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Synopsis

It is shown that the expression for the complex of energy-momentum derived
in an earlier paper from physical arguments also follows directly from the ma-
thematical invariance properties of the theory. The usual method of infinitesimal
coordinate transformations is generalized to the case of a variational principle
where the integrant of the integral to be varied depends on the derivatives of
the field variables of arbitrarily high order. The method is then applied sepa-
rately to the gravitational field and the matter field. The transformation pro-
perties of the complex under arbitrary space-time transformations are derived,
and a closer specification of the notion of ‘“local systems of inertia” is given.
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1. Introduction and Summary

In a generally covariant theory like EINSTEIN’s theory of gravitation,
where the field equations are derivable from a variational principle, it
is possible to define a large number of quantities which are “conserved’”” ®.
Therefore, extra criteria are needed in order to select out of this multitude
of conserved quantities those which have a physical meaning. In particular,
it becomes a problem to find the correct expressions for the pseudo-tensor
of energy and momentum. For a Langrangean system where the field equa-
tions are derivable from a Langrangean density £, which is a function of
the field variables and their first order derivatives only and which transforms
like a scalar density under arbitrary space-time transformations, the well-
known ““method of infinitesimal transformations’ leads to a natural choice
of the energy-momentum complex.*

In the case of gravitational fields, the field equations may now be writ-
ten in the Langrangean form with a Langrangean demnsity & = £ (¢%, g¢i%)
which is a scalar density only under arbifrary linear transformations. There-
fore, in applying the method of infinitesimal transformations, one is re-
stricted to linear transformations, and the “‘canonical”” energy-momentum
complex @F obtained in this ‘way does not possess all the transformation
properties required for a physical interpretation of its components. The
canonical complex @ following from the invariance of & under arbitrary
infinitesimal linear transformations is of the form

OFf =/ =g (TF+85) = 5 ;. (D

Here, T is the matter tensor which appears on the right-hand side of the
gravitational field equations

1
GikERik_igikRz_xTik' (2)

* We adopt the terminology of LorEnTz who used the denotation complex for a covariant
quantity with tensor indices which, however, behaves like a tensor or tensor density under
linear space-time transformations only.

1%
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g = det {g“u} is the determinant of the metric tensor g,; and

— . 1 [38
l/_gﬁik = —Q_;{W qu""éf Q} (3)
v k
Further,
108
ikl — ;aggm km (4)

is the quantity introduced by EinstEIN and by Torman @, and ©,F satisfies
the divergence relation
06"
- i x
@i’kzax]?=0' (J)

A simple calculation shows® that ;" is of the form

Sikl = hi“ + aiklm, m (())
where
g.
hFt = — = 5_%/”__ () (g*" gim— gt gkm)} o
LAY —g

aiiclm - ailcml _ V‘)—y!] (5i glcm_égn gkl)‘

On account of the antisymmetry of the last quantity in [ and m, "™, .

is zero and, by (1) and (6), €,* may be expressed in terms of the ‘“‘super-
potentials™ h;*t as
OF =" ). (8)
Now, since h;*" is antisymmetric in k and [, the relation (5) is a simple con-
sequence of (8).
Although the integrals

Py= % S 0, dut da? da® (9)

give correct values for the total energy and momentum of a closed system,
at least if one applies quasi-Galilean coordinates, ©,% is not the correct ex-
pression for the complex of energy and momentum, since it fails in a physic-
ally meaningful manner to account for the distribution of the energy and
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the energy current in space. [n a recent paper in the Annals of Physics @,
a different expression for the energy-momentum complex was proposed.
It is defined by

T =) —g (T + ") (10)
[ =gth=)~g (—% GE+2 ﬁi’“) ~F B R (11)

If T¥ is eliminated by means of the field equations (2), T;* may be expressed
in terms of a superpotential x,® as

Tik = %ikl,z (12)

with

R — g
xikl = —Xilk =2 hikl_ 6ik hrrl + 6%'1 hrrk = V M (gin, m~ Jim, n) glcm gm1 (13)
and thus

TF e =0. (13")

For a closed system, the complex T;* gives the same values for the total
momentum and energy

P, = % S Tt dat doc? de® (14)

as the canonical quantity ©,% in (9), at least in cases where the latter ex-
pressions give meaningful results at all. But the expressions (14) are more
general and give correct values for the energy also when the integration is
extended over (inite regions of space. This is connected with the fact that
TF in contrast to ©,F, transforms like a vector density under arbitrary purely
spatial transformations

Tt =@y, x=a (15)

a property which is a necessary condition for the possibility of interpreting
T,* and T, as densities of energy and energy current, respectively. More-
over, in later papers®, it was shown that the pseudo-tensor density T;*
defined by (10)—(13) is uniquely determined by this requirement. From
a physical point of view, it would therefore seem that T;” is the correct ex-
pression for the complex of energy and momentum, but the fact remains
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that the method of infinitesimal transformations applied to the Lagrangean
¢ leads to the expression @, which speaks in favour of the canonical
quantity 6,

In the present paper we shall see, however, that the method of infinitesi-
mal space-time transformations leads exactly to the complex T;* if one starts
from another form of the variational principle. It is well known that the
gravitational field equations may be obtained from a non-Lagrangean
variational principle where the integrant of the integral to be varied is the
curvature scalar density

R=|/~gR (18)

which is a function of the g** and their first and second order space-time
derivatives. In fact, this variational principle is usually the starting point
in the derivation of the Lagrangean principle. In contrast to the Lagrangean
2, M is a scalar density under arbitrary space-time transformations. The
method of infinitesimal transformations applied to R instead of & therefore
leads to a complex with more extended invariance properties and, as we
shall see in section 3, it just leads to the quantity T,*.

In section 2, the “method of infinitesimal transformations’ is described
in the general case of field equations derivable from a non-Lagrangean
variational principle where the integrant V in the variation integral depends
also on derivatives of the field variables of higher than the first order. In
section 3, the method is applied to the gravitational field, where V is equal
to M/x. As mentioned above, this leads directly to the relations (10)—(13).
As an illusiration, we also apply the method to the matter Lagrangean den-
sity in which case of course the well-known results of RoseEnFeLp and of
BeLinranTE @ regarding the symmetrical form of the matter energy tensor
are obtained. This is shown in section 4. In the remaining sections, the
transformation properties of T;¥ under arbitrary space-time transformations
are investigated in some detail. The results obtained suggest a specification
of the notion of a local system of inertia.

2. The Method of Infinitesimal Transformations for a
Non-Lagrangean System of Fields

Consider a generally non-closed system of fields with the field variables
V4 (x) and their space-time derivatives
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2yA
v ay4 " ?Y

YT oat bET 90k ’

It

the field equations of which are derivable from a variational principle. Let
us first assume that the integrand V in the variation integral is an algebraic
function of the Y4 and their first and second order derivatives only. The
field equations will then be of the form

= —J4, (17)

where the J4 arc the ‘“sources” of the field depending in general also on
variables other than the Y4 and their derivatives. Further, the

sV av [av) v
YA ay4” aygl)j 0YA) L (18)

are the “variational derivatives” of V with respect to Y4. The partial de-
rivatives occurring in (18) are of a somewhat symbolic character, since the
v4, Y4, Y4, are not in general truly independent variables. They are defined
in the following way. Consider arbitrary variations § Y4 of the Y#, which
imply definite variations

SYA=(3YY),, YA = (YY), a9

of the Y# and Y7, as well as of the algebraic expression V(Y4 Y, Y.
The partial derivatives in (18) are now defined as the coefficients of 5Y4,
§ Y&, and 6 Y, respectively, in the variation V of V, i.e.

oV v oV
SV=——y 0¥+ — 0V
d v+ FR7 A E7

Yy (20)

(summation over 4, { and kl)
Since § Y#, =0Ys,, we can arrange the terms in (20) such as to make
the coefficients of 6 Y2, and 6 Y4, equal. With this convention we have

oV vV (21)
ovd, ovi,
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If the variables Y4 are not independent, as in some of the later applications,
say if Y4 = Y%, we use a similar symmetrization rule so as to make

AV Ay
ay4 av4e”

Now, consider an arbitrary infinitesimal space-time transformation
xt = a2t & (x). (23)
In all cases considered in the following, the local variation
YA = V4 (x)-Y4(x) (24)

of Y4 (x) is of the form
oY —uthe, —viE, (25)

Ak

where the u®} are linear functions of the field variables. Hence, by (19),

0 Vi = ui & o (' - YEOD) &, - Y, & (26)

In order to assure general covariance of the field equations (17) we
shall now assume that V is a scalar density. Therefore, we must have

SV+(VE) =0 (27)

at every point in 4-space and for arbitrary functions & (x). If we integrate
(27) over a finite region £ in 4-space, we get by partial integrations for all
functions & () which vanish, together with their first and second order
derivatives, at the boundary surface of £

CoV
Sanx=SWayAdx-o, (28)
ov . - N
where 5 vA is the variational derivative defined by (18).

Hence, by (25), after a further partial integration,

oV oV .
_QLMYE Yf-k((S YAU{-”“) ]Ezdx—(). (29)
o 3 :
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Since the functions & (x) can be chosen arbitrarily inside £, we must have
the identity

oV A%
—— Y4y <~~ uAk> =0. (30)
sy47t eyttt ,

The expression (20) for the variation of V may also be written

oV ov ov IV .
Ve —-u V4 || — - —— s Y4 SYA| . 31
Y o Y4 H(’) Y? <8 Yé, Z>, J +8 Yﬁ,l l:\,k ( )

If we introduce the expressions (25) and (26) for 6 ¥4 and 6 Y# into (31),
we get an expression containing the £ and their derivatives of the first and
second order. After some rearrangements, and using the identity (30), the
equation (27) may then be written in the form

- S ’ 765‘ { - Vikl, l} 5?,0 + [Vikl + V’Eklm, m] éjjlc,l_’_ Viklm Efk,l,m =0, (32)

where we have used the abbreviations

oV oV oV ov »
S = - Ak ~=—=] | Y2+ Y&, -V ok, 33
4 6yAu i |:6Y‘f (aY}il>,li\ 2 BYﬁ,z il $ ( )
av oV
V_kl: _*__(__ Ak _YA(Sk 34
# o smH g, (et
oV
V]Clm Vkml _uAIq (35)
oys,

Since (82) has to hold for arbitrary choice of the functions & (x), we get
the following identities:

Sk, =0, (36)
SF =V, (37)
V,Ekl 1+ Vilk + (Viklm + Villcm), "= 0, (38)

Viklm + ViZm}c + Vimkl =0, Viklm - V,;I“M. (39)
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(36) shows that the quantity (33) satisfies a divergence relation and the
method leads, apart from an arbitrary constant factor, uniquely to the
expression (33). If we were only interested in deriving (33) and (36), we
could have obtained this result much more easily by considering a “‘rigid
infinitesimal parallel displacement” of the system of coordinates where the
& are constants ¢’ In that case, we have by (25) and (26)

SY4= VAL SV = - vA e (40)

Introduction of these expressions into (31) and (27) gives direclly, by means
of the identity (30),

which then leads to (36) on account of the arbilrariness in the choice of
the constants &
From (39) we get

(Vimkl_l_l Viklm) _ (V mkl V ik 7 klm) Lm (42>

.
2 2

Thus, if we define a new quantity U* by ¢

Kkl _ kal_% (Vimkl_'_i Viklm) (43)
= > m
we get by (37) and (42)
S, = Ut . (44)

This expression has the advantage that U;* is antisymmetric in k, I so that
(36) is an immedijate consequence of (44).
In fact we have, by (43), (38) and (39),

Uikl U % _ V kl Villc _% {Vimkl + Vi'mllc + % (Viklm + Vilkm)}

> M

_ {Vimkl_% Vimlcl_%( v kim Vlmlc)} -0,

U.Icl _ _ Uilk. (45>

12
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We can therefore also write U;** in the manifestly antisymmetric form

1 1 1
Uikl _ 5 (Uikl _ Uilk) — :2_ (Vilcl _ Vilk) _ E (Vi}clm _ Vilkm)’ m

1 oV oV oV 1] v <~
o3l ) oo et )29
2|\[2Y; \OYi,/ . v, 3 Y]l s

where the last term is obtained from the first by interchanging the indices
k and 1

Thus, the method of infinitesimal transformations leads (apart from
an arbitrary constant factor) uniquely to a quantity S;¥ which satisfies the
divergence relation (36) and which, by (44), is derivable from a “super-
potential” defined by (43), (34), (35) or (46).

The preceding considerations are easily generalized to the case where V
is a function of the Y4 and their derivatives of arbitrarily high order. The
variational derivative of V with respect to Y4 is here defined as

d YA 2 = )n<6 YA _73,,)’%"'2’ "'1‘“. Y

(Summation over n and for each n independent summation over the in-
dices 1y, iy, ... 0,1

(47) obviously reduces to (18), if V does not depend on derivatives of ¥4
of higher than the second order. Similarly, we introduce the variational

(46)

derivatives of V with respect to Y#, Yi,,... by
Vv oV av )
oA S (=1)"
(5Y,fl an (ayflz/zl aYA s T ey
(48)
sV oV oV ) Z( e oV
6Y£176 ayﬁ aszzl,zl YzAicz Ay by oy,

etc. In this general case, the method of infinitesimal transformations leads

to the following energy-momentum complex S;* satisfying the divergence
relation (36):
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(49)

oV  ’ oV
:“Wu‘“ﬁ 2 <5Yﬁz _Z>Y§le,...z;5§”V-

In the first place, it is clear that the identity (30) still is true, since the
considerations in connection with the equations (27 —(30) are valid also
here. Then, if we consider a rigid displacement with & = & = constant,
where

4 A i .
0 Yzl, =Y, lnaz’ (50)

one easily finds that the equations (41), and consequently (36), hold also
in this case with S;* given by (49).

3. Gravitational Fields

It is well known that the gravitational field may be treated as a La-
grangean system with the Lagrangean density

=V gg® (I I'm T3 Y, (51)

the I, being the Christoffel symbols. In fact we have for all variations of
the field variables g** which vanish at the surface of a region 2 in 4-space

LB ) )
5§8d$“gagikagmdx~g@5mégmdx, (562)
where
P P 1 _
&y = l/—gGi,C=l/—g (Rzk_ggz‘kR)- (53)

Therefore, the field equations are of the form

168 1 — .
;6g¢k=;@ik:“V_ng' (54)




Nr. 14 13

Comparing (54) with (17) we see that we are dealing with a special case
of the systems treated in section 2. The field variables Y are here the quan-
lities g, and V = &/« is a function of the Y* and their first derivatives

only. Hence,
6V*168 1 d8 Y (55)
Y4 %o g Cx 0 g'* 8gi{‘)’l

Since ¢** = g%, we have here a case where some of the Y4 are equal. Thus,

—

with the convention mentioned on page 7 equations (22) hold, i. e.,

AL J8 08 68 _
39" = 0g’”" 5 g = 5 g™ ~ (56)

However, V = ¥/x is a scalar density only under linear space-time
transformations. Therefore, only the identities (36) and (37) can be derived
in this case, since &% ;= £% , = 0 for linear transformation, which means
that the last two terms in (32) are missing. A simple calculation shows that
S;F and V,*" in this case are

S§F=20F, VF—=2s" (57)
with @F and s,* given by (1), (3), and (4). Furthermore, (30) becomes
identical with the contracted Bianchi identities

1 a)-g6k
p oo LOVgOE 1 (58)

G} = —= —
ik ‘/ﬁg aa:‘k 2

However, this equation cannot here be derived by the method used in section

2, since this would require invariance of SV dx :iSS dx under arbitrary
space-time transformations. 0 0

We get a more satisfactory description by treating the gravitational field
as a non-Lagrangean system of the type considered in section 2 with

V= Rjx=V—-gRx (59)

which is a function of the ¢* and their first and second order derivatives
g% and ¢¥,. Also in this case we have an equation of the type (52), i. e.,
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N 3
58%(1:6:S(—s—ﬁégmd‘r=g@még‘kdx (60)
g .
2 L 0
i.e., %R
;3?7;=@ik. (61)

The reason for this is that N differs from & by a divergence term only. In
fact, we have

R=8+0,
(62)
f) = %hr,”l
This follows at once from (1) and (8) if we remark that
o —g 98
07~ V=g(ryron-"1 G“‘%L? 0 48}
g “ELOG (63)

=£(ER—8).

In the last equation, we have used the fact that & is a homogeneous function
of the ¢!™ of degree 2. With &;* given by (7) a simple calculation shows that

Bt = i(l/ —g g+ 29y "), m) - (— 99“"), m (64)

o1
xV-g

(see, for instance, the Appendix of reference [4]).
For arbitrary variations 8 g% which vanish at the surface of 2, we now
have

ol :
(5Sf)dx——86 Izkégmdx=x8(6h¢”)!ld.r:O, (65)
. g
Q Q Q
i.e.,
1)
— =0, 66
(ng ( )
With
v-1g (67)
%

the field equations take the form (17), i.e.,
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1 168 16
;@m=;5?z=;gE§:*L—97%~ (68)

Since N is a scalar density under arbitrary space-time transformations,
all the relations (32) —(46) of section 2 are valid here. For an infinitesimal
transformation (23), we now have

0g" =g+ g L - g (69)
which, by comparison with (25), gives
uAI; - rsl; 61‘ sk + grk (5;?. (70)

Then we get in the first place from (30), (68), and (70)
2 a@ik 1
[ M@] (71)
9 x*

1. e., the Bianchi identity (568). Next, by (33), (59), (61), (62), and (70)

Skzgg@jl_"r_ _(9& lm kg af) (81) gre
1 %z 8lmc ag agkl’l i

(72)
2
~| = 7—6’%
+ (6 grs)g 2% 1 )
or, using (3) and the field equations (2),
5% — [/S(Tf+2ﬁi’°—£ Gf)-[-A;tK;{ll (78)
with
N ah ) 99
cAY = - A v 7)-h|of 74
o b%s@%ﬁj% @ﬁhﬁ' Tl ] K
a9 2% -
KF (6’“8 - agang )g - — K. (75)

As shown in Appendix A, A¥ is identically zero with § given by (62)
and (64), and K* becomes

KM = §F bt 8L T, (76)
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Hence,
Sz'k:[f/*‘g(Tzlc“‘tik)’ (77)
where

S Y P TR C YR TR (78)

i. e., the quantity defined by (11). Thus, the “conserved’’ quantity S;* is
in this case just the pseudo-tensor density of energy and momentum defined
by (10).

For the superpotential U;** we get by (46), (62), and (70)

2 UK = 82 gvm 4 9h - oh gk'§+~a.f) gks—1 oy g*® —(1:-1)
o \og” 991" \0Gim)sm dgiim " 31000nT Lm) VT

Uikl _ S,;kl *Silk _'_B(Z.Cl _ Bik’ (80)

where s;*' is the quantity given by (4)-(7) and

/
%B,]LFZ _ {ifzs __< 82 ) } g}cs+ 82 g;cns_ 1(‘82‘— gks) . (81)
agl agl,m,m Q_gl,m 3 0gl,m s Mm

The calculation of BF* and of U;*"is completed in Appendix A and the result
is that U in the present case is equal to the superpotential y,** given by
(18), which makes the equation (44) identical with the equation (12) for
7%, Thus, the method of infinitesimal transformations leads, apart from an
arbitrary constant factor, directly to the expressions (10) — (13) for the pseudo-
tensor density of energy and momentum. The arbitrary factor is fixed by
the condition that the integrals P, in (14) for “‘closed’” systems must have
the right values and it turns out that, with V= /x, this [actor has to be equal
to one.

4. The Matter Field

We shall now assume that the “matter’” which produces the gravitational
field has the character of a tensor field described by a number of field vari-
ables Q% (x). (For simplicity, we exclude spinors). Further, we assume
that this field is of the Lagrangean type, i. e., the matter field equations are
of the form
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d M
6Q“=O’ (82)

where It is a scalar density depending on the Q%(x), ¢** (x) and their first
order derivatives, and the symmetrical matter tensor is obtained by deri-
vation of M with respect to ¢, i. e.,

oM —
Ff’“ = l/“g T (83)

In all practical cases, It does even not depend on gi*:

M =M (g%, Q% Q%). | (84)

This implies that both the gravitational field equations (2) and the matter
field equations (82) are derivable from the variational principle

6S(i9%+932) dx— 0 (85)

for independent variations of the ¢* and the Q%

We may now apply the general considerations of section 2 to the non-
closed system with

V=M 1 56)
v4 = { g%, o). I

As we shall see now, this leads to a special case of the well-known connection
between the symmetrical and the “canonical’’ matter tensor discovered by
RosenreLp and by BELinrante [6]. With V = M (g%, 0% Q%) we get from
(33), (70), and (83)

M, O
5Q”

SF=-2)-gTh- f o Q% Mok (87)

o0y

On the other hand, we have, by (44) and (46), in the present case

U.Icl :1 (99)2 ualﬁ_ ﬂ ual.
2007 aQ%y " (88)
SF= UM,

Mat. Fys. Medd. Dan. Vid. Selsk, 81, no. 14.
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Thus, we get from (87) and (88)

V=g TE=) ~g (T¢+TF) (89)
with
L —gTh - Z—SZ)% Q% —(M/2) &F (90)

— SM/2 /2 aIM/2
/g T - ut { uok D e (91)
l F Qa i P Qa L Q:Ik [ o

T,* is the generally unsymmetric canonical matter tensor derivable from
the “‘matter Lagrangean”

8w — — 2 (92)

and T,* is the term which has to be added to Tik in order to give the sym-
metrical matter tensor Ty. The first term in (91) is zero on account of the
field equations (82) and, for a matter-system confined to a final part of
3-space, the last term will give no contribution to the total matter energy
and momentum. In fact, we have

P = % S VTQ T} dac* da® dac® = % \ [/Tg T,* dat doc® da®
(93)
~ 2%: S UM 5 da da® da® = % ﬂ [/ =g T,* da da® d®.

In general, P{™ is not constant in time. Only the sum of the matter part
and the gravitational part, i.e.,

Pi:%Sdemldxzdmg‘——S]/ gl | dat da® dac® (94)

is conserved for a closed system.
As an example, we consider the case where the matter field is a purely
electromagnetic field. Here, we have

E**l/-qg VA Y L' (93)
I3}
Fik:Ak,i—Ai,k= _Fk"

)
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As the field variables (% we may take the components A, of the four-potential.
Then, we get

o Im oM

-0, —- = 9}/ _gF* 96
94, 54, 2V 09

and the field equations (82) are the Maxwell equations
z—ﬁ _Fi—< - gF”‘) 0. (97)
Further, since for any variation of the ¢*
5(/-gg" 9" - VH ~gu g™ g g"" (8] O + 0L ) + g (87 O + 8.6 b g™,

we have, by (83)

— . am 1 g9"g’
l/_grikzg‘*gﬁg=§Frs im <‘/ 9 gi* )

(98)
= ‘/j; [Fil Fkl *i‘%kFlmFlm]

which is the usual expression for the electromagnetic energy-momentum
tensor.

On the other hand, the canonical tensor is, by (90), (95), and (96),

i (f2) 8 = — /g 7 Az,i—'/%g Fyp F8f, (99

—
l/_gTi _aAl,Ic

It differs from (98) by the term [/—_g Tik given by (91). Since 4, is a four-
vector, we have for an infinitesimal transformation

DA, = A — A, E o ukE, 4,8 (100)
= Llrki = — 67; A;.

12

Thus, by (91) and (96),
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_ BRI, 1[am/2 DM/ 2
V/~gT,F=~ L2V ok A+ - /6’;Ai— l 8L A,
a4, 219 4,, A, . 3

- (l/Tg sz), lAi_% U/fg FklAi_ V’jg' FlkAi])l

or
V=g T =)/ -gF¥a,,. (101)

By adding the expressions (99) and (101) we get again the expression (98)
for the symmetrical matter tensor, in accordance with the general equation
(89).

In conclusion, we summarize the main results of the preceding sections.
The total pseudo-tensor density of energy and momentum 7,* may be writ-

ten as the sum of a “matter part” TF and a “‘gravitational part” ¢7:

T =)/~ g [T} + ] (102)

where, by (89)—(92)
I a Q) 1 g Qm g g 3 Qim
/—g T,F = - Q% +OF gm 4 gk —u” +u% 103
l g k3 s anlk K3 2 K3 aQ:j,l aQ’a,k a2 s 5Q“ ( )
and, by (72)—(78),
V=g tt =~ OF 2] goF - (Fh SR,
(104)

ERra Al A
| 0g" Tlagl \ogp T Togn Tt T
Apart from the last two terms which give no contribution to P{™, the matter
part (103) has the canonical form corresponding to a matter Lagrangean
Q™ = —M/2. On the other hand, the gravitational part (104) has an entirely
different structure and it can nof be derived from a Lagrangean density
according to the usual rules. This may be taken as an indication that the
“‘quantization” of gravitational fields should be performed in a way which
differs from the usual rules of ordinary quantum mechanies. It is true that
YV —gt* in (104) may also be written

V—gtf=)—g0F+v*,, (105)
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where
v = b= o b+ LR, (106)

is antisymmetric in & and [. Therefore, by partial integrations, the total gra-
vitational momentum and energy take the form

P _ %SV?g 1, doct da® dac® =%S V~g8F detda?dad+ A, (107)

where A; depends on the gravitational variables at spatial infinity only.
Formally the gravitational field may therefore he treated as a canonical
system. Bul quite apart from the complications, already present on the ‘‘clas-
sical”” level, which occur in the transition from the Lagrangean to the Hamil-
tonean form due to the different types of restraints ™, we are faced with
the difficult problem of finding the correct order of factors in the transition
to a quantal description along the usual lines of quantum mechanics. Also
it should be mentioned that the division of 7% into a matter part and a
gravitational part is to a large extent arbitrary due to the fact that the
matter tensor is the source of the gravitational ficld. By means of these
equations, a larger or smaller part of T¥ may be eliminated in T,*. If we
eliminate T¥ entirely, we arrive at the simple and convenient expression (12)
which depends on the gravitational field variables only.
For the total momentum and energy of the system, we then get

P, = %5 T,* do* dx® dx® = %Sx{”ﬁz dx' dx® dx®

which, by means of Gauss’ theorem, may be written as a surface integral
depending only on the gravitational field variables at spatial infinity.

5. Transformation Properties of 7% and ¢*

The energy-momentum complex is a tensor density under linear trans-
formations, only. We shall now investigate the transformation properties
of T,F and t;* under the most general space-time transformations. To this

end, we consider an arbitrary vector field a'(x) and the antisymmetrical
tensor density ’
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Kl _ ok _ B _ km _In
=B = () l (108)
ay (@) = gy a* (). ]

Further, the vector density
=3, (109)

which, on account of the antisymmetry of F* in k and [, satisfies the di-
vergence relation

D=0 (110)
for arbitrary vector fields a’(x).

As remarked by Komar®, the vector density §* is closely related to
the complex 7;*. In fact, if we let the contravariant components of the arbi-
trary vector field o’ be constants ¢ in a definite system of coordinates, we
have by (108), (109), (12), and (13)

Vg

>

=4 (Gin, m— Jim ) G 9" = gy, =& Tt (111)

3

For an arbitrary vector field a‘(x), we get on the other hand, since
Ap, m = aigm, mt a,img'm’
(112)
KL gy Bl b ki
where b, is the tensor density of rank 4 defined by
g
bilclm - _ b,;lkm — V - g (5:6 glm~a§ gkm)' (1 13)
Hence, by (109), (112), and (12),
= d Tl (- ™ ) = @y, m UE (114)
Now, consider an arbitrary space-time transformation (x*) — (x'*) with

% 3

0x . , ox

%) =
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Since §¥* is a vector density, we have
XE —\leoc’“” = ‘ocloc {ar‘T Fral, (g, -0 mmn)—a’m b, (116)

where locl = det { o:k} is the determinant of the matrix ka If we choose the
components a’* in the primed system to be constants &', we have

’ 7
%kzaiquk
a" = o}
| (117
T . 8§ T 3
A gy = L g, 5
r 8 “r o s b T @
,m, Oy, o Olg, s &+ 0y Oy Oy, 5,48
where
2.7 2,8 3 .7
&; a/x IX afn n= amx 7 ° 5":’ S,t= /ia xrs I3 (118)
T haiox ' dx™ 0x Jdax'*dx'S0x

Introduction of (117) into (116) gives, since the constants &' are arbitrary,
the following transformation law for the complex T *:

‘E_ (x|l km 1 1 k) o s g, Im an lmn\
Ti _l“1“l oy T ""“]“l{“i,s“m(lﬁr ) (“z,s,t‘xm“n“_‘xz s m,n)b

The last term on the right-hand side of (119) represents the deviation from
the transformation law of a tensor density. For linear transformations, where
& =&l 4 ,=0, this term is zero, in accordance with the fact that T,*
an affine tensor density. Moreover, for the purely spatial transformation
(15), we have

dx’

G #=0, (120)

= |a|ed T, (121)

This equation shows that the fourth column of the matrix T ;- transforms
like a vector density under the transformation (15), a property which was
the starting point in our derivation of T ;- in®. The apparent distinction
of the time direclion revealed in this property is not surprising, since the
densities of energy and energy current in this description are connected
with the “time column’ of T,*. Actually, if a is any fixed value of the in-

(119)
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dices 1, 2, 38, 4, the a® column T',* will also transform like a vector density
under the transformations

x'%=2% af=f (2 with i=2a, ksta; (122)

for, in that case, we have

r
©oox (123)
Tk =|a|df Tt

a

But, for a4, this property does not lend itself to a simple physical inter-
pretation. L

Since the matter part ]//—g T¥ of 7' transforms like a tensor density,
we get for the gravitational complex ¢,* defined by (10) and (11) the trans-
formation law

1 = o & bt of (& oy, (2,7~ ) — (5, 5,0t 2y + 6L g0, ) D" ) (124)

By means of (108), (109), and (111), one finds a convenient explicit
expression for ¢;* in the following way. First, we may substitute the usual
derivatives a,, , in the antisymmetrical expression (108) by covariant deriv-
atives a,.,, which are tensor components. Hence

3] Vjé Lk_ k1
=2 —a
5§ -4 (a )
and
F -G S - oL@ bty a29)
Then, we use the commutation law for repeated covariant derivations:
al;k;lz al;l;k_Biml ai=(al; l)"k—R.,f ai (126)

where Ry, is the Riemann curvature tensor, and R, is its contraction.
By (125), (126), and the field equations (2) we therefore get

- - . V-gR. . V—-g . :
b =~ ]/—g TF o' — ————V2 i] &F at + —L%g (@l ) E—(a¥h,,]. (127)
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Now, choose the a’ equal to constants &*; then, according to (111),
F = TF = =g (TF+ 15 (128)
and, by a simple calculation,
(at)®-(a®h),;, = [(Fiz)'k_(”kz 9™, = Ll Ly g™ __Z"lk;n['glgl"] . (129)

Therefore, since the &' are arbitrary, the equations (127), (128) yield

Qk=~—§;6§+tf (130)

with
wtf =Ty * ('~ Th (g + 9" T — Tl L g™ (131)

and

D™ =T, n g™

t¥ differs from #* by a tensor. Thus, the transformation law (124) holds
also for £F.
By (10), (138"), and (71) t,;* satisfies the conservation law

0V =gt¥)u=—- /=g 1)s - - L gy (132)

in any system of coordinates. But, as is well known, one may always in
an infinite number of ways introduce systems of coordinates which are
geodesic at a given point 0 in 4-space, i.e., systems in which the first
order derivatives of the metric tensor vanish at the point 0. Then, at 0,
which we shall take as origin of the geodesic system, (132) reduces to

tF =0

(133)
Ti=0. }

i. e., the conservation law is of the same form as in a system of inertia in
the special theory of relativity. Geodesic systems of coordinates are there-
fore often called local systems of inertia. However, the complex ¢f is not in
general zero in a geodesic system and, as we shall see in the last section,
it seems appropriate to use this denotation only for a certain restricted class
of geodesic systems. In a general geodesic system, we have at the origin,
according to (129), (131), (113), and (13),
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LF = 68 R20+ 0¥
= (LY (I (134)
Xikl =0, bikmfz =0.

Let us now assume that the coordinate systems (2’) and (%) in (124) are
both geodesic at the point 0, which means that the first order derivatives
of the af must be zero at 0, i.e.,

&m,n(O) =0. (135)
We shall further choose

2 (0) = 0} (135"

which does not imply any essential restriction. In that case, the transfor-
mation law (124) at the origin 0 of our geodesic systems takes the form

e 4 o ) (136)

Here, «f , , may be any set of numbers symmetrical in the indices i,

m, and n.

The question is now whether the coefficients & {, can be chosen such
that the ¢;¥ become zero at 0. It is easily seen that this is not always possible,
for the diagonal sum #,’ is obviously invariant under the transition from one

geodesic system to another. In fact, we get from (136)
t;i: t' (137)

since the last term in (136) vanishes by confraction of the indices { and £
on account of the symmetry of &, , and the antisymmetry of " in the
indices ¢ and m.
Further, since by (134),
lzf‘=(1”§z)’”*(17§z)’l=0 } (138)
t;' = =2 R/x,
it is clear that a transformation (136) cannot make tf zero, unless the cur-
vature scalar is zero at the point 0. On the other hand, since #'={#/ =0
and the transformation equations (136) hold also for #f, it seems always
possible to choose a geodesic system in which all components #;* vanish.
In the following sections, we shall see that this is really the case for a
large group of geodesic systems, the “‘locally normal’ systems of coordinates.
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6. Normal Coordinates

Among the coordinate systems which are geodesic at a given point 0, the
normal coordinates introduced already by Riemanx for 2-dimensional
surfaces, play a distinguished role. They are defined as follows. Let (x%)
be an arbitrary system of coordinates. Then, the geodesics may be defined
by the equations
d*xt L dada? 0 (139)
a2 Mg an
where the parameter 1 is defined only up to a linear transformation. For
all geodesics, except the null-lines, 4 is proportional to the invariant 4-distance
s. Now, consider all the geodesics passing through the point 0. They are

. 1
defined by the vector tangents at 0 with components g% = dat 0). In a cer-
y 8 I a2

tain finite domain around 0, there will be only one of these geodesics passing

through a given point P. We may therefore characterize this point by the
four numbers

B =G, =0 (0) (140)

which are the normal coordinates of Riemann. They are uniquely determined
since they are unchanged by a linear transformation of the parameter .
If P approaches 0, the line joining 0 and P defines an infinitesimal vector
at 0 with the contravariant components dx’ and dx’ in the two systems of
coordinates, respectively. Obviously, we have at 0 dz’ = da', i.e., a&(0) = &%
and the components of any tensor are identical in the two systems at the
origin 0. Thus, for instance,

o

gcik (0) =920),  Ryppn (0) = Rypp, (0). (141)

In this way, a uniquely defined normal system x is connected with every
a’-system. An arbitrary transformation of the a-system (xf)— (2'%) ob-
viously induces a linear transformation (x%) — (%) of the adjoint normal
systems. The normal systems of coordinates are as close to the rectilinear
systems of flat space as possible in a general Riemannian space. From their
definition it follows that any geodesic passing through the origin 0 is de-
scribed by a linear parameter representation in normal coordinates, i. e.,

@ =7 (%~ o)
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with constant %, Thus,

doZZ o &’z
=Bt =2 [(A-12), WZO

and, by means of the equations (189) written in normal coordinates, we get
Tl @) — ¢ (142)
at all points in 4-space. The equations (142) or the equivalent equations
Py @ aER =0 (143)

represent a sufficient and necessary condition for the system of coordinates
to be a normal system.

By repeated differentiations of these equations, one finds, as shown in

Appendix B, the following values for the derivatives of the metric tensor
at the origin 0:

Gir,1(0) = 0 a
i, 1,m (0) = Gim, 1,1 (0) = —% [Rigmic (0 + Ry (0] b } (144)

o 1
gik, i, n (O) = g [Rilkm; n (0) + Rimkn; Z(O) + Rmkl; m (O)} ¢

where R, (0) is the Riemann curvature tensor at 0. In a small surrounding
of 0, we have the following approximate expression for g ():

gzk‘(x) gzk(0)+2gik l,m(O)x x™ + 3Igzk I m,n(o) ! °mxn (145)

with coefficients given by (144). The linear terms are lacking, since a nor-
mal system, according to (144a), is a special type of a geodesic system.
By means of (12), (13), and (144), we have at the point 0

Tz‘k VM (ginml gzmnl)g

km ln

= V 9 (Rzmln +R, —Ryptm — ilnm) gkm n (146)

ilmn

- l/_ng_lkz _ K;\ng _ l”/i; T _ 1 l/ gRoIa_

= » i
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Here, we have used the symmetry properties of the Riemann tensor and the
expression for the contracted curvature tensor.
A comparison of (146) with (10) and (134) gives

° R
f=—5- 0
an (147)

ii=0

at the origin of a normal system of coordinates.

Similarly, we get at 0 by (12), (13), and (144)
T,;k,y:l/__(gmmlr g’cmnlr)gkm " ]
]/4 (148)
= - 3‘ (Rmml r +R@lmr, Rirmn; 1 Rimnl; r_Rilnr; m- imm l) gkm ",

On account of the symmetry properties of the Riemann tensor and the Bi-
anchi identities, this may be written

S 21/ 9 (g

s 7

~Ri ;).
Further, we have

143 _ _ plk _ plk _ k k
Rzr s Rir;l* er;i Rlz,r R Ri;r'

Thus, at the origin of a normal system, we have

o 4y —g 1 ‘
T Y (149)

In accordance with (13"), the right-hand side of (149) vanishes on account
of the contracted Bianchi identities if we put r = &k and sum over k.

7. Locally Normal Coordinates. Local Systems of Inertia
in Empty Space
The normal coordinates (xf) considered in the preceding section are

uniquely determined by the conditions (141), (142). Usually, however, one
is interested only in systems of coordinates which are locally normal, i. e.,
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where (142) is satisfied only approximately in a small region around the
origin. In this connection, one can distinguish between locally normal sy-
stems of first order, second order, and third order, according as to whether
only the first, the first and the second, or all three equations (144), respectively,
are salisfied. The locally normal systems of first order are obviously just
the geodesic systems. Starting from an arbitrary system of coordinates (x%),
the locally normal systems of rn’th order may be obtained by a transformation
of the form

xf = Pl (x), (150)

where me (x) is a polynomial of degree n+1 in the coordinate differences
x —af with suitable coefficients. Here, (af) denotes the coordinates of the
point 0 in the (x%)-system. As shown in Appendix C, the locally normally
systems of order 2, for instance, are obtained by the transformation

os 1 1 . -
af=af+ 3 T(0) (- 2By (b —ab) + 3 BL, (0) (xf— af) (x'—x) (2™~ 2T (151)

with
1. .. . A o . .
Bizm=§ i m* Do+ D+ Dy L+ Ty Do+ T T (152)

If we omit the last term in (151) we get the usual transformation leading to
the geodesic systems.

Let us now first consider a domain of 4-space where there is no matter
present, i. e., where

T¢ =0, RF=0, RF,=0. (153)

2.7

In that case, we have, according to (10) and (130),

Tf=) gt tf=1if (154)

In empty space, it seems natural to define a local system of inertia as a
system in which not only the metric tensor is locally constant to the first
order, butin which also the complexes T ,* and {,* vanish at the origin. From
this point of view, only normal systems of at least second order should be

called local systems of inertia, for only in such systems we have, according
to (146), (147), and (153),

[}

T#(0) = 1,5(0) = £F(0) = 0. (155)
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If the system considered is normal of even higher order, ¢ is also locally
constant, for by (149) and (153)

(T'ik,rz ?zkr =0 (156)
at the origin.
On the other hand, inside matter where 7%, R¥, and in general also R
are diflerent from zero, we have by (147) in any normal system of at least
second order

£5(0) = —6*R(0)/2x. (157)

Thus, the gravitational complex ¢ does not vanish, unless T? = R/x = 0 as,
for instance, in the case where the matter is a purely electromagnetic field.
Moreover, from the considerations in section 5 it follows that it is not possible
at all to find a geodesic system in which #,* vanishes exactly. Only the com-
plex ;¥ can in general be transformed away completely by infroducing
locally normal systems of second order. Inside matter, these systems thus
hardly deserve the name of local systems of inertia. In a subsequent paper,
it will be shown in another connection that it is more natural to reserve this
denotation for a class of systems which are only approximately locally
normal systems of coordinates.

Appendix A
From (62), (64),
§=%h" = (ng'm+29" n,), (A1)
with
— a1y
n= l/—g, N = Py

we get, for arbitrary variations of ¢,
09 =097+ 9y 0n+3gF dny + 3m, 090 + 29, 09"+ 2g% 0, L. (A 2)
Differentiation of the relation

1
O =—5ngmd9"™ (43)
yields

1
Oy = — 9 (1 91m), & 89" + 1y 6gllsm:| (A1)
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1
My, x = — 5 (7 92m), i.kaglm+(7] G £ 090"+ (o glm),idgécm_(_rf glmagé,”;c]- (A5)

After introduction of these expressions into (A 2) and some rearrange-
ment of terms, ¢ ) may be written

1.,.; ]
9 =[5 1%+ 3£ ) — g g1 1%

3 3 -
+ [5 (7]l al'fn + 6? nm) “3 .‘J’r”ﬂ Gim—29 k"7 glm). rjl é g;cm (A6)

3 1
+ [2 Hy,m— grs (77 glm). s 5928(7] glm), r '2'77 Gim g:,ss} 0 glm.

Hence, by definition,

9y 3 1
5‘% = 2771,m_g” (77 glm). a8 7(77 glm),rggs— o1 9 gfs (A7)
g 2 2
81) 3 k k 3 kr kr
lm=_(6l777n+nlém)—fgr N 9m—29 (nglm).r (A8)
dg" 2 2
aY 1 .
g {2 (8185, 8504) ~ ™ G 49)
9ix

These expressions are easily seen to be in accordance with the identities (66).
From (A 9) we get, using the relation

1
M= =50 Gm 90" (A 10)

im
e  k

/

ah . ' . ;
( gém> =197 - 19" g g™, k=gl +29% 0l =H  (A1D)

which shows that the last term in (74) is zero. Further, by (A 8) and (A 9),

5% 9% 1
aglm - (a glm) = 6? Nt M1 57131_ ngr N 9im— gkr (77 glm), r>
k kst fo 1

(A12)

ah a5 .
[3 g;cm - <‘99§:,nr), r}9§m= 2 95”771 + 9’ﬁrm~ gk 1 Gy, r gém’
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2% 1
<5§§?}>, ig’r’” - {m 50 8+ 000 — 0 N Gy — 95 (1 G1), z} g } (A15)

=95+ 298 0, 9 1 ), s 9
Thus, we get for the quantity A¥ of (74),
AL = g =0 G 0 40 G 9~ 1 (G r 08— G, 1 957 = 0, (A 14)

on account of (A 10) and the relation

Yimi= 91595 Gim (A 15)
which follows from the equation
Ju g™ =0of (A 16)
by differentiation.
Further, we have
af %) '
5o Ym = [5 (8,85 +07°0%) = m g™ gm} I |
9. m - (A17)
:ﬁglrgz+2glm77m=%hrrl ‘

which by (75) leads to the expression (76) for K¥.
Finally, we have to calculate the quantity B defined by (81) in the
text. For the first term we get by (A 12)

a5 99 w ! .
[agm - (a 4 ) } g - {Oé 7150 = 5 97 1 Gin = 97 (0 940), r:| g*
S Lm/,m =

; |
= 019" N+ g = 5 OE 00 = 0" Ol Gin + 1 Gin, ) 4

for the second and third terms by (A 9)

a9 1 n n
5 I :[; 0 (307 + 07" 87) — 7 g™ gm} I =5 00w+ 5 90+ G Giny a9

o &
9, m 2

1 a9 ‘ 1{n
—gK . )g’“”}=—g{5(5%%5{”62)gk”—g””ngmgk”]

090'm)”  |m

» M

1 1 1
= =58 51,4 5 O (g™, e

Mat. Fys. Medd. Dan.Vid. Selsk. 81, no. 14,
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Hence,
1
#Bf =0 (n gy + 29" ny) ~ —5’“ (g +2 9" np) + 552“ 9™, m
. \ . (A18)
=~ g™, m g™+ 5o - 5 (g™,
and

1
Bt =B = 6 b, =0 by = (87 (g™ =6, gF )], e (A19)
On the other Hand, we have by (6), and (7) in the text

S,ikl—silk =9 ] kI + :) [(Sl (7] glcm) 6Ic (77 qlm) ’ m

1 1 1
2k = V=g ggm(g’f,? 9" =g g+ |0 %(772 g’"‘),m—éig(nzg’“m), m}
Hence, by (64), (80),

t

U = skt 5,k BH_ Bk _ V- Slqm (gkm gim — gin gkm l

/_
= Lg (gin,m ~Gim,nl 9

(A 20)

) km qln Xz ,

kil

where x,% is given by equation (13) in the text.

Appendix B

A gsystem of normal Riemann coordinates in 4-space is characterized
by the equations (143) which have to be satisfied at each point. Hence,
omitting the ° over the symbols, thus writing o, g;;. . . . instead of 2%, gy . . .,

z,rs(x)m :X: =0. (Bl)

If we differentiate this equation twice with respect to 2% and af, and here-

after with respect to o™, we get the following two equations:

(), ey @ " 2+ 2[(F ), + (L), ] a7 +2 0 1y () =0 (B2)



Nr. 14 39
i m@ "+ 2L )t VT w) o™ i) i ml @

(B 3)
+ 2 [ ), 1 (), e+ L), ) = 0
For the values of I; ,; and (I ), at the origin 0, we thus get, by putting
a! = 0 in these equations,
Iy =0 (B4)

A =S W i), = i)y o+ L), 2+ L), 1= 0 (B 5)
(kim)

Here, as in the following, the symbol S in front of a term containing the
: (k)
indices k, [, and m means addition of the two terms obtained by cyclic

permutation of these indices.
Similarly, one finds, by differentiation of (B 3) with respect to " and
afterwards putting xf = 0, at the point 0 the rclation

Ay + Bitgimn = 0 (B6)
with
Ailmnlc =l S (I'z', lm), e k ]
(tmm (B7)
Biklmn =S (rz kl). Ma J
(tmm)

The equation (B 4) is equivalent to

G =0 (B8)
showing that the system is geodesic at 0.
The Christoffel symbols are defined by

1
Ly = Q(gik,z+9iz,k_9kl,i)- (B 9)

Introduction of these expressions into (B 5) gives

. 1
A =S Gistym— B S Jrmi=0,
(klm) (kim)

which is equivalent to

. 3
2 Aipim + Ariim =3 Qi m + P 9. 1 mt Gima o1~ Jimet ) = 0

3%
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Hence, since gy ; ,, is symmetrical in i and £k,
Jirom =~ Lo = =~ oy mdie (B 10)

Similarly, we get for A, and By, in (B 7), after a simple rearrangement
of terms,

1
Ailmn]c: Sgil,m,n,k‘i S imn. i k& (B 11)
(Imn) (Imn)
3 1 .
Bilclmn=§gﬂc. mn T E S [gil, ments & Il m. n,i} . (B 12)
~ (Imn) .

Since the last term on the right-hand side of (B 11), as well as the first term
on the right-hand side of (B 12), is symmetrical in i and k&, we gel

B ivimn — Briumn Tls (it im0 s 6~ Tt 10 18] = Aitmmte — At - (B 13)
ma)

On the other hand, we have by (B 6)
Biklmn - Bkilm’n = (Ailmnk 7Aklmm') s

which means that these differences must be zero. Hence, by (B 12) and
(B 8),

2 2
Sk, t,men = 3 Biyun = — 3 A
V(B 14)
p 2 . i
Tk tomen = 3 S (Fi. lm). nok g [(Fi, lm),n+(Fi,mn).l+Fi,nl).mJ.k' ;
(Imn)

At the origin 0, where (B 4) and (B 8) hold, the Riemann curvature tensor
R, and its derivatives are now given by

Riklm = (Fi. 'Icl), m (Fi. km),l 1 (B 15)

Hilclm; n = Riklm, n- (Fi. kl),bm, n_ (Fi. lcm), Ln:
Hence, by (B 5), (B 10),

Rymie ¥ Rimie = 2 Loy i), 1= L e = L), 1 = 3 (L, 1), &
and

1 2]
Jirrtm= "3 (Rime + Riare) - (B 16)
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Similarly, by (B 15), (B 8), (B 7) and (B 14) °

S Hillcm; no S [(Fi, kl), % (Fi, lm), T k] =25 (Fi, lm). m k
(Imn) (lmnn) (Imn)
and

1

Sier tvman = g S Rmcm; n =
{Immn)

Rikms 0+ Rimiens 1+ Ringts ) - (B17)

ol —

The equations (B 8), (B 16), and (B 17) are just the equations (144) used
in Section 6.

Appendix C

We shall in this Appendix consider the transformations leading from
an arbitrary system of coordinates «' to a normal system x' with origin at
a given point 0. Put

o . oat 9% af
x=f"(x), a=r—, = -
f( ) k 831,’” Fs l 690’“6,@’
(C1)
, . . xt A 9%t
at =g 7% s o = o7 o T IO 4 oy e
g* (x) kT ok B 1T g ok g o
o = o = 3 ©2
By means of (C 2), the Christoffel transformation formulae
Tl (%) = oy af, y+ o 53 & TG, ()
may be written
oy T (™) i g = & Iy (). (C3)

If we multiply this equation by xf ', we get by Eq. (143) in the text the
following differentio-functional equations for the functions g* ()
ok o 02 gi ags agz

x xm+]ﬂit(gm(§))aika£l=0- (C4)

Four independent solutions of (C 4) satisfying the condition
9g°

9 ¥

define the transformation to normal coordinates.

9" (0) = xf, (0) =&
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If we are interested in locally normal systems only, we need not consider
the values of g* (x) in large distances from 0. From the inverse relation (C 3),
ie,

“hr () 18, ()t (@) of () = b (2) Ty () (C5)

we get at 0, remembering that «f(0) =6 and 13,@;,(0) =0,
o, (0) = I (0) (G 6)
which, apart from a factor 2 is identical with the coefficient of the quadratic

term in the transformation (151).
Now, differentiate (C 5) with respect to x™:

0 1,m () L5y, (@) e o o+ 1%y () (o, ol + o) | €
— W T @)+ Iy (). J
At 0, this gives
%t (0)+ 15y 4 (0) = o, (0) I, (0) + 1751, (0). (C8)

Thus, since of , . is symmetrical in the indices k, I, m, we get, by (C 6)
and the equation

Dy (O + T (0)+ 178 (0) = 0 (C 9)

valid in a locally normal system (see. (144 b) and (B 5) in Appendix B),

: 1 . .
Gtm (0) =3 (ksl [)Tz’cz,m(o) + 17 (0) 17, (0)] (C 10)

which is identical with the coefficient B, (0) in the transformation (151).
Thus, the latter transformation leads to a locally normal system of the second
order. Proceeding in this way, we can by further differentiations of (C 7)
and subsequently putting a’ = 0 derive expressions for the values of still
higher derivatives of of at 0 and, thus, determine the coefficients in the
higher order terms in the polynomial P}, (x) of Eq. (150) which defines
the transformations to the locally normal systems of arbitrarily high order.
Institut for Teoretisk Fysik and
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