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Introduction.

n recent years, the notion of the S-matrix has found an increas-
I ing application in the treatment of collision processes, both
in nuclear problems and field theory. In the numerous papers
on this subject, the definition of the S-matrix itself has, however,
not always been the same, and the connection between the dif-
ferent definitions has not always been quite clear.

When the treatment of the collision process is based on the
Schrédinger equation, different definitions of the S-matrix sug-
gest themselves, according as the treatment is based on the time-
independent or the time-dependent Schrédinger equation. In the
first case, one is led to the original Heisenberg definition; in
the latter case, to Dvson’s definition of the S-matrix. On the
other hand, if one slarts from the equations of motion (the field
equalions) in a Heisenberg representation instead of using the
Schrodinger equation, another method of defining the S-matrix
suggests itself, which was developed by KiLLEN and by Yanc
and FeLpman and which has proved very convenient in various
field theories.

In the present paper, an attempt has been made to correlate
the various methods and to discuss which results can be derived
without use of expansions in powers of the interaction, which
results are valid as long as such expansions converge, and which
results can be valid only as long as the possibility of bound
states may be ignored.

I. Notation.

In order to facilitate derivations, and lo condense formulas
of n'th order perturbation theory to a printable, inspectional,
and manageable size, we introduce a symbolic notation, as fol-
lows.

1*
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Let A, B, C, .... be g-numbers, represented by matrices
with a left-hand label L and a right-hand label R, indicating
rows and columns, respectively. In Dirac’s bracket notation,

A = BC means (L|A|R)> = S<L|B

k> dk <k|C|R>. (1.1)

In most cases, we shall use for k a set of g-numbers commuting
with each other and with the unperturbed (*‘free particle’) energy
E of the particles considered. For instance, & may be the mo-
menta of the particles, or a set of occupation numbers.

In the following,

A = Bf(Ey,Eg) means {L|A|R> = (L|B|R) - f(E., Ep) (1.2)
in any representation in which E may be considered a function
of the variables used for labels L and R. Between braces, however,

L and R refer to the positions farthest to the left and to the right
between such braces; thus,

A{B . f(EL,EB)} = ( means

\¢rla

k> dk <k|B|Ry f(Ey, Eg) = <L|C|R>. (1.3)

We shall put

Often we shall write a product of g-numbers and insert
between or beside the factors one symbol | (pronounced ‘‘gage’’)
and several symbols 5 (“delt’”), ' (**dash’), § (“'scat”), b (““flat’),
and ? (pronounced “‘slash’’). If G denotes the position of the gage
between or beside the g-numbers, these symbols are to be inter-
preted as follows:

Each delt at position 4 stands for a ]
factor —ind(Eg — E) = (7/i) 6(Eg4)- '

)

Each dash at position d stands for a ‘

factor Dgg = Ega/(Elq + a®) = — Dye.
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Each scat at position S stands for a

factor § (Egs) = (Eg— Es -+ {a)~1 :
‘ (1.5)

Each flat at position F stands for a
factor b (Egp) = (Eg — Ep —ia) '.

In (1.5), @ is an infinitely small, real, positive number. At
the end of each calculation we take a — 0. (Occasionally, a has
a physical meaning and the convenieni mathematical limit
a-+;0 is only a good approximation, as the physical a is small,
but not really zero).

- The dash, flat, and scat at position K are easily recognized
as three ways of dividing by Egx = Eg — Eg; if the quantity
divided does not vanish for E; = Ep, the results of these three
different divisions differ by delta functions, as discussed bhelow
(see Eq. (1.9)). If we do not want to specify which of these three
methods of division we have in mind, we indicate division by
(Eg — Ex) by a gage (“) at position & and a slash (?) at position K.

If + denotes the Hermitian conjugate of a matrix.

(LAY R> = {R] A|LY*, (1.6)

then the following rules are obvious:

1. Rules valid if A and B are any ea:pressions containing any
dashes, scats, flats, slashes or dells:

‘All =L (54l +palD,
CY DI DEIE]

sa|l = | 45,
CADT =y, (1.7)
GAD" = —[ (ahs =—s4"|.
@AD" = [l @hb,

GAP" =]@hs.
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In general, the rule, that the Hermitian conjugate of a product
equals the product in reversed order of sequence of the Hermi-
tan conjugétes of the factors, applies also to products interjected
with a gage and various delts, dashes, ete., as long as we treat
these symbols as factors themselves and as long as we put

=" O=—s @ =b O =5 @8
A further geﬁeral Tule is

S = ‘4 + o4 — Al @9

;b4

This rule is easily verified by multiplying these equations by an
arbitrary function of Eg; continuous along the real axis, and
integrating them in the complex Eg; plane along the real axis,
taking the limit a — 0 at the end. If C(a) is a path of integration
from the minimum value of Eg; to a point (Egp)min — ia, then
parallel to the real axis to the point —(i + 1)a, then along a
semi-circle through 0 to +(1 —{)a, and from there again at a
constant distant a below the real axis to + oo, then

. E,
S(§A 1) F(Egy) dE g, = 1imSA L(“—I,E.)'dERL
a>0,) Ep t+ia
(Ep;) min C(a) (1 10)

_ [Epy)
,4PSA £, Em inf (0], g,

where P is the Cauchy principal value of the integral along the
real axis, and where the last term derives from the integral in
clockwise (negative) direction around the pole at —ia. Similarly,
we prove

E
Epp (1.11)
+7rif(0)A|ER=EL.

S(bA” )f(ERL)dERL = PSA

(Epyz) min

So, by the first equation (1.7),
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E
S(’AH)f(ERL) dE,, = PgAf(E ) dEp,,  (1.12)
D RL
and by (1.5),
VGAID PRy dliny, = —imf @) Al 5, —p, (L13)

From the validity of Eqgs. (1.10) — (1.13) for arbitrary f(Ery)
we conclude to the relations (1.9). Also, subtracting §(Eg;) and
b (Egy), we get from (1.5)

1 1

§(Epp) —b (Egp) = Ey +ia Ep, —ia

(1.9a)

—2ia ]
> —2wid (Eg)
RL+a

for a— 0, in accordance with (1.9).

2. Rules valid only if q is a q-number nol containing any other
delts, dashes, scats, flats or slashes referring to the same gage:

‘gl = —la".
sall = —l¢b.
ball =—|qs. (1.14)
2qf = —[lq".
(gt = —2(@hH].

The latter three equations easily follow from the first one to-
gether with (1.8) and (1.7).

We might have started from Eqs. (1.10) — (1.13) as definitions
of the scat, flat, dash, and delt. This kind of definition, however,
easily creates confusion, as shown by the following example
which is of importance also for its applications.

Consider the algebraic identity
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(Err Eza)™ ' + (Bry Epa))™ ' + (Bgat Erg )™ |

. _ (1.15)
— (Epr Erag Erse)™ ' (Eppg + Eg— Epg) = 0. I :
If the dash is defined by (1.12), Eq. (1.15) easily creates the
wrong impression that :

F=| 4B +'A|| B +'A'B]| (1.16)

would vanish. (In fact, of course, such conclusion cannot be
drawn even from (1.12), as the ‘“‘principal value’ to be taken
in the double integrations over the energies of the intermediate
state M (due to Eq. (1.1)) and of the final L in P\ dE, f(EL) F
would be defined differently for each of the three terms in
(1.16).) In the Appendix A it is shown that, instead of the vanish-
ing of F, we have the important relation

Drr Drat + Dryg Drae + Dy Dr, = 72 8 (Epy) 6 (Eyg),  (1.17)

which means
la"B +(||a") ('B|)) + A 'B||

' D! ¢ ’ It ‘ } (1'18)
= ||A'B' +A||B"+'A’B|| = —s4| Bs
on account of (1.5).
If A is any matrix, we shall frequently in the following use
the notation A(f) for the time-dependent matrix

A (D) = A exp (Ege t/ik). (1.19)

If A is the time-independent matrix represenling an observ-
able in Schrédinger representation, the A (#) is the matrix re-
presenting this same observable in interaction representation.
Obviously,

A() B(t) = (A B)exp (Egy, t/ih), (1.20)

since Epy -+ Eyyy, = Epgy if M is the position between the factors
A and B. Thence, any algebraic relation between time-independent
matrices remains valid if in both members of the equation all
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matrices are replaced by the corresponding time-dependent
matrices (1.19). Also by (1.6)

A D" = AT exp (Epy tfih) = AT (D). (1.21)

Obvibusly, all matrices of the form SA || are time-independent
in interaction representation; that is

4 (1) ” = A ” = constant in time. (1.22)

It is sometimes useful to calculate the value of a time-depend-
ent matrix A(f) at t— = oco. If A has no singularities for
Eg;, — 0, we may reason that A (£ oo) vanishes, unless we
prefer to maintain that A (+ %) has no well-defined value as
A (1) remains oscillatory. If the matrix considered is of the form
§A(D ], the result depends on the order of sequence of the
limits a— 0 and ¢ — + . In this section, we consider the case
that the limit a— 0 is taken first. Then:

lim < dEp; f(Eg ) §A(D ]|

> oo,

f(Egy)
= 1li Ii dEq; - A exp (Eg, t/ih
i ;;%S R B tia 4 O a0 (128

' ] (0 dx .
—tininoc ahg S mmf(ahx” t]) A exp (+ ax/i).

—_

Before we take the limits any further, we perform the integration
by closing the contour through x = F { %, where exp (& ax/i)
vanishes. The pole at x = —z'| 1‘| /h.is enclosed by the contour
in the case of the upper signs only, so that

tim N f(Eg) $4 0] = 0, (1.24)

> —o0
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lim SdERL f(Ep)§4 D

>+

= lim lim{*‘Zm:if(— ia) A exp (—at/lt) (1.25)

t>+00w a>0

— 2 fO)A ], o= — 2\ Ay 8(Epy) [(Bgy) A,
As this is true for arbitrary functions f(Egrp), we conclude that
§A(—>—=)| =0; (1.26)

§ A(t—> +w)| = 2s4], (at < ). (1.27)

Similarly we show

bAd(t—~—w)||=—2s4|, (a|t|[K1): (1.28)
bA(t—~> +o)]|| = 0. (1.29)
By (1.9) or
oAl = (s All—bAlD. }
(1.30)
Al =LAl +p 4l |

Eqgs. (1.26)—(1.29) give the result
sA (t— 0y =541, (1.31)
which is trivial on account of (1.22), and
A(t— = o) =+ 4], alt| 1. (1.32)

Because of the ambiguity of the mathematical method used
for arriving at the results (1.24)—(1.32), one should justify this
method on physical grounds whenever these results are formally
used. The main point in the above derivation is that the limit
t— £ o is taken last of all, while « in (1.25) had already been
put equal to zero; otherwise, we would have found zero instead
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of s4 H in all right-hand members of (1.25)—(1.32). In other
words, we have kept a | t | small in the limits ¢ — 4- e for arriv-
ing at the results (1.25)—(1.32). A justification or refutation of
such procedure is possible only after we give « a physical meaning.
Chapter IX deals with a different order of sequence of these limits.

II. Stationary states, scattering matrices, and Heisen-
berg’s §-matrix.

In this chapter, we shall use the definition of HEISENBERG'S
S-matrix given earlier by one of us*, but the quantities there
denoted by W, U, and 8, (—x) are represented here by the no-
tation E, — 2z iF, and

%0

exp (tkx) dk/2 m = [, 6 (x) -P(2 nllx> (2.1)

0, (x) = S

Here, P indicates that one should take the prinecipal value in
subsequent integrations over . With this notation, and d_ (x) =
= 6 (¢) — d,. (x), the meaning of the scat and of the flat by
(1.10)—(1.11) can be represented by

SAll=—27id, (Br) A bA||=2ni5_(ERL)A. (2.2)

H will denote the total Hamiltonian of our system. It is the
sum of the free particle energy E and the interaction V. In Schro- -
dinger representation, these quantilies are represented by matrices
which for a closed system are time-independent, but the state
vector (situation function, wave function) g (f) is time-dependent
and salisfies

iRoys (D)oL = Hyg () = (E+ V)ps ().  (2.3)

Let k again be a set of variables commuting with each other
and with E. (For instance momenta, or occupation numbers).
Starting from an arbitrary Schrodinger representation in g-space,
we transform to interaction representation in k-space with wave
funclion <Ic| p (1) by the method of varialion of constants (used
also in time-dependent perturbation theory):
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vs (0 0 = \<ql k> exp (BUim) AR <Ky (), @)

where E is considered a function of the variables k. Substitution
of (2.4) in (2.3) gives the Schridinger equation of interaction
representation

ih (6106 k|
‘ , , N (2.5) .
— S<A-[ V| k'> exp [(E' — E) tjik] dk {k Izp(l‘)J

or, symbolically,

oy (D9t =V(Dy @) (2.6)

with V (t) derived from V by the definition (1.19).

While in many cases it is useful to treat the system as if it
were not closed and to have V itself depend on time (see Chapter
IX), we shall now first assume that the system is closed and
that the factor exp (Egpt/i ) of (1.19) constitutes the only time-
dependence of V ({)."In that case, there are stationary states
(labeled by n) for which

Vsn (1) = ysn exp (Hut[ih), (2.7)
so that, by (2.4),

(e pa () =<k p|nd> exp [(Hy— BE)il)],  (2.8)

where the time-independent coefficients Icl P | n » are the time-
independent wave functions—eigenfunctions of H—in k-space.

In Dirac fashion we have inserfed the label n in a “‘ket”;
the matrix ( &k | P | n > has rows and columns labeled by different
sets of variables; and the fact that there is a complete orthonormal
set of cigenfunctions of H may be expressed by

S<n[yﬂ]k> dk<k|p|n' > =<n|n", (2.9)

(orthonormality)

\<k}¢{n>dn<n[w]k’>—<klk' (2.10)

(completeness)
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or, symbolically, by
phyp =1, pp! = 1. (210

We shall subdivide the time-independent wave functions into
two groups: ’ ‘

(1) Those stationary state eigenfunctions which vanish rapidly
for infinite separation of the particles in our system. Such eigen-
functions we call { k | ¥, or briefly ¢.; they correspond to ‘‘bound
states”. They include states in which only part of the system is
properly bound, while other particles are going off to infinity
(see also Chapter IV).

(2) The remainder of the eigenfunctions { k [ 1p| n>,in general
no longer a complete set of functions. They are the stationary
states that are considered in such scaiftering problems, where
all the particles are free after the scattering process. We shall
call them ‘‘scattering states’’.

There are various methods for bringing some order in the
scattering states. As asymptotically—for infinite separation of the
particles—the scattering states satisfy the free-particle Schrédinger
equation, one may first, crudely, represent them by a definite
free-particle state labeled by the value k, of the variables in
k-space. However, such free-particle state <Ic| L, > is of course
no exact solution of the fime-independent Schrédinger equation
which, on account of (2.5) with (2.8), reads

(Hn _E)<k

wlny =<kl v]rs o

P I ny. (2.12)

The scattering state with a plane wave part which asymptotic-
ally behaves like <1c|1c0> must correspond to a total energy
H, = E,. If we succeed in further specifying the scattering state
we have in mind, we use from then on k, as label of this scat-
tering state. This further specification can be given in many
different ways, each giving the scattering state labeled by k, a
different meaning. Some of the most interesting possibilities are:
(a) By Lk, we denote a scattering state which asymptotically is a
superposition of the free-particle state %k, and of oulgoing scat-
tered waves. (By “outgoing”” we mean that in ayz-space the
scattered wave gives in a given direction (¥, ¢) asymptotically
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(r— ) for each scattered particle a probability density depend-
ing on the scattered wave in k-space for momentum of such
particle in that same direction (&, ¢), but not depending on the
scattered wave for momentum in the opposite direction).

(b) Or, by k, we might denote a scattering state which asymptotic-
ally is a superposition of the free state &, and of incoming ad-
ditional waves.

(¢) Or, by k, we could denote a scattering state which besides
the free state k, asymptotically contains incoming and outgoing
waves In some symmetric way.

The scattering state satisfying the description (a) we shall
denote by (Icl Yf! k, >, a scattering state of type (b) we shall
call <k, .Ql k, >, and one of the kind desecribed under (c) we
shall call (k| Q| k&, >. Let (k| Y|k, > mean any of these three
types of scattering states, specification still 1o be given. When
k, takes all possible values, ¥, £, O, and Y become matrices in
k-spaces, the scattering matrices. ¥ is identical with the ““wave
matrix” introduced in reference 4. Contrary to w, both labels
are now values of the same set of variables &, but the scattering
states do no longer form a complete orthonormal set and there-
fore ¥, 2, Q need not satisfy relations like (2.9)—(2.11); con-
sequently, ¥, £, Q in general are no unitary matrices. Still we can
be sure that scattering states belonging to two different energy
levels will be orthogonal.

On account of H,, = E,, the Schrédinger equation (2.12) for
the scattering states <Icl Y| k, > may be written symbolically as

(Eg—E;) Y = VY. (2.13)

Since ¢ LI k, >—the unit matrix 1 in k-space—forms an essential
part of the scattering states, we write (see Appendix C)

Y=1+2Z, (2.14)

so that, by
(Er —Ep) {kp | kg > =0 (2.15)

(2.13) gives
(Er—E)Z=VY=V+4VZ (2.16)

Further, we define
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B= VY, (2.17)

so that the Schrédinger equation is reduced to two equations for
two unknown matrices B and Z:

(Er— Ep) Z = B; (2.18)
V+ VZ = B. (2.19)

While elimination of B leads back to (2.16) and (2.13), we
could eliminate Z by solving for it from (2.18). This gives

Z ="1?B|. (2.20)

The uncertainty in the meaning of Y at the beginning is here
expressed by the uncertainty of the meaning of the slash in (2.20).

The question therefore arises, which meaning of the slash
in (2.20) corresponds to each of the interpretations (a), (b) or
(c) of the set of scattering states <Ic| Y| k, »>. The answer is
well known and is independent of the possibility of expansion.
It can be shown® * that

$B| = —27id, (Hp) B = {P(1/Ep.) —7id(Eg) VB (2.21)

is the only expression of the form (2.20) corresponding to out-
going waves only.

pB|| = {P(1/Ep) +ni6(Er)} B (2.22)

is the only expression of the form (2.20) corresponding to in-
coming waves only, and both 'B || and sB || describe waves
half incoming and half outgoing, but of these two only 'B|]
has the form (2.20).

The general validity of the above statement, that a combi-
nation of the free particle state k, with outgoing waves only is
‘the solution of (2.19)—(2.20) with ? = §, will become much
clearer by the time-dependent methods discussed in Chapters
V and VI,
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We shall now separately discuss the three cases (a), (b), and
(¢). In case (a), we shall denote Y, Z, and B by ¥, T, and F,
respectively. In case (b), we shall denote them by 2, I', and G.
In case (c), we shall denote them by Q, P, and W. Thus, Egs.
(2.14), (2.20) and (2.17), (2.19) will in these three cases be
read as :
Y=14+7T,; Q2=14+T; Q=1+P; (2.23a-¢)

T=§F| ; I'=bp6| : P="W|; (2.24a-¢)

F=V¥%=V4+VTl;, G=VR2=V+VI;

(2.25a-¢)
W =VQ =V VP

Substituting (2.20) with (2.17) into (2.14) we also find

Y=1+2VY], (2.26)
thence, .
v =1 VP|; @=1+bVvel;
s ‘ , b } (2.27a-¢)
Q=1+'vQ|.

Our definitions (2.23a)—(2.25a) of ¥, T, and F are equivalent
with Eqs. (10), (11) and (15) in reference 4, where we have de-
fined HEISENBERG's characteristic S-matrix by Eqs. (23) and (26).
In our present notation, these equations read

R = 2sF

; S=1+R. (2.28)

Besides the quantity R expressible in terms of the wave matrix ¥,
we define an analogous quantity —K, expressible in terms of the
matrix Q, by

K =2isW| (2.29)

Since V = V' is Hermitian, (2.17) and the Hermitian con-
jugate of (2.17) read

B=7VYy, B = v'v. (2-30)

Hence, for any of our interpretations of the slash we get
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Y'B—B'Yy=0, (2.51)
and for any pair of interpretations
YiB, —BlY, = 0. (2.32)

From the three equations (2.31), which, by (2.23)—(2.25),
may be wrilten :
| F—F' +T'F_F' T =y, a)
G—G +TI"¢—¢' I'=o, b) ¢ (2.33)
W—W'+PPW—_w'p =0, ¢)

one easily derives the following equations

rty — 1, a)

e =1, b) } (2.30)
KZ

Qo = 1—‘r(§) : )

We shall give a detailed proof of the last equation only, the proof
of the two other equations (2.34) running in the same way. First
we get from (2.33¢c), by multiplication with 276(Egy),

206W || —2isWH| + 20| W'Ws—2isWP'W| =0, (2.35)

where we have used (2.24¢) and one of the rules (1.7). Further,
on account of these rules, the two last terms on the left-hand
side of this equation cancel and sWi ” = —-(5W||)T, so that
(2.35) gives

K = KT, (2.36)

which shows that K as defined by (2.29) is Hermitian. Further,
multiplying (2.33¢) by Dp;, = — Dy we get, by means of (2.24¢)
and (1.7),

W — W — | whw —wtw| = o. (2.37)

Dan. Mat. ¥ys. Medd. 28, no. 6. 2
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Using the fundamental relation (1.18), the third and fourth term
in this equation give

wt | W+ sW || we
= (| Wy (W) + (|| W) - W) = PTP_(%() [ (239

where we have used the definitions (2.24c) and (2.29) of P and
K and the general rules (1.7) for taking the Hermitian conjugates
of these quantities.

Thence, (2.37) gives

P+ P P PRt =0
or

0'Q =0 +PHY(U+P)=1+K4,

i.e. (2.34c). The equations (2.34, a, b) may be proved along
similar lines by multiplying (2.33, a, b) by (Epg + ia) ' =
— (Epg — ia)~ ! and using the important relation

|AbBb+§A||Bb+§B| =0, (1.18a)

which follows from (1.18) by (1.9) and (1.7).

The equation (2.34a) is identical with Eq. (62) in reference
4, but the proof given there was not quite satisfactory.

Like (2.9) or the first equation (2.11), Eq. (2.34 a) expresses
the orthonormality of the scattering states ¢ Ic| ‘If| k¢>; but the
unit matrix 1 = <I('L’1{‘R> occurring in this equation is only a
submatrix of the unit matrix 1 = <HL|HR> of (2.9)—(2.11) and
one has to add to the stationary states <k| !Z’lk0> the bound
states <Icl %, in order to form a complete set of functions. (This
under the supposition that the <Icl ’P' k,> form at least a com-
plete set of scattering states). Then, Eq. (2.10) may be written as

o

W ko> diey < ko

P K>+ 3 Chfp) - (pl | KD

= (k|1

(2.39)
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or, symbolically4),
PPt = 1>y, -yl (2.40)
i
where we have introduced the bound state matrices v,, ¥} with
only one column and one row, respectively. This shows that
¥ cannot be unitary if there are bound states.

For the three different pairs of inferpretations of the slash,
the equations (2.32) take the form

PI6—F'Q =0, ive. G—FT+T'G—F' I'=0, «)
VIW—FTQ =0, i.ee W—F - TTW—F' P =0, p) (241
QW—61Q0 =0, L.e. WG+ TTW—6G'P=0. )

By multiplying (2.41, f) by — 2#:id (Egy), we find

0= 2sW||—26F|| +2|| FT b We—26F" W]
= 25W| +2GF|D +26F" (b —") W||

= —iK+RT~%iRTK,

where we have used the definitions of 7, P, K and R along with
the rules (1.7) and (1.9). The Hermitian conjugate of this equa-
tion is

(1 +;iK>R - ik (2.42)

In this way, we have obtained Heitler’s integral equation *®
without the use of series expansions.
Since K is Hermitian, all the eigenvalues of the matrix

1+ E‘;—{ are different from zero. Thus, this matrix has a reciprocal
K\ 1 .
(1 —{—%) ,and (2.42) gives

—iK
iK (2.43)

1+

R =

2%
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For the S-matrix (2.28) we thus gel

1— (K/2

S=1+R=17"7p0

(2.44)

in terms of the ‘‘reaction operator’ K (comp. Eq. (1.34) of
reference 1).
In this form, the unitarity of the S-matrix is obvious, viz.

Sts = sSt = 1. (2.45)

Multiplying (2.41 «) by — 2 wid (Egz) we find that the two
last terms in the left-hand member cancel and we get

R_=24G|| = —2(F||)" = —R". (2.46)

Multiplication of the Eqs. (2.33 a, b) and (2.41 ) by — i 6 (Egy)
does not lead to new information. In fact, the equations obtained
in this way are, on account of Eq. (2.46), equivalent with the
equations (2.45) and (2.43).

However, by multiplying the Eqgs. (2.41) by (Egy + ia)~! =
— (Epg —ia)~ 1, we get by (1.18), by a similar procedure as that
used in deriving (2.34) from (2.33),

pto = s, @)
'K
P =145,
Q 5 £) (247)
otg=1-"% %)

These equations determine the connection between the three
different types of scattering states Y denoted by ¥, £, and Q.
We have assumed above that the set of functions {k | ¥ | k>
forms a complete set of scaftering states. We shall make the same
assumption about the set of functions (k[ Y |k, >. Whenever
these assumptions are justified, any function expressible as a
superposition of scattering states (k| ¥ | ky> can also bhe ex-
pressed as a superposition of scatiering states (k|2 | k,> or
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(k|Qlk>, and vice versa. Therefore, matrices X, and X,
must exist, such that

Q=VX,, Q=¥X,.

From (2.47) and (2.34 a) we then get

&:st_&:1+f,
i. e. (see Appendix D) | ,
K\ !
¥7=SQS::Q<1+3J , (2.48)

where we have used the unitarity of the S-matrix. With (2.48)
the equations (2.47), (2.34, b, c) are easily seen to be consequences
of the Eq. Y% = 1. From (2.48) we see that the scattering state
matrix ¥, corresponding to outgoing waves only, is obtained from
the matrix £ corresponding to ingoing waves by multiplicalion
on the right with the S-matrix.

If we define a matrix J by

K = —2 tan 8, (2.49)

we have, on account of (2.44),

g Ltitand eid
T 1—itan 8 e i0

= ¢l20 = i, (2.50)
where
n=26 (2.51)

is the Hermitian #-matrix introduced by HeisEneire. In the
simple case of a scattering of particles by a fixed potential in
configuration space, the eigenvalues ¢’ of the matrix J are the
“phase shifts” of the scattered waves.»?
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III. Time-independent perturbation treatment.

‘We shall now try to solve the time-independent Schrédinger
equation (2.13) or (2.19)—(2.20) for the scattering states by a
series expansion in the potential V, starting from Y ~ 1. Series
expansions of any quantity like Y, Z, B, etc. will be denoted by
a subscript asterisk, i. e. by Y., Zs, B, ete. It is seen by inspection
that the series

B, — glV(? vyt | =§1V(? Vovev.--av)|
n—1 factors (3'1)

Z*:Zw?(_?V)"H=Zm1?V?V ~~~~~ V||
n=1 n=1"— N\ em———

n factors

solve the equations (2.19)—(2.20) whenever these expansions con-
verge; and if one assumes that it should be possible to find B
and Z from (2.19)>—(2.20) by successive approximations starting
from Z ~ 0, it is easily seen that (3.1) is the only solution. Thus,
if the series converge,

Y= 14 Zy = > V)| (3.2)

n=40

is the solution of (2.26) and represents a scattering state. With
the three different meanings of the slash, we thus get for the
scattering states (a), (b), and (c)

¥, = S (gV)

n=~H

s T, =§1(§ V[ B = SVEVY, (5.3a)

n=1

2, :g(w)"u; o= 3 GV 6. = gwm"‘lll, (3.3b)

ngww

l; P, = i(lv)n

S W, = SVt (3.30)
n=1

For the matrices R, K and S, defined by (2.28)—(2.29), we then
get the following series expansions:
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R =233V @EV)™ . BN CR)

Ko =203V (VI (3.5)
n=1

S, = 1—{—2§;5V(§ V) (3.6)

The expression (8.5) for K. shows directly that K. is Hermitian
in accordance with (2.36). In fact, we have, according to the
general rules (1.7)—(1.8),

KL= 213 vyt = 21 S|
n=1 ne1

; (3.7)
— 2 1;12;15V(’V)”_’ | = K.

By direct multiplication of the series it is easily seen that the
orthogonality conditions (2.34) are satisfied by the expressions
(3.3) (see Appendix B). It would now be interesting also to
calculate ¥, SU:Z in order to get some information about the
bound states through (2.40). Since

W, = go &V

cwt = ST ovpyn, (3.7)

n="0

we get by multiplication of the series

P = Zfﬁ(@ VY[ (VY ]
R oc (3.8)
= S (Senion== Sa,, J
n=0\l=0 n=>0
From the definitions of scat and flat we get
4 =1 Ay = V[ +]lvo = o; Cheo| An| B>

\ <kl V[ ky> byl |V

kyde e rdly 4 <kn_1|V]ky> B(n),

(3.9

)
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B(n)—iﬁ(El E;+ia)~ ﬂ(El E;—ia)~" for n>2, (3.10)
[=0i=10 j=1+1

-1 n
where ﬂ (Ey—E; +ia)" ! and ﬂ (E,1~—EJ-——1'(1)—1 both mean 1.
=10 f=n+1
In Appendix B, it is shown that all B(n) contain a as a factor,
so that A, — 0 when the limit ¢ — 0 is taken after the integration
in (3.9). Hence,

A, =0 for n>1
and (3.11)

i.e. W has ¥ as its inverse, and therefore is unitary.

By comparison with the exact equation (2.40) this is seen
to be possible only if the system has no bound states. We there-
fore have come to the interesting conclusion that the series ex-
pansions (3.3) of the scattering state matrices must diverge when-
ever the system has bound states, even if the coupling constants
entering in V are small. This, of course, does not mean that the
series expansion of every scattering wave function (k| ¥ | k>
will diverge for a system with bound states; it only means that
the series (k| ¥ | ko> cannot be convergent for all k,. It also
does mnot necessarily mean that the expansion (3.6) of the S-
matrix diverges, since S is unitary also when the system has
bound states. Our result merely shows that no information about
possible bound states of the system can be obtained by a
perturbation treatment.

If the series converge, the Eqgs. (2.48) are easily verified by
direct multiplication of the series. Take, for instance, the equation

KA1 e (K"

By (3.5) and by use of the rules (1.7), (1.9) the right-hand mem-
ber of (3.12) is

JS

(3.13)

L&l genf

i=0
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while the left-hand member may be written
.= D (V+sV)|. (3.14)
p=0

The equality of (3.13) and (3.14) is obvious if we may change
orders of sequence of summations, as both (3.13) and (3.14)
represent summations over terms containing arbitrary numbers
of (' V)-factors, with arbitrary numbers of (sV)-factors interspersed
at arbitrary positions. :

Finally note that, if the expansion in (3.12) converges, not
only ¥, has an inverse Y1, but also Q. has an inverse

o7t =3 (—éiK*)n wi. (3.15)

n=20

Also, by (2.45), (2.48), and (2.34a) with (3.11), @ = S, P!
is then the inverse of £. = ¥, Si.

IV. Interpretation of the scattering matrix ¥ and of
the characteristic matrix §.

The scattering state (kl ‘Pl k, > obviously can be interpreted
as representing incident particles in free-particle state ky, and
scattered particles deseribed by the asymptotic behaviour of the
(outgoing) wave <Ic| T[ k,>. (Absorption from the incident
beam is described by interference of incident and scattered
waves). Values for differential cross sections follow directly from
such interpretation. (See section 2 of reference 4). They are
found by calculating the value of the probability density for one
of the scattered particles for large radial distance in a given
direction in xyz-space, and are found to be proportional to
the absolute square of the matrix element of the “‘effective scat-
tering potential’” F for a transition to a final state, in which the
momentum of the particle considered is directed in the direction
into which the scattering probability of that particle was to be
calculated and has the magnitude corresponding to energy con-
servation.
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Since

Flp, 0= ﬁg;(S—l)dERL, @
the cross sections for processes in which all the particles are
free after the collision are uniquely determined by the matrix
elements of the S-matrix. It should be noted, however, that the
S-matrix and the wave mairix ¥ defined in II and in references
2 and 4 do not account for collision processes in which part
of a system-is in a bound state before and after the collision.
This follows at once from the fact that the function

Ca| Wk = S(x[]c) dk (k| %] ko>
in configuration space represents plane waves superimposed by
outgoing waves for all the particles. Such processes must there-
fore be described by state functions v, which belong to the
group of states classified as “bound states” in II.

On the other hand, it is clear that we could have. started
from a different division of the total Hamiltonian in (2.3). We
could, for instance, let E denote the total Hamiltonian of a part
of the total system plus the free particle energy of the rest of
the system, while V is the rest of the potential not included in E.
If &k now is a set of variables commuting with each other and with
this new operator I, we could formally proceed in the same way
as in the preceding chapters, using a kind of *‘partial”’ interaction
representation with the Schrodinger equation (2.6), but with a
different interpretation of the quantities occurring in the equation.
Also the division into “‘scattering’ states and bound states would
be different in such a treatment, and we would arrive at an
S-malfrix or a “collision’” matrix which in general is not simply
a different representation of the Heisenberg S-matrix. Such a
procedure is often used in the treatment of collisions between
elementary particles and atomic nuclei. To each division of the
total Hamiltonian in (2.3) we get in this way a corresponding
S-matrix, and the connection between these collision matrices is
not always simple. Throughout this paper, we shall explicitly
consider only the case where E is the free particle energy, but
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our considerations can easily be extended to the case where E
includes part of the interaction.
Since

S=1-+2¢F

=1+8§F||—bF||=1+R, (4.2)

P=1+1§F|=1+T, (4.3)
we get

R=T bF

. (4.4)

While T = § F|| in axyz-space asymptotically represents out-
going waves only?® p F ” represents incoming waves only.
Hence, while { k l}"| ko> gives a correct direct picture of the
scaltering phenomenon as it represents a superposition of a
plane wave with spherical oulgoing waves only, on the other
hand (](lSl]c0> represents in k-space a superposition of a
plane wave with an incoming and an outgoing spherical wave.
This gives rise to a paradox to which we shall come back in the
discussion of the time-dependent wave function for t — ® (see
Chapter VII).

V. Time-dependent scattering theory and
Dyson’s §-matrix.

Use of time-dependent methods in scattering theory is based
on a simple idea: “If very long ago (formally: “in the infinite
-past, at | = — ") there were only particles in the initial free-
particle state ko, then by now this non-stationary state will have
developed into the corresponding stationary scattering slate’.
Often one adds to this the remark that, if one for establishment

of this scattering state waits from [ = —oc to t = finite, one
may as well wait till + = + oc and consider scattering as a pro-
cess laking place between { = —o0 and f = 4 00.

We start by solving the Schridinger equation (2.6) for the
wave-function y(f) in interaction representation systematically.
As boundary condition, let w(f) be given. The linear relation
between y(f) and y(f) we cxpress by means of the “propaga-
tion matrix” U({, fy) as follows:
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Celp = \ <k U@ K> e K[ty (G0

or, briefly,
w(t) = U(t to) p(to). (5.2)

As we assume that the Schrodinger equation (2.6) may be used

to Gind p(t + dt) from w(¢) for dit<< 0 as well as for dt > 0,*
we may also interchange ¢ and {, in (5.2). Thence,

w() = U(L 1) U(te, Dy (D), (5.32)
Uty t) = U(t, t) 1, (5.3b)

that is, the propagalion matrix U has a reciprocal.
Substituting (5.2) into (2.6) we find

ihHOU(t ty) [0t = V(D Ut t
o =fx(fzxp((E O)t/ih}U(t o) 4
\ RL > To)s
where V = VI, and by (1.21)
V(O = V().
Let <1{'|’(,U(i)lﬂ> or, briefly, y, (f) form a set of solutions

of the Schridinger equation (2.6), complete and orthonormal at
a given time {,; that is, the relations

S(n’le(t)]Ic)dk-(]c]zp(i)ln) ={n'|n>

or (5.5)
P Dy, () =<{n'|n> or 9T DOy =1
and

PRCIEIGIEPXE IO IF PRSIV
‘;% Oyt (D =1 or pDOY ) =1 (5.6)

* In ‘integrocausal” theories, such assumption may be dropped!?),
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are valid at { = #,. We shall now first prove conservation of
orthonormality (5.5) even if V in (2.3) in Schrédinger representa-
tion depends on time, as for a non-closed system:.

Eq. (5.5) can in symbolic notation be written by (5.2) as

PN U )T U L) w(ty) = 1. (5.7)

Now, by (5.2),
U(te ty) = 1 = Ut ty)', (5.8)
so that the equation
Ut t)T U ty) = 1 (5.9)

is trivial for { = {;. As { becomes different from ¢, Eq. (5.9)
remains valid, because

iR O{U )T Ut}

(5.10)
=ULt)" VO U te)—{ V() U L) T U L) = 0.
Thence, the left hand members of (5.5) and (5.7) equal
p(t,) w(t,), which was given to be equal to 1 = { n’ [ ny.
We shall now prove that also (5.6) remains valid as f becomes
different from {,. Indeed, the left-hand member of (5.6) depends
on time according to

ih @D {p (OO |

a1

~VOy@O O —pOp OV, e

so, whenever (1) 9 (f)! = 1, we find its time derivative to be

equal to {V(#)— V() } /iA = 0. Therefore, p(t) w (), once equal

to the unit matrix, will always remain the unit maftrix, pro-
vided that w(f) %" (f) is an analytic function of #.

Next, we shall show the unitarity of U(4, 4,). Making use of

the existence of a reciprocal (5.3b) of U(4, {,) we find, by (5.9),

vut = puturTt = 00T = 1. (5.12)
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Thence, U is unitary, i. e.
Ut =yt (5.13)
is the reciprocal of U, and (5.3b) gives
Ut t)! = U(ty, D). (5.14)

We shall now first consider the case of a closed system with
V independent of time, so that V(¢) depends on time by the factor
explicitly given in (1.19) only. Again we may distinguish stationary
scattering states and bound states; in interaction representation,
the latter depend on time by (2.6)—(2.8), or

ihoy, (D)0t = (Hy—Ep) vy () = V(D (D, (5.15)

while the time-dependence of scattering states Y(#) is given by
(1.19), (2.6), (2.13):

iR8Y (D)8 = Epy Y(D) = V(D) Y (D). (5.16)

In Chapter II we assumed %, and ¥ to form a complete
orthonormal set of functions at ¢ = (; therefore, the solutions
. (£) and Y (t) of (2.6) always form a complete orthonormal
set, and Egs. (5.5)—(5.6) may be written as

IO WP( = 1; (), (D =
(5.17)
P (O = 0; vl (D . (1) = by, }
OO+ D el (D) =1, (5.18)

where all matrices may now be taken time-dependent: v, (f) ac-
cording to (2.8), and W({) according to (1.19).
The Eqgs. (5.4), (5.8) are now obviously solved by

Ut ty) = ¥(D wmwz (1) -yl (Lo)

= { ¥ exp (Epp t}il) y{¥T exp (Epptofil) ) (5.19)
Z\wr ylexp [(Egty— H, to+ Hyt—EL 1) [ili) ).
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Eq. (5.8) is satisfied on account of (5.18); Eq. (5.4) is satis-
fied on account of (5.15)—(5.16).

In fact, on account of Egs. (5.17), Eq. (5.19) gives, for scat-
tering states and for bound states, respectively,

Uty P () = P, a)

(5.20)
UL to) g (t) = . (. b) |-

We see that the propagation matrix U({, #,) consists of two parts.
The first part,

St tg) = T (@) PT (1), (5.21)

changes a scattering state at time f, into one at time ¢, but de-
stroys all bound-state admixtures in the wave function. The
second part,

st tp) = Z v (D) "P;r (to), (5.22)

takes care of the propagation of bound-state wave functions.
From (1.22), applied to the matrices R, K, and S, which all
contain a delt, we see that

R(H) =R, K =K, S() =S5 (5.23)

are constant in time. Hence, whenever (2.48) is valid (see Ap-
pendix D), Eqgs. (5.19) and (5.21) may also be written

Ut to) = St &) +s(i, to), a)

S(ht) = QDR (L) = QD) [1+(§)2}_19T<m, by [ G2

where we have used the unitarity of S and the reality of K.
From (5.21), (5.24b), and (2.34a-c) it is seen that then also

S(t ty) P (k) = ¥ (D) St 1) 2(t) = 2(1);
S (t: to) Q(to) = Q(t)’
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so that S(Z, {,) takes care of the propagation of the seattering
states £2(1) and Q(f) as well as of the scattering states ¥(f).
We shall now consider the question of what becomes in
course of time of a state given at f, = — oc and what happens
to the wave function as t— 4+ oc.
First, we shall fornially define

U (D =U(t, —oc) = Lim U4, t,), (5.252)
fy—>—co

U_(t) = U(t, +o0) = lim U4, ty); (5.25b)
fy—> .

assuming that these limits exist.
Now, by (2.23a)—(2.24a) with (1.19) and (1.26), (1.27) with
(2.28) we find

“W(—o0) =1, P(too)=1424F|=S8" (5.26)
Similarly, by (2.23b)—(2.24b), (1.28). (1.29), (2.46), and (2.28),
“R(—ox) =87, O(Hoc)=1." (5.27)

The second formula (5.26) and the first formula (5.27) require
justification for the limit / — 4 oo after the limit ¢ — 0, so that
a | ¢ | remains small. This is justified, however, since we assumed
no time-dependence of V at all, so that we need a — 0 indeed
to have (2.14)—(2.20) satisfy (2.13). Moreover, the first Eq. (5.27)
follows from the first Eq. (5.26) and the second Eq. (5.26) fol-
lows from the second Eq. (5.27) by Eq. (2.48) whenever that one
is valid.

As for the bound states, v, (& oc) is somewhat meaningless.
Formally, one may reason® ® that these expressions “‘vanish’’:

“p (£ 00) =07 (5.28)

(Ma® calls (5.28) a “‘conditional equality”’.) If the convention
(5.28) is accepted, we formally find, by (5.22), (5.24a), (5.25),

“s(f, Foo) = 0] “S(t, Foo) = U, (D).”  (5.29)

Thus, by (5.21) and (5.26),"

iK

—1
“U (1) = W () T (—00) = P(1) — Q(t)(l +5j " (5.300)
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“U_(1) = P(HPH (+00) = F(DS = QD)

ool @a0m

where we have used (2.48), which holds also for the time-depend-
ent quantities.

This should not be construed as to mean that, if at {, = —oc
the wave function contains some bound state admixtures, then
at finite time ¢ such bound state should have died out; for, if
U(t) operates, say on w,(f{,— —o0), the time dependence of
the last factor yl () in U(t, t,) apparently cancels the time de-
pendence in the wave function v, (4) on which U operates, and
the limit (5.28) should not be used. That is, while on account
of conditional equalifies we have “‘y.(—o0) = 0" as well as
“pl (—o0) = 07, yet lim w, (N 9,(t) 2 0. Therefore, use of

—>—w

(5.28)—(5.30) should always be made with caution,
Dyson? defines the S-matrix as U, (+c<). In fact, (5.30a)
with (5.26) and (5.29) gives

“$ (ce, —oc) = U, (00) = P(x) = 7, (5.31)

so that Dyson’s definition is in agreement with the definition
of HEISENBRERG’s characleristic matrix in references 2 and 4, as
far as (5.28)—(5.30) are justified, that is, as long as this matrix
is applied lo scattering states only.

In this connection, it should be noted that the limits (5.26) too
are only “conditional equalities”; in fact, their validity is closely
related to (5.28). For, if (5.26) is true, then <Ic[ Y (—o0) | ko>
= (k| ky>, that is, at f = —oc, the scattering functions in
k-space (labeled by ky) form by themselves a complete set of
functions (the free-particle states k;); and, since all bound states
were to be orthogonal to all scattering states, there could be no
bound states at { = —oc. That is, our possibility of writing
(5.26) is based on granting the validity of (5.28)—(5.29).

On the other hand, when we meet the necessity of considering
wave functions with bound state admixtures, so that we, want
to drop Eqgs. (5.28)—(5.29) for them, then we should also drop
Eq. (5.26), thence Egs. (5.30)—(5.31). In that case, we have a

Dan, Mat, Tys. Medd. 28, no.6. 3
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choice between either completely abandoning the use of inter-
action representation and using Heisenberg representation, where
there are no such difficulties, or we shall have to settle on use of
the more complicated Eq. (5.19) instead of the idealization
which is the S-matrix, for predicting future states from past
states.

We conclude that, as far as the foregoing treatment of the
Dyson S-matrix is meaningful at all, we have

“P(—oc) P (—oo) =17, (5.32)

so that, by (2.34a) and (5.32), ¥ (—oc<) is unitary. Also, to the
same extent, ¥ (4 oc) is unitary, by (5.26) with (2.45). Yet,
¥ (1) is not unitary for intermediate values of f, on account of
(5.18).

In justifying (5.28)—(5.29), Ma® excluded the common case
that, in (kl . (1), I might equal H,. It may be reasoned that
(5.28) is still conditionally valid as long as { k| . has no ir-
regularities at £ = H,.

We shall now find explicit expressions for U, (¢) in terms of
the interaction V. If the expansions (3.3) and (3.12) converge,
we get from (5.30) the following expressions for U, (f) and U_(t):

Uy (D = Wa (1) = exp (ERLt/ih)ng) ¢V = g‘o GV (5.33)
or

Uy (D = Qu (i)(l +%)¥1 = Qs (t)ng (%)n (534)

U = 2 () = 3GV OF] - 0. (t)g(”;‘)n. (5.35)

It should be remembered, however, that, according to the con-
clusion arrived at in Chapter III, the series (5.33)—(5.35) can
converge forall oftheir matrix elements onlyif the system considered
has no bound states. This at the same time will ensure the validity
of the conditional equalities Eq. (5.30) from which Eqs. (5.33)—
(5.35) were derived. In this same case we finally get for Dyson’s
S-matrix, by (5.33) with (1.27),
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Se = Uy (+00) = 1423V (EV)™ [,  (5.36)

n=1

which is identical with the expression (3.6) for HEISENBERG'S
S-matrix, in accordance with (5.31).

VI. Time-dependent perturbation treatment.

An alternative method of solution for Egs. (5.4) and (5.8)
is use of successive approximations. These equations are ob-
viously equivalent with the integral equation

14
U(t,t)—1 = S {Vexp (Ep,t,/iR)} U(ty, Lo) dbyfik.  (6.1)

ty

Integrating by parts (hoping the best for contributions with
Eg;, = 0 in (6.1)), using (1.19), (5.4), and (5.8), we find (with
a - 0 in the definition of the slash),

Ut t))—1 = —|| V(DU t)+ ||V (Ee) 2

i
+S {|| V2 exp (Bpg, tfi 1)} V(1) U (ty, to) dbsfi . (6.2)

1

Repeating this process n times, we get

éﬂ]]{V(t)?}"U(t,t0)~§0||{V(t0)?}i l

t (6.3)
= g {1 (VO™ Vexp (Eny, /i) ) Uty to) dtifi k. ’

v, .

The right—hand member contains the interaction energy V in the
(n + 1) th power and must be assumed to go to zero for n-—+ oo
if an expansion in powers of V is at all allowed.

Hence, we get

YL (DUt t) = Y1(ty), S (Y
( o
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where Y () is obtained by (1.19) from Y as defined by (3.2),
but with the meaning of the slash in (3.2) the conjugate by (1.8)
of the meaning of the slash in (6.2)—(6.3).

Now, it was shown in Chapter 11l that the series Yy and thus
also Vi (f) converge only if the system has no bound states and,
in that case, Y; has a reciprocal and (6.4) can be solved uniquely
with respect to U({, ;). For instance, for the special choice
that, in (6.3) ? = b, so that Y. = ¥, we have, by (3.11),

(6.5)
e () = (P (N7,
Thus, we get from (6.4) the solution
UL ty) = W (1) PL(ty), (6.6)

which is in accordance with (5.19) if there are no bound states.
In the limits f{j— —o0 and ¢ — +oc, (6.6) gives results which
are identical with (5.33)—(5.36).

On the other hand, if there are bound states, the expansion
Y, cannot generally converge, and Y does not-have a reciprocal.
Therefore, the matrix elements of Eq. (6.4) do no longer define
uniquely a propagation matrix U (4, #,), so that no information
on the propagation of the bound states is obtained by a pertur-
bation treatment.

VII. Interpretation of the time-dependent scattering
matrix ¥ (¢) and of the matrix ¥ (+ oo).

We return now to a problem left at the end of Chapter 1V,
It was stressed there that the Y-matrix gives a correct direct
picture of a superposition of free-particle waves and outgoing’
scattered waves. This is true for the ¥ () matrix as well. How-
ever, it was remarked that this was not true for the S-matrix
which, contrary to the ¥ (f)-matrix, gives us a picture of as
many incoming as outgoing scattered waves superimposed on the
free-particle waves. This makes us wonder: If ¥ (¢¥) gives the
correct picture for any large value of ¢, how is it possible that
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§ = ¥ (+0oc) gives the wrong picture? We shall show that this
is due partly to the fact that (5.26) is only a conditional equality
and partly to an un-physical order of sequence of taking limits,
which is automatically introduced by making use of the S-matrix
in momentum space in interaction representation.

To see this, we have to recapitulate part of the well-known
proof that 2 wave function of the form §F(t)” asymptotically
consists of outgoing waves only™ 4.

For interpretation of §F (t)” in (2.23a) as a probability ampli-
tude, we transform itback to xyz-space for one of the particles scat-

— -
tered. If & = (&, ---), where fik is the momentum of the par-
ticle considered, we have in Schridinger representation, omitting
a normalization constant:

. . : ‘—>
T(x, -, 1) = Sd(3)k exp (ikx+ EtfiRk) k- -+ - 1§F(t)|||1c0~ RS
| | (7.1
v 27 (o1 oo | Flhye oy B —(E )] tin
— 2 - ikru Elih 0 .
Sok dkS(‘)i(PS_d?e e (Ey- - )—(E----- )+ ia

Here, u == cos 8, (we have taken Z in the + z direction) and E,
and E are energies of the particle considered, while the dots
stand for energies of other particles participating in the collision.
Let E; be the value which E should take for conservation of
energy, so that

(Ey»++)—(E--+) = E,—E, (7.2)

and let fik; indicate the ahsolute value of the corresponding
momentum. Further, putting

—
<0)0)i]{,....lp|1¢01...> = &)
N i (7.3)
0,0, £ ks, -+ |Flky, - > = F&,
we get, asymptotically (for r— oc),?%
2 g B i (7 ik p(4) . p— ik (=)
T )~ dlp e e S ,
(0,0,1,0) - &Okd BB i (1.4)
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Because of the resonance for a — 0 at £ = E; we put

e IR o g tlar | o 1Eri ki (7.5)
where
E=E—E ~v h(k—£ky (7.6)
with
v = dE[hdk. (7.7)
We also use
EdE = ¢ h* kdk, (7.8)

and complete the path of integration in the complex &-plane to
a contour via § = 4 ioo for the term with F*)_ Only the con-
tour for F*) then encloses the pole at & = +ia, and we find
for a— 0

T(0,0,r, t) ~ — (4 72/rcth®) F,(Y E, exp [k, (c—w )], (7.9)

where we put

wy = /v, = Eyfliky. (7.10)

Eq. (7.9) indeed represents an outgoing wave, however large ¢ is.
The error made when one uses S = ¥ (co)for ¥ (), that is,
using (k| R|ky > in (7.1) instead of (k| T ({)|k ), is in the
first place in taking the limit { — oo in the definition of R and
S by
Ck| Rl ko> = lim <k| T ()| ko> (7.11)
{00

(similar for S and ¥), before this quantity is substituted into
(7.1) and the integral over k performed. This amounts to not
combining the factors exp (Et/ik) and exp [(E; — E) {/ifi] in
(7.1) to the harmless factor exp (E t/ih) of (7.4), but to writing

o X ‘
T(0,0,r, 1)~ 2_”&6131/1'17 (E+E)dE l
> ir oo . 2t (ia— &) (7.12)
x { FUO) gllar i al = D&l plo) g ilar i (nt=n) Eouit [ .
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and then taking the limit { - oo in the definition of the S-ma-
irix in the factor on the second line only, while on the first line one
puts E ~ Ey on account of the resonance denominator. Thus,
replacing ¥ (o) by S in the transformation to xyz-space leads,
from (7.12), wrongly to

42 eElt/ih El

R(0,0,r,t) ~— S

lim A, (7.13)
r—»>o0
t—>»

where 4 is obtained by a contour via § = - {00 for the term
with F(), while for the term with F =) the contour in the com-
plex plane must be taken along £ = + {00 as vy fZ r:

A = F{P etlr — R =R 4 pit >, (7.14)
A = F{R) pihr if v t<r. (7.15)

We see that even with the error made we still would have found
the correct result (7.9) if  we had kept v, ¢t <r, that is, if
we study the asymptotic behaviour r-— oc > p,t for some
possibly large, but anyhow finite time {. But, in using the S-matrix,
the limit # — oo has already been laken first inside the brackets
on the second line of Eq. (7.12), before we take r — o0, yes, even
before we transform at all from k-space to xyz-space. Therefore,
the S-matrix (or rather its scattering part R) represents in xyz-
space not (7.13) with (7.15), but (7.13) with (7.14), or

47t by
rc® i?

R(0,0,1, ) = — {F(1+) plaltr—md _ p) = Ut wlt)}, (7.16)

which obviously contains incoming as well as outgoing waves.

Therefore, R does not depict the scattered wave. Only T ({)
should be used for this purpose.

In the sense of the conditional equalities (5.26), the collision
process may be pictured as a steady transition from the state
k| ky > with definite values k, for the momenta at { = —o0 to
a state ¢ k[ Sl ky> at t = +o00, so that the probability P (k) of
finding the system with momenta k = k, after the collision is
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P ) = [<k|S[kod [ = |Ck|R[ ko> |* = 4 m2 [0 (B —E]*[<k| Fl ko> |7,

where we have used (2.28) and (1.5). Since

[0 (E—Eo)]* = hﬂq e ETENNGL . §(E—Eg) = ’is-—(E—E.A)S dt,

we have

_‘JT

P(k) = = T8 (E—Eo)[<{k[F[ko>[?,
where T is the infinite time during which the collision has taken

place. The probability density in k- space per unit time for a
transition k, — k is thusl)

L (7.17)

Pkn—>k -

where the é-function takes care of energy conservation. Equation
(7.17) is in accordance with the results quoted in the first part
of Chapter IV.

As was shown in reference 5, the same result is obtained if
the time derivative of the probability function

Pk, ty = |<k| V| k]2

at time ¢t 1s defined as*

Pyar () = Z[CE[® (D

ko Y k| W (£) | ko D]

o !F’T(t)[k>m<1c[9’(t)|]co>

TR R TZOIS
= SR PO B R V) (D [y

— < ]\"0

POV,

k> ky >},

where we have used the Schrédinger equation (5.16) for the
functions ¥ () and ¥ (¢). Using further (1.19), (2.23a)—(2.25a),
we get

* The same idea appears in Eq (1.68) of reference 1.
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F

Prarc () = 12 { < > [ o Flkg> — <o P o) ]

o | T &S CEe| Fl kyy — oo | FT[Je> k| T| ko)

= <[k [Cho| FTT

i

4+ Ceo| 'FTh | KD ke

o> — ey | TF| ko]

F

ko> — o FT > Che|§ F

ko) },

where we have used (2.33a) and <1c[k0> = §{k—kgy). Finally,
since by 1.9a
b(E,—E)—8(E,—E) = +27id(E—E,),

we get for the probability density in k-space per unit time of a
transition ky— k at any time

27
Piyr = ?{6<E—Eo>|<k F

ko> |?
(7.18)

-«6(k——k@§5(E0aED|<k’Iwk0ﬂ2dH}.

(7.18) is in accordance with “conservation of normalization™:
a § o ot
giMﬂTlMﬂMHTM0:5;P@Dﬂ=sﬂhﬁw=0

and, if k £ k,, (7.18) is identical with (7.17).

VIII. The methods of KArLLen and of Yanc and FELpMan!'l),

In the preceding sections, the S-matrix has been defined in
terms of the state functions either in Schrédinger representation
or in interaction representation. Sometimes, in particular in field
theories, it is more convenient to work in a Heisenberg represen-
tation and to derive the S-matrix directly from the field equations
without an explicit use of the Hamiltonian and the Schridinger
equation. '

Let & be any dynamical variable of the system in a Schro-
dinger representation, i.e. & is a time-independent matrix. In
interaction representation, we then have the matrix
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£(f) = Eexp (Egg l/if), '
§(f) = &(ty) exp[ Epy (t—ty)/ih],

where the interaction representation has been chosen identical
with the Schrédinger representation at the time f = 0. Similarly,
we may define a Heisenberg representation

} (8.1)

En (D) = UT (1, 0) (D UL, 0), (8.2)

where U (¢, {,) is the propagation matrix of Chapter V.

While the variables &g (f) satisfy the usual equations of
motion with interaction, the & (¢) satisfy the corresponding
equations of motion for a system with no interaclion, i.e.

ihd&(D/dt = Ejp &(1). (8.3)
For ¢t = 0, we have, by our special choice of representations,
g (0) = &(0) = ¢. (8.4)

We now introduce a new interaction representation'® of the
dynamical variables by matrices &, (f) depending on two time
parameters {, and t. For a fixed ¢, they are defined as those
solutions of the free particle equations of motion (8.3) which for
t = t, coincide with the Heisenberg matrices &g (f). i.e.

ihdé, (D]dt — Epy £, (D, |
: (8.5)
&, (to) = &u (to). ]

The solution of these equations may, by (8.1) and (8.2), be
written as

&, (D) = &y (o) exp [Egpy (t—t,)/ih]
- ={U'(t,,0) exp [Egg (t—to)/ih]}
X E(D{ Ut 0) exp [Egy, (t—1o)/ik]} (8.6)
= (U (t, 0) exp [— Egy tofin] }
X E{ U (to, 0) exp [—Epy tofifi] }) exp (Egy t[ih).
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From the expression (5.19) for the propagalion matrix
U(t, t,) we get at once
U (ty, 0) exp (— Egg tofih) = V- W (—to) + >y pl (— to) )
r 8.7
= U0, —#y)-

This equation simply expresses the fact that the propagation
matrix in the Schrédinger representation, i. e.

Ug (t, ty) = eEV U (1, 1) e EW/i (8.8)

is a function of the difference { — ¢, only.
By (8.7) we get from (8.6)

5,(D = {U(0,—t) §U(0,—ty) } exp (Egy tfih). (8.9)

The malrices & () may also be interpreted as Heisenberg
representatives of the dynamical variables of the system without
interaction. Further, since each value of {, defines a space-like
surface g, in Minkowski space, viz. the surface of points with time
coordinates equal to f,, the variables & (f) correspond to the field
variables ¥ (o, ) in Yane and FELDMAN’S notation'?. The connec-
tion between the variables & (f) and § (f) corresponding to two
such surfaces o, and oy, respectively, is by (8.9) given by the
unitary transformation :

ftl(fo) - VVZil(t) Stu(t) Wtﬂ tl(t) (8-10)
with

Wit () = {UT(0, —t) U0, — 1) } exp (Egy t/ih)

(8.11)
= U(—typ,—1) exp (Egptfik) = U(t—ty, t—1y),

by (5.8b) and arguments similar to (5.2)—(5.3a) and (8.7)—(8.8).
We now define the in- and out-variables by

Ein (t) = lim Et‘, (t) H a)
fo—>—m
_ (8.12)
gout (t) = lim Etl (t) - b)

L—>+ =
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The connection between these variables is- obtained from
(8.10)—(8.11) by taking the limits {, > —o0, {; > +20. From the
definitions (5.25) of the U. (f) matrix and Dyson’s definition
(5.31) of the S-matrix, we get

LmU(—ty,—t) = im U(ty, ty) = imU_ (t,) = S.
tu—>*oo( ’ 1) fy—>—o0 Lo f;—>+ o0 ' (8~13)
L=+ =>4+

Hence, by (8.12), (8.10), and (8.11)
Eout () = ST &, (D) S, (8.14)

1. e. the in- and out-variables are connected by a unitary trans-
formation with the S-matrix as transformation matrix. Since the
relation between in- and out-variables may be obtained by
solving the equations of motion for &z (¢), (8.14) represents a way
of determining the S-matrix without the use of Hamiltonian or
Schrodinger equation. These methods of KALLEN and of Yang and
FeLDMAN have proved to be useful in field theory™®, and may be
applied also in cases where the system is not a IHamiltonian
system. For Hamiltonian systems, it is easy to find the connection
between the in- and out-variables and the matrices £ and ¥.
By (5.25) and (5.30) we get

imU0,—ty) = U0, +oc) = "U_(0) =27, ‘
fo—>—oo

. , (8.15)
Im U0, —t) = U0, —o0) = "U,(0) = ¥". J

>+ =

Hence, by (8.12) and (8.9),

"6 () = {QTEQY exp (Epptfin) = 2N(DEWD 2D, } 5.16)
et (1) ={ PTEW Y exp (Ep tfih) = P DED W@, |

which is in accordance with (8.14) on account of (2.48).
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IX. Switching on and off the interaction.

Although the results thus far obtained are satisfactory, the
treatment of the limits ¢— 4 oo remains awkward. Trying to
define the U, -matrix as limit for #{,— —oc of the matrix U (¢, &)
we were Irying in fact to solve the Schridinger equation for
U, (t) with initial condition U, (#) = 1 without stating the exact
value of the time #,. As, on account of the Schridinger equation,
U, (t) does not stay constant, this problem does not really make
sense. Our procedure of then looking for a solution for U, (%)
which is ‘‘unity on the average’ for {— —o< is only a makeshilft,
and leads to the complication that items that do not vanish at all
(such as y, (¥)) yet may happen to vanish on the average for
t— —o00.

We shall therefore try to solve this problem now by assuming
that V— 0 for {— 4 oo, so that we may really have U, (f) > 1
for t— —o0 and also a well defined limit of U (1) for ¢ — +-oc.
For this purpose, we replace V in the original Schrédinger
equation (2.3) by

Vexp (—alt|/h) (9.1)
with extremely small, but finite positive a.

Inserting (9.1) in the definition (1.19) of the matrix V ()
occurring in (2.6), and therefore also appearing in Eq. (5.4),
we have for the non-closed system in interaction representation
a potential

V(a;t) = V exp [(Egpt—ia|t])/in]. (9.2)
Thence, we have to solve the equations
iR8 U, (a; )/0t={V exp (E; prt/ih) } Uy (ast) for t<<0 (9.3)
and
ihoU, (a;t)j8t={V exp (E_q potfil) y U, (a; 1) for t>0 (9.4)
with the initial condition

U, (a;—o0) = 1. (9.5)
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Here we have put

EH,RL = ERL + nia, (96)

and we shall also introduce a generalized scat §, for a division
by (Ey — Es + nia). Thus, §; is equal to §, with the difference
that now a is not necessarily going to zero. Similarly, we intro-
duce a generalized flat p, for a division by (&, — Ebp — nia).

By @ (a; ) we shall denote the solution of the differential
equation (9.3) which has the limit 1 for { - —oc:

lim @ (a; t) = 1. (9.7)

t>—oe

Similarly, X (a; f) shall denote the solution of (9.4) satisfying
the condition
lim X (a3 ) = 1. (9.8)

1=

Assuming that the limits in (9.7)—(9.8) give real (and not
only conditional) equality of @ at —co and of X at 400 to
unity, we conclude that

P (a;—oc) D (a;—00) = D(a; —00) P (a;—00) = 1, |

© (9.9)
Xt (a;+ o) X(a; +00) = X(a;+o0) X (a; 4+ o) = 1. J

Now, consider the matrices ¢ ]cl D(a;b) l k> and <Ic| X(a; t)l ko>
as two sets of functions of k, labeled by k,. At t = —o0, the
first set of functions is, by (9.9), a complete orthonormal set
and, on account of the conservation of orthonormality and
completeness of a set of solutions of the Schridinger equation,
which was shown in Eqgs. (5.10)-(5.11) to hold also for non-
closed systems, we have for any finite time ¢

M (a; DD (a;t) = P(a; )P (a; 1) = 1. (9.10)
By the same argument, we get from (9.9)

X' a; D) X(a;t) = X(a; )X (a;0) = 1. (9.11)
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If the series converge, we get an explicit expression for @ (a; f)
in terms of the potential V by

n—

- 1
G (a;8) =1+ ‘21{ ; (§n—i V) ”} exp (E, gy, t/ik)

=

=1+ & V| exp (Ex g tfil) (9.12)
+8: V& V| exp By, petfi)+ -+
+ 8 Vet V- & V& V|| exp (B, g tfil)+- -

Indeed, in i i 0P; (a; £)/0t all first factors §, are canceled,
and by

VA exp (E, rrt/ih) | = {V exp (Ey, gy tfih) } {A exp (En_q prt i)} (9.13)

we may factorize out { Vexp (Eq, gy t/iR) } from the resulting
expression and just obtain { Vexp (Ey, gy, tfik) ) @s (a; b).

Since a> 0, all terms but the firstin (9.12) vanish for { - —oc,
which takes care of the initial condition

Dy (a; —o<) = 1.
In the same way, one sees that the series

w n—1
Glas) = 14 2 (L bn e V| exp (B e tfiR)
n=11i=
= 1 + bl V” eXP (E—I,RL t/lh)
+ by Vb V” exp (E_p g t/il)+ -
+ ]711 Vbn—l Ve bz Vb V“ exXp (Eﬁn,RL t/lh) Eai

(9.14)

is a solution of (9.4) satisfying the condition X (a; + o) = 1,
provided, of course, that the series is convergent.

Since U, (#) is that solulion of the Schriédinger equation with
the potential (9.2) which is continuous at f = 0 and satisfies
the initial condition (9.5), we have



43 Nr. 6

D(a;t) for +<< 0, l
Ui(a;t) = { (9.15)
X(a: ) X () B (a) for >0, |
where
D(a) = DP(a;10), X(a) = X(a;0) (9.16)

denote the values of @ (a; ¢) and X (a; {) for { = 0. The ex-
pression (9.15) for U, (a; f) is seen to be continuous at ¢t = 0
and unitary for all {, on account of (9.10), (9.11):

Ul (a:) Uy (a;t) = U, (a; t) Ul (a; 6) = 1. (9.17)

For an arbitrary state (k| v (a; t) of the non-closed system with
a7 0, we now obviously have

p(a;t) = U+(a;t)w(a;foo), (9.18)

where o (a; —o©) is the value of v (a; ¢) for { = —oc, Indeed,
(9.18) is a solution of the Schrédinger equation of the non-closed
system and (9.5) takes care of the initial condition.

From (9.17) and (9.18) we get

p(a;—o0) = Ul (a; ) p(a; D). (9.19)
Hence,

pla;t) = U (a; UL (as ty) w(a; t) =Ula; L, ty) v (a; 20), (9.20)

i e.
Uas t, ty) = Uy (a; ) UL (a; ty) (9.21a)
and
Uyp(a; t) = limU{a; t, ty) (9.21b)
ty—>—o0

on account of (9.5).
If we now define a matrix S (a) as the limit of U -(a; ) for
t = +oc, we get, by (9.15) and (9.8),

S(a) =mU, (a;t) = X" ()P (a) = Uim U(a; t, t,), (9.22)

t—>+ = {y—>—o0
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which is unitary on account of (9.10)—(9.11). Hence, S (a) is
the Dyson S-matrix for the non-closed system where the inter-
action is switched on and off. In contrast to the Heisenberg S-
matrix, the matrix S (a), according to (9.22), with (9.16), (9.12),
(9.14), (1.7), does not contain a factor d (Egy). This is connec-
ted with the fact that the energy is not conserved in the system
with a> 0. By (9.18), S (a) is the matrix which connects any
state vector at + = —oc with the state vector at t = 4-o0 by

p(a;+0o0) = S(a) y(a;—o0). (9.23)

In all these expressions we shall now go to the limit of a — 0,
but we shall first assume that the series (9.12) and (9.14) fort = 0,
i. e. the series Dy (a) = D@y (a; 0) and Xy (@) = Xy (a;0), are
uniformly convergent for all a including the value a = 0, so
that we can take the limit ¢ — 0 term by term in the expansions.
Since §,—> § and p,— b for a— 0, we then get

2.0 = Ssvrl-v l
" ’ (9.24)

X, (0) = _g’j(](b V| = Q.

on account of (3.3a), (3.3b). As was seen in Chapter III, these
series can converge only if the system considered has no bound
states. The assumption made above about the uniform conver-
gence of @ (a) and X (a) can therefore only be justified when no
bound states exist. In this case, however, we get from (9.12) and
(9.14), by E,., prr. — Ery, for a— 0,

B, (0;1) = S V(O = W (D for t <0, l
"m0 (9.25)

X (0:0) = S (b VD] = 2 (1) fort>0. J
n=20

Thus, from (9.15), (9.24), (9.25), (2.47a), and using the relation

() = QS (9.26)

Dan. Mat. Fys. Medd. 28, no. 6, 4
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following from (2.48), we find that, in this case,

U, (0;8) = lim U, (a; D = P (1) (9.27)
a—0 :
for all values of £. This equation is in agreement with the unitarity
of U,, as the system considered had no bound states. For such
systems, Eq. (9.27) is a justification of the expectation expressed
at the beginning of Chapter V, since the state U, (0; f), which at
t = — 0o represents an initial free parlicle state k,, for finite
times will have developed into the stationary state < k I (1) l ko>
Further, we get for such systems, from (9. 21a), (9.27), and
(5.19)—(5.21),

lim U (a;f, ty) = Yo () Wal (1) = S (L to) = Ux (L, 1y), (9.28)

a-»0

For these systems, the limit of S (a) defined by (9.22) is also
the S-matrix of HEISENBERG, since by (9.22), (9.24), and (2.47a)

a—>0

Thus, in the case considered, the method of an infinitely
slowly switching on and switching off the inleraction leads in
every respect to the same results as the method used in Chapter
V for a strictly closed system with the conventions (1.23)—(1.32)
for taking the limits ¢ — + oc. The two methods differ only by
the sequence in which the limits ¢ — 0 and ¢— -+ oo are taken
and, at least as far as our series expansions are sufficiently
convergent, it does not matter which limit is taken first.

It is generally believed that this result holds also in cases,
where the series expansions do not converge, for instance, also
for systems with bound states. In particular, it is believed that
an equation like (9.27) must always be valid on account of the
“‘adiabatic theorem” of quantum mechanics'® which states that
a stationary state of a closed system by an adiabatic, i. e. infinitely
slow, change of the potential goes over into the corresponding
stationary state of the closed system with the new potential. The
proof of the adiabatic theorem given by Born and Fock is, how-
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ever, based on special assumptions about the potential and the
type of energy spectrum, and to our knowledge no general proof
of this theorem has ever been given.

X. Conclusion.

The purpose of a theory of collision processes is the calculation
of differential and total scattering cross sections. The technique
of obtaining these quantities from the matrices discussed in the
foregoing was discussed in more detail in reference 4. From the
discussions of Chapter VII of the present paper, however, it is
clear that scattering is described most directly by the matrix ¥
defined by the integral equation (2.27a). In fact, in Eq. (7.18)
we obtained the density in momentum space of the transition
probability per second directly in terms of the ‘“‘effective potential”’
F, which by Eq. (2.25a) is the product of the interaction operator
V into the matrix ¥. In the integration over final states in a given
region in k-space, conservation of energy is then ensured by the
delta function appearing in Eq. (7.18).

As shown in Chapter VII, the Heisenberg S-matrix in xyz-
space for [~ 0o gives an incorrect picture of the scattering pheno-
menon, since, due to the wrong order of sequence of limits, it
describes incoming as well as ouigoing spherical waves in such
interpretation. When interpreted as a probability amplitude in
momentum space, as in the reasoning preceding Eq. (7.17), it is
seen to determine only an infinite transition probability during
an infinite time. Although, by an artifice, one succeeds in obtaining
Eq. (7.17) from such attempt at a direct interpretation of the
S-matrix, a more satisfactory treatment was given by Eq. (4.1),
in which the right-hand member amounts to factorizing a delta
function 8 (£g;) out of the matrix R = S — 1 by writing

' S—1=R=06(Ep)R; R={RdEg, ={(S—1)dEg;. (10.1)

A comparison of (10.1) with Eq. (2.28), in which the delt had
the meaning defined in (1.5), shows that

(ij7) sR| =R =2 sF|

;. R=(2nfi) F

By, =0 (10.2)
4%
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Equation (10.2) relates R to F “on the energy shell”, that is,
to the matrix elements { L| F|R) with Eg; = 0 only. Outside the
energy shell, R is not really defined by (10.1). Because of the
delta functions in Eq. (7.18), F in that equation may now be
replaced by (i/27) R, so that

Py = h {8 (E—Eo) [ <k R| ko > 2
. B (10.3)
—0(k—ko) \ 8 (Bo— BV [ <K | R ko> k.

Thus, by (10.1)—(10.3), cross sections for scattering in a finite
time interval may be obtained from the S-matrix without need
of the consideration of infinite probabilities preceding Eq. (7.17).

This reasoning is, of course, based primarily on combining the
definition (2.28) of the Heisenberg S-matrix with the original
definition of the ¥-matrix as a set of probability amplitudes for
given scattering states characterized by the momentum k; of the
incident particles. If any different definition of the S-matrix is
used, its equivalence is first to be proved; and, since the matrix
¥ is used, it has to be investigated to what extent every possible
state of a given system of interacting particles can be described
by it. This was the aim of the preceding chapters. The main
results obtained, old and new ones, are the following.

While the S-matrix is always unitary {Eq. (2.45)], the ¥-ma-
trix in general is not so [Eq. (2.40)], while the scattering matrix Q
symmetric in incoming and outgoing waves, which was defined
by the integral equation (2.27c¢), is never unitary [Eq. (2.34¢)].
The latter matrix is related to the Hermitian reaction matrix K
by Eq. (2.29) with (2.25¢) or with (2.23¢)—(2.24¢). The reaction
matrix K, on the other hand, is related to the S-matrix by Eq.(2.44),
and can be used for calculating phase shifts by means of (2.49)—
(2.51) (cf. reference 1). Further relations between the matrices
¥, Q, S, and K are found in Appendix D.

The propagation matrix U (¢, t,), defined by Eq. (5.2) and
expressed in terms of ¥ by (5.19), has been used by Dyson for
defining an S-matrix called U, (o¢). This Dyson S-matrix relates
the *“in”’- and “‘out’-variables of KirLLEN, Yana, and FELDMAN
by Eq. (8.14). These variables may be interpreted as simply two
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different interaction representations of the same quantities; the
“in’’ representation coinciding (as far as this is possible) with
the Heisenberg representation in the infinite past, and the “out”
representation in the infinite future. They also are the Heisenberg
representations of those solutions of the “homogeneous” field
equations without interaction which describe incoming or out-
going particles. (Cf. references 11 and 12).

The definitions of U, (1) [Eq. (5.25)], of the Dyson S-matrix
U, (0), and of the in and out variables are not quite satisfactory,
unless one assumes that the interaction has been switched on
since t = —oc, and will be switched off before ¢ =+ oc. In Chapter
I1X, we defined scattering matrices for finite switching-on and-off
velocities. Now, U, (a; t) is given by Eq. (9.15), and S (a) of
Eq. (9.22) is the new Dyson S-matrix. The limits { - | oo this
time have been faken first. Little can be said in general about
the properties of this matrix S (a), which for finite a does not
even ensure conservation of energy.

All these results are quite general; for actual calculations,
however, some special assumptions have to be made. The least
of these assumptions is the one discussed on pages 20-21 and in
Appendix D, that the scattering matrices ¥, 2, and Q all three
span the same subspace in Hilbert space. This enables us to
derive the relations (2.48), (5.24), and (9.26) between the various
scattering matrices. ‘

A treatment of the limits { - 4 oc without taking refuge to
switching on and off the interaction leads to the ‘“conditional
equalities” (5.26)—(5.32) and (8.15)—(8.16). These formulas are
usually supposed to prove the general equality of the Dyson
S-mairix to the Heisenberg S-matrix. However, this treatment
makes sense only in so far as bound states can be ignored, as
seen from Eq. (5.28), or by comparing (5.32) with (2.40). In
the more satisfactory treatment of Chapter IX, progress in this
proof could be made only by assuming convergence of the
series expansions of perturbation theory. More specifically, we
assumed uniform convergence of the expansions (9.12)—(9.14)
for all switching-on-and-off velocities of the field including the
case where this velocity tends to zero. Then, the “improved”
version of the Dyson S-matrix given by (9.22) was shown in Eq.
(9.29) to yield the Heisenberg S-matrix in the final limit a — 0.



54 Nr. 6

However, in Chapter III it has been shown in complete
generality that the expansions of perturbation theory for ¥ used
in Chapter IX cannot possibly generally converge, if any bound
states for the system are possible at all. (Any state, in which not
all final particles go off to infinity, is here considered a “bound
state’”). This proof is based on the disagreement between Egs.
(3.11) and (2.40). For the exceptional systems for which no
such bound states are possible, however, we have expressed all
scattering matrices and related quantities explicitly in the form
of expansions. [See Egs. (3.3)—(3.6), (5.33)—(5.36), (9.12),
(9.14)]. In the even more exceptional case that these expansions
really converge, these expansions satisfy all equations derived
for the quantities which they represent.

Concluding we may say that we have not been able to give a
proof of the equality of the Dyson S-matrix and the Heisenberg
S-matrix general encugh to be valid also for systems with bound
states. (We purposely omitted some arguments possible on the
basis of an ‘“‘adiabatic theorem’ which we could not rigorously
prove for the systems considered). It should, however, be remem-
bered that cross sections are determined by Eqs. (7.18) or (10.3)
without any discussion of what is going on at t— 4+ o0, In
principle, F in Eq. (7.18) can be found by direct solution of the
integral equation (2.27a) and subsequent use of Eq. (2.25a);
or R in Eq. (10.3) can be found by first solving for Q from Eq.
(2.27¢) and then finding W, K, R, and R by means of Egs.
(2.25¢), (2.29), (2.43), and (10.1), respectively. The integral
equations (2.27) retain their validity for systems with bound
states.

Not discussed in this review of scattering theory are such
problems as (1) the use of exact wave functions instead of the
nth-order Born approximation involved in our representation of
the scattering matrices in k-space and in our treatment of all
but kinetic energy as the perturbation causing the scattering
phenomenon;(2) explicit solution of collision problems for systems
allowing bound states; (3) use of the method of analytic conti-
nuation of the S-matrix in the complex energy plane for obtaining
additional information on systems of interacting particles; or (4)
solution of scattering problems by variational methods.
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Appendices.
A. We shall here prove the important relation (1.17):

DyrDiar~+ D Diae+ Dryy Drr, = 720 (Eppy) 0 (Eyg) (A.1)

with Dg; given by (1.5). This equation will be proved if, for
an arbitrary function f(E., Ey), the relation

X= lim | S dEy dEy; f(Ey, Eap)

a—>0

X { Dr Dras+ Draa Drae+ Drag Dy} = 72 f(Eg, Eg)

(A.2)

can be shown. To this purpose, we introduce new variables of
integration x = Epgfa and y = Eygfa, s0 E;jy = a (x —y).
Let f(Ey, Ep)=g (ELr, Emr); then,

(]
X=1imS

a—>0

0 x(m*y)
§ dx dy g(ax, ay){ (x*4 1) [(x—y)2+ 1]

y(y—=x) xy }
T D = 1] T @D ()

o—co

x2—axy + y*
D (@—)(y*+ 1) (e—y+i)(e—y—1)

= lim SS dx dy g (ax, ay) (ot

a—0 o

As the integrand vanishes at infinity as 2, we may close the
contour in the complex x-plane; for instance, in positive direction
through + 7oc around the poles i and y 4 i. Thus, (A.3) yields

(A.3)
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X = lim 2niS dy

a—>0 L

[—1—iy+yilgQia,ay) [~1+iy+y’lglay+ia ay)
20+ D Q2i—y (—y) Qi+ypy@+D2i

= n? lim [ g (ia, 2ia) + g (2ia, ia) — g (ia ,ia)]

a—0

= 7* g (0, 0) = =* f(Eg, Ep),

which completes the proof of (A.2) and (A.1) or (1.17).

© B. Next, we shall show by direct multiplication of the series
(3.7) that P} ¥, = 1. By (3.7) we have

i = 34, = (,ZHOH CORCh ot NG B

n=20
with
Ay =1, 4, = §V||+]| Vb =0 (B.2)

and, for n> 2,

CL|Aq|RY =S<L[ V0ky> diey <y | V] ko> ity - - - dley_y Cenq | VIROS(n),

n
S(n) =ZZ By (n),
=0
1 n—1
By(n) = Tl (E,—E;—ia)~"- T[ (Eg—E;+ia)~".
i=1 i=1
0 n—1
Here, T[ (B, —E;—ia) " and T (Br— E; + iy~ both mean 1,
i=1 j=n
further E; means Egr for i = [ = n and E; means E; for

Jj=1=0.
From these definitions we get the following connection be-
tween the expressions B;(n + 1) and B;(n):

(A4

- (B.3
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B;(n+1) = Bi(n)(Egr—E, +ia)™! for 0<{l<n
Er—Er—1a

B,(n+1) = B,(n) (Ep— En—ia) (Bn— Fint id) (B.49)
Bn+1(n+ 1) = B,(n) (EL“En—ia)_l-
Hence,

n—1

(n+41)= > Bi(n+ D+ B, (n+ 1)+ By, 1 (n+1)
I'=o

= > By(n) - (Ep— E,+ia)™"

=t (B.5)

FEr—Er—ia

+ B, (n) | —(Eg—E,+ I'Cl)71+ (Ez — En—1a) (Egr— En+ ia)

+ (EL aEn — ia)_l .

Since the last term in this expression is equal to

a
Br(n) (Er— En—ia) (Eg—En+ a)

it goes to zero as a — 0, and we get from (B.5) the formula
S(n+1) = S(n) - (Eg—E,+ ia) . (B.6)

Now, for n = 2, we have

5(2) = (Eg—Ep+ i) " (Eg—E;+ia)~*
+(EL—Ey—ia) ' (Eg—E;+ia)""
+(E,—E,—ia) "(Ey,—Eg— ia) " * (B.7)

ia

= (Bi— i) (Fi—FEn—ia) (Bn—E, + ia) 0 fora >0

Hence,
S(n) =0 for n> 2, (B.8)
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i.e, by (B.2), (B.3) and (B.1),

A, =0 for n>1,

Besides (B.9) we have, however, also
v, Pl = 1. (B.10)

To complete the proof of this equation, we have, according
to the considerations of Chapter 1II, Egs. (3.7)—(3.11), only to
show that the quantities

n 1—1 n
B(n) = > Tl (Ey—E;+ i) '] [ (E;—E;—ia)~" for n>2 } (B.11
I=0i=0 j=1+1

are either identically zero or atleast contain a factor a and, hence,

1
go to zero for a— 0. In (B.11), ﬂ (Ey — E; +ia)" ! and

i=0

n
ﬂ (E, — E; — ia)"! both mean 1. A common denominator [
=n41
of the fractions in the sum (B.11) is

D = T[ (E;—E;j—ia), (B.12)

O<i<j<n

where the product is extended over all pairs of indices 7 <
among the numbers 0, 1, 2 ... n. Hence,

N(Q;EO»EL s En)
D 2

B(n) = (B.13)

where the numerator N is given by
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n T (B~ Ej—ia)
Na;E...E — y’ O<i<j<n
(a; By ) =0 (= D' [ (B~ E;—ia). T[] (E—E;--ia)
0<ixl I<j<n (B.14:)
n
= Z(—l)lﬂ’(Ei_Ej—ia).
I=0 O<gi<j<n

Here, the prime on f]—[ means that, in the product over all index
pairs i< j, the factors with { = [ and j = [ should be left out.
N(a;Ey--- E;) is an algebraic function of the variables
(a; Eg, Ey, - -+ E;) which has no singularities for any value
of these variables. Further, we see that

N(a; Ey,--- E) = N(Ey--- E) + Ny, (B.15)
where

N(E,, - E,) = Z (=D (Ei—E) = N(0;E, -+ - E,) (B.16)

1=0 O<i<j<n

is the function obtained by putting « = 0 in (B.14), while N,
is a function which contains at least one factor a.

Thus, our statement will be proved if we can show that
N (Eq, - - - Ep) is identically zero for all values of the independent
variables (Eg, E;---E,;). Let us first assume that all variables
Ey, - E, are different and different from zero: then we can
take out an [-independent factor ﬂ (E; — E;) and we get

0<i<jzn

N = H(Ei——Ej)-C(n), (B.17)

O<i<j<n
where

I 1 |
C(n) _z;o( b TUE—E)-T[(E—E)

0<i<l l<j<n

(B.18)

n

= Z ﬁ(m + 1) (ElﬁEm)ﬁl'

=0 m=90

However, C (n) can be proved to be zero for all non-vanishing
values of (E,, E, ... E,) which are different from each other.
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For the proof we consider the algebraic equation of degree
n=1: :
.I_Em

flx) = 2 {,ﬂé’”*’«ﬁ)}*l — 0. (B.19)

1=0

A factor (x — E;) is found in the numerators of all terms in
the sum over [, except in the term with [ = k. Therefore, sub-
stitution of x = E, leaves only the one term with [ = & which
gives

f(E) =1"—1 = 0. (B.20)

Thence, the algebraic equation (B.19) of degree n has atleast(n + 1)
roots x = E,, E;, E, -+ E,. This is possible only if the equation
is an identity in x. Then, the coefficient of =™ must vanish. This
coefficient is (for n > 1) just equal to C(n) defined by (B.18).
Hence, C (n) and consequently N is zero for all non-vanishing and
different values of the wvariables (E, E, ---E,). But, since
N(E, --- E,) is a continuous function of these variables, N
mustthen be zero for all values of E,, I, - - - E,,, which completes
the proof of the equation (3.11) in Chapter I1I, i. e. ¥ is unitary
if the series is so strongly convergent that the series ¥y and Wi
can be multiplied term by term.

€, Throughout this paper, k, means a particular set of values
of the free particle variables & and quantities like ¢ ]c| Y | ko>
are thus matrices in k-space and |Ic0> is an eigenket of the
k-variables corresponding to the eigenvalues k, (plane waves).
On the other hand, k, is also used to label some of the stationary
states (the scattering states) of the total system. For a reader who
is accustomed to Dirac’s notation, this may lead to confusion,
since he might regard | ky > as identical with one of the scattering
states l n > of the total system. To him, the matrix <k[ Y[ ko>
in case of bound states may seem to be an incomplete matrix,
i. e. a “non-square’’ matrix, as & labels a complete set of plane
waves used in Fourier analysis of the field, while k, labels an
incomplete set of functions. He may easily remedy this as follows.

First, complete { k | YI ko > to a “square” matrix { k | Yon I ny
by adding columns of zeros: (kl Ym)k0> = <1\"| Y|k0> ; <1<'] Ym|r>
= 0. The subscript m reminds us of the fact that Y,, is defined
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in “mixed” (k£ and n) representations. In zeroth approximation,
then, (k\ Ym|n> equals a matrix <Ic| 1m|n >, which consists
of the unit matrix 1 in k-space bordered by colums of zeros:
Ch| 1| ko> = 0(k—ko); <{k|1,|r>=0. Thus,
(k| Ym|ny = (k| 1p|nd+<k| Zn|n>.
The matrix 1, obviously has the property 1, 1), = 1 in k-
space, while 1, 1,, is a matrix in n-space with matrix elements
Cheo| 1 1| o> = (o[ Ko >y Chea| 11 |77
= ||k = <[ty =0

(even for r' = r’"). We may then introduce matrices completely
in k-space by Y = Y1}, (thence, Y’ = 1, Y). These matrices
in k-space are the ones appearing in the text; for instance, Y, Z,
B,W, T,F, 2, I G,Q, P, W,R, K, S, 1 are matrices of this type,
as well as their Hermitian conjugates YT, ZT, ete.

These matrices, therefore, are obtained from the corresponding
“mixed” matrices Y, Y5, etc., by first stripping the latter of
their columns or rows of zeros, (thus changing <k| Ym]n> into
<1c| Y|Ic0>, <n‘ Y,Hk} into <Icf,l Y1'|1c>, or a product like
(n'| Y Z, |0y into <Iqy| YT Z |k, ete.), and then ignoring the
difference in interpretation of the labels k and k,, treating the latter
as if it labels a complete set of plane waves just like k does.

D, Tt should be noted that, by assuming that each of the three
sets { Lk Y|I<0> (with Y = ¥or 2 or Q) forms a set of functions
of & sufficiently wide to express any scattering state linearly
in terms of them, we did not assume that the <Icl Yl ko> would
form a complete set in which to express every function of k.
That is, we did not preclude the existence of bound states. Never-
theless, for ensuring the existence of matrices X; and X, as de-
seribed at the top of page 21, somewhat special assumptions had
to be made about the lack of linear dependence of the differ-
ences between the sets of scattering states ¥, £, and Q on the
bound states ,.

The necessity of these special assumptions for the validity of
(2.48) can be made clearer by deriving the alternative form
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which the relations (2.48) will take when these conditions are

not fulfilled. In general, we find from (2.45), (2.47), and (2.40),

Y =osSIs=P¥RS=_>1—> vyDH2S,

W '_p<1 +%)<1 +%{>”1= yf@?*o(u%{)_l
= (I—Zwrwi)0<1 +i2£>_1-

Thence, also

wst = (1~Z_wﬂPI)Q, 5”<1 +§> = (12> v, vDQ.

These relations differ from the ones on page 21 by the occurrence
of the factor

1=y p)) = PP

From the discussions on pages 18—19, however, it is clear
that this factor { k' l y pt l k" > acts as the unit mairix whenever
it acts on pure scattering states ¥. Indeed,

(PPHYY =P ¥ =P 1=Y,

by Eq. (2.34a). Our assumption made in words on page 20 now
amounts to assuming that also

(PYHQ =0, (F¥Ho=0.

In as far as this is the case, the above formulas reduce to the ones
on page 21.

To the authors it seems quite possible that this assumption
may turn out to be superfluous, that is, perhaps one can prove
the automatic general validity of these equations. For various
simple syslems, such as the potential scattering of two particles,
the mentioned equations are trivial indeed. However, for more
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complicated systems, in which there may be bound states and
scattering states belonging to the same degenerate energy level,
we have not been able to find a general proof. As long as no proof
of sufficient generality is available, we regard these equations as
a somewhal special assumption, on which Eqgs. (2.48), (5.24),
and (9.26) are based.

Purdue University,
Lafayette, Indiana
and
Institute for Theorelical Physics,
University of Copenhagen.
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