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Synopsis

It is now generally believed that Einsitein’s beautiful theory of gravitation under special cir-
cumstances leads to inconsistent results. In fact, according to this theory a well-defined physical
system may after a finite time pass over into an unphysical state, where the metric is singular
and consequently the notions of space and time lose their physical meaning. This inconsistency
calls for a generalized theory of gravitation for macroscopic matters which is free of singularities
and at the same time retains all the satisfactory features of Einstein’s theory. It is shown that
such a generalization may possibly be obtained by assuming that the fundamental gravitational
variables are, not the metric tensor, but the components of a tetrad field from which the metric
of space-time can be derived uniquely. In a felrad theory of gravitalion the basic principles of
Einstein’s theory are still valid exactly, first of all the principle of general relativity, the principle
of equivalence, and the fusion of gravity and mechanics. Such a theory also leads to a more
satisfactory solution of the energy problem.
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1. Statement of the Problem

During the last two decades all the effects predicted by Einstein’s theory
of general relativity and gravitation (EGRG) have been experimentally
verified with a reasonably high degree of accuracy. It is true that these tests
are concerned with cases only where the gravitational field is comparatively
weak; but the simplicity and generality of the principles underlying the
theory as well as its intrinsic consistency and cogency made it reasonable
to assume that the theory be valid for stronger fields also.

However, at the same time investigations concerning the stability of large
amounts of mass led to strange results which implied a serious crisis for
EGRG, or for physics itself if this theory is taken for gospel truth. In fact it
was shownl) that a sufficiently large amount of matter according to EGRG
will undergo a steady contraction under the influence of its own gravitational
field. After a finite time as measured on a standard clock following the
matter, the system is engulfed in a ‘black hole’ from which no message can
be sent into the outside world, and after a further very short time the system
collapses into a singularity, where not only the mass density is infinite, but
where the space-time metric itself becomes singular.

Thus, according to Einstein’s theory a well-defined physical system may
after a finite time pass over into an unphysical state, where the notions: of
space and time become meaningless. Since these notions enter in an essential
way in the formulation of all physical laws this means the breakdown of
physics; for one cannot know what will come out of a singularity, and it is
then not possible any more to predict the future.

For a long time many physicists (including myself) did not believe that
Einstein’s otherwise so usccessful theory had such disastrous consequences? ;
but by now there seems to be a consensus of opinion that these space-time
singularities are inevitable, whenever the energy-momentum tensor, which
in Einstein’s theory represents the source of the gravitational field, satisfies
certain physically reasonable conditions. Some physicists have tried to main-
tain that the situation is not so bad ; for the final collapse of the system into
the singularity is preceded by its passage through the Schwarzschild wall
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(the event horizon) that delimits the black hole, and in this state no light or
any other signal from the system can penetrate into the outside world, so
that the final collapse is totally unobservable from outside. Moreover, an
observer at a constant distance r outside the Schwarzschild wall with radius
o will strictly speaking never experience the formation of the black hole ; for
measured on a standard clock at rest at constant r > « the formation of a
black hole will take an infinite time, in contrast to the finite time as measured
by a standard clock following the matter. (An extreme example of the rela-
tivity of time.) However, this attempt of explaining away the difficulty is not
very satisfactory. What about observers that are sitting on the collapsing
matter, should the laws of physics not be valid for them ? Was it not just one
of the main requirements of general relativity that these laws should be of
the same form for arbitrarily moving observers?

Other physicists hope that a quantization of the metric field along the
lines followed in quantum electrodynamics could prevent the collapse into
the singularity, similarly as the introduction of Planck’s quantum of action
into mechanics and electrodynamics prevents the collapse of the Rutherford
model of the atom. Indeed it would seem reasonable to expect quantum
gravitational effects to be important for the very strong fields in the small
regions of space-time in the vicinity of a singularity. However, in the first
place it does not seem possible to carry through the quantization program
for the gravitational field along the same lines as in quantum electrodyna-
mies, because the non-linear gravitational field of general relativity is bas-
ically non-renormalizable. Moreover the root of the trouble does not seem
to lie exclusively in the very small regions near the singularity, but rather in
the whole usually macroscopic domain of the black hole.

In a number of interesting papers Hawking®, Wald® and Parker® have
shown that black holes create and emit particles at a steady rate. It is main-
tained that this radiation will cause the black hole to lose mass and even-
tually to disappear, leaving a naked singularity behind. In this situation there
is a basic limitation on our ability to predict the future, which Hawking®
has formulated in a new physical principle—the randomicity principle.
According to this principle all configurations for particles emitted from a
black hole singularity compatible with the external constraints are equally
probable. This means that a complete set of data on a space-like surface is
not sufficient in general to determine with certainly the behaviour of a sys-
tem, since information may disappear into or suddenly appear from a hole
singularity.

The randomicity principle implies a much more radical departure from
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the deterministic description of classical physics than that which was brought
about by the principles of quantum mechanics. In the latter theory it was
recognized that the deterministic Newtonian equations of mechanics could
not be used to predict the motion of an electron exactly, because this would
presuppose that we can know the initial position and momentum of the elec-
tron exactly, which is impossible according to Heisenberg’s uncertainty prin-
ciple. On the other hand, the randomicity principle claims that the future
state in certain cases may be undetermined even if the initial state is well-
defined, which would make physics truly indeterministic.

This is such a serious departure from the philosophy, which has been the
mainstay of physics since Galileo, that many physicists will ask if this step
is really necessary. Could it not be that Einstein’s classical theory of gravita-
tion, on which Hawking’s conclusions are based, breaks down in the case of
very strong gravitational fields. After all the theory has been experimentally
verified for comparatively weak fields only, and surely Einstein’s theory like
all other theories must be expected to have a limited domain of appli-
cability. In fact, in the past the occurrence of essential singularities in a
physical theory has usually been taken as a sign that the theory has been
applied in a region that lies outside its domain of applicability.

As an example let us recall the situation concerning the black body radia-
tion which caused Max Planck so much trouble around 1900. If one applies
the laws of classical physics in caleulating the energy density of the radiation
inside a cavity in thermal equilibrium, one obtains the formula of Rayleigh-
Jeans, according to which the energy density per unit frequency interval is
proportional to the square of the frequency ». Thus the total energy density,
obtained by integrating over all », is infinite which obviously is meaningless.
This “‘ultra-violet catastrophe’” indicates that we have applied the laws of
classical physies to a phenomenon that lies outside their domain of appli-
cability. Using instead the laws of quantum physics, that are valid also for
large v, we are led to Planck’s formula for the energy density which gives
finite results.

Similarly one would be inclined to think that the occurrence of essential
singularities in Einstein’s theory indicates that this theory breaks down in
the case of very strong gravitational fields—a thought that was not unfamiliar
to Einstein himself?. This point of view is supported by the circumstance that
EGRG actually ceases to be a physical theory connecting measurable phys-
ical quantities already before the system passes into the singularity. In order
to measure the metric, for instance, we need an Insirument which measures
the proper time, i.e. a physical clock which shows the same time as the
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ideal standard clocks with which one operates in general relativity®. It is
well-known that an oscillatory system with atomic frequency represents an ex-
tremely good standard clock in ordinary gravitational fields. However, as was
shown in a recent paper® any such clock ceases to give the correct proper
time when approaching and before actually reaching a singularity. For this
reason we concluded that the proper time and therefore also the metric itself
lose their physical meaning already somewhat outside the singularities in
question.

Under these circumstances it seems imperative to investigate the possi-
bility of constructing a theory of gravitation for maecroscopic matter that is
free of singularities and at the same time retains all the satisfactory features
of EGRG. According to the preceding discussion this would presumably have
to be a theory in which there are no black holes and which gives the same
results as Einstein’s theory at least for weak fields up to the second order of
approximation. However we would have to require more than just that; for
there can be no question of returning to the ideas prevailing in physics
before 1915. A number of the principles on which Einstein based his theory
must be regarded as irrevocable.

In the following we have listed the most fundamental assumptions and
properties of EGRG which it would be desirable to retain in a generalized
theory:

A. Space-time is a manifold with a pseudo-Riemannian metric. The metric
tensor g is a physical quantity that can be measured in principle by means
of standard clocks, and the determinant g = det (gi) is everywhere negative:

g <0. (1.1)

All physical laws are expressed by equations that are covariant or form-inva-
riant under arbitrary transformations of the space-time coordinates.

In these equations the measurable quantities g;x enter in an essential way
along with the other physical quantities that describe the phenomena in
question. The form-invariance of the equations is the mathematical expres-
sion of the general principle of relativity, according to which the funda-
mental laws of nature, obtained by experiments, are of the same form ir-
respective of the state of motion of the observers. Thus, for the first time in
the history of physics a given set of phenomena is described by a uniquely
determined set of equations. This inalienable properly can be regarded as
the crowning touch of a long development of physics from Aristotle over
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Galileo and Newton to Einstein-—a development that is characterized by a
constantly increasing symmetry or form-invariance of the laws of nature
under ever wider groups of transformations.

B. Another precious acquisition of EGRG is the fusion of gravitation and me-
chanics. Einstein’s gravitational field equations do not only determine the gra-
vitational field for a given matter distribution, but also the motion of the mat-
ter source is determined by these equations: the mechanieal equations of mo-
tion are consequences of the field equations,

For incoherent matter the equations of motion of an infinitesimal piece
of matter following from the field equations are identical with the equations
of motion of a freely falling test particle.

C. A basic assumption in EGRG is the equivalence principle, according to
which the effects of a gravitational field can be ‘transformed away’ in an
infinitesimal region around a given event point P by introducing a system of
coordinatles that is geodesic at P. Moreover, if this system is locally Lorentzian,
all the physical laws at P are of the same form as in special relativity.

As an immediate consequence of this principle gravity must effect the
trajectories of all freely moving particles in exactly the same way inde-
pendently of the mass of the particle. In the case of the gravitational field
of the earth this has now been verified experimentally to the very high ac-
curacy of 107 by Dicke!® and Bragnisky'? and their co-workers. Thus at
least for weak gravitational fields this consequence of the principle of equiv-
alence can be regarded as well established.

For a matter system with the energy-momentum tensor Ty it follows
from the principle of equivalence that the ‘conservation laws’ in a general
system of coordinates must be of the form

Tk, = 0 (1.2)

where ;k denotes the covariant derivative formed by means of the Christoffel
symbols corresponding to the metric tensor g;z. Thus according to B the
equations (1.2) must be consequences of the field equations.

Further it follows from € that the world line of a freely falling particle
is a geodesic in the 4-space with the metric tensor gi.

D. The gravitational field equations are derivable from a Lagrangean prin-
ciple with a Lagrangean density which is a scalar density under the group of
general coordinate transformations. In this way the general covariance and
the compatibility of the field equations are secured.
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E. The field equations are parlial differential equalions in the field variables
of not higher than the second order. This is essential for obtaining a Cauchy
problem of the usual kind.

F. In FEinstein’s theory the gravitational field is assumed to be exhaustively
described by the metric tensor gir alone.

According to D and F the gravitational part of the Lagrangean integral
is of the form [ L l/~—g dx, where L is a scalar constructed from the gq and
their derivatives. Among the numerous independent scalars of this type, the
curvature scalar R plays a special role. In fact, only with L = R do we get
field equations of the type E. Thus the assumptions A—F lead uniquely to
EGRG, with the field equations

Gik = _%Tik. (13)

The Einstein tensor Gy is a function of the gs; and their space-time deriva-
tives up to the second order and Tir is the energy-momentum tensor of the
matter source, which depends on ¢ as well as on the matter variables.
On account of the Bianchi idenlities the divergence of the Einstein tensor
vanishes identically, i.e.

GiF = 0.

Hence the “conservation laws”™ (1.2) are consequences of the field equations
in accordance with B and C.

For incoherent matter we have
Ti% = peU; U, (1.4)

where wo is the proper mass density and U? is the four-velocity of the matter.
With this expression for the energy-momentum tensor the equations (1.2)
yield

- (4oUF) 3z = 0 (1.5)
and

DU,
2 = U Uk = 0. (1.6)
dr

(1.5) expresses the conservation of proper mass, while (1.6) shows that the
world line of a particle in the incoherent matter is a geodesie, as it should
be according to B and C since the particle is freely falling.

The remarkable wholeness of EGRG makes a generalization of this theory
a difficult job. At least it would obviously be necessary to give up some of
the assumptions contained in A-F. The properties A, B, D and E are so
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essential that they hardly can be abandoned and also C seems indispensable.
The equivalence principle is well established at least for weak gravitational
fields. Then remains a possible change of assumption F.

We have already mentioned that EGRG is the only possible theory if we
assume that the gravitational field is described exclusively by the metric
tensor gg. Therefore we shall tentatively assume that there are as yet un-
discovered properties of the gravitational field which cannot he described by
the metric field only. Thus besides the gy, that certainly describe the field
correctly for weak fields, we introduce additional field variables that play
a role for strong gravitational fields only. The most primitive assumptlion is
that the new gravitational fleld variables are independent tensor fields em-
bedded in the Riemannian space with the metric g;z. However, as we shall
see now, this does not work.

Let us consider the case of an anlisymmetric tensor field I which
satisfies equations of the same form as the Maxwell equations in general
relativity, but with the electric rest charge density replaced by the proper
mass density* mulliplied by a new universal constant 4." Then the formalism
is entirely analogous with the Einstein-Maxwell equations for electrically
charged matter. The field equations for the metric tensor will be influenced
by the presence of the /-field since the energy-momentum tensor of the latter
field will act as an exira source along with the energy-momentum tensor of
the matter. From B it follows then that a “freely falling” particle of proper
mass my is acted upon by a gravitational four-force

ki = ﬂ.morikUk/C (1.7)

on the analogy of the electromagnetic Lorentz force.

The extra gravitational force between two massive bodies following from
(1.7) is repulsive, independent of the sign of 1, and it increases indefinitely
with decreasing distance, which might help preventing a gravitational col-
lapse. On the other hand, the presence of the force k; means that the equiv-
alence principle C is not exacily valid. In a locally Lorentzian system of
coordinates the gravitational field is not completely transformed away. How-
ever for sufficiently small 4, C may still be approximately valid for weak
gravitational fields.

The solutions of the metric field equations are in this case quite analogous
with the solutions of the Einstein equations given by Reissner!? and Weyl!3)
for the electromagnetic case. In the empty space oulside a spherically sym-

* Strictly speaking this is possible for incoherent matter only. In the general case the proper
mass has to be replaced by the conserved “bare mass’.



10 Nr.13

metric distribution of matter we have therefore in a system of ‘“‘curvalure
coordinates” {r, 0, @, ct}:

ds® = adr? +r2(df? + sin®0dg?) — bcdt? (1.8)
with
1 a p?
b=—=1-—+~—. (1.9)
a r o r?

Here the constant « is approximately equal to the Schwarzschild radius, i.e.

_ et (1.10)
4z
and for the constant § we get approximately
a2
p? = a22xc4' (1.11)

Instead of the single event horizon in the Schwarzschild solution, we have
in (1.8) two horizons in general, viz. at the values of r for which b = 0.
a and b will be everywhere positive only when f2/e2 > £, or by (1.11), when
the dimensionless quantity A2/xc? satisfies the condition

22

— >
xnct

(ST

(1.12)

in which case black holes would be excluded. However, in order to have
agreement with EGRG and the experiments in the case of weak fields in
particular as regards the red shift effect, it can be shown that A2/xc? cannot
be larger than 0.005, i.e.

A2[act 1. (1.13)

Since (1.13) is in contradiction with (1.12), the introduction of the I-field
does not solve our problem.

Let us now consider the case where the extra gravitational field is
described by a scalar ¥ with field equations

iy

o= dpo,  Ti=—o—

(1.14)

Here again A denotes a coupling constant and uo is the proper mass density.
In this case we have instead of (1.7) a gravitational four-force




Nr.13 . 11
]Ci = -Z.mg.l"i. (115)

The corresponding exira gravitational force between two particles is attrac-
tive and increases indefinitely with decreasing distance. Therefore there is
not much hope of avoiding the singularities of EGRG in this way.

However, a suitable combination of the fields I3 and I'; seems to be
promising. If the coupling constants 1 of the two fields are equal we have
instead of (1.7) and (1.15)

ki = lmo(rikUk/c—Fi). (1.16)

In the Newtonian approximation, i.e. for weak fields and small velocities,
it can be shown that the two terms in (1.16) cancel, so that the theory is in
accordance with the results of classical celestial mechanics, even if A2/xct
is of order 1. The extra force on a particle at rest in the field of a spherical
distribution of matter vanishes for large distances r, but for decreasing r this
force is increasing and repulsive, so that there is a hope of avoiding col-
lapse with this combination of fields.

A closer investigation of the solution of the metric field equations in the
static spherically symmeiric case shows that the conditions for the absence
of event horizons is again approximately given by (1.12), which in this case
is compatible with classical celestial mechanics in the Newtonian approx-
imation. However if we go to the next approximation and consider the peri-
helion precession of planets, the theory gives a formula for the precession
Agp that deviates from the expression Agg in Einstein’s theory by a factor
(1 —22[xch):

Ap = Apg(1l — 22[xct). (117

Thus even with the lowest value of 4%/xct compatible with (1.12) we get a
value for the perihelion precession in distinet disagreement with the observa-
tions.

Another serious difficulty is the following fact. The four-force (1.16) is
not a true mechanical force of the Minkowski typel?), since

dv
Ut = —~ Amol Ut = Amyg E— # 0. (1.18)
T

This means that the proper mass myp of a particle is not constant in a gravita-
tional field. Indeed from the equations of motion of a freely falling particle

DITlo U, P
dt

s (1.19)
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we get

o L. MOT (1.20)

The solution of (1.20) is
A
mgy = mo(O)e c® (1.21)

where mg(0) is the proper mass for ¥ = 0 i.e. in a system of inertia.

Thus the value of the proper mass of an eleciron, for instance, varies
with the scalar gravitational potential ¥. Therefore also the standard fre-
quency of a transition in an atom depends on ¥ and this dependence may
even be different in atoms of different constitution. The shift of spectral lines
arising from this effect has to be added to the Einstein shift. In the gravita-
tional field of the sun or the earth, and with a 4 satisfying (1.12), A¥ is of
the same order of magnitude as the Newtonian potential y, so that this new
effect should have been noticed in the experiments of Pound' and colla-
borators, by which Einstein’s formula was verified with a high degree of
accuracy.

If one goes to more complicated tensor fields than the [ and [7; it
seems that it is not even possible to maintain B. It was bad enough that C
could be satisfied approximately only in the just treated cases, but it would
seem quite out of question ever to give up B. Therefore we have come to the
conclusion that a generalization of Einstein’s theory in accordance with
known facts cannot be obtained by assuming that the melric quantilies g
together with independent tensor fields are the basic gravitational field
variables.

These results seem to indicate that EGRG is the only possible theory of
gravitation and that the breakdown of physics referred to in the introduction
is inevitable. However there is a remaining possibility in assuming that the
gix are not among the truly fundamental gravitational variables, but that the
latter are a set of tensor variables from which the metric quantities can be
derived uniquely. Such a set of 16 independent variables are the components
of so-called tetrad vector fields which determine the 10 metric components
gix by simple algebraic relations.

In a paper!® from 1961 it was shown that a tetrad description of gravita-
tional fields also allows a more rational treatment of the energy-momentum
complex than in a theory based on the metric tensor alone. In 1963 Pellegrini
and Plebanskil? gave a Lagrangean formulation of the theory and a paper!®
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from 1966 contains a survey of all the investigations on the energy-momen-
tum complex in general relafivity.

The advantage of using tetrads as gravitational variables is connected
with the fact that this allows to construct expressions for the energy-momen-
tum complex which have more satisfactory transformation properties than
in a purely metric formulation. However in the just mentioned investigations
the admissible Lagrangeans were limited by the assumption that the equa-
tions determining the metric tensor should be exactly equal to the field
equations of Einstein. In the present situation, where we are looking for
metric field equations which deviate from Einstein’s field equations in the
case of strong gravitational fields, a wider class of Lagrangeans are admis-
sible. In the following sections we shall see that this freedom can be used to
construct a consistent theory of gravitation in which all the important pro-
perties A~E are retained and which deviates from Einstein’s theory in the
case of strong fields only.

2. The Basic Notions in a Tetrad Theory of Gravitation

In this section we shall give a survey of the basic notions of tetrad
theories already contained in the paper reference 16, to which we shall
frequently refer in what follows (the reader is requested to disregard § 6
in ref. 16).

At the out-set, before anything is filled into it, space-time is assumed to
be just a continuum of points with arbitrary coordinates (xf) but without
any geometrical properties. A gravitational field in this space is described by
four independent coniravariant vector fields .Zﬁ(a:) Here a = 1,2,3,4 is an

index numerating the four vectors and i = 1,2,3,4 is a contravariant vector
index, which means that the A? transform as the coordinate differentials dact
a

under all coordinate transformations. There are thus sixteen independent
gravitational field variables in this theory in contrast to the ten g in EGRG.
Consider the determinant

h = det(h?) (2.1)

with the element h® in the «’th row and the i’th column. We shall assume
[

that this determinant is nowhere zero, i.e.

h + 0. (2.2)

@
Then we can define a new set of sixteen variables h; by the equations
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?lﬂz;l,": = ¢y = (Kronecker symbol). (2.3)

The solutions of these equations are obviously the components of four

a
covariant vectors. If M; is the conjugate minor of the element Af in the deter-
minant (2.1) the solutions of the equations (2.3) are ¢

e = Mifh. (2.4)
Therefore we also have

Iihy = 8% = (Kronecker symbol). (2.5)
a

From (2.3) we get, using a well-known theorem from the theory of deter-
minants,

det(h?)-det(hy) = 1, (2.6)
a
where det(?xi) is the determinant with ?zz in the a'th row and the {’th column.
Let &, be a quantity with components
£

=1, «=123, &--1, (2.7)

equal to the diagonal elements in the constant Minkowski matrix na = 722,
ie.

Map = N* = &ady, (2.8)
where the parenthesis in a) indicates no summation over a although it ap-
pears twice in the expression on the right hand side of (2.8). Now we

a
define two sets of vectors hA? and h; by
a

ht = 7’]“6]1’: = Sa,)hi
b a

2.
](;li = nab]l;z' = ga)j“li @9
and the inverse relations
hi - syhi, hy = e, (2.10)
i.e. the tetrad indices a,b, ... are lowered and raised by means of the

Minkowski matrix.
The presence of a gravitational field h*(x) endows the space-time con-
[

tinuum with definite geometrical properties. In the first place we can define
a metric in this space with a metric tensor
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a
gie = hishy = eahihg = gr1, (2.11)
. @ a o

which obviously is a symmetric covariant tensor. Its determinant
g = det(g) is

1
g = det(hs)-det(hg) = —— (2.12)
a h?
on account of (2.6), (2.1) and the relation
det(hi) = — det(hi) (2.13)
a

following from (2.9) and (2.7). According to (2.12) and (2.2) g is always
negative which means that the metric of space-time defined by (2.11) is
pseudo-Riemannian like in EGRG. By a suitable choice of coordinates &% it
is then always possible to make the values of ¢ and their first order deriva-
tion at a given event point P equal to the values in a local Lorentzian system
of coordinates:

Jie(PY = nix, G, 1(P) = 0. (2.14)
From (2.11) and (2.3) we get

b
gm{bl’“ = -gihkgk = 1171@52 = gi (2.15)

which shows that k; and At are the covariant and contravariant components,
a a

respectively, of one and the same tetrad vector. The contravariant com-
ponents of the metric tensor are then

gt = gtﬁk ~ sahilt. (2.16)

Tensor indices are raised and lowered by means of the metric tensor. For
a given mefric the curvature of space-time can be defined as in EGRG and,
as already mentioned, the only usable invariant which can be constructed
from the g and their derivatives is the curvature scalar R.

However the gravitational field {lﬂ' endows space-time with other geo-

metrical properties besides curvature viz. those connected with the notion
of torsion. Thus it is not a simple Riemannian space but rather a space of
the type considered first by Weizenbock!®). If we multiply (2.3) by ¢4 we get

Beht = eady = e, (2.17)
[+
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which shows that the four vectors ht are mutually orthogonal unit vectors
. a
in the space with the meiric gi;z. The vectors ht (« = 1,2,3) have positive
o
norm and are called space-like while the norm of the ‘“‘time-like” vector
Lt is —1. Thus space-time can be pictured as a pseudo-Riemannian space
4

with a built-in tetrad lattice.

Since space-time is more general here than in EGRG we can form a
larger number of tensors and invariants. In the first place we can form the
tensor

@ @
Virl = hil;lic;z = -gz;hk;l = — Ykl (2.18)
Here hp;; is the usual covariant derivative of the vector hg, i.e.
a a
hg;1 = hg 1 —he Y, (2.19)
a a a

where I'l, is the Christoffel symbol corresponding to the metric giu. The
antisymmetry in the indices i and k& follows from the vanishing of the
covariant derivative of gqz:

& a
0 = gir;1 = {blz‘;lhlc'Fﬁlihk;l = Ygil + Vikl- (2.20)

Obviously y: is a homogeneous linear function of the first order partial
derivatives of the tetrad vectors. In fact one has (see ref. 16, B.1, A.11 and
A.15)

Vikl = %Pilcl”t?lr-hs,t = —%Pilclr”hszr,t (2.21)
a a
where
Pyt = & grist + 0% guast — 6] ganst (2.22)
and
grist = 85,00 — 65 8, (2.23)

are tensors that do not depend on the derivalives of the tetrad vectors. The
a
same holds for the coefficients of hs,; and of h7,; in (2.21). The tensor yix
a

is closely related to the Ricci rotation coefficients (ref. 16, 3.8) and to the
torsion (ref. 16, 5.14, 5.15).

A space of the Weitzenbock type has teleparallelism (ref. 16, § 5). Two
vectors at distant points P; and Ps; may be defined as parallel when they
have equal components relative to the tetrad lattice. This leads to a new type
of parallel displacement and covariant differentiation of vectors with an
affine connection




Nr.13 17
Aikl = }llihk,z. (2.24)
a
It differs from the usual affine connection I'j; in a pure Riemannian space
by the relation (ref. 16, 5.9)
Aty = I'I?él + 7. (2.25)

The covariant derivatives of the second kind of a vector field with com-

ponents A and Ay are
AYyp = Al g+ Ab AR = Aty + ply AR
| ) " (2.26)
Arj1 = A1 — A'ids = Aryi— yiide

with obvious generalizations for tensors of higher rank.

When (2.11) is used in the usual expression for the curvature tensor,
R%,. appears as a function of the tensor yi; and its first order covariant
derivatives. In (ref. 16, D. 6) it is given in terms of derivatives of the second
kind. In terms of the usual derivatives we have

Rigyy = Vikm i )/ikl im+ yimﬂkm - Virmyr]cl . (2.27)
Further, if @ is the vector obtained by contraction of 2
. . a
Dy = ylgg = — vty = — hghtyy, (2.28)
[¢]

the curvature scalar R can be written in the form

2 S
R = "‘—'_.—_(V** g@?‘)’ r+yyst’]/tsr—' @y@r. (2.29)
V=9
Here we have used (ref. 16, A.5-A.7), (2.28) and
VesgptsT = zr;shsw (2.30)
a
following from (2.18) and (2.17).

For a given tetrad field ¢ the metric field is uniquely given by (2.11),
@

(2.16). However a given metric g* does not determine the tetrad field com-
pletely; for any Lorentz rotation of the tetrads leads to a new set of tetrads
A% which also satisfy all the relations (2.2—16). Arbitrary point dependent
a

Lorentz rotations of the tefrads are given by

b a. a b
M= Q (x)hi, 1 = "Q(x)ht (2.31)
a ] b b
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. . b .
where the rotation coefficients £ (x) and the functions
a

a%(x) = Za) &) :?b(ﬂc) (2.32)
are scalars satisfying the Lorentz conditions
2’0 =00 - s, (2.33)
Hence e #e
& ca R b .
AAE — O "Q hink — ShihE = gik (2.34)
@ a be ¢

for arbitrary functions Qb(a:) satisfying (2.33).
a
Since the Lorentz group is a 6-parametric group, the general solution

hi(x) of (2.16) for a given mefric contains six arbitrary functions. Therefore,
a

besides ten equations determining the metric as in EGRG, the field equations
in the present theory must contain six further equations. It should be
. . . b
noticed, however, that a Lorentz rotation (2.31) with constant £2 does not
a
change neither g nor ys:. In this case A% and h* define a space-time with

a a
identical curvature and torsion, i.e. the two tetrad lattices describe the same

physical situation. However, apart from a constant Lorentz rotation the
tetrad field must be completely determined by the field equations.
The situation in special relativity is characterized by a vanishing torsion, i.e.

vie = 0 (2.35)
which by (2.27) entails a vanishing curvature:

Rigim = 0 (2.36)

This equation allows the introduction of a pseudo-Cartesian system of co-
ordinates with

gin = niw = g*-. (2.37)
Then the equation (2.35) gives
hi;z = b,z =0 (2.38)
a a
i.e. the h? are constant in this system of coordinates and by a suitable
constant aLorentz rotation we can make
Rt = & (2.39)

TFor an insular matter system, (2.37) and (2.39) can be chosen as the limiting
values of gz and h? for spatial distances r - «.
a
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3. The General Form of the Field Equations

In accordance with D we assume that the field equations are derivable
from a Lagrangean principle. The gravitational part € =}/—g L of the
Lagrangean density must be a scalar density under coordinate transforma-
tions, i.e. L is a scalar constructed from the grav jitational potentials hz and
their derivatives of the first order

L = L(hi, ht,p) (3.1)
a 112

(higher order derivatives in (3.1) would violate condition E). Since a con-
stant rotation of the tetrads shall have no physical effect we have to require
that L is invariant also under the group of constant Lorentz rotations. Ac-
cording to (2.21) the tensor y; is a linear homogeneous function of the first
order derivatives of the tetrads and it is invariant under constant Lorentz
rotations. Furthermore it is essentially the only tensor with these properties.
Therefore L must be a scalar constructed from the yy;; and the metric
tensor gik‘.

The variation of the Lagrangean integral under arbilrary variations dht
that vanish at the boundary of the region of integration is “

6f£ldx = 6J‘L Y- gdx

59 (3.2)
— Sht
6113 6h dz,
where
o8 0L 0% 55
dht Blﬂ oht,; K (3.3)
a

a

is the variational derivative of € with respect to A% (3.2) may also be writien
a

P f Qdx = f Vish®shiy =g da, (3.4)
a
where Viz is the tensor
1 6 4 3.5
BT g enid 3:5)
@

From (2.16) we get for the variation of g*# corresponding to the variation
dh?
a 2%
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3q" — hishE + [kShi
: . (3.6)
— hidh¥ + hkGRT = Sghi,
a a
If we define a quantity §fi* by
8f# ~ hishk — hESHt = — ofbi (3.7)
a a
we have
hEShi = }(8g7% — 5fem). (3.8)
a
Thus (8.4) may be written
6f8dx = f(Sikégik + Fm(Sfik) [/Tg dx (39)
with
Sik = $Vary = Sk
. (3.10)
Fir = —5Viig) = — Fri.

" As usual Vi and Vig) denote the symmetrical and antisymmetrical com-
binations, respectively, i.e.

I

Vary = 3(Vix + Vi)
Viiey = (Ve — V).
By well-known methods we can derive an identity involving S;; and Fy

from the invariance of the Lagrangean integral [Sdx under arbitrary in-
finitesimal coordinate transformations

} (3.11)

xt = xt4 Ei(x). (3.12)
The corresponding ‘“local” variations of g¢* and h' are
a
Sqik = ik ;o glkEiy_ gik £l
8hi — RlE ,— hi £ } (3.13)
a a a
and, by (3.7) and (2.16),
8fik = gilgk ;— gkigi
a o (3.14)
+ (hFht, ;— hthE 1) &L,
a @

Introduction of (3.13) and (8.14) into (3.9) gives after partial integrations
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6f2d:)c = 2[{—S@k;k+sz;k—Fkly}cu}é_i[/ngx = 0. (3.15)

for arbitrary &'(x) vanishing at the boundary. Hence the identity
Si¥sx = Fifp — FFlygg. (8.16)

Let 24 denote the usual Lagrangean density of a macroscopic body,
which in addition to the matter variables depends on the metric tensor only.
Then the variation of the gravitational variables gives

5f8md$ = mech”ﬂl/ngx, (3.17)

where Ty is the energy-momentum tensor of the matter. By means of (3.9)

and (3.17) the Lagrangean principle for the gravitational field in the presence
of matter is

af(szmm)dx = af(L+Lm)1/ngx
(3.18)
= f{Sik + Tug)ég”ﬂ -+ Fikéfik} V:E de =0

for arbitrary variations dh? of the 16 functions hf. These variations may be

. a /1
written
b
8ht = & I (3.19)
3 ab

where the

& (m) = 5hi~h@(x) (3‘20)

ab a b

are 16 independent infinitesimal functions. Writing ¢ as a sum of a sym-
meirical and antisymmetrical part o

e =0+4w, c=¢& =0, 0= & =—-w, (3.21)
ab ab ab ab (aby ba ab [ab] ba
we get
8ht — Sy hi+ 8¢ hi (3.22)
a a a
with
b
6(d)hi = O;Jhi
o o
) (3.23)
6(r)h7: = wht.
a abh

The latter variation is obviously an infinitesimal Lorentz rotation of the
type (2.31), (2.33) with
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b
=i =R ey, (3.24)
a a ab

which leaves g unchanged. In fact we get from (3.6), (3.7) and (3.23)

b
6(”97170 = (Cl;)‘|' gl)).?lihk =0
ai 3
. (3.25)
Sy fi% = 2 hilk
ab
and
Sayg™ = 20 hihk
o= 20 h*h
@I (3.26)
da f* = 0.

According to (3.22), (3.25), (3.26) a general variation dh? is composed
@&
of 10 independent “‘dilations™ &) ht* for which 6f%* = 0 and 6 independent
a
“rotations” d¢yh? for which dg% = 0. Therefore the variational principle
.

(3.18) leads to the field equations
Six+Tox = 0, (3.27)
Fix = 0. (3.28)

The 10+6 field equations (3.27), (3.28) determine the 16 tetrad functions
apart from arbitrary constant Lorentz rotations. From (3.27) and the iden-
tity (3.16) we get

Ti¥p = —Si¥;p = —Fib 5+ FRlygy = 0

on account of (3.28), i.e. the usual conservation law (1.2) is a consequence
of the field equations as in Einstein’s theory.

With an arbitrary L constructed from the y:: and gg we have thus a for-
malism in which all the essential properties A—FE are valid. In particular the
equivalence principle is valid exactly and the world line of a freely falling
particle is a geodesic in the space with the metric (2.11), but the metric
determined by (3.27), (3.28) will of course in general be different from the
metric following from Einstein's field equations. Moreover a theory of this
type will give a more satisfactory expression for the energy-momentum
complex, since the necessary conditions formulated in ref. 18 are satisfied
in the present formalism.
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4. The Choice of Lagrangean

The arbiiraryness in the choice of Lagrangean is decisively limited by
the essential requirement that the theory must give the same results as EGRG
for the gravitational phenomena inside the solar system. Since L is an in-

variant constructed from the yim and g the simplest possible independent
expressions are

LY = @,Pr, LR = )/rstj/”t,
(4.1)
L3 = ')/rst}/t'”

where @y is the vector (2.28)

Dy = iy, (4.2)
On account of (2.21) the expressions L® in (4.1) are homogeneous functions

of the first order derivatives h” s of degree 2. The next simplest algebraic
a

expressions are obviously of degree 4 and there are not less than twelve
different independent expressions of this type.

In the simplest case L is a linear combination of the quantities (4.1)

3
Q=3 020, Q0 _ Lo, (4.3)

y=1

For each » we have an equation of the form (3.9)

6f8(”) dex = J(S;%) 89" + FP 6f*y)/ — g de, (4.4)
and with (4.3) we obtain
3
Szk - z OC,,S,;(,?
P =
3 (4.5)

A lengthy but elementary calculation gives the following explicit expressions
for ) and FY:

S = 3(Piyn+ Di; ) — D (Yhin + Y4a) — gun (Pl 1 + S DBV,

SE = yhssi+ Y1+ Vrsiy™ e~ gueyrseyTe, (4.6)

Sz(z?é) = % [’J/l'ik; 1+ )/l]ci; l] - % [')/rsi YETS + ’J/rslc’,’/i“] - %‘gikj}rst'ytsr



24 Nr.13
FD = F = $[Pur = Pp,i— Po(yler — i)

(4.7)
FR = —yali.

The Langrangean density
2O = B LD = )/ g (yrsry?" — D, D7) (4.8)

has the remarkable property that [¢®dx is invariant under arbitrary in-
finitesimal Lorentz rotations of the tetrads; for we have, since Ff = Fj3

5 f 2O dz — f (SD - S o) = gda. (4.9)

This is in accordance with the fact shown in (ref. 16, Appendix A), that
LO is equal to the Lagrangean density }/— ¢ R in Einstein’s theory, apart
from a usual divergence which can be disregarded in the variations con-
sidered. Thus

BJ‘S’KO) dx = 6fR]/j§dx =f Gipdgth )/ — g dx (4.10)

where Gy is the Einstein tensor in (1.3). A comparison of (4.9) and (4.10)
ives
¢ Gy = S —Sf’ (4.11)

in accordance with (ref. 16, D.7, D.8).

We shall now choose the constants o, such that our theory gives the same
results as EGRG in the linear approximation of weak fields. In a suitable
system of coordinates we have in this case

ik = ik + ik, (4.12)
where the small quantities y satisfy the de Donder relations
kYik,k = ¥Y.1, Y = ExYik- (4.13)

Then, neglecting terms of the second order in y;x, Einstein’s equations (1.3)
reduce to

Oy —3nuly) = — 2T, (4.14)
where
62
0=y (4.15)

is the usual d’Alembertian.
In the same approximation the tetrads

-21: = Nai+ $Yai (4.16)
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obviously satisfy (2.11) with g given by (4.12), and from (4.16) we get
using (4.13) '

3 (ynt, i — yir, x)

1
— %Y.k

Ii

Viki
Dy,

I

} (4.17)

These quantities are small of 1. order. Therefore, neglecting terms of 2. order
and using (4.13), the equations (4.6) and (4.7) give

Si%) = 3 (Pi,x+ Dr, 1)~ niner Dr,1
1
= 1t(mxJdy—~9,i,1)
" 4(17;) §=g.i.8) (4.18)
S =288 = eryur, i+ aymi
= Oyw—+9.1,%,
F = F = 3(Di,x—DPr,0) = 0
F® = — ey, = — Y (ayr, 1,1 — €1yit, 1) (4.19)
= —Z]i(yvkni_y’isk) = 0'

From the latter equations and (4.5) we see that the expressions (4.16)
satisfy the field equations (3.28):

Fg =0, (4.20)

and it can be shown (ref. 16, § 4) that (4.16) are the only expressions satis-
fying (4.20), apart of course from physically unimportant constant Lorentz
rotations.

With (4.18) we get for Si in (4.5)

o
Silc = (20(2 —+ (Zg) %D yi]g + Z '}77;7(;Dy — é(OC]_ + 2“2"‘ OCs)y’i,k. (4.21)

When (4.21) is introduced into the field equations (3.27), il is seen that the
latter equations be identical with the linear Einstein equations (4.14), if we
choose

1 A 1
ar==— , apg=—, ag = —(1—-212) (4.22)

with 2 equal to an arbilrary dimensionless constant. With these values for
the e, we get from (4.5), (4.6), (4.7) and (4.11)
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%Sy = — S +ASH +SB — 228

= G+ A(S — 28, (4.23)

A
Fo = =2 2F@~FD).
g

For 4 = 0 the present theory is identical with Finstein's theory, but for
A + 0 the field equations (3.27), (3.28) take the form

Gix+ Hip = —uTi, (4.24)
2FR —FP = @y 1~ Dy, i~ Dy (Yhr —y) +yal; = 0, (4.25)
Hip = l[’}’rsi’)’”k*‘)/rsi?/icm‘}‘yrsk’}’i”'l‘gik (')}rst?’tsr— %Vrst'yr”)] . (4'-26)

The equations (4.25) are independent of the choice of 4. On the other
hand the term Hy;, by which (4.24) deviates from Einstein’s field equations
(1.3) increases with 4, which can be taken of order 1 without destroying
the first order agreement with Einstein’s theory in the weak field case. One
might hope, therefore, that the metric obtained as solution of (4.24), (4.25)
would be quite different from the solution of (1.3) in the case of strong
fields and that it be free of singularities. In the next section we shall in-
vestigate this point by considering the case of a spherically symmetric system.

5. The Spherically Symmetric Case

In the case of a static spherically symmetric system the equations (4.24),
(4.25) are most easily solved if we use a system of isotropic coordinates
xf = {x‘, ct}. Here the metric is of the form

1
gix = 9y Oex, g% = gTé)aik’ (5.1
gii {a, a, a, — b},

where a and b are functions of r = a'c* only. A possible set of tetrads in
accordance with (2.11) and (5.1) is

Rtom —— 84
a ]/]gom)| ¢

hi = gy bt = Ea)l/Igaa.léai
a @

(5.2)
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from which we get the following expression for the tensor (2.18) and the
vector (4.2) (see ref. 16, B. 4, B.8)

’ I'
ikl = 911)2( )(Hiakl —ng i)
(5.3)
B or B xl a? x® l
IR I
and
@y = — (Ina}/b),x = — (Ina}/b) ny. (5.4)

By calculating the functions (4.7) with (5.3), (5.4) and (5.1) one finds
(see the corresponding calculations in ref. 16, Appendix B)

FP - FQ B - 0, Fy = 0 .5)

Thus the tetrads (5.2) satisfy the field equations (4.25), and it can be shown
that (5.2) are the only tetrads satisfying these equations, again apart from
constant rotations of the tetrads.

Using (5.3) and (5.1) we get for the different terms in (4.26)

Vrst¥ Sk = —2)/rsi'}’lcrs = ‘277'316'}/1',”
(gin')? a'?
= Oik— —— nin
2a9u 2a (5.6)
a’? b’
t tsro_.
Vrst P78t = 2ypgpytst 3 + S ab?
ie.
H; = 0. (5.7)

Thus, in the static spherically syminetric case the equations (4.24) have the
same solulions as Einstein’s equations (1.3). In the empty space outside the
malter they lead to the following equations for a(r) and b(r):

, 2d" 3a’®
a"+ =~ =0
r 4 a
(5.8)
a’ 2\b' 24 a'?
— ==t —+— =0
r rjb ra 2a

with the well-known solutions
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3 W o (- wf4r)?
= (1+of4r)t, b = ———~(1 TainE (5.9
The functions a(r) and b(r) in (5.9) are everywhere positive except at the
Schwarzschild distance r — «f4 where b(z) has the minimum value zero.
It would seem that only a small change of the equations (5.8) is necessary
to make the minimum value of b(r) positive and thus remove the singularity.

So far we have only considered the static case. As an important example
of a time-dependent spherical system we shall now consider the case of the
non-static homogeneous isotropic universe. In suitable coordinates the
metric has the form given by Robertson and Walker, i.e.

Gix = Gu) ik, Gis = {Cl, a,a, —1}
R(H)?
- B¢ )2, p(r) = 1 +&r?f4
v (1) (5.10)
1
=45 0.
-1

With tetrads of the form (5.2) we get in this case

0 for 1 =4 (5.11
v $la, i 0k~ a,x 0] for 1=2 0

and

P
— b = R
Bi =y = |In R (5.12)

Calculating the tensors (4.7) with (5.11) and (5.12) we obtain
FP = FP = 3FP = (InR),: (In¥),x — (InR),x (In¥),, (5.13)

which shows that the field equations (4.25) are satisfied with h" given (5.2).
Further we get for the different terms in (4.26)

VrsiV% = — 2VraiVE" = — 299"

0 for i=4 or k=4 (5.14)

2 .
E [(P'2—-Rb,—¥'2n,n,] for {=1, k=
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Thus, H;; vanishes also in this case, and the metric following from the
present formalism is again given by the Iriedman solution which has a
singularity in the far past and for { = 1 also in the far future.

As we have seen the simple Lagrangean density

1
Q= —[RO +2(2@ - 286)], (5.15)
14

which leads to the field equations (4.24)—(4.26), does not solve our problem.
However, as mentioned before there is a large variety of possible expressions
LW of degree 4, and with

ot

Q = —Q0) + Q@ (5.16)

]

the variational principle leads to equations of the form (4.24) with a non-
vanishing H;; in the static spherically symmetric case. Instead of (5.8) we
get then

(5.17)

where f and g in general are algebraic functions of a, b, a’, b’, ¢” and b”
depending on the choice of 2. Besides terms of degree 4, which in the case
of weak fields give contributions to Hix that are small of the third order, we

1 3
may in €@ also include terms of the type — > 7,2® with sufficiently small
Hy=1

dimensionless constants 4,. It would be surprising if not one of the many
possible Lagrangeans would lead to equations (5.17) with everywhere posi-
tive solutions a(r), b(r). On the contrary one could rather fear that there
are too many Lagrangeans that have singularity free solutions, in which case
it would be difficult to obtain a uniquely determined theory without a new
guiding principle.
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Conclusion

In the present paper we have not arrived at a definite formalism which
can replace Einstein’s precise equations. We have shown only that the break-
down of physics predicted by Hawking on the basis of Einstein’s theory does
not seem to be inevitable. If we admit that the fundamental gravitational
field variables are tetrad fields, the way is open for generalizations of Ein-
stein’s theory which retain all the satisfactory features A—E as well as the
experimentally and observationally verified results of EGRG. At the same
time such a formalism allows a more satisfactory treatment of the energy-
momentum complex, in particular as regards the question of the localizabil-
ity of the energy. It still remains to be seen if the Lagrangean can be chosen
in such a way that the field equations in all cases have non-singular solutions.
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