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Synopsis

The paper presents a comprehensive approximation formula for classical scattering of fast
fons by atoms. The formula has heen applied in previous papers.

‘We discuss at first the simplifications and the errors resulting from the use of a Thomas-
Fermi type potential in scattering caleulations. The accuracy of classical mechanics in such
scattering problems is treated briefly.

We study scattering by power law potentials for low angle deflections and derive a wide
angle extrapolation in terms of a one-parameter formula. The formula is applied to Thomas-
Fermi potentials, where the reduced scattering cross section is found numerically as a function
of a single scattering parameter. The stopping cross section is obtained as a function of reduced
cnergy. We derive the magic formula, which leads Lo easy estimates of scattering in any potential,
and compare scattering by several types of screened potentials. Comparison is also made with
more precise computations of scaltering.
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§ 1. Introduction

“he present paper is subtitled ‘“Notes on Atomic Collisions, I”’, and be-
longs to a group of four papers. Although the publication of the paper has
been delayed, some of its results were quoted and utilized in a summarizing
article) and in the already published Notes II'? and 11113, as well as in
other associated papersl4. 15, 16: 17 In point of fact, the essential parts of
the paper were worked out in the years 1958-59 as a necessary basis for
our studies of slowing-down of heavy jons. At that time, little was known
about details of the collisions in question, but during later years experimental
and theoretical results have improved the knowledge in this ficld. Never-
theless, we adhere to the original (reatment. The reason for doing this is
partly that we want to state the precise basis of the formulae used in later
work, and partly that attempts at improvement of the gemeral framework
would hardly be physically justified at present.

The main point in this paper, as in Notes IV (unpublished), is that col-
lisions between ions and atoms may be described approximately in terms
of similarity propertics, where, at first, merely one parameter suffices to
embrace all scattering processes. In Notes II and III, these extremely simple
similarity properties are found to lead to significant simpliﬁcatidns in the
theory of particle radiation effects.

More definitely, the purpose of the paper is to find comprehensive ap-
proximation methods for treating elastic scattering of ions by atoms. The
scattering problem is comparatively simple since we disregard the inelastic
effects, which are studied in Notes IV. In the following, we shall therefore
mainly discuss approximation methods from a formal point of view, with
less emphasis on their physical justification or on their application to studies
of ranges and radiation damage. It may be appropriate, however, to sketch
at first the background for the introduction of the present scattering method.
This is done in § 2, where we consider the various approximations involved
in the use of a simple interaction potential in scattering calculations. The
magnitude of the potential is also discussed, and we consider briefly the
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4 Nr.10

justification for the use of classical mechanics in ion-atom scattering. After
this preamble, we study in § 3 scattering by power law polentials, and [ind
that low angle deflections may be extrapolated to wide angles in terms of
a one-parameter formula, retaining a fair accuracy. This treatment is ap-
plied to Thomas-Fermi type potentials in § 4, where the reduced scaitering
cross seclion is given as a function of a single scattering parameter. In § 5 we
derive the magic formula which leads to easy estimates of scattering in any
potential, and we compare scatlering by several types of screened potentials.
The present scaling formulae are compared with more precise scattering
calculations.

§ 2. General Considerations
Ion-Atom Collisions at Low Velocities

Consider an ion, with charge number Z; and velocily v, colliding with
an atom at rest with charge number Z;. We disregard excitations and cjec-
tion of electrons from ion or atom during the collision. Although such in-
elastic effects are important in many respects, they may in first approxima-
tion be disregarded when we ask for the deflection in the centre of mass
system. The reason for this is, briefly, that electrons can take over little
momentum but often a considerable amount of energy, because of their
low mass. .

We are interesled in just the deflection of the ion and the recoil of the
atom in the idealized eclastic encounter, a so-called nuclear collision. If the
ion comes close to the atom, the force is an unscreened Coulomb force and
scattering. is essentially given by the Rutherford formula. At larger distances
of separation, however, the Coulomb force is screened, and the scattering
is influenced by the field from atomic and ionic electrons.

When . an ion penetrates a medium at a high velocity v, the scattering
of the ion by atoms is not large and is mainly of type of Rutherford scat-
tering. At decreasing velocity, however, the nuclear collisions at first lead
to considerable multiple scattering and finally become important also in the
stopping. The latter dominance occurs when the velocity v is quite low
compared to the orbital velocities of electrons which could be carried by |
the ion, i.e. according to Thomas-Fermi estimates!?,

v < v = Z¥y,,

where vy = e2/fi. In fact, electronic and nuclear stopping are of the same
order of magnitude when!? p ~ 0.1v;.
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This implies that the problems of deviations from Rutherford scattering
arise primarily when we have to do with an ion where the nuclear charge
to a considerable extent is compensated by electrons carried by the ion.
The nuclear charge of the atom is apparently completely screened at large
distances by atomic electrons. However, the outermost electrons do not, for
swift particles, compensate at the stalic atomic screening radius, but at
slightly larger distances, because the screening contains dynamic features.
We therefore envisage the inleraction as a screened Coulomb field, where
the screening may depend moderately on velocity. With reservations for
velocity dependence, the ion-atom field is similar to the static imteraction
between two atoms of charge numbers Z; and Zs.

Classical Scattering by Screened Potentials

Suppose that the force is known, and that the scattering is classical.
The angle of scattering in the centre of mass system might then be a function
of five variables, 6 = 6(Z1, Za,v, My, p), where Mp is the reduced mass and
p the impact parameter. We are normally concerned with a conservative
and central force, implying conservation of angular momentum. The clas-
sical equation of motion is then

(R R?
<—9) + R"l 4
de? My p?

F(R) = 0, (2.1)

where p is the polar angle, My = MiMz/(M1+ M2) the reduced mass, F(R)
the outward force, and R = R(gp) the distance of separation. The initial con-
dition, corresponding to impaect parameter p, is R~! = 0 and d(R-1)/dp =
p~t for ¢ = 0. When inlegrating eq. (2.1), we find that R-1(¢) increases
with ¢ and has a maximuin, whereupon it decreases and becomes zero at
a certain angle, @1. The total deflection 6, in the centre of mass system, is
then 6 = = — ;.

If the force depends on Z;, Z» and distance R, the deflection # will be a
function of four variables, the velocity v and the mass My having combined
to one variable, M2,

0 = 0(Z,, Zy, Myv2, p). (2.2)

The problem confronting us is whether this complicated dependence may be
simplified. In the following chapters we attempt to show that, with good ap-
proximation, the number of independent variables reduces from four to one.
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The first two steps in the reduction are obtained through simplifying ap-
proximations in the interaction potential.

To this end, let us consider similarity properties of interaction potentials;
an approximate estimate of the potential function is given below. The ion-
atom potential must be of type of

7y Zse?
V(R) - Jiﬁiu, (2.3)

where the function z must tend to unity when R - 0, and must vanish
when R - oo, because the Coulomb potential is screened at large distances.
A velocity-independent conservative potential corresponds to

u = u(Z1, 73, R). (2.4)

" Thus, eq. (2.4) would result from a static Hartree calculation of the ground
state energy of two atoms as a function of distance of separation, R. For
the present purposes, however, formula (2.4) would hardly do, because
the two parameters Z; and Zs correspond to an embarassingly large number
of cases, of order of 104

In a Thomas-Fermi treatment the slatic interaction between two atoms

is given by
YA R '
= ul==,=), 2.5
u u(ZZ a) (2.5)

where q is a characteristic screening length (cf. pp. 8-9). Formula (2.5) has
one parameter less than eq. (2.4), and is therefore much simpler. When
eq. (2.5) is introduced in eq. (2.1), the angle of deflection depends on three
variables only,

6 ~ 6(Z1/Zsbla, pja), (2.6)

where b = 2Z1Z3¢2/(Mov?) is the familiar collision diameter. The parameter
afb in eq. (2.6) is used repeatedly in the following. We denote it as &, since
it is a reduced energy,

a a

1
L 2.7
b Zi a2 20 (2.7)

One final simplification of u may be made without introducing undue
errors. Consider a simplified Thomas-Fermi potential

‘- (ﬁ) , @8)
a
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where the dependence of u on the ratio Zi/Z»> in eq. (2.5) is disregarded.
This simplification is actually a fairly good approximation, as discussed
below (pp. 8-10).

Eq. (2.8) implies similarity of all ion-atom potentials. As a consequence,
the angle of deflection obtained from eq. (2.1) becomes a function of two

variables only
6 - e(s,ﬁ) (2.9)
a

Since the differential cross section is do = d(zp?), it may, acecording to
eq. (2.9), be written as

6
do = ma? -F(e, sin 5) de, (2.10)

where we have introduced the variable sinf/2 in place of 6, and where
df2 is the differential solid angle. Numerical computations of cross sections
corresponding to eq. (2.10) have been made by several authors. Thus,
Everuart et al.® calculated scatlering by the exponentially screened po-
tential of Bong, eq. (2.11).

The formula (2.9) shows that classical scattering by screened potentials
(2.8) has comparatively simple similarity properties. Thus, suppese that in
two different cases the reduced energies, ¢, are the same, as well as the
reduced impact parameters, p/a. We are then concerned with corresponding
collisions: not only are the two deflections the same, but so are the orbits
in space and time, when measured in reduced variables.

In applications of scattering formulae like (2.9), we are usually con-
cerned with integral equations'?: 13, the integration being over the differen-
tial cross section do. It is then desirable to have still simpler properties,
i.e. only one reduced variable instead of two in eq. (2.10). In the, following,
we attempl to show that this simplification may be made, retaining an ac-
curacy which is salisfactory for most purposes. In this connection it should
be remembered that already eq. (2.9) contains several consecutive approx-
imations. If, in specified cases, one wants to improve upon standard results
obtained from the simplest possible similarity description, one should not
always turn to eq. (2.9), but may instead consider, e.g., the details of the
Hartree treatment and of the inelastic effects.
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Estimate of Ion-Atom Interaction

We shall now describe briefly the reasons for our use of an ion-atom
interaction containing only one screening length, a. This type of interaction
is basic to the similarity approach in the present paper, cf. the preceding
section and § 4. The actual magnitude of @ and its dependence on the atomic
numbers Z1 and Z», however, is immaterial to the similarity treatment.

In his well-known survey paper”, NieLs Bour discussed qualitatively
many basic aspects of ion-atom collisions, and fov this purpose he introduced
an exponentially screened ion-atom interaction, i.e. eq. (2.3) with

u = exp(—R/ag). (2.11)

This potential has been widely used but, when R > ag, it decreases much
more rapidly than do actual ion-atom interactions. For the purpose of more
detailed estimates of deflections it was therefore necessary to look for a
better potential. Clearly, it is possible to find a more accurate interaction,
but the question is whether one can retain the simplicity of Bohr’s potential,
where there is only one screening parameter and similarity of all ion-atom
interactions.

Before going further, we may again emphasize that the proper ion-atom
interaction is a screened field containing inelastic parts and being dependent
on the relative velocity. In point of fact, velocity dependence and inelastic
terms are always direclly connected and cannot occur independently of
each other. Moreover, we have already mentioned that wc are concerned
mainly with cases of low velocity, where the nuclear charge of the ion is
approximately neutralized by electrons. For these reasons, it would seem
consistent to consider a velocity-independent, elastic interaction, and use as
a guidance the static interaction between two atoms.

When asking for a potential described by one screening length, we dis-
regard the shell structure belonging to a Hartree treatment, which again
emphasizes that the static interaction obtained is to be used only as a guidance.

With these preliminaries, we can readily find the approximate shape of
the potential. A static Thomas-Fermi treatment is easily seen to lead to
potentials of type of (2.5), i.e. u = u(Z1/Z»,R/a), where u is symietric in
Z1,Z2, and where a, at fixed ratio Z1/Z., is proportional to Z7"® (or to
Z3 13y If one of the atomic numbers is small compared to the other, e.g.

* The proof is as follows. Suppose that the Thomas-Fermi equations are solved for atomic
numbers Z,, Z,, and distance of separation R. We ask whether another case, Z| = «Z,, Z, =

aZ,, can be solved by scaling all lengths by a factor 8, e.g. R” = SR. The local potential energy
of an electron is changed by «/3. The local kinetic energy is changed by «2/3 872, being propor-
tional to the density to the power two thirds. Scaling is obtained when the two energies change
by the same factor, i.c. for § = o~ 1/3,
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Z1 =1, Zz» 1, the potential must be approximately the Thomas-Fermi
potential of a single atom, so that in this extreme the screening function u
becomes

u = @o(R/a), (2.12)

where @, is the Fermi function?, and a = 0.8853-a,-Z; %, the number
0.8853 being a familiar Thomas-Fermi convention (ay = h%/me?).

In order to see whether a suitable choice of a can be introduced in eq.
(2.12) so as to fit approximately all cases, one need only estimate the static
Thomas-Fermi interaction in the other extreme, i.e. Z; = Z3. For this
purpose, we made a detailed derivation of the potential on the basis of the
perturbation method described by GomBis?. We need not reproduce the
lengthy calculations here, which also would indicate an unwarranted im-
portance of these static calculations®. We further compared with numerical
Thomas-Fermi-Dirac calculations by Surrpon?) for Z; = Zs = 7, which
did not deviate from the perturbation calculation by more than ~ 10 ¢/,

When trying to see whether these numerical results for Zi = Z; may
be approximated by eq. (2.12) with a suitable choice of a = a(Z1, Zs), we
considered Bohr’s screening length as a starting-point. On the basis of
qualitative considerations, Bour suggested that the reciprocal square of the
total screening length was the sum of the reciprocal squares of the screening
lengths ofthe two atorus. It turns out that this choice reproduces fairly accurately
the above-mentioned numerical results, i.e., eq. (2.12) may be applied for any
pair Zi,7Z», with _

a = 0.8853q,- (233 + Z23y 12, (2.13)

which quantity differs from Bohr’s choice only by a constant factor close
to unity, a = 0.8853 ap. The formula (2.13) in (2.12) begins to deviate from
the numerical estimates (cf. footnote) when R/a becomes large (2 5), but
this is the least important and most dubious part of the potential. The error
might be remedied by not using exactly the Fermi function ¢ at large dis-
tances.

In the following we represent the ion-atom interaction by eq. (2.12)
together with eq. (2.13). We shall use various simple approximations to u,
besides the Fermi function g. .

It is important to note that, for practical purposes, several other choices
of @ do not differ from eq. (2.13). Thus, suppose that we choose a screening
* The perturbation treatment, with Z; = Z,, leads in first approximation to the in Leresting

formula u = @J(R/[2-0.8853: a1, Z5%/3]), i.e. Lhe square of the Fermi funclion belonging to a
single atom, but taken at half the distance of separation.
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length a’ proportional to (ZY%+ Z}/?)"23, instead of « in eq. (2.13). When
Z1/Z> changes, the ratio a’/a also changes, but this variation of a’/a is by
less than + 49/, and usually considerably less. We therefore found no reason
to deviate from Bohr’s choice of dependence on atomic numbers.

We later learned about the ingenious Thomas-Fermi estimates by Fir-
sov®, who derived both upper and lower limits for the potential. The
reader is referred to Firsov’s papers for a more detailed understanding of
the static Thomas-Fermi estimates. With the qualifications mentioned above,
Firsov’s results are in accord with the present estimates.

In order to emphasize the uncertainties of potentials, we may quote one
example. In Fig. 4 is shown the deflection by the Lenz-Jensen potential relative to
that by the Thomas-Fermi potential, 8z;/07F, as a function of impact parameter
p. When p exceeds 2a, the ratio 657/07r begins to drop, and is ~ 0.75 for p = 4a.
The Lenz-Jensen potential belongs to an isolated atom, or to Z; « Zz, where it
is often a  better approximation to actual potentials than is the Thomas-Fermi
potential, for large values of R/a”. This indicates the magnitude of one type of
uncertainty.

Validity of Classical Estimates

The problem arises whether it is permissible to use classical mechanics
in the present scattering phenomena. Usually, when posing a problem of
this kind, we would have to specify completely the scattering measurement
in question, in order that a well-defined answer may be given. In the present
case, however, the phenomena are often classical to such a wide extent
that practically all relevant calculations may be performed on the basis
of classical mechanics.

To be more specific, let us consider the question whether a given total
deflection, |0| < 1, may be associated with a certain impact parameter p and
a classical path during the collision. For elastic collisions, this problem was
discussed in a general way on the basis of wave packets in ref. 19, appendix
B, in analogy to the discussion by Bour?. It was shown that if we at-
tempt to obtain a given impact parameter p and corresponding classical
deflection’ 6(p), the minimum uncertainties in these quantities become

(6p)? - and  (80)2 = 4-16'(p)l. (2.14)

i
216'(p)|

If we demand that the relative uncertainty in deflection be small, (86)2 < 62,
we find the following condilion for a classical path
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d 1
g | <1, (2.15)
dp 9(p)

where 7 = fi/Mo is the wave length of the relative motion.
For a Coulomb potential, the deflection is = b/p; when introduced in
eq. (2.15), this leads to Bohr’s condition

221 Zse?

x > 1,
Ho

(2.16)

and if e.g. v « Z¥3%/h (cf. p. 4), the condition (2.16) is amply fulfilled.
For the Coulomb potential, the minimum uncertainty in impact parameter
is dp/p ~ (2x%)712, according to eq. (2.14).

In order to illustrate the general behaviour for screened Coulomb poten-
tials, let us consider the analytically simple standard potential (4.13), where
the deflection is 0 = (b/p) (1 + p?/C2a®)~1, €2 ~ 3, i.e. according to eq. (2.15),

3p2
% > 1-I-¥p s (2.17)

which inequality indicates that at sufficiently large p, or small 8, the clas-
sical approximation becomes doubtful. In the usual case of large s, the
inequality (2.17) is violated only at very low values of 0.

As a general result, we have found that at sufficiently high velocities, or
sufficiently low angles of deflection, a quantal treatment is necessary. For
several reasons, however, classical estimates may remain more reliable
than indicated above. First, we often need not ask for classical trajectories,
butwant instead to estimate integrals of type of [(sin6/2)2*ds, n = 1, 2. These
integrals are usually approximated well by a classical calculation when
x > 1. Second, even at high velocities where » < 1, classical integrals of
the above type are not completely in error, because the major part of the
scattering is of Rutherford type, which formula obtains both in classical
and quantal calculations. Third, we arc always concerned with repulsive
fields, where simple estimates are more reliable than for attractive fields.

These cursory remarks may indicate both that classical eslimates are
valid to a wide extent and also how, in a specified case, the error of a clas-
sical calculation can be estimated. It should be noted that we have here
discussed elastic collisions only.
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§ 3. Power Law Potentials and Wide Angle Extrapolation
Perturbation Calculation

We ask for a classical scattering formula with the least possible number
of independent variables, with the hope to retain a reasonable accuracy.
It is then tempting to consider first the familiar perturbation treatment, cor-
responding to forward scattering and to an approximately rectilinear path
with constant velocity. Let the path be parallel to the z-axis, and let the
impact parameter be p. If K (p,z) denotes the force perpendicular to the
path, the defleciion in the centre of mass system becomes the transverse
momentum transfer divided by the total momentum, i.e®,

1
]VIOUZ ap

—

f K (p.2)dz = V(R + 2P 2ds (3.0)

M v

if 6 « 1. The angle 0 is therefore oblained from the potential V by one
integration and omne differentiation. Consider a screened Coulomb potential
(2.3) of type of eq. (2.8), where the potential is a function containing only
one parameter, Rjfa. We then find from formula (3.1)

0 —ég<1—)> , (3.2)
pla

where b = 2ZlZzeZ/Mov2 is the collision diameter, and

T2

¢ S
90 = J cos pdp {u<cos tp) ~ cos g ! <cos zp)} (3-3)

1}

The formulae (3.1) and (3.2) may also be obtained from eq. (2.1), if the
last term on the left in eq. (2.1) is considered as a perturbation. Note that
in the case of an unscreened Coulomb potential, one has u(R/a) = 1 and
therefore g =

As to the number of variables necessary in a perturbation treatment,
we find from eq. (3.2), since a/b = ¢

e-0=—a'g<£> , (3.4)

* The rc¢ader may notice that the integrated potential on the right-hand side of eq. (3.1)

is of importance also in small angle quantal scaltering®, and in directional effects for crystal
o0

Jattices®), where il is proportional to the continuum potential, U(r) = 47 f V{(r® - 22)Y2)dz,

— 00
the constant d being the distance between atoms along the particle path.
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The number of independent variables is therefore reduced by one in the
perturbation treatment, i.e. from two in eq. (2.9) to one—p/a—in eq. (3.4),
because the dependent scattering variable has become e0. This similarity
in dependence of scattering on energy for 6 « 1 we now wish to extend to
scattering by finite angles 8.

It the scattering potential depends also on Z1/Zg, i.e. it eq. (2.5) holds, we find
that ¢ = g(Z1/Zs, p/a), so that -0 in eq. (3.4) depends on two variables, which
again is one variable less than in the exact solution (2.6) belonging to the potential
(2.5).

Power Law Potentials

In order to sce whether scattering by finite angles may also permit a
reduction in the number of variables, we study at first in some detail the
case of power law potentials, V(R) e« R-5, or

R\ k, [a\™* | i}
11(a> = —S* <R> ) (3’0)

where k, is a constant. One of the advantages of power law potentials is
that, for several integer values of s, there are simple exact scattering formulae,
so that it becomes easy to estimate the accuracy of approximate solutions.

In limited intervals of R, screened Coulomb potentials like eq. (2.3)
may be represented by power law potentials, i.e. s = —0dlogV/dlogR. For
low values of R, the power s must approach the value 1 belonging to an
unscreened Coulomb potential. In a considerable region of R-values, s is
of order of 2 or 3.

From eqs. (3.5), (3.2) and (3.3) we [ind for the deflection

1 .
b - ys'b‘asglks;s , if 0«1, (3.6)
where
72 F/l)F(s T 1)
2 2
ys:fcoss¢d¢_¥_—_ =%B(i’s_|2-1), (37)
p 2I %+1> B

B(x,y) being the beta function®. From the explicit formula for y, in terms
of gamma funclions, one derives the useful relation y -y, ; = 7z/(2s). It
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follows then that sy, = (s—1)'y,_,. Table1 gives values of y, in a number
of representative cases; we are only interested in cases where s > 1. In § 5
we attempt to approximate yp; by simple functions.

1
TasLe 1. Values of y, = -12-3(%%)

311.5!2|2.5 3{4[5100

Vs 1 0.874 ‘ /4 ‘ 0.719 2/3 ( 37/16 | 815 [ Vo i2s

Wide Angle Extrapolation

At small angles of deflection, it is not important to select carefully the
variables which are to characterize the scattering. In the above, we chose
as variables the angle ¢ and the impact parameter p. In the case of finite
angles of deflection, we may note, first, that the differential cross section
do = d(mp?) is preferable to the variable p. Second, we usually want to
integrate functions of T times the probability of scattering, where T is the
energy transfer in the laboratory system?, T = T -sin20/2, Ty being the
maximum energy transfer in elastic collisions. In terms of T, the differential
cross section (2.10) becomes, according to eq. (3.6),

2 s dT
do = —n{bz ags_zkiyETm} %m (3.8)
and we expect this formula to be more appropriate than eq. (3.6), at wide
angles of deflection. It so happens that for Coulomb potentials the formula
(3.8) is exactly the Rutherford law (cf. below), and it is therefore worth
while to consider the consequences of (3.8) in some dectail.

Even though eq. (3.8) is derived from the perturbation formula (3.6),
there is considerable difference between the two, at finite angles 6. Firstly,
in eq. (3.8) 0 is replaced by 2sin6/2, as described above. Secondly, eq.
(3.8) is obtained from formula (3.6) by differentiation of p?, so that p? in
eq. (3.6) might contain an arbitrary additive constant, p* - p?+ p§, and still
lead to eq. (3.8). Therefore, eq. (3.8) is equivalent to

6
2sing = y;b caf Tk - (pP+ pR) T, (3.9)

where p[z), so far, is an arbitrary constant. The obvious demand that 7' < Ty,
in eq. (3.8), or that sinf/2 < 1 in eq. (3.9), leads to fixation of po. For
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repulsive potentials we have sin6/2 = 1 for p = 0, so that, according to eq.
(3.9), p2 = (y5-b-a*"k,/2)?*% The introduction of py implies, qualitatively,
that for a given impact parameter p we have introduced an effective closest
distance of approach, ~ (p?+ p2)%. We describe eq. (3.9), or eq. (3.8) with
0 < T < Ty, as the wide angle extrapolation.

Accuracy of Wide Angle Extrapolation

It remains to study the accuracy of eq. (3.9). Let us consider s = 1,
i.e. an unscreened Coulomb potential. In this case, u = 1 in eq. (3.5) and
therefore k1 = 1. Since also y1 = 1, we find that po = b/2 Thus, eqgs. (3.8)
and (3.9) arc scen to contain the exacl Rutherford formula,

Let us next compare eq. (3.8) with exacl scattering in another potential
of considerable interest, i.e. a repulsive R—2-potential. A straightforward
comparison shows that in this case the differential cross section (3.8) agrees
well with the exacl classical scattering (cf. Bonr, ref. 2, eq. (1.5.5)), the
error increasing from 0 at T = 0, to —3°%, at T = Ty, corresponding to
backward scattering.

More generally, it furns out that—independently of the value of s—the
relative error in eq. (3.8) is largest at T = T4, and decreases towards zero
when T tends to zero. Let us therefore consider the error belonging to back-
ward scattering as a function of s. When s increases from 1, the relative
ervor in eq. (3.8) for backward scattering rises slowly from 0 to ~ 159/,
at s = 3/2, whereupon it decreases to 0 at s ~ 2, and becomes — 209/, at
‘s = 5/2. For higher s-values it becomes increasingly negative. As a result,
we find that in the region 1 < s < 5/2 the formula (3.8) is sufficiently ac-
curate for our purposes, even for large energy transfers 7. For values of s
higher than ~ 5/2, the accuracy is not good in the limit of extreme back-
ward scattering.

The power law potentials give only a first guidance, since we wish lo
study screened Coulomb potentials, where the effective power s increases
slowly from 1 at small values of R/a, to s ~ 2 when R/a ~ 1 and, finally,
to s ~ 3—4 at large distances where R/a » 1. At low energies, the collisions
become less penetrating, and the scatlering by screened Coulomb potentials
is determined by regions with high values of s. Since the present method
underestimates the backward scattering in such regions, it might seem as

* 'We have thus found that § is a function of only one variable & = b-a$ lk¢/p?. This is
also correct in an exact description of scattering by R—$-potentials. The exact formulae for the

dependence of § on &, deviate from the comprehensive formula (3.9), but deviations are quite
small at low s-values, as shown in the text.
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if scattering integrals are seriously underestimated at low energies. For
several reasons, however, we expect that such errors are much reduced.
First, at any given energy the backward scattering concerns the closest col-
lisions, i.e. the lowesl effective power s. Second, a reduced accuracy merely
in the region 0 ~ x does not impair most estimates of scattering integrals.
In this connection, it is also important that backward scattering events can
remain rare even during the whole process of slowing-down, and thus need
not conlribute much to the dominating part of the probability distribution
of, c.g., énergy loss. Third, it should be remembered that inelastic effects can
be important just in the case of backward scaltering, so that here we may not
need the highest possible accuracy in the approximation of elastic collisions.
It seems therefore worth while to accept the procedure of extrapolation
to wide angles used in egs. (3.8) and (3.9), and apply il to actual potentials
with the hope that, by and large, errors are less than, say, 109/,.

§ 4. Scattering Formula for Screened Coulomb Potentials

Before treating actual examples of screened potentials, we introduce a
terminology suitable for the similarity treatment belonging to the wide angle
extrapolation. If we apply the wide angle exirapolation to eq. (3.4), its left-
hand side becomes e¢-2sinf0/2, so that in the differential cross section,
(2.10), the function & 2F depends only on this variable. We therefore intro-
duce a parameter ! given by

t = &2-8in%/2, & = a/b. (4.1)

The parameter { is proportional to the energy transfer 7' times the particle
energy E, { = T-E-(My/M))-(2Z17:e%]a)~2.

We miay now rewrite the differential cross scetion (2.10) in the following

form :

dt
' 41/2 92
5 [ (4.2)

do = — ma?

whereby we have defined a scaling function f(#1/2). We have introduced
the factor ¢3/2 in the denominator for practical purposes: the case of power
law scattering with s = 2 then corresponds to f = const . In the inner parts
of the atom where s < 2, the funclion f therefore decreases for increasing
t; in the outer parts of the atom, where s > 2, fincreases with increasing {.
Now, ¢t in itself is a measure of the depth of penetration into the atom,
large values of ¢ corresponding to small distances of approach. We therefore
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Fig. 1. Reduced differential cross section, calculated from Thomas-Fermi potential and eqs.
(4.3) and (4.4). Ordinale is f{{/?) = 2B8/%dg/dl)-(ma?)~!; abscissa is /2 = gsin@/2. For large
values of (/2 curve approaches Rutherford scatlering, indicaled by dashed curve. Horizontal
line represenls [ for R~2-potential. ’

expect that [ increases for small values of ¢ until it reaches a maximuin, and
decreases for large values of f.

In order to treat scattering by a screened Coulomb potential, we must
specify the wide angle extrapolation of the general perturbation formula
(3.4). By means of the procedure leading to eq. (3.9), we find directly

1 a 1
12 _ o - f
12 = ¢-sin /2 = 3 T pg)ﬂﬁ g(a (p* + pa)*?), (4.3)

where py = po(e,a) has become a redundant parameter, which need not
be determined. If we know the screening function uz, we can compute g
from eq. (3.3) by one differentiation and one integration. Next, we solve eq.
(4.8) with respect to p® -+ p2, i.e. p*+pi(e,a) = a®-G(¢¥?). Having obtained
G(11/2), we derive f(#1/2) in (4.2) by differentiation

2y = — - G'(f12). (4.4)

This calculation of the universal scattering function f is normally done
numerically.

Mat. Fys. Medd. Dan.Vid. Selsk. 36, no. 10.
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TABLE 2a.
Thomas-Fermi  scattering TABLE 2b.
function f(¢{1/2), cf. text and Thomas-Fermi s(¢) and w(e), ¢f. text and
Fig. 1. TFigs. 2 and 3.

nl [M2) R s(e) | e
0.002 0.162 0.002 0.120 0.000097
0.004 ‘ 0.209 0.004 0.154 0.00025
0.01 0.280 0.01 0.211 0.00085
0.02 0.334 0.02 0.261 0.00206
0.04 0.383 0.04. 0.311 0.00479
0.10 0.431 0.10 0.372 0.0138
0.15 0.435 0.15 0.393 0.0214
0.20 0.428 0.20 0.403 . 0.0287
0.40 0.385 0.40 0.405 0.0542
1 0.275 1 0.356 0.105
2 0.184 2 0.291 0.152
4 0.107 4 0.214 0.189

10 0.050 10 0.128 0.228

20 0.025 20 0.0813 0.245

40 0.0125 40 0.0493 0.249

In our basic numerical computation of f, we have chosen the Thomas-
Fermi potential (u(§) = @o(€)). It turns out that for very low values of ¢
the function f(#1/2) behaves asymptotically as ~ 1.43-({1/2)085, The results
are shown in Table 2a and Fig. 1, the latter representing f(#/2) as a function
of /2, In the figure is also shown the asymptotic Rutherford scattering,
f = 1/(21%/%), as well as a horizontal line corresponding to power law scat-
tering with s = 2, and k2 = 2/(0.8853¢), i.e. the value of k2 chosen by
Bour?2.

It is apparent that the treatment is inaccurate at low values of ¢, e.g.
g < 1072..In particular, at such low values of ¢ the case of low atomic num-
bers Z; and Z3 corresponds to particularly low energies, where deviations
from Thomas-Fermi estimates may be considerable.

Stopping Cross Sections and Fluctuations!?

Having obtained the scatlering cross section in terms of f({1/2), we may
next calculate the stopping cross section § for nuclear collisions given by

6
S - JTda - Tm'fsinzgda, (4.5)
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Fig. 2. Reduced nuclear stopping cross section s, (4.7), as function of ¢. Curve ohtained by in-
tegration (4.8) of Thomas-Fermi curve in Fig. 1. Horizontal line represents s for RT*-potential.

where T is the energy transfer to an atom at rest, and Ty, = E-4AM{Ms-
(M1 -+ Mz)~? is the maximum value of T. The stopping cross section S may
be associated with the specific energy loss, S(E) = (dE/dR) N1, where
N is the number of atoms per unit volume and dR the differential path
length, R being the range measured along the path. It is seen that if we
define a reduced range, ¢, by
RNMy - ez~
0 = 2 -~ 45a m, | (46)

we may introduce a reduced stopping cross section s(e) by means of the
equation

— d .
s(e) = 4

3

=1
hj\.m
o |

(4.7)

We consider only nuclear stopping in (4.7), and find from (4.2) ‘and (4.5)

16
(e = | oy, (4.8)
0

2*
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Fig. 3. Reduced square fluctuation in energy loss w(e), obtained from eq. (4.9) and Thomas-
Fermi f({*/2).

In Fig. 2 and Table 2b is shown the reduced stopping cross section
(4.8) as a function of &, computed from the Thomas-Fefmi estimate of f
given in Fig. 1 and Table 2a; for ¢ X 10 one finds approximately
s = (2¢)" ' log (1.294¢). The corresponding square fluctuation in reduced
energy loss,

&

1 €
w(e) = 3 f SROHE, (4.9)

is shown in Fig. 3 and Table 2b.

It may be noted that a stopping cross section depending on the variable
¢ obtains not only from the one-parameter cross section (4.2), but also from
the two-parameter cross section (2.10). If so desired, we would in fact—
by differentiation of £-s(s) in eq. (4.8)—be able to find a function f(#/2)
in eq. (4.2) which gives exaclly the same stopping cross section as a two-
parameter scattering formula, (2.10).

It should be appreciated that in many cases one is not concerned with the
total nuclear stopping cross section (4.8). Since the probability of the closest
collisions is low, these collisions may correspond to a tail in the energy loss
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distribution. If one then observes the most probable energy loss, this quantity
may be obtained from the integration in eq. (4.8) with an upper limit
smaller than &. The simplicity of the present description in such cases was
utilized by Fastrup et al.%.

Power Law Scattering

In the case of power law potentials, eq. (3.5), the formula (3.8) leads to

11

(e = 2,- ¢ %, o (4.10)
where the constant A, = (2/s)(k,y,/2)”* depends on y, given by eq. (3.7).
In particular, 4, = ]c%/Q, so that f = 7 1/2/2 for Rutherford scattering, and
for s = 2 we [ind f = 4,, where A, = k,n/8. It lurns out that 0.3 < 1, < 1.5,
and 1 < s < 3, in the important regions of screened Coulomb interactions®.
Whereas the power law scattering (3.8) was derived as an approximate
description of scattering by power law potentials, we may turn the tables
and consider the power law scattering as a basic approximation without
bothering about the question of an associated potential. Power law scat-
tering has proved useful in analytic lreatments of integral equations12. 13, 22),
The only restriction we put on the power law scattering is that s > 1, so that
it is never more strongly peaked in the forward direction than corresponding
to Rutherford scattering. Thus, according to eq. (4.10) or (3.8), the differen-
tial cross section do/dT is proportional to T to a power between 71 and T2,
The present scattering by screened Coulomb fields must therefore always
remain quite different from isotropic scattering, where do/dT is constant.
For power law scattering the reduced stopping cross section (4.8) be-
comes

2 2 ‘
s(6) =T g s (4.11)

2(1-%)

Again, the case of power law scattering for s = 2 is particularly simple,
since sa(e) = Az = const.

Comparison of Deflections by Various Potentials

A comparison between deflections by various screened potentials is
shown in Iig. 4. The deflections are measured relative to the corresponding
* I'or small ¢, the asymptotic behaviour of the Thomas-Fermi scattering function in Table

2a corresponds tos = 3.1 and A ~ 1.43, whereas Lhe standard potential, (4.13), leads to s — 3,
A — 0.87.
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Fig. 4. Comparison between deflections by various screened potentials. At a given energy e,

ordinate §/0;p represents deflection measured relative to deflection for Thomas-Fermi potential.

Abscissa is reduced impact parameter p/a. The curves shown are Lenz-Jensen potential: ¢, Bohr
potential: x, standard potential, C* = 3: +, and C? = 1.8: @.

deflection in a Thomas-IFFermi potential at the same energy E, so that the
ordinate is the ratio 8/8rr. The abscissa is the reduced impact parameter,
pla. The comparison in Fig. 4 therefore belongs to the perturbation case,
where deflections are small. The curves were calculated from the magic
formula, cf. § 5. It may be added that the curves in Fig. 4 are actually
applicable at all angles of deflection, if the ordinate is interpreted as (¢/tpr)1/2
and the abscissa as (p*+ p2)*%/a.

The curve with open circles represents the Lenz-Jensen potential. It
follows the Thomas-Fermi potential rather well until pja ~ 2, and then
drops considerably below it. Although the Lenz-Jensen potential belongs
to single atoms, the curve indicates that the Thomas-Fermi potential may
overestimate scattering at large impact parameters. The curve for the Bohr
potential (X) is slightly too high when p/a < 1, but is much too low when
pla > 2. ‘

The figure also indicates the relative deflection by the ‘standard potential’.
For several purposes it has been useful to approximate the screened ion-
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atom interaction by a simple function, which we have called standard po-
tential'® 19,

R

u(R/a) = 1 —‘m

(4.13)

The standard potential contains one adjustable parameter, C. A fairly good
over-all fit is obtained for the usual choice, C? = 3. The standard potential

is much simpler analytically than the Bohr potential and also a better ap-
proximation to the Thomas-Fermi potential.

In Fig. 4, the curve for the standard potential with C? = 3 (+) is too
high when pja ~ 1, but at high values of p/a it has the merit of being be-
tween Thomas-Fermi and Lenz-Jensen. For comparison is also shown a
curve for the standard potential with €2 = 1.8 (full circles). It follows the
Bohr potential rather closely when p/a < 2, but for higher values of p/a
it is less in error than is the Bohr potential.

Wide Angle Extrapolation for Attractive Potentials

In the perturbation case, eq. (3.1), the magnitude |0| of the deflection is inde-
pendent of the sign of the potential. This holds no longer at finite angles—except
for unscreened Coulomb potentials—and the wide angle approximation (3.9) and
(4.3) is applicable only for repulsive potentials. It may be worth while to indicate
that a similar wide angle approximation may be introduced for attractive potentials,
but it does not possess the accuracy belonging to repulsive potentials. Consider the
extrapolation of eq. (3.6) for attractive potentials, and demand again that Ruther-
ford scattering is obtained exactly. We are then led to the substitution 8 — 2ig0/2,
i.e. instead of eq. (3.9) we get 2ig9/2 = ps-b-aslks-p~s. For general screened
potentials we therefore introduce, instead of ¢ in eq. (4.1), the parameter (¥ =&2-
{g20/2, with ¢ = a/b. The differential cross section is determined by eq. (4.2), where
t is replaced by #*, the function [ being given e.g. in Fig. 1. This simple: approxima-

tion may sometimes be useful (for large &), but as a general rule it is not particularly
accurate.

Approximations by Other Authors

During later years, several authors have discussed approximation methods in
elastic scattering by screened repulsive Coulomb fields (cf. e.g. refs. 1, 6, 8, 9, 10, 23).
Hemveica® has suggested an interesting interpolation between forward and back-
ward scattering which has some resemblance to our treatment. His results may be
more accurate than ours, but do not contain the similarity property which is the
main simplification in the present work. Both Luisrriep et al.? and Smrrs et al.?3)
have studied a series expansion valid at small angles only and an expansion valid
only for 6 in the neighbourhood of n. Biersack® has made scattering calculations
where he comments on some of the present results.



24 ‘ Nr. 10

§ 5. Magic Formula for Scattering

The above method of calculating f(11/%) for screened potentials by means
of the perturbation formula (3.1) was used in our original computations of
stopping powers and cross sections. We have therefore reproduced that cal-
culation in & 4. Shortly after having applied the formulae, we did, however,
derive a much simpler method. We called it the magic formula, because its
structure and accuracy was rather surprising. In the present chapter we
introduce the magic formula and use it for a number of comparative studies.
We shall find that it gives quite closely the same results as found in § 3
and § 4.

Power Potentials

As a starting-point, we consider again the perturbation formula for scat-
tering by power law potentizals, i.e. eq. (3.6). We note that, since the deflec-
tion is 0 = ybk,p *a®1, it is proportional to the potential V(R) itsell (cf.
eqs. (2.3) and (8.5)), taken at the distance R = p, and multiplied by s-y,.
Now, a multiplication by s is equivalent to a logarithmic differentiation,
- Rd/dR, of the power law potential. Therefore, if y, may be approximated
by a simple function of s, we should be able to obtain the right-hand side
of eq. (3.6) by differentiation of the potential al the point R = p, or by
integration. When looking for a simple approximation to y,, we can hardly
avoid introducing a square root, hecause of the asymptotic behaviour given
in Table 1, i.e. y, - (a/2s)1/2 for s - co. We must also demand that the ap-
proximation is accurate for s = 1, where y, = 1. Lel us compare two fairly
accurate approximations of this type, denoted as y; and y;,

, 17 /3s-1 .
Y, = ;]// 5 (5.1)
and
VA 5.2)
Vs l/ 25+ 1" (

Both of the functions represent rather well the asymptotic behaviour of p,
for s - co. When s = 1, we find yi = 1, which is the correct value, whereas
¥i = 1.023,i.e. slightly too large. It is of course an advantage that Rutherford
scattering (s — 1) is obtained exactly. The behaviour of the ratios y,/y, and
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Fig. 5. Check of error in magic formula applied to Thomas-Fermi potential. Curve with open
circles reproduces f(f+/2) as a function of {2/2 from Fig. 1. Curve with full circles is calculated from

magic formula, eqs. (5.4) and (5.5).

vy, jv, is stated in Table 3. It is apparent that ¥, gives a superior fit—within
19/,—in the imporlant interval 1 < s < 4, and y, coincides with y, not

merely for s = 1, but also for s = 3.
TABLE 3.
Accuracy of y;, (5.1), and y's', (6.2).
s |t ] s |2 2.5 3 ] 4 | 5 6 e
Vsivs ‘ 1.000 1.009 ‘ 1.007 1.002 1.000 0.995 0.992 0.990 0.977
Yelys | 1.023 | 1.016 | 1.009 | 1.007 | 1.004 | 1.003 | 1.002 | 1.002 | 1

The decisive feature, however, is the way in which s enters in the two
functions. The significant quantity is s-y,, as shown above, and y, has the
property that (sy;)? = (3s—1)/2, which corresponds simply to one differen-
ns?/(2s+1), on the contrary, is of a type
requiring one integration and two differentiations, and is therefore quite

tiation. The quantity (sy;)?
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Fig. 6. Comparison of reduced differential cross sections for three screened Coulomb potentials.

Ordinate is: f(f4/%) = 20%/*(dg/df)(ma®)~*, abscissa is reduced deflection (/2 = &sin02. Full-

drawn curve corresponds to Thomas Fermi potential, curve with open circles to Lenz-Jensen
potential, and curve with full circles to Bohr potenlial, (2.11).

complicated. Although we might have made the numerical values of 3. as
accurate as those of y, by introducing a constant factor, this would not
improve upon the innate complication belonging to /.

Magic Formula in Perturbation Limit

On the basis of y; in eq. (5.1), we are then led to a tentative perturbation
formula for scattering, as deduced from power law polentials,

@ - _ 43_]31/3 i{vz(p)pz/a\.‘ (5,3)
4 4(Mov?)2"  dp /

We have seen that, in so far as y, may be considered equal to y,, the formula
(5.3) is equivalent to the perturbation formula (3.6) for power potentials.
In particular, for s = 1 and s = 3 the two formulae coincide; the error in
0 is less than 1°/y when s < 6, and less than ~ 29/, when s is large.
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Fig. 7. Comparison of reduced stopping cross section, s(¢), for three screened Coulomb potentials,
calculated from curves in Fig. 6. Full-drawn curve corresponds to Thomas-Fermi potential, open
circles to Lenz-Jensen potential, and full circles to Bohr potential:

We shall show presently that—in the general case of screened Coulomb
potentials—the formula (5.3) rather faithfully reproduces the original per-
turbation formula (3.1). The advantage of eq. (5.3) is that only one differen-
tiation is necessary, whereas eq. (3.1) demands one differentiation and one
integration. The magic formula (5.3) is therefore primarily an alternative
way of calculating scaltering by small angles, the advantage being great
simplicity in both analytical and numerical treatments.

Magic Formula Applied to Wide Angles

We can immediately generalize the perturbation formula (5.3) by in-
troducing the wide angle extrapolation (3.9). We replace 62/4 in eq. (5.3)
by sin®6/2, and the impact parameter p by (p®+p2)"?, where p, = py(E).
We confine the treatment to the basic case of a screened Coulomb potential
given by eq. (2.8), i.e. V(R) = Z1Zze?u(R/a)/R. By changing ‘to reduced
variables, we then arrive at a formulation of eq. (5.3) which includes wide
angles, ‘
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Fig. 8. Comparison between exact calculations (EvVERHART el al.®)) and present formulae for
Bohr potential, in a f(//2) vs. {/2-plot. Full-drawn curve is calculated from magic formula. The
six separate curves are Everharl’s calculations, for ¢ = 0.089 (O), ¢ = 0.177 (@), ¢ = 0.443

(x), ¢ = 089 (A), ¢ = L.77 (+), and ¢ = 443 (v).

o 3 d
t = e2sin?— = — — 813 Ly2(£)E-43), 5.4
> T Tt O -4)
which conmnects t with the variable & = (p?/a®+ pi/a®)'?, by means of a
differentiation. According to the definition of f(11/2), eq. (4.2), we find this
function from eq. (5.4) by one further differentiation,

1/2 2t3/_2
ey = — . 5.5
f(72) dtd(E) (5.5)
The formulae (5.4) and (5.5) represent the magic formula in the case of
wide angle extrapolation for repulsive potentials.

Fig. 5 gives a comparison hetween the direct calculation of f(11/?) for the
Thomas-Fermi potential, as given in Fig. 1, and a calculaltion by means of
the magic formula. The deviations in the cross section are seen to be less
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TFig. 9. Reduced stopping cross section s(¢) for Bohr potential. Comparison between exact cal-
culations (dashed curve), and magic formula (full-drawn curve).

than ~ 39, which is a completely satisfactory agreement in the present
connection.

Because of the simplicity of the magic formula and its equivalence to the
direct calculations, we use it for a number of comparisons. Thus, in Fig. 6
we compare f(t1/2)-curves for the Thomas-Fermi, the Lenz-Jensen, and the
Bohr potentials. The Bohr potential leads to too low cross sections at low ¢
(i.e. low ¢ or low 6), and to slightly too high cross sections at ¢ ~ 1.

Fig. 7 gives a comparison of the reduced stopping cross section, (4.8),
in the three cases represented in Fig. 6. The curves exhibit a similar behav-
iour as in Fig. 6, with too low stopping cross sections for the Bohr potential
at low e.

Numerical calculations of scattering by simple screened potentials, like
the Bohr potential and the Thomas-Fermi potential, have been ‘performed
by Everuart et al.®, Rosinson 20, and others. The calculations lead to the
differential cross section (2.10), depending on two parameters, & and sinf/2.
In Fig. 8 we compare Everhart’s ecalculations of scattering in the Bohr
potential with our one-parameter curve. Everharl’s curves are shown for
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six values of ¢; each curve ends at {1/2 = ¢, corresponding to backward
scattering for the e-value in question. As expected, the deviations from our
curve is—in general—largest at backward scallering.

In Fig: 9 is shown the stopping cross section for the Bohr potential, as
calculated in the present treatment and from Everhart's cross sections. We
may emphasize again that, if it were desirable, one could, e.g., modify
the present f(#1/2) so as lo give the stopping curve of Everhart’s calculations
(cf. p. 20).

In conclusion, we wish to express our gratitude to many colleagues and
friends for their kind interest in the present work. We are particularly
grateful to Susann Torpi for patient assistance in the preparation of the
paper.
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