classes of) « (n)-stationary functions, among which certain functions
depending only on z from Lemma 6.1. Yet another example (for n > 4) is f(£) =

sgn(§51526384), etc.

Conjecture. For any dimension n > 2 the particular k(n)-stationary function f =
f(n, [n/2]) from Lemma 6.1 is maximizing for «(n); and f and — f are the only maxi-
mizing functions for «(n) up to isometry of T.

For n =2 this conjecture is true by Theorem 5, but the case n > 2 remains open. Recall
that the isometry & > (§m+1, ..., &n, &1, - .., En) transforms f(n, m) into — f (n, n — m).
In particular, the function f (n, [n/2]) from the conjecture is equivalent (under isometry of
) to —f(n, [n/2]) if nis even, and t0 — f(n, [7/2] + 1) if n is odd.

The conjecture, if confirmed, implies in view of (6.23) that the lower estimate in Theorem
6 above is best possible in the limit as n — oo.

In order to somehow support the conjecture we first observe that, for any ever continuous
functionu % 0 on T with mean-value g = 0(thus in particular for any minimizing function
u for c(n), at least if n < 4, cf. Theorem 4.4), the open set {u # 0}, cf. (6.49), has at least
4 connectivity components if n = 2; at least 3 components if n = 3 (this uses the Jordan
curve theoremy); and of course at least 2 components if n > 4.

This minimal number of components of the set {x # 0} is attained by the c()-stationary
function u = Tf = Tf(n,[n/2]) corresponding to the «(n)-stationary function f =
S (n, [n/2]) entering in the conjecture. More generally it is attained by the c(n)-stationary
function ¥ = Tf(n, m) from Lemma 6.1 except if # > 4, m = 1 (in which case there
are 3 components instead of 2). This follows easily from the parametric representation
(6.2) of & = %, because the unit sphere ¥, in R™ is connected when m > 2, but has 2
components when m = 1.
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For the c(n)-stationary function 4 = T g(n, m) from Lemma 6.2 the number of compo-
nents of {# # 0} is minimal except forn > 3, m = 1 (in which case there are 4 components
instead of 3 or 2).

For any dimension n > 2 it seems plausible (in view of Theorem 5 and the observation -
just before Remark 6.2) that any maximizing function f for « (n) must lead to the smallest
possible number of components of the set {7f # 0}; and further that the only «(n)-
stationary functions f for which {Tf 7 0} has this minimal number of components are
(up to isometry of X) the functions % f (1, m) and g(n, m) from Lemma 6.1 and Lemma
6.2, with (n, m) as stated above; here we appeal to the high degree of symmetry of these
functions. Finally, Table 1 above indicates that it is f(n, [2z/2]) which is maximizing for
«(n). However, no proof of the conjecture is in sight.

Alll canshow isthat, forevenn = 2m,wehave A(f(n, m)) > A(f)forany measurable
function f depending only on z from (6.1) and taking values in [—1, 1]; and the sign of
equality holds only for f = £ f(n,m) = L sgnz.

7. Completion of the proof of Lemma 3.1

Proof of the expression for D. 'We may assume that X is normalized, and we begin by
estimating D from below. Because /1 +7 > 1+ £(1 — §) for ¢ > 0, the integrand on the
right of (3.1) is no less than
A+w" 1+ 1A+ 0" Vel (1 - 20+ w7 vuP)
>(1+w)" '+ (1 + 0@+ ||Vuld)) IVu?

since (1+u) 2 < (1—-d)™? <4ifd < J;and (1+w)" > > 1—|n—3||u| = 1 + Od).
Inserting this estimate in (3.1), and using the relation

[a+wrtao =1- 25101+ 0@)u? @.1)
=
(cf. the proof of [F1, (14)]), leads to
D = Lyvul? — 55Yul? + 0(d + i VullZ) (1Val? + llul?)
> (IvVul? = (o — DIul®) (1 + O(d + 1VulZ)),

the desired lower estimate. Here we have used that

IVull® + fal* < 2(1Vul® = (2 — Dllul?) ‘ (7.2)
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for d sufficiently small. In fact, by Lemma 2,

IVul® = e = Dful® =0 = 2)lluell* = Axlluol?
k=2

> 2t i(xw1>||uk||2—x1||m)n2
- 2n+1k=2

n+1 2\ © 2
> 0o A 1
2 (5,7 + 0 ));;O(H Mgl

v

FIVal® + lul?)

for small enough d since |lugll, |u1]|| = O(@)llull by (3.5),and (n + 1)/(2n + 1) > 1/2.
For the easier estimate of D from above we use that /1 +1¢ < 1 + %t fort > 0, and
hence by (3.1), (7.1), (7.2)

1+D< f (L+wy '+ 1A +w" 3| Va?) do
b
<1+ 2(Ivul? = = = Dlul®) + 0@ (IVull® + lul?)
<1+ 11+ 0@)(IVul? = (n — Dlu)?),
noting that (1 + )"~ = 1 + O(d) since |u| < d. 0

Proof of the estimate of |F|. We may assume that K is normalized, hence v = 1.
Consider any point x € F. Since K C B(0, 1 4 d) we have for small d

|x|<l+d<\/§,

for otherwise B(x, 1) \ K would contain more than half of B(x, 1), and so ¢ > %, con-
tradicting (for small d) ¢ < 8 = O(d), a consequence e.g. of the second relatiqn in the

lemma. — Since K D B(0, 1 — d) we have
B0, D)\ B(x,1) C (K \ B(x, 1)) U (B(O, D\ B@O,1 —d)).

Because the (n — 2)-sphere dB(0, 1) N 9B(x, 1) has radius /1 — [x/2]? > /172, we
obtain (for x € F)

w12 " Jxl < V(BO, D\ B(x, 1))
< V(K\ B, D)+ on(l — (1 —d)")
< wn(B +nd) = 0(d),

again by the second relation in the lemma. This shows that indeed |F| = O(d). a
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Proof of the expression for . Again we assume that K is normalized. Consider an
arbitrary point x € B(0, 1). In polar coordinates R, & the sphere 3 B(x, 1) is given by an
equation of the form

R =14 v(&), EeX.
Elementary estimates show that
0 < x& —v() < 2Ix?, (7.3)

and hence
I — vl < 2Ix1%, L&) =xE& (7.4)

We now obtain
2 oy 1 L1
—V(K\ B, 1)) = —V(K\ B, 1))+ —V(Bx, 1)\ K)
[ Wy wy,
:f A+ w)" — (1 +v)"do
z

= f lu — vl Z(l +u)" V(1 +v)ydo
z j:1
=nfu—vl {1+ 0+ lxl)) (7.9)

because [u(€)| < dand |v(€)] < |x]|+2/x* < 3|x| < 3 by (7.3) together with x € B(0, 1).

From the former estimate (3.5) of |ju1]loo together with u}|? = |lu — u1l|® + |lu1|?
we easily obtain |lu1lleo = O(|Ju — u1]|%). From (7.4) and the fact that |x| = ||y is a
constant times ||/, || we therefore get

et + M = vl = Ol = wn | + 1%
= O(llu —u1 — L%
= O(llu —u1 = Il e — w1 — lxlloo)
= llu —u1 — Lll1 O + |x]). (7.6)
For the second equation here we have used that « — u; is orthogonal to ; in L*(o), in
particular to I, ; and for the last relation that || |ls = d and ||u1|lec = O(lul|?) = Od?)

by (3.5). By the triangle inequality (7.6) leads to

lu — vl = llu—uy — Ll (14 O + Ix])). (1.7)
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In order first to prove that o > %Iluli*(l + 0(d)) take x in F (defined in Lemma
3.1), whereby x| < |F| = O(d) as shown above, in particular x € B(0, 1) for small 4.
Combining (7.5) with (7.7) after inserting |x| = O(d) in both we get by (2.1)

1
= —V(K\B(, D) = Zlu~u = Ll (1 + 0@)
n (7.8)
> gnun*(l +0d))

in view of Definition 3, noting that u1 + I, € Hj.

To prove the opposite inequality we apply (3.6) to # — u (orthogonal to H7). We thus
find [ =1, € H; (cf. (7.4)) such that

lells = Nt — werlle = Hlu — ug — Il (7.9)

and [x] = O(lilxll1) = O(llulls) = O(d). In (7.8) the first equality sign must now be
replaced by < while the sign > can be replaced by = according to (7.9). O

8. The first part of the proof of Theorem 4.4

The projection f of a function f € L%(o) onto the kth eigenspace Hy of —A is given by

1) = [ B i) do0)
in terms of the reproducing kernel Fy for H; determined by

Fe,n) =N, k)P (n, &), (8.1)
where
2k+n—2)(k+n—3)!
(n—2)1k!

is the dimension of Hy, and Pi(n,t) = P(t), k = 0,1, 2, ..., is the kth (generalized)
Legendre polynomial in dimension n, given by Rodriques’ formula (cf. [M])

_ 1\ regh soim [ d\F o
Pk(”at)—(_‘i) m(l—t)z (E) (11—t 7.

Nk)=N@n, k) =

The polynomials Py are mutually orthogonal with respect to the measure with density
- 12)%dt w.L.t. Lebesgue measure on [—1, 1].



52 MfM 44:1

In view of (8.1) the L%(c')-norm of f; is determined by

| fl? = f Ffodo = N@K) f f P SE fdo®datn).  (82)

Recall that Fi (&, ) = Fi(-, &) isin Hy forevery £ € ¥, and that f(—&) = (—1)* f (&) for
f € Hy. With the notation (4.8) we thus have from (8.2) for f € L?(0)

[o29] 2 .
aen =Y e = ([ senre oo asm, 53)

= MM

Ax = k(k 4+ n — 2) being the kth eigenvalue of —A hence Ay — A1 = (k— L)k +n —1);
and
= N(n, k)

G@t)=Gn, 1) =
O=600=2 G w D

Pr(n,t) (8.4)

converges in L*((1 — tz)n_?dt) when n < 4, as noted in [Be, p. 25-26]. In view of the
Funk-Hecke formula (cf. p. 20 in [M] or [Be]), this amounts to the kernel (£, r) — (~}(§ )
being of Hilbert-Schmidt class and representable within L? (do (§)do (7)) as in (8.4), now
with f replaced by & -; and so the term by term integration in (8.3) is justified. Moreover, T
from (4.6) is the integral operator with the kernel G (&-n), as expressed in (4.16) in Remark
4.5. In the present case n < 4 this appears from the polarized form of (4.8). (For general
n one may apply [Be, p. 20-23] to verify (4.16), and hence (8.3) above, by checking that
both members of (4.16) have the same formal expansion in spherical harmonics, on account
of (8.4), now as a formal expansion. Thus it is not at the present stage that the limitation
n < 4 in our proof of Theorem 4.4 is essential.)
In [Be] the function é, or rather the ‘full’ sum

N@, k)
k—1Dk+n-1)

GO) =G, )= Py(n, 1)

kel (8.5)

=L 4G,
n—1
is determined explicitly by recursion with respect to the dimension n. (In the notation in
[Be] our G(n, t) is expressed as —ﬁ ”kﬂ" 2, (1), where ||w, || denotes the surface area
of the unit sphere in R”.)

Note that G(n, -) and G (n, -) are analytic in {—1, 1[, and they approach +cc ast — 1
(except for n = 2, where the limits are finite).

In the sequel we shall also need the even part H(t) and the odd part J (z) of G@) =
G(n,t):

N()
(k—Dk+n-1

~ 1, - ~
H(t):E(G(t)+G(—t))= >

k even >2

Pe(D), (8.6)
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PN U N (k)
T =3(6w - G z))_kOdZd23 DT - (8.7)

(The even part H of G itself equals %Hwn I/ lwn—1] times the Legendre function of the
second kind of degree 1 in dimension n.)

Consider now any maximizing function f for «(n). Inspired by a construction in [HH,
p. 105] we associate with each point ¢ € X the even function f(a,-) € L°(o) which
coincides with f on the hemisphere {£ € ¥ | a-§ > 0} :

f(a,.8) = x(a&) &)+ x(—a)f(=5), §eXk, (8.8)

where x(t) = 1fort > 0, x(t) =0fort < 0,and so x(—t) = 1 — x(¢) forall r £ 0.
It is our aim to show that f(a, -) is maximizing for « (1) (and hence for «.(r)) for every
a € . (This is trivial if f is itself even, hence f(a, ) = f.)

Inserting (8.8) in place of f in (8.2) we easily obtain for the projection fi(a, -) of f(a, -)
on H;

L fula, 2 = 4N () f f Pe-)x @By am) &) f(n) do (€) do ()

for even k, while || fr(a, -)|| = 0 for odd k. From this we derive similarly to (8.3), using
(8.6),

A(f(a, -))=4f HEMx@Hx@mfE fmdo&do@m).  (89)

Because G(t) and hence H () are lower bounded {(see the short paragraph between (8.3)
and (8.6)), Fubini’s theorem applies to (8.9), and since

2
4 f X@&)x(@n)do(@) =1+ — arcsins ),
we obtain from (8.3) together withf; = H + J (cf. (8.6), (8.7))
/ A(f(a, ) do (@) - A(f) =

2 - -
/ f (; arcsin(&-n) 7 (¢-n) — J(&-n)) FEF () do (&) do ().
(8.10)

Each f(a, ) is even and takes a.e. the values 1 and —1 only, hence A(f(a, -)) < xx(n) <
k(n). For n < 4 we proceed to show that the right hand member of (8.10) is > 0,
and since A(f) = «(n) by hypothesis, this will imply that f(a, -) is maximizing for
k(n), ie., A(f(a,-)) = «(n) = k(n), for almost every a € X, and indeed for every a
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because the right hand member of (8.9) is a continuous function of a by the dominated
convergence theorem and the fact that the kernel (£, ) — H(£-n) is integrable with respect
todo (§) do (n). (This property of integrability follows easily from [Be, Prop. 2.7] because
G and hence H are integrable w.r.t. the measure (1 — tz)#dt in view of [Be, Theorem
3.31)

According to eq. (8.10) and the above comments to it, the first part of the proof of
Theorem 4.4 will be achieved if we can show that the kernel

2 . -
- aresin(§-m) H(E-n) — J(&-m) (8.11)

on X x X is positive semidefinite. Because the kernel (8.11) depends on &7 only, this
amounts, by the Funk-Hecke formula [M, p. 20], to the corresponding function of 7 being
positive semi-definite in the sense that N

1
/‘(%mmmtﬁoy—ﬁﬂ)&@Jﬂl—ﬂf?m20 (8.12)

1

fork =0,1,2,.... The inequality (8.12) is trivially fulfilled for even values of k because
the integrand then is an odd function of ¢. Moreover, (8.12) holds for ¥ = 1 because
f J(OPI(n, 1) (1 — 12)%& = 0 by (8.7) (no term with k¥ = 1) and because the even
function arcsint Py(n, t) = tarcsint has a power series expansion for —1 < ¢ < 1 with
exclusively non-negative coefficients. Note at this point that (cf. [Be, p. 19])

nt* = Po(n, 1) + (n — D) Py(n, £)

is positive semidefinite (i.e., the kernel n(&-n)2 is positive semidefinite), and that any
pointwise product of positive semi-definite kernels or functions is positive semi-definite.
Finally, His positive semi-definite in view of (8.6).

Thus it remains to verify (8.12) for odd k > 3. We distinguish the cases » even (= 2 or
4) and n odd (= 3).

The case of even dimension n. 1° In the known case n = 2, cf. [HH], we have from
[Be, p. 35] in view of (8.5) and subsequent lines

- 1
GH)=14+G@r =1 —(£+arcsint) 1 —12 + <t,
2 2
and hence

2 - - 2 . 1
—arcsint H(t) — J(t) = — arcsint — —t.
T T 2

Since Pp(2,t) = Ti(t) = the kth éebyéev polynomial, the left hand member of (8.12)
becomes (for odd & > 3) after elementary evaluation

/12m'z ijnlﬂr%z o
— csmf — — — = .
\7 2 k 2

1
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2° For n = 4 we similarly obtain from [Be]

= 1 1 /7 . ) g1 1
G(t)—g*z(z +arcsmt)(1—2: YA -1z “Z”

2 ~ - 2 1
—arcsint H(t) — J(t) = — arcsint + —r.
/4 37 4
It is known that
1 d T ' o
(k+ D2 dr Y5
cf. [M, Lemma 13], and the left hand member of (8.12) becomes (for odd & > 3) after
evaluations involving the substitution ¢ = cos 8 and a partial integration

Pr(4,t) =

fl 2 aosing+ 2t ) Pe@n (1 —Prar= > 1 0
3 AT gt )RR TR+ 22

3° For n = 6 one obtains from [Be]

2 5 - 2 1 ¢ 2
;arcsmt H([)—J(t)z gj—r-arCSIHt—_S.l_tz +§I,

but now (8.12) breaks down already for k£ = 3. It is the middle term —%t/ (1 — %) which
tendsto —oco ast — 1—, and thus causes the kernel (8.11) to approach —oc on the diagonal
(¢ = n), showing that the kernel (8.11) cannot be positive semidefinite.

The case n = 3. Using again (8.5) we obtain from [Be, p. 35]
- 1 4
G = —5 —tlog(l —1) — (5 - logZ) t,

%arcsint HO —J(@) =
(8.13)

1 . 1+1¢ 1 2 4
—arcsint | —1 +¢log + =tlog(l — )+ | = —log2)s.
T 1—1¢ 2 3

The presence of both arcsin and log makes this case more complicated than the above
case of even dimension #, and the estimates become quite delicate, as we shall see. The
polynomials Pi(n, t) are now the classical Legendre polynomials P, (z), and the density

1- tz)”—gé equals 1. Recall that P, satisfies the differential equation

(1 =P + ke + DP(1) =0 (8.14)
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and is the only solution regular at 7 = 1 with the value Py(1) = 1. Also recall for k > 1

the recursion formula (cf. e.g. [Be, p. 32))
(k+ D) Prp1(t) — Ck+ Dt Pr(t) + kP (1) = 0.

From (8.14) follows for k > 1 by integration

! 1 2\ pf
/_1 Pr(s)ds = _k(k D (I —=19)P,(1).

For even k > 2 we have by partial integration since Pg(—1) = Pi(1) =1

1 1
/ tP(2) dt =2—f P(t)dt =2.
-1 -1

From (8.15), (8.16) we obtain for any k > 2

(2k+1)/ st(s)ds_(l—tz)( Pk+1(t)+ ~! Pk 1(:))

and hence for odd k > 3 after elementary evaluations, using (8.17),

k+1 /1 1, (1=t Pt)de ! + —1
= =~ log(l — =——
2)) 2% k kr2 k=1
In view of (8.16) we get for odd k
1 1 1 ! t
—arcsint Po() dt = ——— —— P () dt
/_171 K0 k<k+1)n/_1 T 0

and hence in view of (8.15), again for odd %,

1 LS| ) Pkl | Pkl
k+ - — t PL(t)dt = ,
( +2)f_1narcsm A T T

1 f P(®) (—1/2)2
B 1v/1—1¢2 kj2 )

where for even k

(8.15)

(8.16)

(8.17)

(8.18)

(8.19)

(8.20)

(8.21)

as it follows from (8.26) below by integration. We therefore obtain for even k by partial

integrations

1 1
—/ arcsint P(t)dt = 1 — py,
TSy

(8.22)
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1 ! 141+
— / log 1—+7 V1 =12 Pl(t)dt = 2qx — 2px, (8.23)
_1 -

T

where (for even k)

Gk

1
1/1 Lt 1B (8.24)

Tl R V1 —12
Summing up, we find for odd k > 3 by partial integration, using (8.18), (8.22), (8.23),

1\ 11 1+t
(k+§>f —arcsint10g1+ 1P () dt =

17T -1
1 + 1 Gk+1 — 2Pr+1 Gr—1 — 2pk—1
k+2 k-1 k+2 k—1 ’

Combining this with (8.13), (8.20), (8.19) we evaluate the left hand member of (8.12) as
follows for odd & > 3 in dimension n = 3:

1
(k + l) / (% arcsint H(t) — f(t)) Pr()dr =
2/ )4 \#m

75 |+~ 5 T 7 ) Pe+t Pl 17728 Sl il V0 25 BB
k+2 2k | k—1 2 k+1 (8.25)

noting that ¢ is orthogonal to Py (¢).
To prove that the right hand member of (8.25) is positive for odd £ > 3 we evaluate g;
from (8.24) for even k, using the known identity, cf. [EL, p. 176],

k
Pi(cos8) = ) ¥;¥,_; cos((k —2/)0), (8.26)
J=
_I3 2=t hi Y2
Yi=57 5 =( 1)( ; ) (8:27)

For even h € [—k, k] one easily finds by partial integration, invoking the Dirichlet kerpel,

1 1

1 [ P4
— | t= — 6 he)ydo = — + ——.
tho og (co 2) cos @ cos(h8) TE%1 + 7T

In view of (8.26), (8.27) this leads after some calculation to the following evaluation of g
from (8.24) (k being even)

_ —1/2 2 k2 4j -1/2 -1/2
q"_(k/z) +j;4j2—1(k/2+j) (k/z_j)' (8.28)
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It 1s also elementary to verify the inequality

2 [—1/2\?
Vijzrj Yijo—j = (Vk/z) = ( k)2 ) = Pk

cf. (8.27), (8.21), and we thus deduce from (8.28) that, for even &,

. k2 .
4j 43
> 1 > —
Qk_Pk( +jz=l:4j2_1) = lspk

if kK > 4, while ¢ > % p2. It follows that both terms on the right of (8.25) are indeed
positive for odd k& > 3:

5+1 - 43 5 1 _1 =0
qk+1 2% Pr+1 = 5 2 3 Pk+1——30Pk+1 »

51 (B 11 0
gk—1 2 k+1 Pk—1 = 15 2 Pk—-1 = 30 Pik-1 >

if k > 5, while for k = 3:

51 (15,1 1 .
1 —{-—— - - — = - = — > 0.
U=\ T )P E\3 T Ty )T

In view of the text following (8.12) this completes the first part of the proof of Theorem
4.4 in dimension n = 3, and altogether for n < 4. O

For n = 5 the proof breaks down (for the same reason as in the case n = 6 above) since
% arcsin ¢ ﬁ(t) - f(t) — —o0 ast — 1—, and so the kernel (8.13) (with # = £-n) is not
positive semidefinite.

9. The second part of the proof of Theorem 4.4

Letn < 4, and suppose by contradiction that there exists a maximizing function f for « (n)
which is not an even function. The associated minimizing function 4 = Tf for ¢(n) is
Cl-smooth, and u # 0 a.e., sgnu = f a.e. (cf. Theorems 4.2 and 4.3). Because f is not
an even function (after correction on a null set), the open sets {# > 0} and {# < 0} meet
(we write #(£) = u(—£)), and so do therefore the larger open sets

int{u > 0}, int{z <O0}.
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Consider two components U and V of int{u > 0} and of int{&z < 0}, respectively, such
that UNV £ @. Clearlyu =0ondlU andst =0onaV.

For any a € X write &,, ©F, T for the set of £ € ¥ such that a-£ = 0, - > 0,
a-§ < 0, respectively. As in (8.8) define

fa,)=fin &, f@)=fin 3], 9.1

and recall from Section 8 that f(a, -) is again maximizing for « (n) because n < 4 (see
the lines following (8.10)). Applying the operator T from (4.6) we know as above that
u(a,-) := T f(a, -) is minimizing for ¢(n) and hence C!-smooth; that u(a, -) # Qa.e.;and
that sgnu(a, -) = f(a,-) a.e. Also, f(a, -) is an even function, and so is therefore u(a, -).

The case n = 2. On the unit circle £ in R?> = C we choose a point a so that —ia €
U NV, and further that the circular distance between —ia and the first point b of 3U
following —ia (in the standard orientation of ) is an irrational multiple of 7. Note that
u > 0 ae. in a neighbourhood of —ia (€ U) and u < 0 a.e. in a neighbourhood of ia
(e —V). Hence —ia, b, and ia follow each other in this order. In view of (9.1) u(a, £)
changes sign when § passes —ia (€ Z,), while u(a, &), like u(§), takes both signs in any
neighbourhood of 5 (¢ £}). It follows that the open arc from —ia to b is a component
of int{u(a, -) > 0} of length dist(—ia, b) ¢ Qm, in contradiction with Theorem 35 or its
corollary applied to the even minimizing function u(a, -) for c(2).

The case n = 3 or 4. Tirst a general observation concerning the even, minimizing
function u(a, -) = Tf(a, -) for c(n). If u(a, -) = O (resp. < 0) in some openset E C T
then actually u(a, -) > 0 (resp. < 0) everywhere in E. In fact, the Euler equation (4.14)
for u(a, &), viewed in E, reads (in the former case)

—Aula, ) —(m—Dua,)=1-— f fla,Ydo > 0. 9.2)

(Note that ff(a, Ydo = 1 would imply f(a,-) = 1l ae.on X, hence u(a, ) > Oon &,
and since [ u(a, -) do = 0 this would lead to u(a, -) = 0.) It follows from (9.2) that u(a, -)
is spherically superharmonic in E, cf. page 40, and if u(a, -) equals O at some point of E
then also in a neighbourhood, cf. [Br, p. 33], in contradiction with (9.2).
First step. We show that the two maximal domains U and V chosen in the beginning
of this section must be equal: ’
U=V.

Because U NV # 0 this amounts to proving that VN3l = @ and (similarly) U NoV = .
Suppose there is a point

E* € V NaU. (9.3)

Clearly 22\ U has noisolated points, and neither has dU because £ has dimensionn—1 > 2
and so N \ {£} is connected for any connected open neighbourhood N of a point £ € N.
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There exists therefore a closed solid cone of revolution @ in R” with opening angle < 7 /4
and with vertex at £* such that £§* is a limit point of {(int(Q N %)) N 3/, hence also of
QN @U)\ {&*} and of Q@ N U (interiors and boundaries of subsets of T being taken
relatively to X). In particular, @ \ {£*} meets the tangent space to ¥ at §*, hence does
not meet the line RE* passing through 0 and £*. By the separation theorem there exists
therefore a point a € T such that £* € X, and

QNI\{E}cxl (9.4)

Now f(a,&) = f(§) = 1ae. in U N T}, cf. (9.1), and hence u(a, £) > O for every
& € UNZ} by the above general observation. Similarly, u(a, §) < Oforeveryé € VNI
because f(a,&) = f(—&) =—1ae.for§ € VN X, . By continuity we obtain

u(a, %) =0 9.5)

because £* € V N I, cf. (9.3),1s alimit pointof VN X andalsoof QNU c UNX}
(noting that U € T\ (€%} by (9.3), and so @ N U C S by (9.4)). It follows that

Vula, £%) #0 (9.6)

according to Lemma 9 below applied to the C!-smooth function —u(a, -) (which we have
just shown is positive in V N X). In fact, the Euler equation for the even, minimizing
fanction u#(a, -) for c¢(n), considered in V N X7, has the (constant) right hand member
-1 — f fla, Ydo < 0, cf. the argument following (9.2). Moreover, since £* € V N &,
there is a small closed cap K suchthat£* € 9K andint K C VN X, hence —u(a, -) = 0
ondk.

By the implicit function theorem it follows from (9.5), (9.6) that the zero set {u(a, -) = 0}
is (in a neighbourhood of £*) an (n — 2)-dimensional submanifold of X. This manifold
does not meet V N X~ (where u(a, -) < 0), and is therefore tangential to £, at £*. Near
each point of @ N (9U) \ {£*} the function u takes both positive and negative values, and
hence so does u(a, -) by (9.1) because Q N (AU) \ {*} C T} by (9.4). It follows that
u(a, ) =0inthe set 0 N (QU) \ {£*} for which &* is a limit point by the definition of Q
above; and this set @ N (8U) \ {§*} is non-tangential to T, at £*, by (9.4). We have thus
arrived at a contradiction which shows that our hypothesis of the existence of a point £* as
in (9.3) is false, and so actually U = V, as asserted.

Second step. The Euler equation (4.14) for u itself, considered in —V where u < 0,
reads

—Au—(—=Du=—1— fo— f. ©7)
Here 1 + fu > 0 (cf. the argument following (9.2)), and the set

A={eX ]| fQiG) <-1- fo} 9.8)
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is therefore a closed cap of spherical radius < /2 (except that A = @ if fi = 0).
Anyway, A cannot contain —V, for then the analytic function u in —V would be spherically
superharmonic in the sense of Berg in view of (9.7), (9.8), cf. [Be, Theorem 4.9]; and
since u = 0 on 0(—V) and there exists a spherically superharmonic function > 0 on a
cap containing A (cf. the proof of Lemma 9 below) it would follow from the boundary
minimum principle [Br, p. 33] thatu > 0in —V, hence # = 0 in —V, in contradiction with
u # 0 a.e. on ¥ by Theorem 4.2.

We have thus proved that the connected set C A meets —V, hence also 8(—V) (com-
plements and boundaries being taken relative to X); for otherwise CA C —V, hence
C(—A) c V,andso C(AU (—A)) C VN (=V), showing that o (V N (—=V)) > 0, in
contradiction withu < 0in —V,u > 0in V = U, and u # 0 a.e. on =, by Theorem 4.2.

Accordingly we may choose a point n € (3(—V)) \ A and next a point » € —V so that
2dist(b, n) < dist(n, A) (< ), where dist refers to the geodesic distance on ¥ (and where
dist(n, A) := 7w if A = (). Fix a point n* € 9(—V) nearest to b. The closed cap B in X
centred at b and such that n* € 9B has then spherical radius < 7/2 and does not meet A
because

dist(b, ") < dist(b, n) < dist(n, A) — dist(b, n) < dist(b, A) < 7.
From b € —V and (int B) N 9(—V) = @ (by the definition of n*) follows
mtB C —V. (9.9

Since B C %\ A there is, in view of (9.8), aconstant & > Osuchthat f1(§) > -1~ fo+a
for § € B, and so the right hand member of (9.7) is < —« in int B. We have —u > 0 in
—V,in particular in B, by (9.9), while u = 0 on d(—V), in particular u(n*) = 0. It follows
by Lemma 9 applied to —u and the point n* € dB that Vu(n*) # 0. Writing ¢* = —n*
we thus have

u(@*y =0, WVi@c*) £0. 9.10)

By the implicit function theorem {* has a connected open neighbourhood N in T such that
Np := N N {u = 0} is an (n — 2)-dimensional submanifold of N (C X), separating N
into the connected open sets Ny := NN {a > 0}, N_ := N N {i < 0}. Because & <0
in V while &2 = O on dV we actually have z < 0in NNV, andindeed NNV = N_,
whence N M3V = Np. It follows that int{z > 0} has a (unique) component W such that
N N W = N, and hence

NNIW =Ny =NNoU 9.1D
(recall that U = V, as shown in the first step in the proof); and within & this submanifold
Ny separates U from W.

Because the cap —B has {* = —»" on its boundary, there is a (unique) pointa € T
such that ¢-¢* = 0 and

int(—B) C & (9.12)
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Hence %, and d(—B) have the same tangent space at {*, and so have Ng = N N a9V
(smooth) and 3(— B) because {* € Ny and int(—B) C V, by (9.9).

Now consider the maximizing function f (a, -) for « (rn) with the above a € X, cf. (9.1),
and the corresponding minimizing function u(a, -) = Tf(a, +) for ¢(n), cf. Theorem 4.3.
By (9.1) we obtain

u@,)>0 inUNZS andin WNE, (9.13)

because f(a,£&) = f(&) = 1 a.e. in the former set and f(a, &) = fv(§) = 1 a.e. in the
latter set where & > 0. Also by (9.1), (9.11), and by continuity,

u(a,)=0 on Z:=Np\ Z,. (9.14)

In fact, for given § € Z we have u(a, &) > 0, by passing to the limit in (9.13) (consider
separately the cases £ € £F and £ € ;). To see that also u(a, §) < 0, note that, if
& € ], every neighbourhood of & (e 9U) contains points &' € X} with u(§’) < 0
(by the maximality of U), hence u(a, £’) < 0; and if £ € £, every neighbourhood of &
(€ 0U) contains points & € U N X such that i2(£') < O (because st < O ae. in U = V)
and so u(a, §') < 0.

If the point £* (€ %) is a limit point of this set Z then u(a, ¢*) = 0, and hence
Vu(a, {*) # 0 according to Lemma 9 and the Euler equation (9.2) considered in the cap

int(—B)ycUNXES (9.15)

inwhichu(a, -) = 0, cf. (9.9), (9.12), (9.13), recalling that U = V as shown in the first step
in the proof. By the implicit function theorem, however, this conclusion Vu(a, ¢*) # 0
contradicts (9.13) according to which u(a, -) > Onear £ *, e.g. on the geodesic on X passing
through ¢* and perpendicular to ¥, hence also to Ny as noted above after (9.12).

Third step. We are thus left with the only possibility that there is an open cap C contained
in N, centred at £*, and not meeting Z from (9.14), whence C M Ny C C N B,. Actually,

CNNo=CNZ, (9.16)
because C\ Ny is disconnected, being the union of the non-void disjoint open sets C N N4
and C N N_, cf. the text between (9.10) and (9.11). Since ¢* € 3(—B), C meets int(—B)
and hence also U N X, by (9.15). Thus C N X} meets U, but not 3U in view of (9.11)
and (9.16). Because C N £ is connected it follows that

CNIfcu, ¢cnz;cw, 9.17)

the latter relation by a similar argument involving the lines following (9.11).
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From (9.13), (9.17) we infer that u(a, ) > 0in C N Ej and in C N X7, hence in all
of C, by continuity. By the general observation in the beginning of the proof for n > 3 it
follows that u(a, -) > 0in C, in particular

ula, £*y > 0. (9.18)
Since ¢* € g4, thatisa-t* = 0, wehavea € 2;+. Being a sphere of dimensionn —2 > 1,
X+ contains points ¢ # a arbitrarily close to a. For any point ¢ of X+ \ {a, —a} we have
u(c,y =Tf(c,) =00n CNE, N EF. In the first place, u(c,) > 0in CN TN Ef
by (9.1) with ¢ in place of a because u > 0 a.e. in this open subset of U, cf. (9.17). And
secondly we have u(§) < 0 and hence u(c, §) < O for suitable points § e CNE; N TF
arbitrarily close to any given point of C N T, N T} = C N (3U) N Z 7, by the maximality
of U, cf. (9.11), (9.16). It follows that

u(c, ") =0 for c € By \ {a, —a} (9.19)
because £* € T, N X, is a limit point of C N X, N £F. By the dominated convergence
theorem we have, using again (9.1),

lim f(c,-) = f(a,") (9.20)
c—a

in the weak* topology on L™ () as the dual of L' (o).

Asmentioned in Remark 4.5 (see also Section 8 after (8.4)), T is an integral operator with
the kernel (£, £) = G(¢-£), G(¢) being defined in (8.4). It follows from [Be, Theorem3.3]
that G and hence G are integrable over [—1, 1] w.r.t. the measure (1 — ¢2) o dt. For fixed
¢ € X the function & — é(; -£) is therefore integrable w.r.t. o by virtue of [Be, Prop. 2.7).
In view of (4.16) and (9.19), (9.20) we therefore obtain for ¢ — a through X+ \ {a, —a}:

0 = u(c, t*) = [TF(c, V(™) = f G 8) (e, §) do (@)

R / G €) f(a, £) do (&) = uia, £*)

in contradiction with (9.18). When Lemma 9 below has been established, this completes
the second part of the proof of Theorem 4.4. |

Lemma9. Let B = {£ € ¥ | b-§ = cosp} denote a closed cap in & with centre b
€ ¥ and spherical radivs p < /2. Let u : B — R be continnous in B and C2-smooth
in int B, and suppose that u satisfies

—Au—(n—Du>« in intB

for some constant ¢ > 0. If u > 0 on 8B then

u(g) > —= (b's —1)30 for & € B. 9.21)

n—1\cosp

In the case o > 0 it follows that Vu(§*) # 0 for any £* € 3B at which u(¢*) = 0 and
Vu(E*) exists in the classical sense.
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Proof. The function

v(E) = ! (b's —1), £eB,
n—1\cosp

satisfies v = 0 on 8B and
—Av—m—1Dv=1 in intB

because the function & + b-£ 18 in H; and Ay = n — 1. Thus « and v are spherically
superharmonic in int B (cf. page 40). Replacing p by a bigger number, again < 7 /2, leads
similarly to a spherically superharmonic function v > Q in an open cap containing B. Since
v is bounded away from O on B we infer from the boundary minimum principle [Br, p. 33]
that indeed # > 0 in int B and hence in B. (Alternatively, argue as in [Be, pp. 49-50].)
Applying the above to ¥ — v in place of u leads to (9.21). As to the last assertion of the
lemma, note that the inner normal derivative of v (as a function in B) is > 0 at any point
£* € 9B, and it follows by (9.21) that the inner lower normal derivative of u at £* is > 0

when u(£*) = 0. (|
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