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BETHE1 calculated the number of possible energy levels
originating from an electron with a given ! in crystal fields
of any symmetry. These results apply also to an atomic ferm
with given L in crystal fields of intermediate strength. Small
letters are used in this paper to denote single electrons (/, v,
etc.) and capital lctters to designate total systems (L, [, etc.).
Quantitative calculations of the energy dillerences occurring in
the complex ions of the first transilion group were first per-
formed by Irse and Hartmann.®? These authors applied the
theory to 7i"® and V73. Similar calculations have recently been
reported for Cu®™, Ni*", and most of the other metal ions of
the first transition group.*™ The theory of d®-levels in crystal-
fields of cubic symmelry® has been extended to d™-levels in such
ficlds.” The present paper gives a similar treatment of d™-levels
in fields of lower symmetry (tetragonal and rhombic, the latter
being the lowest symmetry of consequence for the splitting of
the levels), based on the calculations®® on d and d*levels in
these fields.

Introduction.

The character system of a state in a crystal field of given
symmetry can be considered as a p-dimensional vector, if p
different numbers are given in the set, e. g. p = 5 in the cubic
case, where the character systems C are given as the sets (e,
€2, €3 €4 €s). In this five-dimensional space, five fundamental
vectors are given as the ‘‘irreducible Darstellungen’ of BETHE
(ref. 1, Table 1). The characters are here given in the order of
BrruEe.! (In the textbook of Evring, WALTER and Kivparn?® the
characters are given in the order (e, ¢;, ¢, ¢y, ¢4) in the cubic
while BETHE’s order is not changed in the tetragonal case)
They correspond to the quantum numbers [3,:

n:

1%



4 Nr. 14
C(y) = (1, 1,1, 1, 1)
C(y) =, 1, —1, —1, 1)
C(Ty) = (2.2, 0,0, —1) 1)
C(y =3, —1,1, —1, 0) |
C(Iy) = (3, —1, —1, 1, 0).

Any non-fundamental vector C can be expressed as a linear
combination of the fundamental vectors in only one way:

C=a CI)+ a0, CUI)+a; CUY+a, CU)+a; C(G). (2)

The linear combination coefficients ¢, of eq. 2 are always
positive integers.

The character systems € (L) found by Betue by consider-
ations of the single (2 L + 1)-dimensional rotation group can be
expressed in the familar tables of cubic term splittings:

C(S) = €

C(P) = €I

CD)y=CUy+Cy

C(F)y = CTy) + CTy + C(T)
CG)=CID+CTY+CTH+CUD
CHHY=CT)F2C Ly +Cy,

(3)

where S, P, D is the usual speclroscopic notation for L = 0,
1, 2, ... This table was first given by BETHE, and cxtended for
some higher values of L by Herrwece.® It is periodical® with
L = 12 (1 is a positive integer)

C(2A+ L) = 4Cyy+ C (L), )

where C, = (24, 0, 0, 0, O)=C{UD+CUTH+2C)+
3CTYy+3CTy).

An important operation is the formation of internal vector
products from the veetors (e, ¢o, ¢35, ¢4, ¢;) and (e, ¢, ¢3, ¢y, ), Viz.,
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C = (ee, cacy, €3¢, C4Cy, C5C5). (5)

These products € can also be expressed in the fundamental
vectors of eq. 1, giving the results of Table 1. This is a mul-
tiplication table of I', and I, showing the validity of the com-
‘mutative law:

TasrLe 1. Internal vector products in cubic symmetry.

! i
rornooon r, | r,

o | !
I Fl‘ljz‘ Iy | r, ; Iy
Toroiinl r,| r, | T, ‘1 r,
Ty Iy Iy Iy 40yt 1y r,+ T I+ 1
Ly Iy Ty LoD LoD Dk DL+ T+ T+ T
Ly ro|\r, I+l (L4 L+ D+ 0 Iv D+ T+ T

In crystal fields of tetragonal symmetry the character systems
arc also five-dimensional vectors, and there are five fundamental
vectors C([yy), C(Ly), C(Iys), C(1y)), and C(I5) with the
coordinates given in ref. 1, Table 5. It is seen that the first
coordinate, e, is 1, 1, 1, 1, 2, respectively. This is normally called
the degeneracy number of the state, analogous to e in the cubic
case. We shall here denote cubic quantum numbers by I, (or
simply [}, where no misunderstanding is possible), tetragonal
numbers by [}, and rhombic ones by [,.

The tetragonal character systems of L, C (L) are given in
ref. 1, Table 6. On the analogy of eq. 4, C (L) is periodical’
with the period 4, i.e.

CAA+L)y=2Ci+ C(L) | ¢
Co = C(PY+ C (D) = C(S)+C(F). | ©

Since (, is thus expressible, all tetragonal € (L) can be expressed
as linear combinations of € (S), C(£), € (D), and C (F) with
non-negative coefficients. This is the cause of the similar be-
haviour” of a cubic C (L) vector when the following arguments
are considered.

The values of tetragonal € (L) can be found from eq. 6 and 7:
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CES) = ¢
CPY= C(I'p)+C ()
C(D)y= C(I'y) + C(Tp) + C(Thy) + € (1)
C(F)= C(T) + C(Ie) + C(L) +2C(Ty).

(N

It is now of great interest to know whether a certain cubic state 17,
can be identified with certainty as a sum of tetragonal states I7,,.
This corresponds to the effects of making a cubic crystal-
field very slightly tetragonal and thus forming tetragonal splittings
of the cubic levels. Eq. 3 and 7 give the two only possible
solutions:

Possibility 1 Possibility 2
I — Ty Iy =Ty
Loo—> 1 Lo — 1T,
Log— 1+ T Log— I+ 1y (8)
Los— T+ Iy Loy— Iy + 1y
Feg- 'y + Ly Loy g+ 15

BeTHE chose possibility 1, but this cannot be done exclusively
on the basis of these equations.

From the internal vector products, Table 2 can be con-
structed by methods similar to those outlined above for Table 1:

TasLe 2. Internal vector products in tetragonal symmetry.
\

Iy | Tie ' Iy | Ty T3
\ ! \
Tyl Iy ' Iy Ty T Ty
Ty Ty | I, \ Py Tyy | I
Vi | T T | Ti Ty
Tiaeoooo i Iy | Iy Iy | Ty Ty
Do Iys o+ Iy Iys l Iy ¢ Ty + iy + Iy + Ty

Table 2 gives no rcason for preferring possibility 1 of eq. 8
to possibility 2, since it is exactly symmetrical with respect to
change of I} to I}y, et vice versa.

In the rhombic case all the four fundamental vectors have
e = 1,1i. e. they are all only once degenerate. According to BETHE,
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they are connected with the tetragonal quantum numbers in the
following way:

L= Iy

Iyy— T

Ig— Iy (9
I'y— 1,

Ly oy + 10y

They have thus the following multiplication table:

TasLE 3. Internal vector products in rhombic symmetry.

Trl » Fr2 I’)‘S Fré
Tpgeoei . R Iy I Iy Iy
Frz .......................... Frz FI'J. ,Z—”-‘/L Frg
Dygo oo F Ty Iy Ty
Doge Iy, Iy AR N )

Crystal Fields in Co-Ordination Compounds.

From the formulae in ref. 4, it is easily shown that in octahe-
dral complexes the crystal field energy levels are determined
only by three quantities which represent the perturbations
from the sets of two ligands on each of three axes in . the
Cartesian coordinate system. This is an extension of the equi-
valence of z-axis contributions, applied to copper (II) com-
plexes,4 and in accord with the empirical observations of SUEDA,9
that the absorption spectrum is determined only by the influences
of the three sets of ligands in trans-positions.

In the following calculatiofis the distances of all the ligands
are assumed to be equal, giving the same values when put in
the functions® B, and B,. However, the following considerations
are also valid when different values of B; and B, are obtained
from each of the ligands. The difference hetween the six ligands
is expressed as differences in the effective point dipole moment
u#, but the results can be applied to ionic charges g, G, and Gy,
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as well. The sum of the dipoles in the direction of the x-axis
and y-axis and z-axis are represented by gy, w,, and u,.

The complex is said to have a crystal-field of cubic symmetry,
if gy = py = py. If two of the dipole moment sums are equal,
but different from the third, e.g. u, = w, F 5, the crystal
field has tetragonal symunelry. Whenever all the three are dif-
ferent, one has rhombic symmetry, which is the lowest symmetry
possible in any octahedral complex.

The energy I of a given level is expressed formally as

E = E (freeion) + E (common pert.) (10)
+ E(cub) + E (tetr) + E (rhomb).

E (free ion) is the energy of the corresponding atomic term, which
is perturbed by the crystal field (by interaction between different
terms the intermixed sum of the individual E (free ion)). E (com-
mon pert.) is the energy equal for all levels of the electron con-
figuration due to the B, contributions of the perturbation. E (cub)
is the energy of the corresponding cubic and E (tetr.) of the
corresponding tefragonal level (see the splitting rules eq. 8
(Poss. 1) and eq. 9), and finally E (rhomb) the remaining energy,
which is only different from 0 in [}g-levels, split to I, and I,
and in the interacting two I, states. The latter result is shown
in what follows to be connected with Bethe’s theorem of the
centre of gravity of a group of levels whose degeneracy is re-
moved by fields of less symmetry. B, is not regarded at all,
because it only contributes to £ (common pert.). B, occurs alone
in E (tetr), and E (rhomb), while B, occurs in all the three last
parts of eq. 10. In ecrystal fields of cubic symmetry, E (tetr) = E
(rhomb) = 0.

In the complex ions with six equal molecules as ligands, the
crystal field does not a priori need being of cubic symmetry
since the ligands may have slighitly differently induced dipole
moment and distances. Eq. 10 would give decreased energy if
E (tetr) and E (rhomb) can be negative, i. e. some tetragonal
or rhombic splitting of the ground-state occurs. Van Vrimce!®
pointed out early that the Jahu-Teller effect would only allow
complex ions to be stable in which the ground-state is only once
degenerate on a (2 L + 1) basis, i. e. ¢ = 1 in the corresponding
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vector. The only stable octahedral complexes of cubic symmetry
thus have I'j or I'; as ground-states, while the others deform to
tetragonal or even rhombic symmetry (in the case of I};). How-
ever this theorem concerns ohly the direction of deformation, not
the absolute deviation from cubic symmetry.

The ground-states in most magnetically anomalous ions (with
the total spin quantum number § less than the § in the free ion)
are I, (in d°I;), while the magnetically normal ions with the
maximum value of S are distributed in the following way in
octahedral complexes:

d and d% rhombic or “‘compressed’’ tetragonal
d? and d7 tetragonal

d® and d® cubic (a1
d* and d° tetragonal

d® cubic.

Vax Vezck' has maintained that systems with one d-electron

have the least energy when they have rhombic symmetry. As is
seen in the following section, tetragonal symmetry with gy > u»
= u, would also give a stable once degenerate ground-state. The
“compressed” tetragonal form of the complex would probably
have approximately the same energy as the rhombic form. There-
fore it is possible that the titanium (1II) hexa-aquo ion exists in
an equilibrium between the two forms. Whenever letragonality
of the type u; = us > pg is stable as in d* and d%-systems (e. g.
chromium (IT) or copper (I1I) complexes), this structure will be
energetically favoured because the ligands arc held in place by
the steeply increasing potential of the sphere-symmetrical kernel.
The tetragonality can thus be due only to weakening of some of
the electrostatic bonds to the ligands. This is more likely to
happen for two of the six ligands rather than for four as in the
case of “compressed’” tetragonality.
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Two Interacting States in Crystal Fields of
Intermediate Strength.

When a given combination of S and I, is represented only
once in an electron configuration, its energy will be linearly
dependent on crystal field strength (in cubic flelds (£, — E,),
where FE, is the energy of a ys-electron and E, the cnergy of a
ys-electron). This dependence is found by calculations on either
weale or strong crystal fields. The two latter terms are defined
in the following way: In weak fields (E,— I,) is negligibly
small, compared with the distances between terms of different L
in the free ion. In the strong fields (F; — E,) is much larger than
these distances.

‘When two or more levels with the same S and I}, cccur,
the weak and strong crystal fields may give totally different energy
expressions. In the case of cubic symmetry the values of N in
systems with n d-electrons correspond to the number of y,-
electrons. We define:

2

E(cub) = <N~ ?> (E,—E;). (12)
In weak fields N is not always an integer and in strong fields
the original terms with definite values of L can no longer be
distinguished. The diagonal sum rule only ensures’ that the
sum N; + Ny 4. .. 4 N, of the ¢ different levels is constant for
each value of the crystal field, corresponding to varying inter-
mixing of the strong-field wave-functions.

Orcer'! determined this interaction in a very important case:
the two [, originating in weak crystal fields from *F and 3P in
d?-systems, and going to 3 and y2 in strong crystal fields. The
numerical result can as well be applied” to the two I'; of highest
S in d3-, d7-, and d%-systems. In what follows, the interaction
between two states is generally treated without use of Condon-
Shortley parameters. The energy of the two states in intler-
mediate crystal field strength can be found as the two roots E
in the matrix of second order™
' 2n
E,+ (N,x - —5~) (E,— L) F K

' ! 9 1 = 0. (13)
K Eg+ (N —= )(El—Ez)ﬁE

\ b
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K is the energy of interaction between the two states considered.
N, and Npg are the integers corresponding to the strong crystal
field case. In the free ion (£, — £;) equals 0. Here the two energy
roots are E, and Ey:

E“l#'E“*“Eﬁ:tl/<E“__Ef)2+;Kﬂ. (14)

BT e
It is seen that E, and Eg always occur in the closed interval
between E, and E,. It is thus possible to choose a parameter =,
such that

0<a<1 ]
Ey = (1 — ) E,+ x5, (15)
Eg = xE, + (1 —x) Ey,. J

Eq. 14 and 15 then gives
K? = x(1—x)y(E,—E)2 (18)

The parameters x and (1 —x) chosen in eq. 15 are just the
intermixing coefficients'® of the strong field-states in the states in
the weak field. This relation is biunique in the case of only two
interacting states, found for instance in d?-levels in cubic fields.
In d®systems, (1 —ax) is to be substituted for a in Table 4.
The data are compiled in Table 4. Two interacting states have

TaBLE 4. Interacting states among d>-levels in crystal fields of
cubic symmetry.

; ‘ K 2| States in
Quantum . ‘ ) <T_> strong
number E, E, ® By El; crystal
=r—z fields

T S 3R sp 1/, 4los vt Vsva
L G S 3/5 6/25 )’i + V;
L 1D 1G 4, Bl Y+

19 A 6 4, 2l Vit

the smallest energy difference when the diagonal elements of eq.
13 are equal, and then it is 2 K. Since the interaction energy K

. . 1 . ,
has nearly its maximum value, 5 (I, —E,), for the three d?sels
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with S = 0, their minimum distance must occur at very small
crystal-field strengths, i. e. the second-order effects in (E; — E;)
are In most cases more important than the first-order effects
found in weak cubic fields. The asymptotes in strong crystal
fields are given by the equations

' 2n
= Eq -+ (Na_?) (Ey—Ep)

\ K

and the analogous with Eg and Ng.

One d-Electron Systems.

As mentioned above, the 2D-state of one d-electron is split up
-in fields of lower symmetry as shown in Fig. 1.

I e
3 Id

7
J N
AN T; I:“

! —_

/ —————
2 !
D
\ Ten . Ie2
\ T
\ 5 s ‘,—- 7:3
~ t5 -
~ i
. free cubic tetragonal thombic
ion symmetry symmelry symmetry

Fig. 1. States of one d-electron in oclahedral complexes of decreasing symmetry.

Barruavsen® calculated the energies of the rhombic sym-

metry, (In all the following equations, the factor ,8: f? is omifted

for convenience). The three lowest states have: 0
]ﬁlcii_> 1114:—> r2-

1 4 1 4 2 1
Hy {7 By — 91 Bz;J e {5 Bz*ﬁ 34} + s [—3 By + 31 34}
Loy =Ty = s

1 4 2 1 1 4
Hy [7 B, 21 34] T e [_ 1 Bz + B4J + [7 By— 57 34}

(17)
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R AT A i a7

2 1 1 4 1 4
Ha {*7324‘21}34} =+ ttg {7 Bz—ﬁBél} T s ‘:7 Bz‘—?)"l' 34}- I

The affiliation to tetragonal staltes can be found by putting
Uy = py. In the limit, where p, = p, = w4, the cubic states are
found. The rhombic quantum numbers [, and I, are chosen
arbitrarily. The cnergies of the two highest states are roots
of the equation '

Ez_(H22+H2—‘2+H00)E+(H22H00

} (18)
+ Hy o Hog—2 (Hy)?) = 0,
giving a square-root dependence. The functions H, are defined
in ref. 4. Only in the case u, = uy is the dependence on crystal
field strength linear, because H,, then equals 0. This represents
the interaction between the two states with the same rhombic
quantum number [}. :

In the tetragonal case u, = u,, these two states are normal,
and the four possible states are:

. 1 19 ‘ 2 1
Loy= Tygi 2y §B2+§¥LB4 s _7Bz+5IB4

) . 1 3 2 2
PC3~¥>F“:ZILLI{—7I)2+;2'8-B{}L,U,3[?B2+§B4}
(19)
1‘»F~9(lB—iB—+ _3B+lB
ch 147 = My 72 5y P s 722 T 5y Pa

_ ‘ 1 1 1 4
Les—T5:2 [*TZB‘Z_ﬁB‘IJ + s {Jr;Bz—;IBL;}-

For use of the formalism, expressed in eq. 10, the cubic con-
tributions must be written

1
ey E(eub) = (uy + us+ 1) 8 By
1 (20)
ey E(cub) = — (g + pa + %‘3)5 By
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and the tetragonal contributions

. syt s 2 5
.ESZE(tBLI) = (’1—2>?—-ILL3/) {7324’55)4:'

7 (o 2 5
Ly E(tetr) = \’ul é 2 Uy [~—? BZ‘EB‘I}

(21)

g

Bl

( )
Iyy: E (tetr) — (1 T u,g)
(I (tetr) = (

The rhombic contributions of 7}; and [} together equal 0 and
must be considered as interaction effects of the type discussed
in the preceding section. The rhombic contribution of I, equals
0, and that of

3 5
L5 E (thomb) = == (uy — ps) {14 BZ—Z—Z-B%. (22)

It is not possible to use a single parameter E, for F (tetr) analogous
5
to (Ey— Ey) = (g + ts + 1t3) 13 B, for E (cub). The con-
. . 4
tributions of B, compared with those of B, in eq. 21 are —3
times higher in [}, and [y than they are in I3 and [7,.

The theorem on centres of gravity' is valid for all the indi-
vidual splittings in a given field. However, this theorem is also
valid for the further splitting of a degenerate level due to fields
of lower symmetry. This is of consequence for the following
sections.

Two d-Electron Systems.

The energies of the d2-levels in tetragonal fields® are compared
here with results for d"-levels in tetragonal fields, analogous to
the theory of cubic ficlds.”

We shall first calculate the electron distributions in strong
tetragonal fields on the quantum numbers y;5, ¥4, i1, and yy;
in order of increasing energy (in fields with almost no cubic
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TaBLE 5. d®-levels in strong tetragonal fields.
g g
Degeneracy Electron § .
number | distribution | eVl Energy
2 1 4 19 ’ 4 2
NG = PujgPe T op Bl Ty o By g By
1y g (e3) [2
9 e
Yes 4 Yes Y 5‘]}3(02 3F) My §B4 +/“'5 _de
2 1 [o4 3 ' 4
1 riL Ty By —532+§B4 Ty ;Bz “534
Tpled,'e) | 41 . 4, 2,
4 Yz Via 3]_’12(()4) ey EBZTEB‘L T Mg —-';Bz_?_i 4
s (1 13 1 1 1
8 Y3 Vis 8. My §B2+EB4J F g ¥‘§B27§B4
Yeg Yes
1Ty (cB) Fo1 1
71
4 Vi1 Vs 31, (65, F) #y 76134 + g 534
s [ 3 o .
8 Y1 Vs 3 By 'EBZ +—lzb4 + g 132 T;;B4
15 ] 2
9 1 4 16 ’
LI 7 Ty plg By — oy Bu| ity | =Byt By
8 1T5 (¢5) 1y N 1 3 ]
2 e T e e FA ATt ] I B T “J
Yes
llwtl
s (3 2 8
9 13(¢3) 2 2 8
oo LTy (e5) PP B e 3 By B
a(ed)
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contributions, the order of y,, and y;, is inverted). It is fortunate
that the corresponding cubic quantum numbers y;, v, y5, and
y5 are then definitely fixed. Table 2 is used for the vector product
Vip Yig When p £ q. This case is not rvestricted by the Pauli
exclusion principle, and thus both values of S = 1 and 0 occurs.
The case p = ¢ is morve difficult. When y,, has e = 1, the
electron pair y'tzp is a closed shell, the term is */},. When e = 2,
as in %, it is necessary to collect further information. The
known case of d*levels gives § = 1 for #I and S = 0 [or the
three others Iy, 5, and *},. Table 5 give the cnergies in
strong fetragonal fields of these levels, depending on the two
parameters p; (= wz) and u,. ’

The levels of Table 5 can be divided as follows: In cases

where more levels with the same tetragonal quantum number
are present in the same of the three groups y3;, ¥es¥es. and 325,
nothing can be said with certainty in connection with a single
level in weak fields. In cases where only one level with the same
tetragonal quantum number is present in a group, the cubic
quantum number is certain. This can then either be exhibited
by one level, which has the given S in the whole d®-system, or
the cubic number can be exhibited move times. In the 32, group
the former case occurs in 3/, which can only be the weak
field level 3F (®;) while the latter case occurs in 1f};, which
surely is a I, state, but which cannot be identified with cer-
tainty with any atomic term, since 'D and 'G both have 71, ,-
levels. ,
In the best determined class, which contains 3I; (3F), 117,
(*G), and 3Ty, (3F), the energy (given in Table 5) in strong crystal-
fields is verified in ref. 5. The partially determined class is re-
represented e. g. by the two 3[j-levels:

- 4 3 4 2
3112(3];')1 Y |:35B2*14B4:'+/L63 I:E—SBZ_7B4J s
) 5 (23)
WGP g 532 + g _—EBZ}

. . 4 1
The former is equal to the energy of 57125 + 5 Via Vs and the

1 . 4 . . . . 3
latter to 57125 + 5 Vs Vs Thus the intermixing coefficients given
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in Table 4 seem to apply to the problem of distributing strong
tetragonal fields with the intermediate step of strong cubic on
the weak tetragonal fields. If it is allowable to use the “‘centre
of gravity”-theorem on the *I, by beginning tetragonality, it
should further be valid that F (tetr) in 3[%; in the levels should

1 . .
cqual—-;E(tetr) in the corresponding *7%,. Thus

2 11

3
N CFcd): g {— B, —og

2
35 By + ps [_‘3—582%B4J

1 1 (24
s (CPcd): g {——532] + gy {5 BQ} .

The latter result in eq. 24 is again confirmed® while the former
result is complicated by the fact that two 3{; occur in 3F, and
their mutual interaction thus is also reckoned. But the diagonal
sum-rule can be applied to all the 3/, Their total energy is to bhe

2 2 = Yis Vis + Veu Vis + ViaVis 1

1 1 1 4 - (25)
= {ﬁ?Bz_iB‘;:' - pa {aBz—ﬁB‘i} J

and when the energy of 3[y; (3P) is subtracted,

9 1 2 4 \
23F15(3F) =t {+35B-2—7B4} + s [_34532_2184 (26)

also found by the direct calculation.’

Thus it seems possible by application of the best determined
levels and by cxtended use of the theorem concerning the centres
of gravity to determine all or nearly all the energies of tetragonal
levels. The restriction (also imposed on the method used in
ref. 7) is that only average values of several levels with the same
28411, can be estimated.

Special interest is connected with the ground-state of diamag-
netic nickel (II) complexes. Due to Pauli’s holeequivalence theo-
rem, it is the level among the 'D-levels (see Fig. 3) which has the
highest energy in strong tetragonal fields in d®-systems. Previously®
it has been discussed, if I, (*G, I',,) was the ground-state in the
rather strong tetragonal field occurring in the square-planar

Dan. Mat, Fys. Medd. 29, no.14. 2
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complexes of stilbenediamine, cyanide, ete. Rather, the state
Uy (D, ',3) transferred to the strong tetragonal field state 3,
is lowest, due to second-order effects in the crystal-field strength,
while 1/, was mentioned as having the lowest energy among the
singlet states at more moderate crystal-field strengths.

In cubic complexes, [, *D) will at even quite small field
strengths have the linear energy expression (g, = py = )

4 3
E = Z(\D) +3 (6) + p Bi, 27)

while the cubic ground-state 3I, (3F) has always
E = (F)+ 1 B,y (28)

(see Table 4). The energy differences between the two states are
thus nearly constant®, being the differences between terms in the
free ion:

Bl ECTa) = z0D) +206)—CF). (29

Exceptionally these energies are not known®* from atomic
spectroscopy,’® but can with a probable error ~ 1000 cm™* be
predicted from the theory of Conpon and SmorTLEY' to be
(D) = 13000 em™ " and (*G) = 22000 cm™ ', when (F) = 0
em™ ' Thus, the energy difference of eq. 29 will be ~ 17000 em™ %,
In Ni(H,0){* measured on the Cary spectrophotometer a
very weak band has been found as a shoulder at 18500 em ™ *
with a half-width 500cm™". Tt may be identified as a 37, (Fy—
s (D) ftransition which is predicted ~ 23000 em™ ', or the
similar 11"y (D) predicted ~ 17000 em .

In tetragonal complexes the energy of 3F (3I3) has no tetra-
gonal contributions (eq. 10) while 2; (11,,) will split up, y%;
(*I';)) being the lowest state. If it is assumed (in analogy with
the arguments given for the second class of states in Table 3)
that the state in eq. 27 will take over also all the strong field

* Nothing is known about the cause ol diamagnetism in bis (triarsine)
nickel (IT) ion* which is the only nickel (II) complex supposed to be cubic and
diamagnetic.

** Recently, SuENsToNE? has found D at 14032 em~? and *G at 23109 em— %,
{Added in proof).
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Fig. 2. Triplet states of d2 in weak and strong crystal fields of cubic and
tetragonal symmetry.

tetragonal splitting by being a strong cubic field state, its energy
will be (p = py > u3)

4 3. 4 19 4 2 on
E = 7 (*D) + 7(1(’) + [’7‘ B, + EBJ + g [ﬁ?Bz + 2134}. (27)
The energy of I, (G, 'I.,) is then exactly
4 4 2 .
= (lp)‘Lﬁ‘l 2+ B4 + 3 B2+5‘1‘B4 . (28)

Since the difference belween the energy in eq. 27 and 28 is
4 ,
composed of the positive parts —{(IG) — (1D)} ~ 5000 cm™ " and

{ o
Ly |—
o 6

systems) of the order of magnitude —(E — E,) in the corre-
2*

4| (this is positive due to the hole-formalism* in d®-
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I'ig. 3. Singlet states of d* in weak and strong crystal fields of cubic and
tetragonal symimetry.

sponding cubic complexes, no nickel (I1) complex has the ground-
state of eq. 28.

The condition for a nickel (II) complex to be diamagnetic
is thus the tetragonal part of eq. 27 Dbeing more negative than
the energy difference in the free ion of the intermixed states, viz:

(i1 — i) E B, + % B4J < (3F)—%—(1D) —g(lG) ~—17000cm™ " (29)

If uy = 0, this condition is fulfilled even at g, {— % 34} = (£, — L))
= 19000 em™" when B, is put® = 2.2 B,. In reality two opposite
tendencies remove a given nickel (IT) complex from this simpli-
fied model: u; usually is not vanishing, since the diamagnetic
complexes have solvate molecules, anions, etc., on the z-axis,
while on the other hand u; may very well be larger than in the
corresponding cubic complexes (u; = u;) where steric inter-
ferences prevent the ligands to be so close to the nickel ion. While
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the yellow diamagnetic complexes with their principal band
maximum ~ 22000 cm ! (with Ni(CN); ~ on the front with
32000 cm™ ") have quite large energy differences between their
states, the red ones ~ 20000 cm™" are presumably only diamag-
netic with some difficulties. E. g. the red nickel (II) inner salt
with bis (acetylacetone) ethylenediimine is probably strained by
the tendency of the Schiff base-ligand to be planar. The complex,
known to be nearest the limit of paramagnetism, is the salmon
pink [Nien,] [Ag Br J], of NymoLm™ (we have also prepared the
similar salts with the anions [dg Br,] and [4g J,]” by pre-
cipitation with saturated solutions of the silver halide complexes
in concentrated solutions of the sodium halides), while the tetra
(G, C, c, C’) methylsubstituted ethylenediamirie15 forms stable
yellow nickel (II) complexes in solution. The absorption spectra
of several nickel (II) complexes with these and other amines
are now being studied in this laboratory. Fig. 2 and 3 show how
the various levels in a d2system are split up by crystal fields of
different symmetries. Fig. 2 gives the triplet levels and Fig. 3
the singlet levels.

Three and Four d-Electrons.

As pointed out by Santen and WiErINGEN'® the maximum
values of S in d"-systems give especially regular crystal-field
splittings. These are inverted in some cases, viz. for D-states in
octahedral complexes:

Regular (I lowest) Inverted (I'; lowest)
*D (d) °D (d*) (30)
51) (d 6) } ’ 2D (d9)

and for F-states in octahedral complexes:

Regular (I, lowest) Inverted (I, lowest) 1
() () (31)
1 (d7) F () J

A closer investigation shows that these inversion rules also apply
to the tetragonal splitting. Thus the numerical results*’® for
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P-, D-, and F-states of highest multiplicity can easily be adapted
to these cases.

Since there will hardly be any possibilities of comparing the
theory with experimental data for states of lower S in the magnet-
ically normal complexes, the lengthy calculations along the lines
given above will not be performed here. It may be noted that
the strong tetragonal field states of % 3%, v$ »% can be found
by direct multiplication from Table 2, when the result of 3%,
and the hole-formalism yj; — 715 is remembered. But a point
of great chemical intercst is the behaviour of the lower states of
magnetically anomalous complexes. According to SanTEN and
WreRINGEN'® only d*-, d5, db-, and d’-systems should give
magnetically anomalous complexes of cubic symmetry since they
are the only ones which have holes in the y;-shell in the magnet-
ically mormal state, to which ys-electrons can be transferred
under pairing and decrease in S. This is in very good agreement
with experience. The best known diamagnetic complexes of the
first transition group are the octahedral cobalt (I111) complexes.
Their ground-state, 1, (¥) is only once degenerate and is thus
undisturbed by tetragonal and rhombic effects. Second-order
effects can only occur’ from v ys states, which are so excited
that the effects of nondiagonal elements K of eq. 13 are negligible,
excepl at very small (E; — E,), where they repulse 9 from its
high free-ion energy I/ (intermixed) down along the line in the
Orgel diagram™

E = F(intermixed) — 152 (E,—Ly). (32)

The value of E (intermixed) must mostly be composite of G
and *I. The energies of singlet terms in the free cobalt (II1) ion
will probably never be found by atomic spectroscopy, Racah’s

theory'” for the d"-terms give the expression in Condon-Shortley

3
parameters 21

13
E(G) = 6 Fy—5F,— F,

£/ 708 (Fy—5 F1)?—420 (Fy— 5 Fy) Fy+ 11025 Fy (33)
EQl) = 6F,—15F,—9F,
E(_)D) = 6F0—21F‘2i189 F4'
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With the reasonable’ values of F, = 2000 em™ ' and F, = 200
cm ' the order of magnitude of the energy difference between
the lowest singlet state and 5D is found to be 48000 cm™ ', Since
the lowest cubic state with S = 2, viz. *I; (°D), has the slope

2 . . L.
—g(El — ;) in the Orgel diagram, it is seen from eq. 32 that

(£, — E,;) must be at least 24000 em ™' in order to get diamagnetism
in cobalt (III). This is already the case in Co (H,0); *T as
found in alums by Asmussen.'®

While the first band in chromium (III) complexes gives an
almost exact measure of (£, —E,) because’ the transition
8T, (3F, 93y — *I'; (°F, ¥2 y;) has no intermixing with different
values in strong and weak cubic fields, it is not possible to make
a similar statcment on cobalt (ITT) complexes. It is only possible
to identify the four states of 3} v, in strong crystal-fields,”” ! the
two strong bands being due to S = 0, ', and *I';, while the
weak band discovered in the red® must be due to either 3I°, or
3]"; with § = 1. The constant energy difference in the two strong
bands ~ 8000 cm™! is in our opinion due to intermixing of
free ion-terms in the diagonal elements in eq. 13, and it would
then be accidental if it was equal to 12 £, — 60 F, as maintained
by Oreer.™

The two excited states have the tetragomal splittings */, —

o+ 1, and M, — 1Ty, 4 1775, If it is assumed that these
states have no interaction with other states, their E (tetr) (see
eq. 10) will be: B, and B, > 0)

1 g 2 1 20

Iys = Yisviaven: (uu—us) | —=Ba— 57 By
7 126

¥ 34

§ }

7 4

Wy = 7’?57’[4%11 (#1 ,ng)[ 7 B, + 196 Bd],

(34)

e = ¥is Vi Vis: /’1/13)[
1Ft’5 = 7?5 7’?4 Yis: (M1*ﬂs)l

The assumption of no interaction between the states will probably
not be valid in the case of I} and /7. OrcerL' is of course
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right in maintaining that I',; has no first-order tetragonal splitting
in contrast to [,,. But this situation may be reversed in strong
crystal fields. Of the energies in eq. 34 it may be concluded that
I has so small a value of E (tetr) (without B, contributions)
that if the theorem of centre of gravity can be applied to this
and the other level of 'I°,,, it has a very small tetragonal splitting
as compared with the ‘I, plus a mixture of 1/, and 1]}'5, leading
to 1I0,;.

It is empirically well known'” that the first of the two strong
cobalt (11I) bands gencrally show much larger tetragonal splittings
than the other. As seen above, it can be interpreted by use of
eq. 34 as being the transition to I contrary to 1/,4. In pro-
nounced tetragonal fields, as found in trans-[Co en,Cl,]", the
lowest excited state is then I, (¥5 74 701). At a tetragonality
so strong that yy, and py; has the same energy (as found e. g.
in copper (IT) complexes) this state should be competing with
1T, (vis via) as ground-state.

The question of tetragonal splittings in chromium (III)
complexes seems quite complicated. Not only does the first
strong band show this splitting," but as will be shown in
another publication by one of us, the second band is strongly split
in the bluish grey hydroxo form of the chromium (IIT) ethylene-
diaminetetraacetate.®® C. E. ScuirFer of this laboratory has
discovered that the dinuclear “basic rhodo’ 001111)lex,21 which
is formed transiently by air-oxidation of chromium (II) in ammonia
water, shows on the Cary speclrophotometer four very narrow
bands in the near ultraviolet. The first band 37, — 37,5 should
show little first-order tetragonal splitting, since one of the levels
in 30, is 307, (ys v:3), which has the B,-contribution = 0.

Some of the strong bands in magnetically normal complexes
predicted by the erystal field theory are not very easily detected.
The most prominent examples are:

d?: 30y (3F) — 31, (°F) | ]
d%: 3, (3F) — 3, (*P) - (35)
d7: 21", (°F) — 3T, (°F). J

In d? and d7 the excited states are only once degenerate on a
(2 L 4 1) basis and might be suspected to give weaker bands
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than the other, three-fold degenerate states with maximum S. In
vanadium (IIT), the band seems nevertheless observed at 38000
em ™' in the reflection spectrum of K, [V Fy H,0] as measured on
the Beckman DU. From the other bands in this complex a wave-
number 35000 em™ ! is predicted. In cobalt (IT) the band is now
identified with the quite weak band® at 16000 em™! in Co (H,0); "
and the somewhat stronger bands in Co (NHy)i* at 18200 cm '
and in Co en,™ " at 18500 em ' as described in the ninth paper
of this series.®® Since the band in purely cubic complexes cor-

9 . s
responds to the energy E (E; — E,), this quantity is now assumed

to be 9000 cm™*in the aquo ion, which must be slightly rhombic,
as seen above.

d® is represented in vanadium (II) and chromium (III). In
solutions of vanadium in 6 M HCI, reduced by zine, a third band
can be observed at 26500 cm ' besides the two at 12200 and
18000 em . Since it does not have the place of the second band
of vanadium (III), it is most probably one of the bands given
in eqs. 35. Since (E, — E,) is as small as 12000 cm™ ", the bands
are distributed mnearly as in Nienj ™ : the two I’y have nearly
their minimum distance’ = 2 K in eq. 13. In chromium (III),
low band at 38000 cm, ™" observed of Tsucuma® in Cr (H,0)f t+
may represent the third strong band with the corresponding
(E; — E;) = 17500 em™". The red solutions of chromium (III)
chloride in absolute ethanol saturated with lithium chloride
(probably containing Cr Cl; alc;y) show also the third band
clearly. Here the two first bands are shifted much toward the
red, 12000 and 19000 cm_1, respectively, while a similar band
is observed at 26000 cm—'. Further out in the ultraviolet, the
electron transfer spectrum due to the easy remove of electrons
from chloride ions are observed.

Five d-Electrons,

These sys’[ems7 have no first-order crystal-field splittings in
complexes of cubic symmetry. Their sccond-order interactions
can be treated by methods given above in the second section.
The absorption spectra of magnetically normal manganese (1I)
and iron (III) consist of very weak bands” due to the transitions



26 Nr. 14

from the ground-state ®S to splittings of quartel states. Besides
this, iron (II) compounds have very intense electron transfer
spectra as seen in Fe (OH)*™, Fe (SCN);, Fe S;05, ete.

Among the quartet states, /7 and *I, are only represented
once, and they have both N = 2 in eq. 12, as also 819 (*S5).
47", is represented twice with ¥ = 2 (4D and *G). They continue
also without interaction in strong crystal-fields. Probably the two
1G-levels 4Ty and *I, are represented in bands® at 24900 and
25150 em™'. These narrow bands were also found by GreLEssEN"
and in solid manganese (II) salts they split into 12 components.
Due to the Kramer degencracy, more than 6 were not expected,
even due to (L, S) coupling effects. But many of the narrow
bands found by GiELESSEN ave probably coupled with vibrations.
Of greal importance for the observed spectra are the states 417,
which occur in 4P, *I', and *G. They have the energies in the
free manganese (II) ion'? 29200, 43600, and 26800 ecm™" re-
spectively. The two terms 4G and 4P are liable to interact strongly-
due to the small distance of the terms. If in the strong crystal
field the lowesl level has the energy in cubic complexes

Mn (IDAT, (¥ ys): 28000 em™ ' — (&, —F,). (36)
(E, — E,) is then = 9200 cm ! in Mn (H,0){ ¥, which seems
very probable, and similar calculations for Fe (H,0)¢ Tt give

(E;—E;) = 22000 cm™". The middle *I", in Mn (H,0); = should
be placed ~ 30000 ¢cm™ " and is probably the band® at 29700 cm %,
47, is finally the explanation of the bands at 23000 cm™' in
manganese (I1) and at 18500 cm™' in iron (II).5 The three

interacting levels are here due to %D, 4F, and *G.

Geometrical Configuration and Absorption Spectrum.

Due to the fact that only three parameters p,, gy, and u,
determine the spectrum of a given complex with constant* R, Z
and electron configuration, the symmelry of the crystal fields is
often surprising high. Table 6 gives the symmetry of complexes
with at most three dilferent ligands 4, B, € in the octahedral
complexes M A, B, C. (a = b = c) with six equal distances.
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TaBLE 6. Symmetry of octahedral complexes with at most three
different ligands 4, B and C.

MAB ¢ | (1,2, 6) MA,B, r (B1,6 C2) MA,B,C r

MAB cis (1, 2) MA,BC r (B1,2 C3,4) MA,B,C, r

cis (1, 2) MA,B, trans (1, 6) MA,BC t (B1,2 C3,5) MA,B,C, ¢
trans (1, 6) MA,B, (B1,2 €3) MA,B,C t (B1,6 C2,3) MA,B,C, 1
(1,2,3) MA,B, ¢ (B1,2 C4) MAB,C r (B1,6 C 2,4) MA,B,C, 71

Among the tetragonal complexes, the tetragonality can be
measured by (u; — us) as seen from eq. 21 and as also found
directly from ref. 4. It is seen that this quantity is (— 2) times
as small in cis MA,B, as in trans MA,B,, since

cis-MA B, trans-MA,B,

My = o = M4 + Up M1 = U = 2 Ha -
(37)

thh— [ty = pig — fia- fr My = 2 fta — 2 pp.

This is the explanation of the tetragonal splitting being much
more distinet'® in trans-complexes, while it only gives broadening
of the bands in the cis-complexes. Here the splitting is (— 1)
time the splitting of mono-substituted complexes M A,B, which
have uy — pt5 = py — pg, 1. e. the gplitting is inverted.

In applying these rules to observed speclra it is necessary to
consider several facts. First, chelale ligands are treated as comn-
posed of the individual coordinating links. Especially sym-
metrical chelates such as ethylenediamine or oxalate have A4
function. Secondly, when the pure M4y and MB; complexes have
nearly the same spectra, the mixed complexes MA,B; , will
show very small changes (formally, because wup— s ~ 0).
These cases can be found from the spectrochemical series first

2 . Py
developed by Fazans®™ and later extended by I'sucHipa®:

JT < BrT < ClITSOH™ <RCOO™ <NOjy <F S H,0 |

. 38
< SCN~ << NH,;<en< NOy << o-phen = dip << (N [ (38)
The anions find quite fixed positions between the neutral mole-
cules in this series. Thirdly, the effects of making a purely cubic
complex M4, less symmetrical by substitution to MA;B, MA,B, . . .
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are different, according to the ground-state being only once de-
generate in cubic symmeiry (as in chromium (III), nickel (IT),
diamagnetic cobalt (IIT) complexes, etc.) or it is several times
degenerale (as in titanium (III), cobalt (II), copper-(II), elc.).
In the former cases the tetragonal splitting of a band does not
move its centre of gravily determined by the cubic contribution
p1 + tg + pg, while the latter cascs have a predominant hyp-
sochromic influence of unsymmetrical substitution, because the
ground-state is decreased in energy also by tetragonal fields.
Generally spoken, the latter type of complex with several times
degenerate ground-state in cubic symmetry can show phenomena
such as the “pentammine effect” in copper (1I) complexes.* They
have a tendency towards showing characteristic coordination
numbers 2 and 4 in the sense of J. Bierrum®®, while the non-
degencrate cubic ground-states give nearly constant consecutive
equilibrium constants, corrected for statistical effects and steric
interaction between the ligands.

The non-degenerate, purely cubic type is very promising for
calculation of spectra of poly-nuclear species, so abundant in
chromium (IIT) and cobalt (II1) chemistry. C. E. ScHAFFER will
elsewhere publish absorption spectra of these compounds. E. g.
the brown ecation®” [Co {(OH)2 Co (NHS)d}g]+6 has exactly the
spectrum predicted of a mixture of the mono-nuclear links, one
part of the hypothetical [Co (OH)s]™* (determined from eq. 38)
and three parts of cis [Co (NH;), (OH),]", with the strong
clectron transfer spectrum from OH™ 4 CoT®— OH + Co™?
superposed in the near ultraviolet.

d-Electrons in Crystal Fields of Trigonal Symmetry.

The trigonal symmetry D is characterized by the three 3-dimen-
sional vectors (F, 2 Cy, 3 C,)*8:

C(Ta1) = (1,1, 1)
C(T42) — (1,1, — 1) (39)
C(Ia3) = (2, — 1, 0).

For different values of L, the possible quantum numbers are:
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C(S) =, 1,1) =010

C(P)y = (3,0,—1) = C(La2) + C(Lus)
CD) =G, —1,1) = Cu)+20(13)
C(Fy =(1.1,—1) = C(Ia0)—=2C(Ta2) +2C(Lan) (40)
C(G) = (9,0,1) = 2C(Ta1) + C(T42) +3C(Ia3)
CH)Y=(11,—1,—~1) = C(La1)+2C(La2)+-4C(T43)
C( = (13,1,1) = 3C(Tu) +2€(Ta2)+4C(T40),

The multiplication table is:

AR i LAz Lys ]l
Lar | T | Tz Iy ( (D
a2 | Taz | I I3 I
Tys | Tas | Ius Tar+Tas+Tas |

The crystal field of a trigonal bipyramid has this symmetry. If
one of the three equal dipoles in the planar triangle is denoted
by 4y, and one of the two equal dipoles in the perpendicular
axis through the centre of the triangle by p,, the energy of the
three possible states of one d-electron is:

E (y'/’l 3) = {1

3 3 4
- i [
7BZ+5684J+’MZ[ 71)’2 ] ‘1134:!

3 3 2 8 o
E(yqs) = i _ﬂBzf’i‘; By| + ity "‘332**’34 (42)

3 9 4 4
E(y 0 = Ml{—7 By + 52 B4J T e {—F?Bﬁ-f&;}

It is seen that the velative position of these energy levels are
highly dependent on the ratio B,/B, and u,/u,. For the limiting
case py = ¢, the three energies are equal to the similar limits
in the tetragonal case for y,;; (= ), Y5, and yp,, respeciively.

. : 4 s .
For the special case p; = ot the B, contributions vanish:
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E @) = ma| 5B
E(VA 3) = Mo {334} (43)

E(VA 1) = [y [Bﬂ-

Just as in the cubic symmetry, the sum of dipole moments in
the plane is twice as large as the sum of dipole moments along
the perpendicular axis in this particular case. While the other
types of crystal field symmetry, treated in this paper, are re-
presented in octahedral complexes, the trigonal symmetry cor-
responds to only five-coordinated complexes. These are of
special interest as a probable intermediate configuration occurring
in exchange reactions by dissociation of octahedral complexes
involving Sy mechanisms.?’

Summary.

The group-theoretical derivation of the possible states in
crystal fields of cubie, tetragonal, and rhombic symmetry is
presented as operations with simple five-dimensional vectors.
The problem of interaction between two states alone by going
from weak to strong crystal fields is solved. The behaviour of
one d-electron in the fields of different symmetry is discussed.
The earlier calculations on d2systems are used for comparison
with the strong and weak tetragonal fields. The ground-state of
diamagnetic nickel (II) complexes is found. In d3- and d*
systems, the splitting of states with maximum S is inverted, as
compared withthe corresponding d*- and d*-states. The magnetically
anomalous complexes of these configurations are discussed, and
peculiarities in the tetragonal splitting pointed out. Cubic states
of d® with S = g are in some cases strongly interacting. Finally

the relative magnetude of the tetragonal splitting in complexes
with different distribution of ligands on the six octahedral places
is found. Distinction is made between complexes with only once
degenerate ground-state in cubic symumetry (which show more
regular evolution of spectra and equilibrium constants with
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increasing number of a new ligand) as compared with complexes
where this is not the case. These latter, which according to
VAN VLECK cannot at all be stable in purely cubic symmetry,
show higher wave-numbers of the mixed complexes as compared
with the limiting complexes MA; and MBs.
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