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Synopsis

In the theory of relativity the thermodynamical state of a homogeneous isotropic body is
determined by five independent variables. In the present paper it is shown that the thermody-
namical properties of the body are completely determined by relativistically invariant functions
@ and ¥ of the state variables, which are the appropriate generalizations of the classical free
energies of Helmholtz and Gibbs. When the ‘potential’ @ (or ¥) is given, all thermodynamical
quantities, such as the four-momentum, entropy ete., can be obtained by partial differentiations
of the potentials with respect to the state variables. Finally it is shown that the potentials
@ and ¥ have a simple statistical interpretation in the relativistic generalization of Gibbs’
classical statistical mechanics, which allows to calculate the functions @ and ¥ when the mechan-
ical constitution of the system is known.
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1. Introduction and Survey

n classical non-relativistic thermodynamics the thermodynamical potentials
I —the free energies of HELmuoLTZz and Gises — play an important role.
When a potential is given as a function of the thermodynamical state
variables all state functions can be obtained by partial differentiations
of the potential, i.e. the thermodynamical properties of the body in question
are completely determined by the potentials. For a homogeneous isotropic
body af rest and in thermal equilibrium the state is determined by two
variables, for instance the volume V0 and the temperature 79, and the free
energy of HELmuoLTZ is defined by

FO — HO — TS0, (1.1)

where H® and S° are the energy and the entropy, respectively. When FO
is known as a function of 70 and V9, the enfropy and pressure are given by

JFO(T, V) JFO(TO, Vo)
0. 2ol g o 1.
S aro P aVo 1.2

and by (1.1) it follows for the energy

& 0 |0
HO — Fo_ Tom_ (1.3)
aTo ‘

In a relativistic theory, the relations (1.2) must still be valid in the rest
system S9 of the body, but there is no a priori reason that the same relations
should hold in every system of inertia S. The principle of relativity requires
only that the corresponding relativistic relations must be covariant and must
reduce to (1.2) in the rest system. Nevertheless, PLanck in his classical
paper [1] tried to determine transformation laws for the thermodynamical
quantities in such a way that relations of the form (1.2) remain valid in

1*
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every system of inertia S. If v is the velocity of the body (or of S% with
respect to S, we have

p=p% V=V[1-p, B=oe. (1.4)

The pressure is relativistically invariant, and the same is assumed for the
entropy, i.e.

S = 8o, (1.5)

In order that relations (1.2) be valid also for the transformed quantities, we
have then to accept Pranck’s transformation laws for the free energy and
temperature in the form

F = Fo)/1- g (1.6)

Tp = TO)/1 -2, (1.7)

In fact, from (1.2 —7) one easily finds the relations

OF (Tp, V) IF(Tp, V)
§=-Zoe ) el 1.8
or, T v a8

which have the same form as the equations (1.2) valid in the rest system.

By this argument Pranck was led to introduce a temperature T'p relative
to the arbitrary system of inertia S given by the formula (1.7) and his point
of view has been accepted again quite recently in a paper by R. Barescu [2].
However, in the meantime H. Ot [3] had given strong arguments for
introducing a different temperature T, given by

To = TO)/1 - 2. (1.9)

In fact, this formula follows uniquely (see (1.35)) if one wants the second
law for reversible processes to have the same form

d
ds = Drev (1.10)
To
as in the rest system, where we have
0
ase = -&"l. (1.11)

To
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The violent discussions in the literature following Ott’s paper have made
it clear that the relativity principle alone does not lead to a unique concept
of temperature relative to an arbitrary system S, for the transformation law
for the temperature will depend on which of the classical thermodynamical
relations holding in the rest system, are assumed to retain their form under
Lorentz transformations. Beforehand it does not seem quite natural to base
the definition of temperature on the requirement of form-invariance of the
relations (1.2, 8). Firstly, they refer to the rather special case of a homogene-
ous isotropic body and it would seem more natural to postulate the form-
invariance of the first and the second laws of thermodynamics which are
believed to be valid for any thermodynamic system. Secondly, in an arbi-
trary system of inertia the definition of the state of a homogeneous and
isotropic body requires the fixation of five (not two) independent variables,
for instance besides T% and V° the three components of the velocity .
This is also the case in the non-relativistic theory, but there the internal
thermodynamic properties are entirely separated from the external kinetic
properties of the body. This is not so in relativity theory since the inertial
mass of the body depends on the internal state. Therefore it is to be expected
that the pertinent relativistic generalization of the equations (1.2) will con-
sist of five equations which express five thermodynamical quantities as partial
derivatives of the relativistic potentials with respect to five suitably chosen
independent state variables. These equations must of course reduce to the
two equations (1.2) in the rest system SO.

In section 2 of the present paper we shall see that these expectations are
fulfilled when we use the formulation of relativistic thermodynamies which,
as was shown in a recent paper [4], is suggested by relativistic statistical
mechanics. In the remaining part of the present section we shall give a short
account of the relativistic formulation of the first and the second laws
obtained in the just quoted paper.

In view of the above mentioned arbiltrariness in the general definition
of the temperature, it was proposed to abandon the notion of a separate
temperature relative to the different systems of inertia. Therefore, when we
speak of the temperature of the body we simply mean the proper temperature
as measured by a thermometer at rest in the body. In any system of inertia
S different from 8% it appears more adequate to speak of a temperature
4-vector T¢ as defined by Anzerrks [5]. If V¥ is the four-velocity of the body
with components

Vi {yo,yc}, 7=(1-p)} (1.12)
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the temperature vector is
Tt = TOVije. (1.13)

In the rest system this 4-vector has only the one non-vanishing component
T04 which is equal to the proper temperature 7% In an arbitrary system S
the fourth component 7% is equal to the Ott temperature (1.9).

In many thermodynamical considerations it is more convenient to intro-
duce the reciprocal proper temperature

6 =1/T° (1.14)

as a measure of the thermal state. Then, if we also introduce a function
PO(GO, VO) = GOF0 (1.15)
(— @ is the so-called Planck potential), the relations (1.2) take the form

0P, V) 19D, V0

0 _ —
H o0 P ® gy

(1.16)

Since 6° goes to zero with increasing temperature, TRUESDELL [6] has coined
the word coldness for the quantity 6°. Instead of the temperature vector T,
it is also convenient to introduce a “‘coldness vector’” 8¢ by

i = fove (1.17)
which in the rest system has the components
601 = & 0 = &% ¢/ T0. (1.18)

In an arbitrary system S the fourth component 6 is equal to ¢ times the
reciprocal of the Planck temperature (1.7). In contrast to the V?, which
satisfies the relation

ViVi= — 2, (1.19)

the components 8¢ of the coldness vector are four independent variables
which may replace T? and v as state variables. Thus, for a homogeneous
isotropic body the thermodynamic state is completely determined by the five
variables (6%, V%) or (67, p).

The coldness vector is a time-like 4-vector with the norm
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6(6%) = |/ -6:0¢c. (1.20)

From (1.17-19) it follows that the value of the invariant 0 is equal to the
coldness,

0 =00 1.2n
and that

Vi = 646 (1.22)

Thus, for given 6 the coldness and the four-velocity (and so o) are determ-
ined by (1.21, 22).

Now, as was shown in ref. 4, the appropriate relativistic expressions for
the first and second laws of thermodynamics are the following. For an
infinitesimal process we have

1. law: dG; = dIt+ dQq (1.23)
2. law: dS > — 04d(. (1.24)

In (1.23)
dG; = {dG, —dH]|c} (1.25)

is the change of the four-momentum of the body

G ={G, —Hfc}, (1.26)

and

dQs = {dQ, —dQ/c} (1.27)

is the four-momentum of supplied heat in the process, i.e. dQ is the heat
energy and dQ is the momentum conveyed to the body by the heat supply.
Finally,

dl; = {dI, —dA/fc} (1.28)

is the ‘four-impulse’ of the external mechanical forces, i.e. dI is the impulse
or the time integral of the total mechanical force acting on the body and
dA is the work performed by these forces during the process.

In non-relativistic thermodynamics the first law is expressed by one
equation only, the law of conservation of energy. Due to the symmetry
between momentum and energy in the theory of relativity, the first law has
to be supplemented by three other equations expressing the conservation of
momentum. In general neither G;, dG; nor dI; are 4-vectors, but the differences

dQi = dGi—dI; (1.29)
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are the covariant components of a 4-vector for any process and for an
arbitrary thermodynamical system [7] [8] [9]. This important result was ob-
tained first in the case of a fluid in ref. 7. In ref.s 8 and 9 the proof was
given for an arbitrary thermodynamical system. For the validity of this the-
orem it is essential that dI; by definition includes the impulse and the work
of truly ‘mechanical’ forces only, i.e. the force acting on any infinitesimal
part of the body, combined with the rate of work, must form a usual Min-
kowski four-force.

For a reversible process it can further be shown [7] that the four-momen-
tum dQi¥ of supplied heat is proportional to the four-velocity, i.e.

dQ?
doi = —clze—vVi. (1.30)
Since 0% and dQ; are 4-vectors the right hand side of (1.24) is an invariant
which, on account of (1.18, 27), has the value

—01dQ, = —0%dQ) = — —=* = —=, (1.81)

Therefore, by (1.5), the relation (1.24) is equivalent to the relation

dQo
dS® > To (1.32)
which is known to be valid in the rest system. Since the equality sign in
(1.32) holds for reversible processes only, it follows that also in (1.24) the
validity of the equality sign means that the process in question is reversible.
For such processes dQj*" is given by (1.30), which for 7 = 4 gives

ereV = dQI(')ev/l/l - 52 (1'33)

on account of (1.12, 27). Thus, for a reversible process, (1.24) becomes

dQhey Q)12
= —_pt — _xrev  ¥revy -
dS = —0'Qi = — 2% = 0 (1.34)

by means of (1.31, 33). This may also be written in the form (1.10)

Oy
T,

ds , (1.35)
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where T, is the Ott temperature (1.9). However, it should be noted that
(1.24) for an irreversible process in general is notf equivalent to

dQ
ds > = (1.35)

o

The latter relation is valid only for very special irreversible processes such
as in the case of pure heal conduction.

After this short survey of the general laws of relativistic thermodynamics,
we shall in the next section give the appropriate relativistic generalization
of the thermodynamical potentials and of the classical relations of the type
(1.16). Finally, in the last section the statistical interpretation of the relativistic
potentials is given, which will allow us to calculate these quantities when
the mechanical constitution of the system is known,

2. Relativistically Invariant Thermodynamical Potentials
for Homogeneous Isotropic Bodies

The thermodynamical system considered in this section is a fluid, contained
in a vessel of rest volume V9 which exerls normal pressure only against
the walls of the container. In thermal equilibrium the four-momentuam of
the fluid has the following components in the Lorentz system S [10]:

Gi = {G,—Hjc} = {(H°+p°VO)po[c?, — (H"+ p2p°VO) yfc}  (2.1)

where the superscript “0”" refers to the rest system S° of the fluid. The G
are not the components of a 4-vector. Nevertheless, ViG; is an invariant,
for we have in any system S by (1.12) and (2.1)

ViGi = (HO+ pOV0)y262 —(HO + f2p0V0)y2,
ViGgt = — HO, (2.2)
Hence, — ViG; is equal to the rest energy.

Besides the four-momentum we shall consider two other quantities P;
and E; which, in contrast to Gy, are 4-vectors. The first one is defined by

Py = HOVy/c? (2.3)
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which would be the four-momentum of the system if it were a free system.
Following the terminology of LANDSBERG [11], we shall call P; the inclusive
four-momentum. The second 4-vector E; is defined by

E; = (HO+ poV0) Vy/c2, (2.4)

A comparison with (2.1) shows that the spatial components E, are equal to
the components of the momentum . The fourth component is of the form

Ey = —E/C (2‘5)
with

E = —cEs = (HY+plVO)y = H+pdVoy(l ~ 2)

or, on account of (1.4),
E = H+pV. (2.6)

Hence, E is the quantity usually called enthalpy and therefore E, will be
named four-enthalpy. G;, Ei, P; are obviously related by the equations

Ei = Py -I—])OVOVi/c2

.7
(i = Ei+(3i4pV/C.
From (2.2-4) we get :
VIE, = — (HO+p'V9) = — EY (2.8)
where EU is the enthalpy in the rest system, and
ViP; = ViG; = — HO, (2.9)
Differentation of the second equation (2.7) gives
dGi = dEi + 6i4d(pV) /C.
Therefore, the first law (1.23) may also be wrilten in the form
dE; = dJi+ dQ (2.10)
where
dJs = dIi — 8ud(pV)jc = {dI, - [dA + d(pV)]/c} (2.11)

on account of (1.28). In contrast to dl;, the quantity dJ; is a 4-vector. This
follows at once from (2.10) since both dE; and dQ; are 4-vectors. Thus,
f#idJ; is an invariant with the value
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0'dT, = 0%dTO — cB°dTY = — 6°[dA® + d(p° V)] (2.12)

Here we have used (1.18) and (2.11). For a reversible process the work
dAY% in the rest system is :
dA® = — pOdVo. (2.13)
Hence
O dife = —80Vodp® = — 6V dp (2.14)

on account of (1.4, 21).
By means of the first and second laws in the forms (2.10) and (1.24)
applied to a reversible process we get

dS = —0'dQ*Y = — 0'dE; + 6'dJev
or, using (2.14),
dS = - 0*dE;—- 6V dp. (2.15)

On account of the relations (2.7) between E;, P; and Gy, this equation may
also be written in the alternative forms

dS — — 01dP; + Opd Vo (2.16)
and
H4
ds = —0idG;+ L av, (2.17)
C
where
04 = 0%¢ = Byc (2.18)

is the fourth component of the coldness vector. Here we have used (1.4,
12, 19), which imply
’ 0tV; = —0c2. (2.19)

Now, we define two invariant state functions @ and ¥ by
D= —-6P; -8 (2.20)
- 0B -, (2.21)
Since 6% is proportional to V¢, (2.9) shows that @ also may be defined as
D = - 0iG; - 8. (2.22)

On account of (2.7, 18), (1,4), ® and ¥ are connected by
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= O+6pVo. (2.23)

By differentiating the expressions (2.20-22) and using the appropriate forms
(2.15-17) of dS, one easily finds

d® = — PydOt— Gpd VO (2.24)
d¥ = — Eidft + 6Vodp ' (2.25)
d® = — Gid0'— 64pdV]e. (2.26)

For a homogeneous isotropic body of the type considered here the
thermal equilibrium states are determined by five independent variables.
If we choose (07, V?) as state variables, every state function appears as a
function of these variables. In particular this holds for the quantity @. When
the function @ (67, V9) is given, we can calculate five other state functions
by differentiations of @ with respect to the five variables (8% V?). In fact
we get from (2.24) for the inclusive four-momentum and the pressure

dP(H?, VO 19901, VO
p, - 220NV p=—~*—(——). (2.27)
86 6 avoe

Then, expressions for the remaining state functions follow from (2.7, 20).
For the entropy we get for instance

dD(03,V0)
agt

S = — OO, VO) 4 fi— (2.28)

On the other hand, if we choose 6! and p as state variables we get from
(2.25) the following expressions for the four-enthalpy and the rest volume

I, 1091,
gy 22PNy, 100 p) (2.29)
361 0 op

Finally, choosing 6! and V as state variables, (2.26) gives for the four-mo-
mentum and the pressure

oD(06¢ D08,
Go= - 22OV) e 020NY) (2.30)
a0t 61 v
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A relativistically invariant state function which is a function of tensorial
state variables can only depend on invariant combinations of these variables.
The only invariant combination of the 67 is the norm 6 defined by (1.20).
Thus, since also V?is an invariant, the function @(6¢, V?) must be of the form

D%, V) = [(6.V0), (2.31)

where f is an invariant function characteristic of the material system in
question. Similarly, since also p is invariant, we must have

#(6%.p) = 9(6.p) (2.32)
where the function g(f, p) is connected with f(6,V?) by he relation
9(0,p) = [0,V +6pVo (2.33)

following from (2.23).

Obviously, any state function which only depends on (6, V%) or (6, p)
is relativistically invariant, i.e. velocity-independent. From (2.27, 29) and
(2.31, 32) we get

lmaf(O,VU) Vo — 1@(_6’10)

6 ove 8 op

. (2.34)

Thus, p and V0 are functions of (8, V%) and (0, p), respectively, in accord-
ance with the invariance of these quantities. It is easily seen that also the
right hand side of (2.28) is a function of 6 and V9 only, in accordance with
the invariance of the entropy. For, by (2.31), (2.28) becomes .

9 of(0, )

S = — (6,70 gi
OV + 0 =5

(2.35)

and, by differentiation of 6 in (1.20) with respect to 6%, we get

00
= = — O4fc?0 ‘

06
[ (2.36)

a0
0 i = ~00s8c = 6.

However, as a [unction of the variables (67, V), ®(6%,V) does not only depend
on 6 and V, but also on the fourth component #¢ of the coldness vector.
In fact, since
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Vo4
VO = yV = —, (2.37)
cf
we get from (2.31)
[ Vo
D(OLV) = f((), 7) (2.38)
C!

By differentiating this equation with respect to 6¢ (for constant V) and using
(2.30) and (2.27) we get back the relations (2.7).
Multiplication of the equations (2.8, 9) by 6 = 6° gives

BIE; = — 6°CHO + poV'0)

6ip; = 0iG; = — GOHO, } (2.39)

This discloses the physical meaning of the invariant functions @ and ¥
defined by (2.20, 21). Obviously we have

D = PO, (2.40)
where
PO = GOHO - S0 = GOFO(HO, VO) (2.41)

is the classical potential (1.15) obtained by multiplying the free energy of
Hermuortz by the coldness. Similarly we have

Y= o (2.42)
where
WO = G9(HO + poy0)— S0 = 0G0 (2.43)
and
GO = FO+ poyo (2.44)

is the classical free energy of Gibbs.

Thus, @ and ¥ are the natural relativistic generalizations of the classical
thermodynamie potentials — the free energies of Helmholtz and Gibbs. They
have all the properties which, as mentioned in section 1, should be required
of relativistic potentials. By the equations (2.27-30), all state functions are
expressed in terms of partial derivatives of the potentials with respect to
the variables which determine the state. In the rest system, three of the
five equations (2.27) simply express the vanishing of the momentum
and the two remaining equations are identical with the classical equations
(1.16) which are equivalent to (1.2). In contrast to the equations (2.27-30),
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which comprise the transformation properties of all thermodynamic state
functions under Lorentz transformations, the Planck relations (1.8) are
rather trivial transcriptions of the equation (1.2) in the rest system. In excess
of (1.2), (1.8) only contains the transformation properties of S, p and V.
The function F(7Tp, V) does not determine all thermodynamic properties of
the system. For instance, there is no equation analogous to (1.3) by which
the energy H is determined, not to speak of the components of the momen-
tum G. Thus, the free energy F(Tp,V), as defined by (1.6), does not have
all the properties of a thermodynamical potential.
From (2.31, 32) and (2.40-44) we get, since 0 = 60 and p = p®

PO = f(60,V0) = HOFO(GO, 0)
(2.45)
WO = g(8°,p%) = 6060, pO).

The functions FO(6°, V) and G°(6¢, p®) can in principle be determined by
usual thermodynamical experiments in the laboratory performed on bodies
at rest. Then, by (2.45), also the functions f(6°, V°) and g(6°, p®) are known
functions of the state variables, and by replacing 0° by 6 and p® by p in
these functions we get the expressions (2.31, 32) for the relativistic poten-
tials @(6%, V0), W(0% p). Also the function (0%, V) of the variables (67, V)
is then determined by (2.38) and, by means of (2.27-30), we can calculate
all thermodynamical state functions in an arbitrary system of inertia.

3. Statistical Interpretation of the Relativistic Potentials

Historically, statistical mechanics was developed with the aim to provide
a ‘rational explanation’ of the thermodynamic laws and thereby obtaining
a means of calculating the thermodynamieal state functions from the know-
ledge of the mechanical structure of the system in question. In non-relativi-
stic mechanics the statistical methods developed by Giess supplied the most
general solution of this problem. In the paper quoted in reference [4], a
relativistic generalization of Gibbs’ classical theory was given which, as we
shall see now, supplies an immediate interpretation of the relativistic thermo-
dynamical potentials introduced in section 2.

Consider a system consisting of n particles of proper mass m which, in
a certain system of inertia S° are acted upon by forces derivable from a
timeindependent mechanical potential

U2, . .x), . %0, ). (3.1)
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Here, the q; are invariant paramelers describing the configurations of the
external systems which may influence our system. Ug0 will contain the inter-
action U%x?,q,) of the separate particles with outside systems (for instance
the walls of a container) as well as the interaction Wo(x{,...x2) between
the particles. Thus, we assume that the forces acting on the particles are
derivable from a potential of the form

n
Ug = 2 U, a) +WO(ad,. . .x0). (3.2)

r=1
This assumption restricts somewhat the applicability of the theory, for in
relativity theory it is generally not possible to describe the interaction be-
tween the particles in this simple way. In general the interaction has to be
described by an intermediary field which has to be ireated as a separate
physical system with an infinite number of degrees of freedom. However,

for a gas of particles of nuecleonic mass, the relation

kT0
— <1, (k= Boltzmann's constant) (3.3)
mc

is very well satisfied, which means that the system may be treated non-
relativistically in S°. 1In faect, if m is the mass of a nucleon, the proper tem-
perature 7° would have to be of the order of 10'® 9K in order to make the
left hand side of (3.3) of order unity and, as far as we know, temperatures
of this order of magnitude are reached nowhere in our present universe.
A violation of the condition (3.3) will occur only for electrons under very
special circumstances. Excluding these rare cases from our consideration, il
has a good meaning to describe the interaction in S° by a potential of the
form (3.2). As regards the mutual interaction of the particles the treatment
is then only approximate (although in practically all cases an extremely
good approximation), but for a system of non-interacting particles, where
W0 = 0, the detailed treatment given in reference [4] is exact.

In the following development, the potential U® will be regarded as an
invariant scalar which means that we, in any Lorentz system S, introduce
a function Uy(at, . . .,x?) of the space-time coordinates of the particles defined
by

U, ...al,. . .al,a) = UR(x), .. .&0, .. x5, q), (3.4)
where x! = {x,ct,} and x? are connected by the Lorentz transformation
leading from S° to S. Thus, U, is obtained from U by eliminating the
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arguments x! in the latter function by means of the Lorentz transformation.
If we put all the time-coordinates equal to ¢ in this funection,

h=th= ... =ty=1 (3.5)

we arrive at a definite function of the space-coordinates x, and the time
variable ¢:

Ug(1,. .. Xr,. .. X, t, Q). (3.6)

This function will of course depend on the external parameters (a), but it
will obviously also depend on the parameters of the Lorentz transformation,
in particular on the relative velocity v of SO and S. Thus, for a special
Lorentz transformation, where

a’l[“) = V(mr_'vtr)’ y;) = Yy» ZE = Iy, (3'7)
the function (3.6) is

Ug(e oYy 2, ha) = U000 p(ae, —vt), 1,02, . - ., 0. (3.8)

Now let us assume that our system (the gas of n particles) is in a state of
thermodynamical equilibrium which in a Lorentz system S is described by
the state variables (6%, ). In this situation we do not have a precise knowledge
of the mechanical state, which is defined by the 6n ‘coordinates’

() = (D1 X1e Py Xy Pyy) (3.9)

of the points in the phase space 2(S) of the system in S. According to the
developments in reference [4], the situation in question is statistically de-
scribed by the following ‘canonical’ probability density B(&,) in X(S):

B(E) = exp{(P+ O P{(&.a))/k} ]
[ (3.10)

i
P}l =2 pl+Ufx;,...,x,,...x,, L,La)V,/c

r=1

(cf. Eqs. (4; 7.1, 2) in section 7 of reference [4]). In (3.10), p} = {p,, — E,/c}
is the ‘bare’ four-momentum of the r’th particle, V; is the four-velocity of
S0 relative to S, and the quantity @ is defined by

Mat.Fys.Medd.Dan. Vid.Selsk. 37, no. 4. 2
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f--fas(g)ds _ 1,

(3.11)
dé = T1 dépu,
=1
or
exp{ - (0%, a)/k} = f -fexp{@@f(&,a)/k}d& (3.12)

A comparison of (2.22) with (4; 5.38) in reference [4] shows that
the statistical quantity @ in (3.10) may be identified with the relativistic
thermodynamic potential introduced in section 2 of the present paper.

In the ‘rest’ system S° (3.10) reduces to the canonical distribution of
GBS

P~ exp{(2° OBk}, (3.13)
where
DO = D,
and
3
% =3 B+ 0] (3.19)
r=

is the Hamiltonian in S° Further, in S° the equation (3.12) becomes

exp{— D (0°,a)/k} = f -fexp{—@o@g/k}dfo, (3.15)

which in the usual way gives us @°(60,a) as a function of (0%aq).
In section 7 of reference [4] we have calculated the functions @ and @9
in (3.12, 15). According to (4; 7,53, b4, 33, 35, 41) we have

D(0,a) = [(6,0), DU%a) = f(0%a), (3.16)
where f(6,a) is a function of the norm 6 and («), defined by

f6,a) = () + [o(6,), (8.17)

exp{ - fp(0)/k} = f -fexp{—f)ZEf/k}dP‘f- ..dp))
r (3.18)

% D 22 7
= {Jexp{~9E0/k}dp0} = [2’?[—%]—%]{?51)(1'111620/1() ,
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exp{—f,(8.a)/k} f -fexp{—@Ug(xg, xS a)fkdxy. L dx). (3.19)

For non-interacting particles the latter expression reduces to the n’th power
of the expression (4; 7.41). In the case considered here, where (3.3) holds,
the argument in the Hankel function in (3.18) is very large and we can
substitute this function by its asymptolical expansion. Then (3.18) becomes

2nmk

exp{—f,(0)/k} = ; “exp{— nmc20/k} (3.20)

in accordance with the corresponding formula in non-relativistic statistical
mechanics. From (4; 7.56, 57) we get

ID(,a)  (H°
Po=—— g = C;’ V; (3.21)

which is the statistical expression for the inclusive four-momentum of the
system defined by (2.3).

We shall now in particular consider the case where the inferaction
between the particles and the walls of a container are the only external
forces on the particles. Then, U%xY,a) is zero inside the container and
increases rapidly to a very high value when the particles approach the walls.
Let us for simplicity assume that the container has the form of a cylinder
with the axis lying in the direction of the xP-axis of the system S° and with
the endwalls placed at x® = 0 and «x® = 9 respectively. If the latter wall is
a movable piston we may change the volume V® by moving the piston i.e.
by changing [0, for we have

Vo = Fopo (3.22)

where [0 is the (constant) area of the endwalls. With this arrangement the
only way in which the system (the gas) can be influenced mechanically by
the external world is by changing the position of the piston. Thus, in this
case there is only one external parameter a for which we can choose {0 or V0
and

fa(8,@) = (0.1 = [o(8,V°) (323)

is a function of 8 and 1% or V° For non-interacting particles, where W® = 0
and U%x?,q) has the property mentioned above, we get from (3.19)
2*
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exp{~f,Jk} = (Foloy — Von
fo = —knlu(F%) = knlu V0.

Thus, for an ideal gas f; is a funclion of 1 or VO only, but for interacting

particles f; (and f) will in general depend on both 6§ and VO Therefore,
in our case, (3.16) gives

DOV = f(6,V0),  DYHO, VY = f(6°,V0) (3.24)

and the equations (3.21) become identical with four of the thermodynamical
equations (2.27). Further, if we identify the mean value of the force p per
unit area exerted by the piston on the fluid with the thermodynamic pres-
sure p, we get from (4; 7.15)

10G(0LV0)  13f(6,V0)

P = v T T e
(3.25)
o e L OROVD 1 0B VD)
PR= P = gy T T ave

in accordance with the last equations (2.27) and (1.16). This identification is
justified, since the ratio of the fluctuation to the mean value of the piston
force is proportional to n /% and therefore generally speaking extremely
small for a ponderable amount of matter, where nis of the order of Avogadro’s
number. In the rest system the equations (3.21) reduce to the single equalion

e VY 9P, V)

0.0 _
®;" = 860 Hho

(3.26)

The statistical mean value equations (3.21, 25, 26) are in complete agreement
with the thermodynamic equations (2.27) and (1.16).

Thus, relativistic statistical mechanics provides an immediate interpreta-
tion of the thermodynamic potential @ and the relations (2.27) and, by means
of (3.12) (with a = V9), we are now also able to calculate @ = f(0,V%) when
the mechanical potential U, is given. However, in accordance with the
remarks at the end of section 2, it is not necessary to perform the calcula-
tion of @ in the general system S for, by (3.16-19), the function [ is already
completely determined by the equation (3.15) holding in the rest system S°.

Now we turn to the question of the statistical mechanical interpretation
of the relativistic potential ¥(6%,p) introduced in (2.21). Just as in the case
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of @ it is sufficient to give an interpretation of the function ¥°(6°,p%) in the
rest system. In the preceding considerations it was found that @(0%,V0)
appears as an essential quantity in the canonical distribution (3.10) corres-
ponding to a situation where the thermodynical variables 6% and V° have
well-defined values. In S9 this means that the piston is fixed in a definite
position at x0 = [0 and that the gas has been brought in thermal contact
with a heat reservoir of coldness 60. Thermodynamically, fixed values of 60
and VO correspond to definite values of HY and p? for the energy and the
pressure as given by the equations of state, for instance in the form (1.16).
Therefore, we can eliminate V0 and define the state by (69,p?) instead of by
(6° V%) and the potential ¥ is then given by the relation (2.23), i.e.

PO — P04 OpOVO | (3.27)

However, in the statistical mechanical description, fixed values of 69 and
V? do not correspond to exactly defined values for the energy and the pres-
sure and the thermodynamical equations of state are valid only for the
mean values of the energy and the external force. As often emphasized by
NieLs Bonr [12], this circumstance constitutes an instructive example of
complementarity in classical physics. Energy and pressure are complement-
ary to temperature and volume, respectively, in much the same way as
momentum and position of a particle in quantum mechanies. It is true that,
for systems of ponderable size where n is very large, the complementary
character of the mentioned quantities is usually not apparent, but in prin-
ciple, and in special cases also in praxis, the recognition of this comple-
mentarity is of importance for the understanding of the properties of thermo-
dynamical systems.

As in quantum mechanics, the complementarity of the mentioned ther-
modynamical quantities is due to the fact that the experimental arrangements
which allow the fixation of definite values for the quantities in question are
mutually exclusive. For instance, in order to give definite values to the
coldness 69 and the volume V¢ we have, as already mentioned, to bring
the gas in thermal contact with a large heat reservoir for a sufficiently long
time during which the piston is fastened in a fixed position. When thermal
equilibrium is reached, any previous knowledge of the energy and the piston
force will be lost, and our knowledge of the mechanical state of the system
after this procedure is adequately described by the canonical distribulion
(3.13, 15) with a = V9, according to which the thermodynamical relations
(1.16) are valid for the mean values of the energy and pressure only.
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On the other hand, if we want to assure definite values for the coldness
00 and the pressure p% we have to unfasten the piston and subject it to a
constant external force

K) = Fo° (3.28)

instead of keeping it in a fixed position. After thermal equilibrium is reached,
this situation is again adequately described by a canonical distribution
(3.13, 15) but now applied to the system (g + p) consisting of the gas plus
the piston. The latter can be treated as a particle of macroscopical mass M
which can move freely along the a®-axis. Thus, if n is the number of degrees
of freedom of the gas, the corresponding number for the system (g+p) is
n+1, and the coordinate 19 of the piston and the volume V? given by (3.22)
do not have exactly defined values in this situation. The constant external
force (3.28) is derivable from a potential Ug:

g0~ 200"
r alO
with
Up(®,p% = Kgl0 = p"F0 = p°V0 = Ug(VD,pO), (3.29)

and as external parameter a for the system (g + p) we may choose the pres-
sure po.

If we use VO instead of 9 as ‘generalized’ coordinate of the piston, its
(non-relativistic) kinetic energy is

18 _ aiopper — o _ 4 3.30
B = / - B - F' ( ’ )
The corresponding canonical momentum is
Pl = aT; _ MVO/F, (3.81)
Poodve

Now, the mechanical potential of the system gas + piston is
UGy = UK, . .x8,V0) + US(VO,p%) (3.32)
and its Hamiltonian (disregarding the rest energy of the piston)
Yim = Q0+ VO+ FOpR oM. (3.33)

Thus, the probability density (3.13) of the system (g+p) is
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sB?Hgo) = CXP{(@(()ngp)_60@?g+p))/k}- (3.34)

It is a function of the phase-coordinates (&%) of the gas and the canonical
variables p) and V9 of the piston, and D, 4 ») is determined by the equation

f- -fss?“p,dg“dpgdvﬂ = 1. (8.35)

We may now calculate the mean values of quantities referring to the gas
and the piston. According to the equipartition theorem, the mean value of
the kinetic energy of the piston is 270 and the velocity of the piston will be
of the order v, ~ (kT°M)%. For M of the order of a gram, vp is therefore
extremely small which means that the piston will practically always be found
at rest in spite of its being unfastened. By integration of (3.34) over pg from
—co 1o 4o we get the probability density $#(£0, V) of finding the gas at a
point (&% in its phase space and with a volume V?, irrespective of the mo-
mentum of the piston. Obviously P* is of the form

P+ = exp{(PO-009H%)/k}, (3.36)

where

H* = H(E, VO 4 pOvO (3.87)

and ¥0is a function of 69 and p° given by

f . f BEdEIVO = j f exp{(PP — 9L, VO, po)) [k} dE0dVO = 1. (3.38)

Further integration of f* over (&) gives us the probability density W(V?)
for the gas having the volume V°. By means of (8.36, 37) and (3.15) (with
a= V0, we get

W(V0) = exp{(¥°— B(60, Vo) —60p0V0)/k}, (3.39)

oo a0

f W(Vodyoe :f exp{ P60, p°) — D(60,V0) — BOpOVO) K} dVO = 1. (3.40)

[{] 0

The latler equation may also be written

exp{ - Po[k} = f exp{ — (D69, V0) - 00pOV0)/k}d VY, (3.41)
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which allows to calculate #0969, p?) when the function @°%6°,V0) in (3.24)
is known. The most probable value V0 of V0 is determined by the equation

dW(V0) 9D (6°,V0)
S0 _wovoy (5 gopol ke — o,
_ vo ( )< oV il
le. (3.42)
od(60, 70)
—_Hﬁw +60 0 = 0.

By partial differentiation of (3.40) with respect to 09, we get in the usual way

BWO60, p0Y  Ad(6Y, V0
f( O p) 9% —)—pUV[’)W(VO)dV“ ~ 0
¢

060 000
or - ) (3.43)
@%p% POV .
Ml ML AE SN S S AT Vo0,
960 g TPV
Further, by differentiations of (3.40) with respect to p°,
1 9%e(00, p%)
050 = ————— ~ 3.44
oo = G (3.44)
k 02'70(6o, po E aCyoy0
Uz{vo} = ((VO-(V0y0)250 = — _hw = __Ll (3.45)

(o2 apo2 g0 opo ’

where GZ{VO} is the square of the fluctuation of the volume around its
mean value { V030, Since both (V00 and 02{V0} are proportional to n, the
ratio R of the fluctuation to the mean value of V0 is proportional to n~1/2:

R(0°.p%) = :g%% = 0@, (3.46)
VoS0

Apart from very special cases where 500 is exceptionally large (like at

P
transitions from one phase of the gas to another), the {luctuation of V0 is
completely negligible for a ponderable amount of gas where n is of the order
of Avogadro’s number. Therefore, in such cases {(V9>? may be identified

with the thermodynamical variable V0, and the relation (3.44) between
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volume, coldness, and pressure must be identical with the relation (8.25).
Morcover, the most probable volume V9 given by (8.42) must be equal
to the mean value in this case, i.e.

Vo = ¢vosoe, (3.47)

in accordance with the result of a comparison of (3.42) with (3.25). This
means that the function (3.39) (for fixed 6° and p®) must have a very steep
maximum at V= V0= (V90 with a mean breadth equal to R(8°, pv).
Thus the integral in (3.40) becomes equal to the maximum value W(V?)
times R, and we.get from (3.40)

R(0°, p°) exp{ (¥O(69, p0) — B0, 7Y — g0pOT0) /). — 1 (3.48)
or
P09, p0) = BO(BO, T0) + BOPOTO — LlnkR. (3.49)

Since ¥9, @0 and V0 are proportional to n while InR only contains the loga-
rithm of n, we may neglect the last term in (3.49) in the case of large n where
(3.47) holds.

Hence FO(60, pO) = BI(H,{ VOH0) + HOpO( YO0, (3.50)

A comparison of this equation with the thermodynamical relation (3.27)
shows that the statistical quantity ¥° entering in (3.36) may be identified
with the thermodynamical potential ¥0(§0, p0) .

The quantity * defined by (3.37) is equal to the energy of the gas plus
the potential energy (3.29) of the piston in the external field. By partial
differentiation of (3.38) with respect to 6° we get for the mean value of H*

dPO(6%,p%) AP,V O)
460 h 060

(H*) = >0+ pO YO0 (3.51)

o0Po(ao, V0 |
————" is the mean value of
960
the energy 97 of the gas in a canonical ensemble with a fixed value VO of
DL (G0, V)
avo
with varying V® described by (3.34). This is in accordance with the relation
obtained by taking the mean value of the equation (3.37) over the ensemble
(3.34)

on account of (3.43). According to (3.26),

the volume. Hence, < >0 is the mean value of Hg in the ensemble
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<®:1:>0 _ <@2>0 +P0< VO>0. (3.52)
The equations (3.51, 52) are exact for all n. However, for large n, where
the function W(V9) has a steep maximum and (3.47) holds, (3.51) becomes

dDO(BY, 7O

QN0 = g —+ PV (3.53)

A comparison with the first equation (1.16) shows that the first term on the
right hand side of (3.53) must be identified with the thermodynamical energy
HO of the gas and, taking account of (2.8), we come to the conclusion that
(H*»0in (8.51, 53) must be the statistical analogue of the thermodyna-
mical enthalpy E° of the gas in the rest system. The (exact) mean value
equations (3.44, 51) are obviously the statistical analogues of the thermo-
dynamical relations (2.29) which, in the rest system S% reduce to the two
equations

LOFNOP) o _ SO0

Vo -
g ap 260

(3.54)

Thus, the stalistical quantity ¥ given by (3.38) or (3.40) has all the pro-
perlies of the thermodynamical potential ¥0. It is closely connected with
the @%-function for the system gas + piston (if we disregard the rest energy
of the piston). From the definitions (8.38, 35) of Y0 and &, , ,, one easily finds

/200 ML 60
P\, = FO—kin LfFo iy (3.55)

Since @° and ¥?° are proportional to n, we may neglect the last term on the
right side of this equation for a ponderable amount of gas. Thus, for large n,

B, 4 (6% p°) = FO(6°, p). (3.55)

In an arbitrary system S, the corresponding potential ¥(07, p) is obtained
from ¥O(0° p®) by replacing 6° and p® by the norm 6 and p, respectively.
These considerations lead to the following physical interpretation of the
four-enthalpy £; in an arbitrary system S. The quantities E;, as defined by
(2.4) or (2.29), are equal fo the components of the inclusive four-momentum
of the system (g + p) minus MV; where M is the proper mass of the pislon.
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