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Synopsis

Angular and energy distributions of electrons excited by a heavy charged particle penetrating an
electron gas have been studied theoretically for a range of electron densities. The calculations are
based on the self-consistent dielectric theory of Lindhard in which the properties of the electron gas
are described by a frequency and wave-vector dependent dielectric function. The excitation cross
section has been investigated in the present work for a broad range of incident projectile velocities,
and numerical results are presented both for doubly and singly differential forms of the excitation
spectrum. An analytical approximation is developed for the case of low projectile velocities, and
comparison with numerical results indicates that the analytical form is quite adequate for velocities
up to near the Fermi velocity. For higher incident velocities the emitted energy spectrum is char-
acterized by a resonance for electron energies in the range ~ 1-4 times the Fermi energy; at electron
energies about 10 times the Fermi energy the spectrum approaches that given by the Rutherford
cross section. The electron energy at which the resonance occurs is independent of the projectile
velocity, but is a slowly varying function of the electron density. The angular position of the reso-
nance is, however, a strong function of the projectile velocity, occurring first in the forward direction
at a critical velocity, »,, moving to higher angles with increasing projectile velocity, and limiting
to lateral (90°) emission at high incident velocity. These results may form a basis for more detailed
studies of electron emission in both atom-atom and atom-solid collisions.

DAVID K. BRICE! PETER SIGMUND?
H. C. Orsted Institute,
DK-2100 Copenhagen @., Denmark

1: Permanent address: 2: Present address:
Sandia Laboratories Physics Institute,
Albuquerque, New Mexico, 87185, USA Odense University

DK-5230 Odense M, Denmark

© Det Kongelige Danske Videnskabernes Selskab 1979
Printed in Denmark by Bianco Lunos Bogtrykkeri A-S. ISSN 0023-3323. ISBN 87-7304-106-8



T'able of contents

SIntroduction L. e
- BASICHEQUANONS: s e e s @u: @55 55 56 (R SHEE 955 F S5 6 805 S e s ) s
Ars e ITHE]INIGTEL ./ sivmsnr o iveime o) wassres  wam s s sl sy bsn| e 34§ B E B & AT 58S F@@ I
B. The Dielectric Function .. ... i,
@, The Rransition RAES mms sems inas sme sEams s@ms 2008 SEHE @8 "
D. The Stopping Cross Section . ...
. Integrated Cross Sections....... ... ... ...t .
A. Analytical Approximation: Region T ... ... ... ... .. ... ...
B. Analytical and Numerical Results: Regions IT and 111 ............
. Doubly Differential Cross Section . ....... ..., .
A. Analytical Approximation: Region 1 ... ... . ... .. ... .. ... ...
B. Analytical and Numerical Results: Regions [T and III ............
o (SUMMary and DISCUSSION ww s & o mars s s s s s §@ns §ab s bms amas amassnmens
NeknoWled GEmISTITS « mai s/ m s o simiin gmwa s smms) o 1rgmy g e 1 s HEE

R erences . . . ..ot e e







40:8 5

l. Introduction

The free electron gas is a convenient system for model studies of atomic and solid-
state properties. In particular, this system offers unique possibilities of studying
the interaction of energetic charged particles with matter, as far as the inter-
action with electrons is concerned. The free electron gas in the self-consistent
picture developed by Lindhard' allows a treatment of the stopping of a charged
particle with essentially no limitations on the range of particle velocities to be
considered, thus giving qualitative insight into the partition of energy that would
be quite difficult to obtain by other means.> When combined with the Thomas-
Fermi principle, this dielectric theory provides estimates of stopping parameters
that exhibit basic scaling properties as a function of atomic number. *-*

The dielectric theory has implications on the excitation spectrum of an electron
gas. While collective excitations (plasma modes) occur in rather well-defined
energy quanta, and thus show up in a number of well-studied phenomena,® the
situation is different with regard to single-particle excitations. In a free electron
gas, single-particle excitations form a continuous spectrum. Therefore most
discrete systems would seem to call for a more elaborate treatment, unless atten-
tion is given to high levels of excitation and, especially, ionization. These pheno-
mena have received less attention from the point of view of the dielectric theory
than the stopping process.

In the present study, the spectrum of electrons excited by an energetic charged
particle has been analyzed within the framework of the dielectric theory. Both
energy and angular distributions of electrons have been evaluated as a function
of the velocity of the primary particle. Therefore, the information extracted
from the model is more specific than the predictions on energy loss, where
primary velocity and Fermi velocity are the only variables. Both the capabilities
of, and limitations to the model are expected to show up more clearly in differ-
ential quantities than in integrated ones.

Our main motivation for this study was a need for universal, and not neces-
sarily very accurate angular and energy distributions of electrons after excitation
by charged particles. Such spectra are called for in the analysis of a wide range
of phenomena in radiation physics, chemistry, and biology.® Although quantita-
tive studies have been made of specific systems, both experimental and theoretical,
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we were missing the qualitative guidelines that the dielectric model provides in
stopping theory. We started with a numerical evaluation of doubly differential
electron spectra from the dielectric theory, similar to what was done by Ritchie
et al. % for the energy spectrum. Later the numerical evaluation of electron
spectra was followed up by an analytical study. The theory in its present form,
we believe, provides insight into the qualitative behavior of secondary-electron
spectra from light-ion bombardment, in particular the possible occurrence of
peaks in the energy and angular distributions, the correlation between the energy
and angular distribution as a function of particle velocity, and the range of angles
that is accessible for secondary electrons at any given set of particle and electron
energies. We had hoped to present Thomas-Fermi scaled spectra at the same time,
but with an increasing amount of available analytical results we found that
within the time limits imposed, it seemed most appropriate to present the free-
electron results separately, and reserve applications to a later occasion.

2. Basic Equations

The basic equation governing the excitation of secondary electrons by a charged
particle traversing a degenerate Fermi-Dirac gas of electrons has been derived
by Ritchie.® His primary attention was directed toward the effects of the target
on the incident projectile, and consequently the secondary electron spectrum has
not been discussed in great detail. In the present section we will present a brief
derivation of the basic equations for both the excitation cross section and for
the single-particle contribution to the stopping cross section. Our procedure
differs from that of Ritchie, but is consistent with Lindhard’s derivation of the
dielectric function. The derivation also makes evident the limitations of the
procedure, and serves to introduce the notation which will be used throughout
the paper.

A. The Model

We consider a point particle of charge ¢, and velocity », which traverses a degen-
erate Fermi-Dirac gas of electrons. The fractional energy and momentum losses
suffered by the particle through its interaction with the system are assumed to
be small over a time period which is long compared with pertinent electronic
periods, so that v can be taken as a constant. This assumption will be quite good
for a massive particle traversing the system, or for a highly energetic particle
with mass comparable with the electron mass. The charge density, o(r,¢) asso-
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ciated with the perturbing particle is given by
o(r,f) =¢,d0(r—wi). (2.1)

where d represents the Dirac delta function.

The local electric potential @(r,t) which results from the charge density (2.1)
includes the Coulomb field of the incident projectile as well as the induced field
which results from the dynamic response of the electronic system to the perturba-
tion. In the self-consistent treatment of Lindhard' the many-body problem of
the interaction between an incident projectile and the electrons and between
the electrons of the system themselves is resolved in the dielectric function
e(k,w) of the system. By definition, &(k,w) connects @(r,t) and g(r,t) through
the relation

®(k,w) = 4ok w)/ke(k, ), (2.2)

where @(k,w) and g(k,w) are the Fourier transforms of @(r,f) and g(r¢),
respectively. For a function g(7,{), the Fourier transform g(k,w) is defined such
that

glrt) = (VT)™ 2g(k,w)ek-r=on, (2.3)

where periodic boundary conditions in the volume V and time interval T are
assumed. Both V and T are taken to be large, and will ultimately be allowed to
limit to infinity.

Equations (2.1)—(2.3) give the perturbing potential
—47[@1 (5k~vw€’(k'r_m”

®(r,1) =
n) = a™ s ko)

(2.4)

D(r,t) as given in Eqn. (2.4) is the effective interaction potential between the
incident projectile and the electrons of the system. This field is the generalization
for the system of electrons of the Coulomb interaction between two isolated
charged particles.

B. The Dielectric Function

The dielectric function &(k,w) has been evaluated for the free Fermi gas by
Lindhard' within first-order time-dependent perturbation theory. The electrons
of the system are assumed to occupy states described by single-particle free-
electron wave functions, ¥ (r,t), where

w(rt) = V2itkr—on, (2.5)
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The single-particle energies, E, are given by

2 1.2
E=ﬁ2fn — ho (2.6)

where £ is Planck’s constant divided by 2r and m the electron mass. The system
is taken initially to be in its ground state so that all states are occupied up to the
Fermi energy g, given by
1 Bk B
2 = —— (i) (2.7)

Er =™ T om T om
Ly

2

where n 1s the electron density in the system, and v, and &, are the magnitudes of
the velocity and wave vector, respectively, of electrons having energy ¢,..

The results of Lindhard’s analysis are conveniently expressed in terms of the
variables u, z, and x°, defined by

u= ok, (2.8a)
z2=k|2k, (2.8b)

and
X' =e|(nhog), (2.9)

where ¢ is the electronic charge. In these variables

e(k,0) = 1+ % (£ (1,2) +ifs (.2)] (2.10)
where
1.1 oy, |2 F+ut1
JSilu,2) :§+§é{[l —(z4+u)*]ln m‘
—E A
F1=(z—uw) ]Zn.z—u~l‘J' (2.11)
and
|% for |z4u< 1, (2.12a)
Filu,2) = é%[l—(z—u)z] for |z—ul< 1< |z+4l (2.12b)
l 0 otherwise. (2.12¢)
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C. The Transition Rates

The excitation spectrum and the stopping cross section can be obtained from the
perturbing potential, Eqn. (2.4), and electron wave functions, Eqn. (2.5), through
a straightforward application of first-order time dependent perturbation theory.
The use of first-order theory is valid as long as the transition rates remain small,
and it is consistent with Lindhard’s form of the dielectric function. It is our aim
in the present work to discuss some qualitative features of the single-electron
excitation spectrum, and therefore we disregard higher order effects'®, as well as
many-body corrections to the Lindhard dielectric function.
In the present section we will write

E(k) =FE; k=ky; w=uw,=Elh (2.13a)
for the initial electronic states (i.e., for |k{< k), and
E(k)=E;; k=k; w=w =El/h (2.13b)

for the final states (k!> k). If W (k,)d’k, represents the probability per unit
time for excitation of electrons into states k; in the k-space volume element
d°k, , then first-order time-dependent perturbation theory yields

dre,e

Vink® gj| 2t Ta—lik), (214

W (k) &k = 250N, (E,)dE, 42, %

k,

where k =k, —k,, N, (E,) is the density of states at E,, and 42, a solid angle
at k,. The extra factor of two in front of the standard expression comes from the
sum over spin states which are not altered by the potential (2.4). For large V the
sum in (2.14) can be expressed as an integral through

Vv
; — (2n)3Jd3k (2.15a)

and, likewise

V 2
M (E))dE, =(—2;)§k1 dk, . (2.15b)
This yields
elé® 1 :

W(k,)dk, = ;’;;adakljd"‘ko m S(w,—w,—k-v). (2.16)

The integration over vectors k, is restricted to k,< k. The transition rate can
also be expressed as a cross section d°g (k;) by
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Wik,

3 =&
da(k,) ==

&*k,. (2.17)

Eqgn. (2.16) has already been derived by Ritchie (Eqn. (4.14) in ref. 9; his equa-
tion contains a spurious factor 7).

The introduction of a cross section according to eq. (2.17) should at this
point be taken as a formal step that will allow a direct comparison with the
corresponding single-electron (or binary-encounter) cross sections at all stages
of the theory. The physical significance of a single-electron cross section in a
theory that takes into account the mutual interaction between target electrons
is less evident, and we do not claim that there is any in a strict sense. Both Lind-
hard“? and Ritchie’® and coworkers avoid introducing such cross sections
altogether and restrict their analysis to quantities characterizing the interaction
with the medium rather than with the individual electron. Thus, any cross sec-
tions discussed in the following become physically meaningful when multiplied
by the electron density n to become inverse mean free paths.

D. The Stopping Cross Section

Lindhard and Winther® have previously discussed in detail the stopping cross
section §(2) of the free electron gas for an incident charged particle. They take
as a starting point for their discussion the electric field resulting from the potential
of Eqn. (2.4) which acts to retard the motion of the incident particle.'’' The
contribution of the single-particle excitations to the stopping cross section can
also be found from the above excitation cross section.

The basic transition probability is multiplied by the energy transfer fw before
summation over the initial states. An extra factor of iw = k- v therefore appears
in the equation corresponding to (2.16). The resulting expression is

efe® N mr g k-v
S(Z)) :nvﬁn“ d /fl d komé(wl—%—k-v), (218)

where k, < k. < k, defines the integration limits. This expression will be discussed
in more detail in the following section.

3. Integrated Cross Sections

It is convenient first to study the cross section integrated over all ejection angles,
l.e., the energy distribution of ejected electrons. This will be done in the present
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section. In addition, the total cross section will be discussed briefly as well as
the connection with the stopping power. The results of this section overlap to
some extent with those of the study of Ritchie et al. ™°

After introduction of the vector k rather than k, as the integration variable,
(2.16) reads

2 ;
d? —ﬁdakJ;Z3k5<—%+EIC_mh_k.v) (3.1
norh ! |k2e (k, k- )| '
with the boundary
k~v2—ﬁ—(kf—k§)20 (3.1a)
2m

corresponding to k,< k. By means of spherical coordinates, and integrating,
we obtain

2ele'm &k
) jas — =4
do j[d 0= k, dklfkk28<k,k‘v)‘2 (3.2)

with

B oa gy s g

o Qkk, — k2) ; (3.2a)

h
ﬂ(

Let us now introduce Lindhard’s variables z and », Eqn. (2.9). Eqn. (3.2) becomes

do = ;1;’3 Z k dkljJ% 3.3
with boundaries on the integrals
uz =y (K2kE—1) (3.3a)
ut+z=< ki kg (3.3b)
u<ovlvg. (3.3¢)

Before analyzing (3.3), we also carry out the integration over 4, in order to obtain
the total cross section. This yields

kor/ T4 2uz
o =Jrla

hy=Max(k, 4, (ut2))

ke ([_sded 2
= ;nxmvzjj‘kzza(izﬂz{4uz-9(1—u—z)—+—[1—(z—u) 10(u+2z—1)} (3.4)
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with the bounds

=l £ 1 (3.4a)
0<z (3.4b)
0<u<ofy,. (3.4¢)

The integration region is the total accessible range for single-particle excitation;
the term in the brackets of (3.4) is readily identified as 2zf,(z,«) in the range
|z —ul< 1. Therefore, (3.4) can be rewritten

27 2 ofu
P J.d&J du ) (3.5)
nrzmu

lz—ul <1

The stopping cross section § is a similar integral; it can be found by adding
a factor

h(w, —w,) =hk-v=2mojuz

n (3.5). Then,

2% © ofve
(S)Singlc Particle ZJﬁ(wl - CL)0> do = — 'M‘IMJ‘ ldij udu( 1 == 1) (36)
0 0

mo e(z,u)

[z—ul <1

which is identical with Lindhard’s expression' for the stopping cross section, except
that the integration is restricted to single-particle excitations, |z—u|<1. This
was to be expected from the derivation procedure. The expression (3.6) has
been studied extensively in ref. 2. The total cross section, Eqn. (3.5), can be
evaluated in the same manner. A detailed study has been published recently.®
Rather than evaluating that quantity separately, we go back to the differential
quantity do, and mention some results concerning 6 as a check on do where
appropriate.

Fig. 1a shows the area of integration in Eqn. (3.3) for a number of values
of k, /k,.. Itis seen that the integral extends over a segment of the stripe ju—z| < 1;
for v > o, the size of this segment is independent of v in the range of k,-values
limited by

<2 —1 (3.7a)
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and decreases towards zero in the range

02 1<hoot gy (3.7b)

Bk
Uf ke UF

For o/v, < 1, the integration region depends on o for all values of &, (Figure 1b).

u 10
3 LI
vivg ke
v
= =015
2
0.5[
usz=k/ke

; by k1
| P“(T; 7. %2
L v
L] 1) =
i LA LI =
i Pz'(kp'z,kp
o L L L — - |
(1] 1 F] k} O'OOO 05 10 z

Fig. 1b. Limits of integration in the (z,u) plane

Fig. la. Limits of integration for Eqn. 3.3
for Eqn. 3.3 for v< vp.

in the (z,u) plane for v>up.

These relations provide a classification scheme for the evaluation of do
according to Eqn. (3.3). For practical purposes, it is convenient to include one
more dimension in such a scheme, namely the role of the resonance point de-

fined by®
e(z.,u,) =0; u,=z+1 (3.8)
The function do will normally have a singularity at that value of k, where the

point P, (Fig. 1a) passes through the resonance point (z,,u,). According to (3.3c),
this is only possible for

V2 UV = D, (3.9)

Thus, v, represents a “critical” velocity above which a singularity occurs in the
excitation spectrum. From (3.8) and (2.11), we find «, to obey the relation

2
(uc—1)2+%[1 —u,log

EJ=Q (3.10)

Uc
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Fig. 2. Portion of (v,k,) plane showing the classi- 4
fication scheme for projectile velocity and exci-
tation k-vector. Region 1, O0< #< v, ; region II,
vp< v< o, region 111 o < v.

The labels 4 and B indicate £,;-values for which
the reduced integrated excitation spectrum, Eq.
(3.22), is independent of v and dependent on o,
respectively.

Now, we have three regions of particle velocity (Fig. 2). In region I, < vy, the
integral in (3.3) depends on v, and the allowed range of £,-values is

1<k k<22 +1. (3.11)
UF

In region 11, v, < v < v, and region IIl, v > v, the integral (3.3) is independent
of v for k,-values in the range (3.7a), called A, and dependent on v in the range
(3.7b), called B; in region III, do has a singularity at

k, = (2u,— 1)kj (3.12)

while such a singularity does not occur in region II (nor I).

The singularity in the excitation spectrum due to the resonance in £(z,u) at
the point (z,,u,) results from the excitation of virtual plasmons with wave vector
k, and frequency w, = ¢,k u.. These plasmons correspond to the shortest wave-
length collective excitations which are supportable by the free electron gas.

A. Analytical Approximation: Region I

A simple analytic approximation is possible in region I in the limit of v < vy .
The area of integration in the z—u plane as defined by Eqns. (3.3a-c) 1s indicated
in Fig. b, and Eqn. (3.3) reads, to lowest order in ¢/v,,
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2 =2 1 *
daapp:ﬁLLklko ——Zdz—(l - (3.13)

nmov 5 - |2%e(2,0) 12 z
where
e =Rk -1), (3.132)
so that
2 * * *
% =% Z 2=
A — _— 3.14
do,,, Ty k,dk, T + X_O‘arctgl N az® ( )
43 X
with
x=+/1— /3 (3.14a)
and
0<z*<l1. (3.14b)

In the evaluation of (3.14), the approximation f, (0,z) =~ 1 —32* has been made. *
The form (3.14) offers itself for introduction of the excitation energy above the
Fermi energy

hZ

& =2m(kf—k§). (8.15)
Then
x &
< 2mov g LR
and
0< ¢ < 2movg . (317)

Integration over dg, leads to

1 - me; lx oo X
L['=U (/Uapp = Oapp == thgag {(1 arctg X a2+X2 \ (318)

an expression that can be obtained directly by evaluation of (3.4) in the limit

* This approximation is identical with the one used by Lindhard and Winther,? but differs from
that used by Ritchie.?
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vjop < 1. Egn. (3.18) is equivalent with Ritchie’s corresponding result (Ref. 9,

Eqn. 6.15) when proper account is taken of the fact that his approximation for

/i (4,2) leads to an &’ =1—x%/2 in place of &® as given by our Eqn. (3.14a)."?
Going back to the energy spectrum we write (3.14) in the form

e 1 _ ( g, )
e = Suttons (14 2273) S\2muno (A
where
g(z*) = 1—./:*+‘z"‘<g +l> arctg‘:*—_l (3.20)
X o X, az*
x X

Fig. 3. Normalized low velocity excitation cross
section, Eqns. (3.19) and (3.20).

has been plotted in Fig. 3. Note the very simple scaling properties as a function
of the primary velocity v(z* o »7'). In particular, note that for a wide range of
electron densities (0.03 < ¥* <0.3) the curves for g are almost linear on the
semilogarithmic plot of Fig. 3. Figs. 4.a-c shows the ratio of the actual (numer-
ically evaluated) cross section (3.3) and the analytical approximation formula
(3.14") for three different values of the density parameter x*, and three values of
the ratio v/v,. We conclude that for rough estimates, the analytical approxima-
tion will be satisfactory at all allowed values of the electron energy at values of »
not too close to the Fermi velocity.
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Fig 4. Excitation
cross section
normalized to the
analytical approxi-
mation for low
incident projectile

velocities,

a) x* =0.01,
b) ¥* =0.1,
c) 2 =1.0.
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B. Analytical and Numerical Results: Region Il & 111

For v>u0,, it is convenient to compare our results with the Rutherford cross
section averaged over the Fermi distribution of initial electron velocities. This
averaged cross section doy is found be setting € = 1. Eqn. (3.3) yields, then

2

. 2mele® de,

dog P G g, (&) (3.21)
with
1 2o 0 Sy < Vme” = Auhp
L\ 2
() +16let) ot
4 (e = _}_l il)z b lh+ 28] 2mi® —20p, < & < 2md® + 20p, (3.21a)
e,/ (b tpe)
0 2+ 8y 2 B ¥ 2y, -
¢, 1s defined in (3.15), and
P = hk, (3.21b)
b=k

In the region where g, (g) =1, (3.21) is identical with the conventional
Rutherford spectrum for target electrons initially at rest except that the electron
energy here 1s measured from &, . The smearing of the edge (g # 1) is then caused
by the ground-state motion in the Fermi gas. The function g, (&) has been plotted
in Fig. 5 with the expression

g — (2mo* — 20p,.)
= . 1
% P (3.21c)
as the independent variable. It is seen that for » > 20, , this function is essentially
independent of .
In the more general case, we can write

do _ §<8_1)‘2 JM
do, ~ 8\e,) )| Pe )l )

o

where the Rutherford cross section do, is the expression (3.21) for g, = 1. This
form does not contain the velocity at all in regions ITA and IITA, and is there-
fore a universal function of ¢, dependent on the density parameter ¥* only. In
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X wiive
Fig. 5. Cutoff region for do,, Eqns. (3.21) Fig. 7. Peak electron velocity (z,/vg) versus
and (3.21a). electron density, expressed by ¥ = ¢/rhv,,

cf. eqn. (3.25).

o
Q|Q
e

1.0

\‘:-_\'——2_.—_

3

VIIVF

Fig. 6. Excitation cross section 4@, normalized to doy, for a series of values of the electron density
(cf. eqn. 3.22). For this plot g; = 1. The numerical integration has been performed by J. Schou.
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regions 1IB and I1IB, the universal function is to be multiplied by some function
g'(&,0; %), with 0< ¢' <1 and ¢ monotonically decreasing with increasing ¢, .
Moreover, for large v (region I11) we must have

g (&0 0°) — g.(&) (3.23)

since ¢ — 1 at large 2, 1.e., large values of .

Fig. 6 shows the expression (3.22), evaluated numerically for ¢/o,. 1. Obvious-
ly,do can be determined directly from Fig. 6 in the regions ITA and IIIA
where g, = 1.

Fig. 6 shows that substantial (225%) deviations from straight Rutherford
scattering occur at electron energies

g < 10g, (3.24)

the deviations being somewhat dependent on the density parameter x*. Most
spectacular, of course, is the peak at the position

&.=4u (u,— ey, (3.25)

following from (3.12), with », given by (3.10). This relation has been plotted in
Fig. 7. It is seen that the peak position varies slowly with x?, and so does the
detailed shape of the peak.

Ritchie et al.”® have previously pointed out that the cross section do/do,, is
a universal function of ¢, independent of projectile velocity, for ¢, < 2mo® — 2up,.,

Fig. 8. Excitation cross sections, da/do,,
in region II. a) y* =0.01, b) x* =0.1, xZ~ 001
c) ¥=1.0.

dU/dUR
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and have evaluated an expression similar to (3.22) for incident electrons. Their
spectra also show a peaked behavior with the peak occurring at the position
indicated by (3.25).*

Figs. 8a-c show electron spectra, evaluated numerically, and normalized to

*See, for example, Fig. 4 of the second paper of Ref. 7 where the value r, = 2.07 corresponds
to y2 =0.343.
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Eqn. (3.21), i.e., including that region for which g < 1. Curves are shown
(dashed) for v =v,, 0,, and v,, where v, = (vz+7.)/2. Also shown are the
universal curves from Fig. 6 (solid). (Note the different horizontal scales on the
various parts of Fig. 8). The velocity v, is the boundary velocity between regions
1 and 11, o, is the boundary velocity between regions II and IlII, and v, lies in
the center of region II. For the more dense gases (¥ <0.1) the presence of a
resonance is already noticed at » = o,, although the singularity in the spectrum
occurs only for v = s,. Also, for these cases it is seen that with v in region I1I the
actual cross section will differ by less than 10% from that determined from the
universal curves (providing that the function g is included in do). For x*>0.1
at v = o,, deviations ~ 25% are seen between dg/do, and the universal curve;
therefore » must be somewhat greater than o, before the universal curve becomes
an accurate representation of do/do,. It should be noted, however, that these
deviations are important only for region IT1B in which 4o is a rapidly decreasing
function of o, .

4. Doubly Differential Cross Section

In this section, the full angular and energy distribution of excited electrons is
analyzed on the basis of egs. (3.1) and (3.1a). The procedure is very similar to
the one sketched in Section 3. We first introduce spherical coordinates for both
k and k,, with polar angles § and 0, against v as the axis. Then, eqn. (3.1) reads

2=2)
2o =X4 & dklzdm zdzdud(p d(cos 8 cos B, +sin 8 sin 8, cos p — b (z+u))
2nnmy |2%e(z,u k, (4.1)

where z, 4, and x* have been introduced in Eqns. (2.8) and (2.9), ¢ is an azimuth,
and n, =cos ,. We also have

u=—-cos 0, (4.2a)

Up

and the limit of integration (3.1a) reads

4zu> %»] >0. (4.2b)
The integration over ¢ can be carried out in (4.1), whereafter d%c reads
_ xPelk dkodn | zdzdu

d*o
nnmy® |Z%e(z,u

2 2 kF 2] s
)12‘{(1—'7)(1-'71)—('7'71—k—l(z+u))} (+.3)
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with the extra integration condition that the square root be real, i.e.,
2

(=) 1= e+ ]2 - B2 ] (4.4)

The condition (4.2a) provides a hyperbolic boundary for the integration in
the z —u plane, curve C, in Fig. 9, while condition (4.4) provides an elliptical

Fig. 9. Limits of integration for Eqn. 4.1 in the
(z,u) plane. C, corresponds to Eqn. (4.1a), G,
corresponds to condition (4.4), and C, corre-
sponds to condition (3.3b) (Fig. 1).

boundary, curve C,. We note that the ellipse is tangent to the line 2 +u = v, /v,
at point P and also to the line « = v/v, at point O, and thus the integration area
for d*c lies within the integration area for do (Fig. la), but is tangent to those
boundaries. The points P and () are given by

dP)=Tt—m—, w(P)=m (4.50)
and
AQ) = tm— o, w(Q) = (4.5b)

It is thus clear that the elliptical boundary determines the upper bound on the
u-integration.

For fixed v, v;, Eqns. (4.5a and b) indicate that the points P and Q move
along their respective tangent lines as #, is varied. This motion is accompanied
by rotation and change in magnitude of the axes of the ellipse so that from the
standpoint of an observer stationed on either of the tangent lines the ellipse would
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appear to roll along the tangent line as n, varies. This rolling motion allows the
integration area to vary in such a way with #, so as to eventually cover the
entire boundary region given in Fig. la). It is noted that for #, = 1 the points P
and Q are identical and the integration area degenerates to a straight line. The
cross section d?¢ does not become zero in this case, however, because of the
integrable singularity in the integrand.

The area of integration in Fig. 9 is only slightly smaller than that for do
(Fig. 1a) so long as P and Q are well separated and P remains within the two
straight lines that bound the region of single-particle excitations, u = 7z 4 1, i.e,,

2om —vpS v, S 2um +op (4.6a)
or
Nl o <vl+vF
By =g (4.6b)

The integration area decreases rapidly outside this range. An interesting special
case, which depends on the form of ¢(z,u), is the position of the resonance. Accord-
ing to (3.12) it occurs at

k. ke =2u,~1;

c b

in order to specify the angular region where a peak may be observed, we note
that the integration area in Fig. 9 includes the resonance point (z,,4,), only when
the point P coincides with the resonance point, i.e., according to (4.2)

”c' = UFuc/U . (47)

However, because of the rolling movement of the ellipse one may expect the res-
onance to be broad as a function of 57, at a given v, /v, in the region near 5,.

We now consider the case where the ellipse becomes tangent to the hyperbola
at a single point, i.e., where the two points of intersection degenerate to one. In
this case, the integration area has approached zero. This determines the bounds
on electron velocity and ejection angle at a given primary velocity. Solving (4.2a)
and (4.4) for «*, and setting the discriminant equal to zero yields

v (Qovtop)op 0, (2o—vp)op
S oL SR B 4.
20 20y, 20 20y, L8
For v, > 20 —uv, the right hand side of (4.8) is greater than | and the upper bound
on 7, is 1 in this case. This relation is illustrated in Fig. 10. The reader may keep
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Fig. 10. Values of the excitation velocity, »,, and
cosine of the emission angle, #,, which are
allowed by conservation of energy and momen-
tum.
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in mind that it is based only on conservation laws as well as the Fermi distribution
at zero temperature, while the dielectric function need not be specified. Thus,
no spectral information is contained in Fig. 10 except that the intensity is zero
outside the shaded area at any given velocity o.

A. Analytical Approximation: Region I

An analytical approximation is possible on Region I in the limit of 1< v, as
was the case for do. Ignoring u in comparison with z, and working in the (z,7)
rather than the (z,u4) — plane, we find from (4.3),

g 2e2k, dk,dn zdz i dn
e = Xeakar 1J J 4.9
Tnmoo, 1z%¢(z,0 NI T=-—=n—n)? (#9)

where the area of integration corresponds to the one indicated in Fig. 9, but with
the simplifying feature that the ellipse C, has its axes parallel to the diagonals on
the (z,u) plane. Therefore, (4.9) reads

1§ 2
S zdz " zdz r—zm
T Taman, 1% d"‘{ J @O T iPe@ 0 T (=)
(4.9a)
after integration, where
% —¥p
r=-o—r, (4.9b)

and z_ and z, represent the ¢ coordinates of the upper and lower point of inter-
section, respectively, of the hyperbola and the ellipse as indicated in Fig. 9.
Again we approximate

2e(2,0) o2 + ¢
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Fig. 11. Low velocity (v<€v;) values
d*a[d*o, 05 7= (v, —v,)/20 for several
values of n,, cf. eqn. (4.10) for d*aapp.
a) £=0.01,b) £=0.1,c) £ =1.0.
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Fig. 12. Low velocity (¢v<<vj) values of
d*6{d*G.pp vs 1, , for several values of

= (& —0)/(20).
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T T L] T T T T
x?=0.01

ro= vy vl 2y

v =08y,

0.
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3.0
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0.0

where « is given by (3.14a). Then, the integration in (4.9a) can be carried out.
The resultant expression for 4o is

37:
2
45 G &~

for=1+2r<n,<1; r<1

and where

elﬁ

16 mog 2

dsl d'?] [1
(o + x*)

(o +2x")r—x'm

& (nm)]

&(nm) =

[(o®r+ 22m ) + X (o + 1) (1

We note also that within this approximation (v < v,,)

& =4epmfvg,

RIS

(4.10)

(4.10a)

(4.10b)
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i.e., 7 is proportional to the excitation energy & above the Fermi level. Figs.
11a-c show spectra, evaluated numerically, normalized to the analytical approxi-
mations (4.9) for four different values of #,, and three values of v/, . These curves
are analogous to the integrated spectra in Figs. 4a-c, respectively. In Figs. 11,
the three values of v/v, are also 0.2, 0.6, and 0.8, corresponding to the dash-dot,
solid, and dashed curves, respectively. The drop to zero on the leading edge of
each spectrum occurs because dzaﬂpp does not go to zero at the right-hand
boundaries indicated in Fig. 10, while the exact spectra do.

While the integrated spectra of Figs. 4 do not show large deviations from
do.p,, the doubly differential spectra of Figs. 11 show considerable departure
from d”0,,, for both the forward and backward directions. Despite this, the
approximate cross section, Eqn. (4.8), can be quite useful in obtaining spectra
for other values of x* by interpolation between curves such as those displayed in
Figs. 11. For example, although the numerical values of the absolute cross section
differ by more than two orders of magnitude for y* =1 and x* = 0.01, the relative
cross sections of Figs. 11a-c differ by a factor less than 2 for most values of 7, , 7,
and ¢. This is made particularly evident when angular distributions are compared
as in Figs. 12a-c. We thus conclude that the approximate cross section, d*.,p,
is quite useful in normalizing the spectra in region I, and that it may be accept-
able for many purposes even for velocities v approaching the Fermi velocity.

B. Analytical and Numerical Results: Regions I and 111

As in the case of the integrated cross section it proves convenient to compare the
numerical results for 4% with the Rutherford cross section, appropriately aver-
aged over the Fermi sphere of initial electron velocities. This cross section d*c
is obtained from (4.1) when & = 1. The resultant expression for d*g, is some-
what complicated, but it can be compactly written in terms of several character-
istic energies associated with the excitation event. These are

e, =imol =¢ +e,, (4.11a)
g, = bmo® (4.11b)
£ﬁ:%+g—2m@&mm=§@—qf (4.11¢)

and
%:%+&—ﬂ%mm=%@—W—qW,(4H®
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Here, ¢, is the kinetic energy of an excited electron and ¢, the energy of an
electron at the projectile velocity, e, is the excited electron energy in a system
moving with the projectile velocity, and g, is the minimum energy an electron
can have in order to be excited to the velocity »,. The expression which results
for d’0 is then

1/2

2.2
e 37[616 (86810) ga (Eeasp’e())'ll)daed”l (412)

2
¥ i(epe,)"

where

G=e(l—ni)[(e,—&5) " — =gy " 1=1t=n (Ee/Ep)llz] [le~ea) ™ = [ea=e] 1
(4.13)

It can be shown that in the limit as ¢, — 0

d*c, — do,-6(n —v,[20), (4.14)

where do , is the expression given in (3.21) with g, = 1, and where proper account
is taken in the limiting process of the fact that the cross hatched areas in Fig. 10
limit to straight lines as &, — 0. The cross section (4.12) can also be obtained by
appropriately averaging the classical binary-encounter cross section (Ref. 13,
eqn. 13) over a Fermi distribution of initial electron velocities.

The results in section 3 suggest that (4.12) should be an accurate description
of d*o for sufficiently large excitation energy, and comparison with numerically
evaluated spectra bears this out. Figures 13a-c show such comparisons for d¢*g
as a function of electron velocity, v,, at , = 1, as defined by (4.6). The projectile
velocity, v, was selected for these calculations such that the values of #, are 0.25,
0.5, and 0.75, for plots a) through c), respectively. These spectra correspond to
Fig. 6 for the integrated cross section, do.

One notes that the width of the resonance is relatively independent of the
location of the critical angle, and thus that the shape of the resonance is essentially
independent of the projectile velocity, as long as v is greater than the critical
velocity, v, (Eqn. (3.9)). This property is further illuminated by the angular
distributions one obtains at the critical excitation energy, &,., Eqn. (3.25), as
shown in Figs. 14a-c, respectively. There it is seen that the angular width of
the singularity is almost independent of the projectile velocity. Fig. 15 shows the
combined energy and angular dependence of the cross section in the (2,,7,) plane.
It is nonzero in the cross hatched area defined by Fig. 10, above which is plotted
d*o|d*a,, for x* =0.1. The singularity is indicated by the arrow at (x,,7,).
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Fig. 13. Normalized double
differential excitation cross sec-
tions, d*6/d%a g, vs v, /v, for in-
cident projectile velocities such
that 7, = a) 0.25, b) 0.5, and
c) 0.75.
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Fig. 14. Normalized double differential o0
excitation cross sections, vsn, at the critical 5.0k
excitation energy. Incident projectile velo- i
cities are such that n, = 0.25, 0.5, 0.75, and )
1.0 a) #=001,b) ¥*=0.1,¢) ¥ =1.0. 3.0k
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From Figs. 13, 14, and 15 it appears that qualitatively we may describe the
relative cross section d*g/d*gy as the sum of two parts. One part increases slowly
with excitation energy, €, from zero at the Fermi surface to a value approxi-
mately equal to | for energies greater than &,. The other contribution comes
from the resonance whose location in the spectrum is determined by Eqns. (3.23)
and (4.6), and the shape of which is essentially independent of projectile velocity.
This qualitative description also indicates that relatively accurate cross sections
can be extracted from Figs. 13 and 14, even for velocities below the critical
velocity, by simply translating the angular distributions in 7, so that the singu-
larity falls at the location determined by (4.6). It should be noted that for v< v,
(4.6) yields values of #.>1, so that the angular distributions are truncated in
this case at a value of #, which is dependent on v.

5. Summary and Discussion

Single-particle excited-electron spectra have been calculated for heavy atomic
projectiles penetrating a free-electron gas. The interactions among the electrons
of the gas have been included through the dielectric function of Lindhard. The
calculations have been carried out for a broad range of electron densities.

For low incident projectile velocities it proves possible to derive analytical
approximations to both single and double differential spectra analogous to Lind-
hard’s low-velocity approximation to the stopping power. The analytical expres-
sions are reasonably accurate for incident velocities not too close to the Fermi
velocity of the target electrons. Further, the analytical formulae form a con-
venient base for the normalization of numerical results, and simplify the process
of interpolation between the results presented here.

The low-velocity spectra exhibit characteristic scaling properties expressed
by Egs. (3.19) and (4.10) for the single and double differential cross section,
respectively. Apart from normalization, both spectra depend on the excitation
energy through the variable

r=¢&/2mvpv), (5.1)

and the cross section at & = 0 is proportional to the reciprocal projectile velocity.
These relationships are well corroborated experimentally in low-velocity ion-
atom collisions.’® A more quantitative check on the details of the predicted spectra
hinges on a proper averaging procedure over the electron density distribution of
the collision partners according to the Thomas-Fermi principle, and is outside
the scope of the present paper.
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In the limit of very high projectile velocity, the electron spectra follow the
laws of classical Coulomb scattering—due account being taken for the initial
Fermi distribution of electron velocities—except for excitation energies of the
order of the Fermi energy and below, where the behavior is influenced by the
mutual interaction between the electrons. A characteristic feature is the occurrence
of a resonance at a fixed excitation energy at ~ l1-4 times the Fermi energy,
dependent only on the density of the electron gas. Inspection of the double differ-
ential electron spectra shows that this resonance occurs at an ejection angle @,
given by Eq. (4.7),

v

cos 8, =uc-7F, (5.2)

the parameter u,(~1.5) being determined by Fig. 7 as a function of electron
density. It has been shown recently ' that Eq. (5.2) can be interpreted as a
preferential electron ejection in the direction of the Mach angle of the polariza-
tion wake'"'®!" excited by the penetrating particle. The width of the resonance
in energy and direction depends on the electron density, and turns out to be
roughly proportional with the excitation energy at which the resonance occurs.
In atomic systems, the resonance is expected to be broadened due to the finite
volume of the atomic electron gas. Resonances of this type do not seem to have
been identified experimentally so far.

With regard to predicted spectra for the case of the free Fermi gas, the limiting
energies and angles of ejection are given by Fig. 10 as a function of electron
velocity, and Figs. 5 and 6 determine the deviations of single differential spectra
from straight Coulomb scattering. Similarly, Figs. 13a-c and 14a-c determine
the corresponding deviation of the double differential cross section in energy and
angular variables, respectively. Numerical tabulations are available.’® The latter
may become useful in particular for intermediate projectile velocities.
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