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Synopsis

Let F, be a finite field and let F,[x] denote its polynomialring. Let ACF,[x] denote a sequence of
polynomials and A(n) the counting number Card {f € A'af < n} where 9f denotes the degree of f.

A sequence ACF, [x] is said to be an asymptotic basis of order 2 if all polynomials of sufficiently
high degree lie in A+ A = 2A and an asymptotic complementary sequence is defined analogously.

Let further P denote the sequence of irreducible polynomials in F,[x]. The subject of this paper
is to translate two principal results of a chapter of the book of H. Halberstam and K.F. Roth to
the case of a polynomialring over a finite field.

We shall use an idea of Erdos to make the space of polynomial sequences into a probability
space.

We then prove the following two existence theorems by showing that the property one looked for
holds with probability 1.

There exist:
— a thin asymptotic basis of order two

— an asymptotic complementary sequence to P such that the counting number B(n) < n?

JORGEN CHERLY
Université de Bordeaux I
Mathematiques et Informatique
351, cours de la Liberation
33405 Talence Cedex

Det Kongelige Danske Videnskabernes Selskab 1983
Printed in Denmark by Bianco Lunos Bogtrykkeri A/S. ISSN 0023-3323. ISBN 87-7304-138-6



40:12 3

§1. Introduction .

Let F, be a finite field of ¢ =p™, m € N elements and let F,[x] denote its
polynomialring. The degree of a polynomial is denoted 2f. We denote by sign {
the leading coefficient of f. The absolute value of a polynomial f is defined by
If‘ = q°. We can assume that the polynomials in F,[x] are arranged in lexico-
graphical order (= <C) based on an arbitrary ordering of F,.

Let AC F,[x] denote a sequence of polynomials and A(n) denote Card
{f € A|of = n}. Further let P denote the sequence of irreducible polynomials
in F,[x].

We denote by r;(A) the number of representations of f in the form:

f=14+1f", .17 €A, o =0of, of” < of. (LI.1)
Also let R;(A) denote the number of representations of f in the form:

f=p+t, peP, "€ A, 9p=20f, signp =signf. (1.2)

Definition 1.1.
ACF,[x] is said to be an asymptotic basis of order 2 if all polynomials of
sufficiently high degree lie in A4+ A = 2A.

Definition 1.2.

For a given sequence A C F,[x] the sequence B is said to be “complementary”

to A if the sequence A+ B contains all polynomials of sufficiently high degrge.
The subject of this paper is to translate two principal results of a chapter of

the book of H. Halbertstam and K. F. Roth to the case of a polynomialring over

a finite field.

Discussion and introduction of the first result.

The following question is a direct translation to the polynomialring F,[x] of the
same question raised by S. Sidon (see [1]) concerning the existence and nature
of certain integer sequences A whose representation functions r, (A) are bounded
or in some sense exceptionally small.
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Does there exist an asymptotic basis A C F,[x] of order 2 which is economical in
the sense that, for every ¢ >0
lim 2 g
of > @ |f|€

By elementary methods we have proved the existence of a subset A of F, [x] which
is a basis of order two and have zero-density (see [2]).

By probability methods we shall obtain theorem 1.1 below which is mnsh
sharper than is required for an answer to the question above.

Theorem 1.1.
There exists an asymptotic basis of order 2 such that

of < r (A) < of for large of. (1.3)

It should be remarked that the proof of theorem 1.l is based on Bernstein’s
improvement of Chebychev’s inequality (see the book of A. Renyi: Probability
theory [3]).

Discussion and introduction of the second result.
By elementary methods we have proved the existence of a complementary
sequence B to P such that

B(n) < n? (see [2]) (1.4)

By probability methods we shall prove that we can reduce the factor n® of the
right hand side of (1.4) to n®.

The proof of this result is rather complicated and requires beside the pro-
babilistic machinery also some deep results concerning the distribution of ir-
reducibles in the ring over a finite field. (See the paper of D.R. Hayes and the
work of Georges Rhin [4], [5]).
~ Further is should be remarked that the definition of R;(A) is essential and will
affect the result. If for instance we let R;(A) be the number of representations
of fin the form f=p+f, pe P, f" € A, 9p < of we would not by this method
obtain the estimate n® but only n® in (1.4). We state the theorem as follows.
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Theorem 1.2.
Let P denote the sequence of irreducible polynomials in F,[x]. There exists a
“complementary” sequence such that the counting number

B(n) < n?. (1.5)

Finally we remark that these theorems correspond to results obtained by Erdos-
Renyi for integer sequences (see [1]) and can be considered as their directly
translations to the polynomialring F, [x].

I am very grateful to professor Georges Rhin (Metz, France) to have com-
municated his work
“Repartition modulo 1 dans un corps de series formelles sur un corps fini”.

Also I would like to thank professor Asmus L. Schmidt, Copenhagen for his
comments and very helplul instruction.

§2. Probability methods on the space of sequences
of polynomials in F, [x]

We shal use an idea of Erdos to impose a probability measure on the space of
polynomial sequences such that (in the resulting probability space) almost all
polynomial sequences have some prescribed rate of growth.

From now on we use w to denote an (infinite) subsequence of F,[x]. Let Q
denote the space of all such sequences w. We shall need the following variant of
a theorem from Halberstam and Roth’s book [1] chapter I11.

Theorem 2.1.
Let
{pelg € Fy[x]} (2.1)
be real numbers satisfying
0=p, =1 (geF,[x] (2.2)

Then there exists a probability space (£,S,P) with the following two properties:

For every polynomial g € F,[x] the event

=3
B® = {w:g € w} is measureable and P(B‘®’) = p,. (2.3)

The events B'®', g ¢ F, |x] are independent. (2.4)
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Further we assume that the sequence {pg} of probabilities (introduced in theorem
2.1) satisfies the following conditions:

0<p., <1, geF[x]. (2.9)
If 9g = of then p, =p;. (2.6)
P 4 0 as 3g — . (2.7)

We denote y,(w) the characteristic function of the event B®. Then (2.4) is
equivalent to saying that y,, g € F,[x] are independent (simple) random var-
iables. Further we shall need the following definitions.

Definition 2.1.

Let w be a constituent sequence of the space Q, and let f be a polynomial. We
denote by w(f) the counting number of the sequence w, so that w (f) is the number
of polynomials of w which do not exceed f. We denote by w(n) the number of
polynomials of w which degree do not exceed n. Furthermore let r; (w) and R;(w)
be as in the introduction.

Definition 2.2.
Let x: Q — R denote a random variable. We denote by E(x(w)) the mean of
x(w) and by V(x(w)) the variance of x (w).

Definition 2.3.

2 PpPi-p = MY, i=1,2,3,4,4" = 4, (2.8)
dp<of
Obviously we have:
w(f) =Cardigew|g=<f} =3 (W) (2.9)
g=<f
w(n) =Card{g e w|og =n} =3, z.(w) (2.10)

Jg=n
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(W) = 2 fo Xi-g (W) (2.11)

dg < of

Ri(W) =X xr-p(W) (2.12)
pepP
dp=af
sign p=sign f

§3. A limit distribution for r(w)

Theorem 3.1.
Let us choose a sequence {p:} of probabilities such that

V(r;)) — o as of > o (351)

Then we have for —o0 < x < 0 :

. ry— A .
im P (77 < 1) = 2 3:2)

where @ (x) denote the standard form of the normal distribution function.

Proof.
By the central limit theorem (see [3]) we need only to prove that the Lyapunov
condition is satisfied.

That is:
1 XeXi—s —PePi—g |°
Ve 0:—~ ME |28£-E 2 e | . 3.3
€ ag<or VoA — A4 )
as ol — oo
We obtain:

E AeXi—¢ — PePi—g 2
VA= |

— L (1= pepi-o)*P(B® A B + pipt P(C(B® N BU-9)))

3
(he— 4



1
= 3 (PePr—¢ — 3pgPi—g + 4PePi-s — 2Pepi-,)
(Ae— )R

Hence we have:

>, & Xglf—g_Png~g|3_ A =344+ 44>—
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220

NGRS
ag<al Ay — A | (lf——léz))g

(3.4)

By (3.1) and (3.4) we have (3.3) and this proves the theorem.

Application of theorem 3.1.
We will prove that V(r;) — oo as 9f — o¢ in the case:

g < 11

N[ —

og 65 log
k V2B pgz= 11,8 =92 289
Vgl B= R T Vg

Let Y denote a random variable such that

Vqg—1

P =R = e

fork=1,2,...

We need the following lemmas:

Lemma 3.1. .
1 = 1
1 k =
nggvf-rﬁzivﬁVh i
Proof. n=l n—1
First we note 3, Vk Vg* = X vVn—kVvq "
k=i k=1
Then we have:
—— . o=l g s
k = PY
ANLH kgl W V4 k2=:1 V-1 V/n (

(3.5)

=k) =
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1 vmax (0,n — Y)) 1 1
E( = E(1
V-1 vn — Va1 W=
g Vmax (U,n—Y)
since Vo — 1 and
Vmax(On—Y) _
Vn: Z =
Lemma 3.2.
A ~k¥(Vq+1)df as of — oo .

Proof.
We put of = n

Hence we obtain:

n—1

A _ea—n —L [ -
n_kl(q 1) AV Elﬂ\/q + 0(1)
Then by lemma 3.1:
Ao a—1)—2
n%kl(q 1) \/(_l_lasn»oo

and the lemma is proved.

Lemma 3.3.
A — 0 as af > o

Proof.
Obvious.

Then by lemma 3.2 and lemma 3.3

Vir) =4 — 4% > 0 as of > w©

(3.6)

(3.7)
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§4. The law of large numbers for w(f)

By a variant of the strong law of large numbers (see [1]) we obtain the following
theorem.

Theorem 4.1.
If
2 E(x) =2 pe=+ (4.1)
geF, [x] geF,[x]
and
A

feF,[x] (w(f))
Then with probability 1

) =] (4.3)

Applications of theorem 4.1.
We define:

From this definition follows

Lemma 4.1.

E(w(n)) = % p, ~'5 (loga)n as n >

9gn

Lemma 4.2.
We have with probability 1
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w(n) ~ ? loggn® asn — o (4.5)

where {pe} is defined by (4.4).

Proof.
By lemma 4.1 the conditions (4.1), (4.2) are satisfied since

k

X gk
Z EZ Xf Z l?_ = k™3 <0
1

T M8

Then by (4.3) we have (4.5).

§5. Some results concerning the distribution of irreducibles
in the ring over a finite field

Let M denote the multiplicative semigroup consisting of the polynomials t with
sign f = 1 in the ring F [x].

Let B=x"+b,;x"7'4+...4+b,_ ,x""*+...+ by be a polynomial in M. The
field elements b,_;, b,_5, ..., b, are called the first k coefficients of B, it being
understood that b; =0 if i < 0.

Let k be a non-negative integer, and let a sequence of k field elements be given.
Let H be a polynomial in F, [x] and let K be a polynomial prime to H. We denote
by h the degree of H, and ®(H) denotes the number of polynomials in M of
degree h and prime to H.

Let #(n,H,k,K) denote the number of irreducibles in M of degree n which
(1) are congruent to K modulo H and (2) have as first k coeflicients the given
field elements, then by comparing results in (4] and [5] we obtain the following
explicit estimate.

n n

n(n,H,k,K)—m < (k+h+1)g? (5.1)
In the estimate (5.1) we put
H=x,K=§,+0(€F,), thendH=1, (x,5,) =1 and ®(x)=q—1.

Then we have the following estimate
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n

9

Eﬁajﬂ-g(bH+nq5 (5.2)

j(n)x)k7ﬂ0) -

(5.2) implies the following lower bound estimate

(=]

n<n)xakaﬂ0)29_ k 1

We denote by n(n,k) the number of irreducibles in M of degree n and with the k
first coefficients being fixed. Then by (5.3) we obtain the lower bound estimate
we need for the proof of theorem 1.2.

n—k n

ank)= X alnxkf) > e —(q—1)(k+2)q? (54)

BoeF}

§6. Proot of theorem 1.1 §1

We prove theorem 1.1 by establishing theorem 6.1 below.

Theorem 6.1.
Suppose that Q is the probability space generated in accordance with theorem
2.1 §2 by the choice (3.5) of the probabilities p,. Then with probability 1:

of < ry(w) << of for large of. (6.1)

Proof.
We have {y, xf_w‘a(p < 8f} are independent random variables such that:

E(Z hhw>=EUQ=L

g < 3l

(I‘f) _/T_A(Z)
anrp < al ‘XwXY—w_E(XWXT—QD) ‘ g l
1
9 A
vt

large of. Hence by Bernstein’s improvement of Chebychev’s inequality (see [3]
p. 387) we obtain the following result:

We put u = Then by lemma 3.2 and lemma 3.3 §3: 4 =V V{r,) for
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2
P(r, —zflz%;,f)g 2expl——7 L 2| (6.2)
( +2V ;(rf>> ‘
for large of.
By (3.6) and (3.7) we have for large of:

2 l}‘% 2
S _4‘2[___2 - 124 e > 3: — =% (6.3)
2<1+2VV(rr)> o1+ 3™ _, (/-—3.(2’\ 8(2r+§+2)

2(h—A2) \7" T

Hence by (6.2), (6.3) and (3.6) we have for large of:

. 1 kiviqef
P(|r[—1f|2%zf>§ 9e "B < 9q B S = 0q T =2l (6.4)

We put E; = {w: .rf——l, Zl/l,}
Then by (6.4):
Y., PiBy) < = (6.5)

feF, [x]

Hence by the Borel-Cantelli lemma, with probability 1, at most a finite number
of the events E; can occur or equivalently:

P({w:|r— 4| < %Af for af >no(w)}) = 1 (6.6)
(6.6) implies since 4, ~ ki (\V/q+1)af that:
P({w:of << r (w) € of for large of}) =1 (6.7)

This completes the proof of theorem 6.1.

§7. Proof of theorem 1.2 §1
We prove theorem 1.2 by establishing theorem 7.1 below.
Theorem 7.1.

Suppose that Q is the probability space generated, in accordance with theorem
2.1 §2 by the choice (4.4) §4 of the probabilities p,. Then with probability 1:
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w(n) < n? (7.1)

R;(w) > 0 for of > ny(w) (7.2)

Proof.

By lemma 4.2 §4 we obtain (7.1). To establish the theorem, we must prove that,
with probability 1,R;(w) > 0 for large 3f. By the Borel-Cantelli lemma we need
only show that

3 P(w:R,=0}) < o, (7.3)

feF, [x]

and in view of (7.3) it suffices to establish the existence of a number > 0 such that
Pl By = 00 < g~ (7.4)

Let f be a fixed polynomial of degree n and sign f = a(# 0). We have the following

estimate

P({wiRi(w) =0) = TTP(w: 5, = 0}) (7.5)
a[p);af
sign p=sign
= IlrcBe») = Ii—pes)
peP peP
ap=af ap=af
sign p=sign f sign p=sign {
(3021
< ( ITa- pr—n))
k=1 peP
3(f—p)=n—k
301-9)]
< II e®y | 0« a1
k=1 a(f—p)=n—k

To obtain the estimate (7.4) we need first to establish a lower bound estimate

for X 1 and secondly an upper bound estimate for
o(f—pj=n—k

C_Pf—p Z 1 5
9(f—p)=n—k
Let ]
= ax® A, =% bt a iR S e a
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p= "+ Baea X oo Bk et
off—p)=n—k =

ﬂn—l = ap—j

Bo-x+1 = An—x+1

Bo—x F an-y
By (5.4) we obtain
DR (7.6)
a(f—p)=n—k
= Card{p € Piap =nr signpEay Buy =B 1 = B2 k=l faag = gy
a,-

=Card{p e Plap=n; signp=1; yooi =22, i=1,2,..k—1; po- + 25

a

n—k n
> @=L —@—1) k+2)q?)
(7.6) implies
ePp 3 1 = e—hia-02FE [1-n@-1k+29* 2] (7.7)

d(f—p)=n—k

Now take any & :0 < & < 1. Then for every k:k =1,2,... [521 (l—e)] we have

n(q—1)(k+2)q*"2 = & if n > No(e,,q) . (7.8)
Then by (7.7) and (7.8)

e e 3, 1

a(f—p)=n—k

A

e~kla=1(1-5) (1=2) ifn > Nyle, &,q) . (7.9)

By (7.5) and (7.9) [F-o]
P({w:R, =0}) < e~ka-Di1-) ¥ -k (7.10)

k=1

Take e = \/2~—1( < 1), then we obtain
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B (7.11)
z (=)

=
=

(7.10) and (7.11) implies
Pliw: R, = 0}) < q (%) (7.12)

To obtain (7.4) with 8 =% we need only choose in (7.12)

1 __(1+r5')4logq__g)logq

BT P (g-D{I-a) 3 q-l

and this proves the theorem.
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