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§ 1 . Introduction .
n the discussion of the energy loss by swift charged particle s
passing through matter one may conveniently distinguis h
between two extreme cases . When a penetrating particle has a
sufficiently high charge, or low velocity, it will carry electron s
which to some extent will screen the field of the particle . Th e
problem of its energy loss is then quite involved, even though i t
may be treated essentially on classical mechanics . But as soo n
as the velocity of the particle is high compared with the orbita l
velocity of an electron carried by it in the ground state, the energy
loss can be computed rather accurately using a quantum mechanical perturbation treatment . In the present paper we shall b e
concerned with the latter simple case, and in particular with th e
slowing down of protons and a-particles . We shall try to buil d
up a simple and consistent picture of the atomic processes dis played in stopping problems for atoms containing many electrons .
But it may be useful to make first a few remarks regarding th e
different treatments and points of view on the subject .
We consider then the energy loss suffered by a heavy particl e
of velocity v and charge ze, passing through a substance o f
atomic number Z and with a density N atoms per unit volume .
As long as v remains largo compared with the velocity of th e
more strongly bound electrons in the substance, the averag e
specific energy loss of the particle is with good approximatio n
given by the general formula of BETHE (BETHE (1930), BETH E
and LIVINGSTON (1937) )
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where I is a constant characteristic of the substance, often denote d
as the average excitation potential . This constant was by BETH E
found to be determined by
I.
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where fits is the atomic oscillator strength corresponding to th e
transition (i, k) with frequency wile ; a similar formula applie s
when chemical bindings come into play . The equation (1) hold s
for non-relativistic velocities . For very fast particles the relativistic term (- log (1 - v 2 /c 2 ) - v 2 /c 2 ) is to be added to th e
logarithm in (1) . It is well known that half of this term arise s
from close collisions with the electrons in the substance, whil e
the other half is due to distant collisions . It should be mentione d
that the relativistic formula is not always quoted correctly in th e
literature, and also that some authors introduce a potential I
defined in a manner different from that used here . A correctio n
to the above relativistic term, depending on the density of th e
material, was introduced by FERMI (1940) . We shall not be concerned with relativistic cases where this effect is important .
In connection with (1) it is worth recalling that for an analysi s
of stopping problems it can be of advantage to use a simpl e
idealized picture of the energy transfer . The collision may the n
be described by a classical impact parameter, p, and a collisio n
time, r = p/v . For a particle of high velocity the collisions ca n
be divided into the close and the distant ones . In the violen t
close collisions the binding and mutual interaction of the electron s
will not be important . In the more distant collisions the average
energy transfer is equivalent to that in free classical impacts . I t
is now decisive for the magnitude of the total energy loss by th e
particle that the energy transfer becomes negligible for collisio n
frequencies, 1/r = v/p, less than the adiabatic frequency w characterizing the dynamical properties of the atomic system . The
value of w is connected with I by the relation I = 1 w . We shal l
repeatedly make use of the above simple concepts .
The energy loss suffered by electrons passing through matte r
cannot, for several reasons, be contained in formulae of typ e
of (1) . In the following we shall treat only heavier particles, bu t
the estimates of the average excitation potentials, which involv e
only distant collisions for fast penetrating particles, can of cours e
be used as well in the description of the stopping of electrons .
In BETHE's deduction I is determined by the transition fre -
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quencies and corresponding oscillator strengths in the atomi c
system . A direct calculation of I on these lines is simple in th e
case of hydrogen, but becomes complicated for substances o f
high atomic number . A considerable simplification of the pro blem for heavier substances was achieved by BLOCH (1933) ,
when he applied the Thomas-Fermi model of the atom . Making
some simplifying approximations in the Thomas-Fermi mode l
when extending it to dynamical problems, BLOCH found that th e
average excitation potential I = I (Z) in Bethe ' s formula (1 )
could be written as
I = Io • Z,
(2 )

lo

being a constant independent of Z. BLOCH did not calculate
the value of Io ; in fact, it seemed difficult to compute this quantit y
from his model with sufficient accuracy, an empirical determination being preferable . A calculation of I p was carried throug h
later by JENSEN (1937), but with a picture of the atom too simplified to allow quantitative comparisons .
The numerous data on the slowing-down of protons . an d
a-particles in substances of medium and high atomic numbe r
have shown that Bloch's relation (2) is rather well satisfied fo r
sufficiently high velocities u . The values of Io = I/Z found empirically are about 10 eV, with only slight variations between th e
different elements .
When the velocity of the particle becomes comparable with
those of the more strongly bound electrons in the substance as is usually the case for natural a-rays-the energy loss is n o
longer well represented by the constant potential in equation s
(2) or (1) . The potential will then vary with velocity because th e
logarithmic expressions in (1') apply only when the argument s
are large . BETHE has here introduced corrections of the contributions from the electrons in the K-shell (BETHE and LIVINGSTON (1937)) . In the following we shall be particularly intereste d
in this velocity region, and also in the stopping for still lowe r
velocities, where N . BoHR (1948) has accounted in a simpl e
manner for the empirical u 3 -relation for the range of a-rays .
It is the aim of this paper to bring out general relationships ,
embracing results like that of BLOCH (2) . We shall rely on simplified descriptions of atoms, where the main features of atomic
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dynamics are most easily recognized . It may be that more tha n
due emphasis is given to the comparison with a free electro n
gas and the description based on polarization . But we found this
way of approach preferable ; although less common it is perhap s
the simplest one .
In order to get a first insight into the phenomena we shall, i n
§ 2, try to arrive at a simple qualitative picture of the stoppin g
in heavier substances, and in § 3 discuss in how far this pictur e
can be said to agree with the data . These questions were treated
briefly in a recent note (LINDHARD and SCHARFF (1952)) . A mor e
detailed discussion of different kinds of approach employed i n
atomic dynamics is attempted in § 4 . We shall endeavour to show
the significance of the revolution frequencies of the electrons i n
these problems, and their connection with the adiabatic frequency .
Moreover, the electronic interaction appearing in the polarizatio n
is found to be of decisive influence for the dynamics of heavie r
atoms . A formula with rather general applicability is derived fo r
the energy loss in matter, and more quantitative results are the n
obtained in § 5 . Among the questions there to be treated are th e
magnitude of the polarization effects and the reduction in energ y
loss for low velocities of the particle . Finally, the stragglin g
phenomena are discussed briefly in § 6 on similar lines .

§ 2 . Stopping by Heavier Substances in a
Qualitative Description .
As well known the statistical description of THOMAS and FERM I
gives a surprisingly good account of the atomic structure an d
binding, in particular for electrons in the intermediate region o f
an atom . In the problem of the energy loss of a particle penetrating
through atomic systems this method will seem especially wel l
suited, because the atomic electrons all give comparable contributions to the stopping, so that the total effect is due mainl y
to the majority of the electrons with medium binding . Neithe r
the individual characteristics of the atoms or molecules, deter mined by the outer electrons, nor the precise magnitude of the
binding of the innermost electrons will be of importance in firs t
approximation .
In the Thomas-Fermi model the electronic density distri-

Nr . 15

7

butions for different atoms are similar, and the common unit o f
length is proportional to Z-1ß . The charge density e e is therefore
proportional to Z 2 , and the total binding energy of the ato m
behaves as z'/' . Since, thus, the binding per electron is proportional to Z 4f the electrons may be said to have velocities pro2I3
portional to Z .
In the present connection we are interested in the dynamic s
rather than the statics of the atom . When the dynamical treat ment is based on the Thomas-Fermi model the motions can b e
described on classical mechanics, only with due regard to th e
exclusion principle in the initial state of the system . Suppos e
now that a small disturbance is set up in the atom . The develop ment in time of this disturbance can be governed by only tw o
kinds of frequencies . Of these, one is the frequency co o =
(4 a e2 Ofm) 1J2 , determined by the densities of mass and charg e
and corresponding to the classical resonance frequency of a n
extended gas of charged particles . For heavy atoms the spectru m
of classical resonance frequencies co o , behaving as e1'2, is thus
contained in a single distribution with a scale proportional to Z .
The second kind of frequencies can be pictured in the followin g
manner . The disturbance will be propagated and at the sam e
time damped with certain velocities, and since all velocities i n
the static model behave as Z213 the velocities of propagation an d
damping must show this dependence on the atomic number . Now,
-113 ,
the linear dimensions of the system are proportional to Z
and accordingly the frequencies of damping and revolution ar e
proportional to Z. Thus, we have found that all frequencie s
entering in the dynamical description show the same dependenc e
on the atomic number . This result was first obtained by BLOCH
(1933) on the basis of his simplified hydrodynamical model o f
atomic dynamics .
The general behaviour of the frequencies in the atom ma y
also be accounted for by noting that the unit of time in th e
Thomas-Fermi model is proportional to Z -1 . It follows that in a
perturbation treatment, i . e . in the approximation of linear fiel d
equations, where one can speak of a set of proper frequencies o f
the system, these frequencies must behave as Z.
As to the approximations involved in this picture of atomi c
dynamics, the use of a perturbation treatment was just a charac-
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teristic of the stopping problem for fast particles of low charge .
Moreover, the description by a classical approximation is appropriate here, partly because we are concerned with a calculatio n
of the screening in distant collisions, where the classical treat ment gives the same average result as the quantum mechanica l
calculations, and partly since we have described the atom b y
the semi-classical Thomas-Fermi model .
From the above results we can obtain a qualitative pictur e
of the stopping of a heavy particle, with velocity v and charge ze .
One may for instance argue as follows . The specific energy los s
will always be of the same form as equation (1), i .e . equal t o
(4 r z 2 e4ZN/mv 2) times a dimensionless function, L, independen t
of the charge ze of the particle . This function is in Bethe' s
formula an average over the atomic system of quantities of th e
characteristic logarithmic type . The logarithms depend on th e
maximum energy transfer 2mv 2 -or the corresponding frequency winax = 2mv 2 /iz- and on the transition frequencies in
the atomic system . In the semi-classical description of THOMA S
and FERMI we must thus expect that the only frequencies whic h
can enter in the function L are Wmax and the atomic frequencie s
proportional to Z, even when L is no longer of the logarithmic
type . The dimensionless function L will therefore depend on Z
and u only through the ratio of the frequencies, proportional t o
Z/v 2 , and we can write

1 dE
InU Z
N dl? 4 zz 2 e 4 Z

( v2

L

\

Lv o Z/

(3)

where the so far unspecified function L (x) is determined by th e
distribution of the frequencies in the atom . In order to obtai n
a suitable dimensionless parameter in the function L in (3) w e
have introduced vo = e 2 /h as a measure for the velocities . Th e
equation (3), as it stands, is applicable only for non-relativisti c
velocities, and normally the familiar term (log (1 - v 2 /c 2 ) + v 2 /c 2)
must be added on the left hand side of (3) if v is comparabl e
with c.
It is clear from the above deduction that, if the atomic frequencies entering in the description were, for instance, the bindin g
frequencies of the electrons, proportional to Z 413 , the function L
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would instead depend on the ratio Z 4J3 /v . But, as we have seen ,
the dynamic frequencies in the Thomas-Fermi atom are not o f
this kind . A quite different question is the limitations of th e
Thomas-Fermi description, mentioned in the beginning of thi s
paragraph . In the first place, due to the individual variations i n
the binding of the outermost electrons in the atom, one will expec t
small fluctuations from one element to another, but on the averag e
the formula should remain valid . We shall return to the proble m
of these fluctuations in § 5 . In the second place, the binding o f
the innermost electrons is not well accounted for by the Thomas Fermi model, and the corresponding frequencies do not behav e
as Z . While the most loosely bound electrons primarily give ris e
to fluctuations, the presence of the strongly bound electrons impl y
instead systematic deviations from the dependence of L on th e
single variable v 2 /vôZ . Still, since the individual contributions an d
the number of these electrons both are small, it is to be expecte d
that they will not have an appreciable influence on the variatio n
of the total stopping with Z and v .
A few simple results may be derived immediately fro m
equation (3) . If the velocity v of the particle is large compare d
with the electronic velocities in the atom, the dependence of th e
function L on v must be approximately as log (v 2 ), as in Bethe' s
formula (1) . Equation (3) then leads to Bloch's formula (2) ,
again with an undetermined value of the constant I . In § 5 will
be given an approximate estimate of this constant . It may her e
be noted that the mentioned replacement of Z/v 2 by Z 4 ' 3 /v 2 in L
would in this case give a formula deduced by SOMMERFEL D
(1932), where Z in Bloch's formula (2) is replaced by Z 4J3 , at
variance with the measured stopping .
For low velocities of the particle, or values of v comparabl e
with the velocities of the majority of the electrons in the atom ,
the more strongly bound electrons no longer contribute appreciabl y
to the stopping, and the function L will not behave as in the Bloc h
formula . In the lower part of this region the specific . energy los s
is approximately proportional to 1/v, corresponding to Geiger' s
formula for the range of a-rays . With this dependence on v i t
follows from (3) that the energy loss is proportional to Z 112 , i n
fair agreement with the classical rule according to which th e
stopping behaves as A112 . We shall presently give a more quanti-

10

Nr . 1 5

tative discussion of the region of low velocities on the basis o f
recent measurements .
The above-mentioned reduction in the contribution of th e
strongly bound electrons has been discussed by BETHE from a
somewhat different point of view . For velocities comparable wit h
the electron velocities in the K-shell BETHE estimates the decreas e
in stopping due to these electrons (BETHE and LIVINGSTON (1937) ,
BEOwN (1950), R ALSIiE (1952)) . This correction sets in at quit e
high velocities of the particle, and changes initially only rathe r
slowly with velocity . It will therefore seem that a separate cor rection for the K-shell is a somewhat doubtful procedure, an d
it is of course not in line with the statistical treatment of the atom .
Although further corrections for the L-shell and even highe r
states can be made, such an attack becomes highly complicated .
For extremely low velocities, as in the case of canal rays ,
the present description no longer applies . This is partly becaus e
there is a high probability that the particle will carry an electro n
when its velocity is of the order of that of an electron bound t o
it in the ground state, and partly because the stopping is the n
mainly due to the outermost electrons which do not follow th e
statistical model . The deviations set in for values of x somewha t
lower than 1, depending on the substance and the charge of the
penetrating particle . For values of x of the order z 2 /Z the deviations are expected to be considerable .
Instead of the above formulation where L in (3) is a functio n
only of v2 /Z, one might say that the specific energy loss itself i s
a function of v 2 /Z, because dE/dR differs from L only by a factor
proportional to Z/v 2 . This formulation can be useful, but it is no
longer valid when relativistic corrections set in . Moreover, if on e
wants to study the empirical justification of a picture of the kin d
suggested here, it is a better criterion to plot L, which function wil l
show more clearly the presence of small deviations from the picture .
As to the range of the particle we may similarly write, fo r
not too high energies,
R _ M

Z
12
z 8na~\

r v2 1

f`vaZf'

(4 )

where R is the range, M the mass of the particle, and ao the radiu s
of the hydrogen atom . The function f ` (x) is connected with L(x) by

x

f (x)

-

x ' dx'
L (x ' )
o

( 5)

For higher velocities the relativistic corrections of magnitud e
about v 2 fc 2 destroy the validity of (4) ; these corrections are primarily due to the kinetic energy being no longer iVIv 2 . One might
then attempt a more precise formulation in analogy to (3), bu t
unfortunately this is not feasible on the same simple lines .
The formula (4) applies strictly for range differences only. Th e
above-mentioned deviations from the description of stopping fo r
extremely low velocities imply the presence of very small differences in range, depending on the substance and the particle .
These differences we shall call differences in excess range, an d
their values will be found in § 3 .

§ 3 . Comparison with Experiments .
Let us compare the formula (3) with experimental data
available at present . In Fig . 1 we have plotted L(x) as a functio n
of the variable x = (v f vo) 2 • Z-1 , using a number of absolut e
measurements of the stopping of protons of energy betwee n
1-200 keV and 340 MeV, for metals ranging from uranium t o
the extreme case of beryllium . The values of L(x) are obtaine d
by introducing the measured stopping on the left hand side of (3) ,
and afterwards adding the relativistic correction if the velocit y
is high . As mentioned no correction should be made for th e
K-shell . The points on the figure are based on measurements o f
specific energy loss of protons, performed by the following authors :
BAKKER and SEGRÈ (1951), MATHER and SEGRÈ (1951), 340 MeV .
SACHS and RICHARDSON (1951), 18 MeV . WARSIIAW (1949), 100-30 0
keV . MADSEN (1953), 0 .2-2 MeV . See, further, the note on page 14 .
The points in Fig . 1 appear to give a rather well-defined curve .
The fluctuations around the average are small, as was to b e
expected . In the present connection it is more significant that th e
different groups of elements, arranged according to atomic num ber, do not show a tendency to separate out into consecutive cur ves . The points for Be should of course not properly be include d
in this comparison based on the statistical model .
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Fig . 1 . Comparison between experiments on stopping power according to the sta tistical treatment . The points represent experimental values, for metals, of th e
quantity L given by equ . (3) . The abscissa is the variable x, in a logarithmi c
scale . The dotted straight line gives the inclination in Bloch's asymptotic formula ,
and it corresponds to Io = 10 eV.

In order to cover a wide range of x-values we have use d
a logarithmic scale for the abscissa in Fig . 1 . This has the
advantage that points with the same value of lo = I/Z lie o n
a straight line . The common inclination of such lines is given
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by the dotted line on the figure, which corresponds to I„ = 10 eV .
For high values of x, i . e . high velocities, it is seen that Bloch' s
formula with constant Io has approximate validity . The value o f
lo thus obtained is about 10 eV, determined essentially by th e
measurements of BAKKER and SEGRÈ, and of MATHER and SEGRL .
For decreasing values of x the curve dips gradually toward s

L(X)
vv

x

Be

o

Al

•

Cu

3

40<Z<5 0

o 70< Z

9,,

f

2

3

4

Fig . 2 . Comparison between experiments according to the statistical treatment ,
for low values of x = v 2/Zvô . As abscissa is used x 1 1 2 . The curve represents formul a
(11), to be discussed in § 5 .

higher values of I == I (v) . When x is about 5 a maximum in I
is reached, and this potential is here almost twice as large a s
for high velocities . Eventually, for x decreasing below 5, th e
value of I decreases again and passes through the original hig h
velocity value when x is of the order 0 .5 . It should be mentione d
here that for x-values between 1 and 5 the curve shown on th e
figure lies somewhat below the semi-empirical curve for air give n
by BETHE and LIVINGSTON (1937) .
If one measures the specific energy loss in matter for a particl e
of a certain velocity it is possible to find the limiting ionizatio n
potential at high velocities by multiplying the measured value s
of I by the proper factor corresponding to the variation of the
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potential along the curve in Fig . 1 . It is difficult to estimate th e
accuracy of such a semi-empirical procedure . A correction o f
this kind has been suggested by SACHS and RICHARDSON (1951) ,
whose measurements cover a considerable part of the curv e
in Fig . 1 . These authors, however, did not emphasize that fo r
lower velocities the correction reaches a maximum, whereupo n
it decreases again .
The behaviour of the curve for low values of x is mor e
apparent from Fig . 2, covering the interval 0,2 < x < 20 . A s
abscissa is used x 12 , because a 0 3 -law for the range in this representation gives a straight line through the origin . In the first
approximation the points on the figure may be said to correspon d
to this law, but the resulting curve is curved slightly downwards .
This is particularly so for higher x-values . It should be note d
that the figure includes quite high particle energies, e .g . 18 MeV
protons in Ag, and that the v 3 -law has been suggested only fo r
considerably lower velocities .
The approximate result that the present parameter x even fo r
low velocities collects the experimental points on a single curv e
was expected from the qualitative considerations in § 2, but it s
significance will be seen more directly in the discussion in § 5 .
It is here interesting that, if one uses instead of x the previousl y
mentioned parameter v2 /Z 0 , the measurements will separat e
out into a succession of curves for the different separat e
elements .
When this paper had been sent to press it came to our notice tha t
KAHN in Chicago has investigated the specific energy loss by proton s
in Be, Al, mica, Gu, and Au, in the energy interval 0 .5-1 .3 MeV . Hi s
measurements for Be, mica, and Au agree well with MADSEN (1953) ,
whereas for Al and Cu KAHN finds values about 10 to 20 ° J ° higher tha n
those of MADSEN, the deviations being largest for Gu . The reason fo r
the discrepancies is, as yet, not known . Further, measurements of th e
stopping in Cu have been made by COOPER in Ohio, whose results ar e
about 5 °J0 lower than those of KAHN . The x-values involved in th e
new measurements are 0 .6-2 for Cu and 1-4 for Al . Since, in the regio n
around x 1 on Figs . 1 and 2, the points for Au and Ag are somewha t
higher than those for Al and Cu, a possible increase in the latter value s
should not impair the description by a single function depending onl y
on x . However, for x < 6 the deviation from the straight Bloch lin e
on Fig . 1 would be less, and the curve would lie closer to that for air .
The maximum deviation from the Bloch line would not be changed
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essentially, but instead occur at a somewhat higher value of x (x ti 10) .
The above-mentioned discrepancies may serve to emphasize the uncer tainties prevailing in present determinations of energy loss, excepting ,
perhaps, energy loss in air and in photographic plates .
The measurements shown in Figs . 1 and 2 refer only to th e
specific energy loss in metals . As regards other substances-an d
in particular gases-the evidence is mostly relative measurement s
of ranges, or differences in range . The range observations eve n
have the advantage of being more accurate than direct measurements of the specific energy loss . These two cannot immediatel y
be compared, but instead a separate discussion of the range s
may be made . We shall therefore attempt to plot ranges as a
function of the single variable x, in the manner prescribed b y
equation (4) . As mentioned in § 2, this method of comparin g
ranges can only be applied in the non-relativistic region . Ther e
is another difference from the treatment of specific energy loss ,
because in the very last part of the range the stopping will n o
longer show the common behaviour assumed above . Even though
the resulting range deviations are small they must be taken int o
account in an accurate representation of the data .
The procedure used in obtaining a range curve is now th e
following . The measured ranges in rng/cm 2 are according t o
equation (4) multiplied by the factor (1/AZ) . ( z 21Y1p /M), wher e
Mp is the mass of the proton, and M that of the particle . Thi s
will, apart from a constant factor, correspond to finding th e
quantity f on the right side of equation (4) . As a first approximatio n
the results are plotted as a function of the variable x . One find s
roughly a common curve, but the sets of points for the separat e
elements will not precisely follow the trend of the common curve .
There will be deviations which are significant only for th e
shortest range values . We then try to subtract a small individua l
amount-call it the excess range-from the ranges in order t o
obtain a curve on which all the measurements are collected . Thi s
amount will depend both on the substance and on the charg e
of the particle . The excess ranges are then so far determine d
apart from a common additive constant, the fixation of whic h
is given below . The resulting points are shown in Fig, 3 in a
double logarithmic scale, together with the values of the exces s
ranges . We have employed the extensive measurements by
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Fig. 3 . Ranges plotted according to the statistical formula (4) . The ordinate gives ,
in a logarithmic scale, ranges in mg/cm' multiplied by (1/AZ) . ( z 2 MI,IM) . Th e
ranges used are experimental ranges minus the excess ranges (sec text) . The full line curve was obtained by integration of the averaged curve in Fig . 1 .

Ne and A .
Further are used the accurate semi-empirical range curves fo r
a-particles and protons in air by BETHE (1950) 1 . Included on th e
r Recent measurements by REYNOLDS et al. (cf . Bull . Am . Phys . Soc. 27 ,
NANO (1934) of ranges of natural a-rays in He, air,

No . 6 (1952)) with protons of low energies appear to deviate somewhat from th e
curve by BErnE . For higher energies, 2-8 MeV protons, BURCHAM (1953) ha s
obtained results in good agreement with BETHE .
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figure are moreover the measurements by RosrNBLL'M (1928) o f
range differences for a-rays in the metals Al, Ag and Au . Fro m
these range differences one does not, of course, obtain the value s
of the excess ranges . On the figure is included He where th e
statistical considerations in § 2 do not apply and the average
excitation potential is much higher than the value given by th e
Bloch formula . As seen from the figure, this gas cannot either
be made to follow the common curve for higher values of th e
variable x . For air the charge value Z = 7 .22 can be used, sinc e
the expressions in question vary only with a low power of Z .
The ranges in Fig . 3 can be compared with the specific energy
loss from Figs . i and 2 . For this purpose we integrate accordin g
to equations (4) and (5) the averaged experimental specific energy
loss given by the full-line curve in Fig . 1 . However, the specifi c
energy loss is not accurately known for x-values below ti 0,2 .
We have here made the plausible choice of continuing the curv e
to the origin by a straight line on Fig . 2 . The integration can
then be performed, and the resulting curve is shown by the full line curve in Fig . 3 . There is good agreement with the rang e
measurements .
Using the integrated curve we have fixed the additive constan t
in the excess ranges . This gives the not unreasonable result that
the excess range for a-rays is highest in He and vanishes in A .
Moreover, the excess ranges are of the order of magnitude t o
be expected from the previously mentioned effects . For a-ray s
they are higher than for protons, corresponding to the screenin g
of the charge appearing for higher values of x .
The description in § 2 has thus been found to apply rathe r
well for the average specific energy loss . Similarly, the range s
seem to show mutual agreement on this picture, and further t o
be consistent with the specific energy loss in metals . But on e
should not, of course, be deluded as to the accuracy obtaine d
from the procedure used here in discussing the ranges and comparing them with the specific energy losses .

§ 4 . Collective and Independent Particle Descriptions .
In the following we shall consider the mechanisms involve d
in the present problems of atomic dynamics, and discuss th e
connection between the independent particle and collective de Dan .Mat . F ,ys .Medd . 27, no . 15 .
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scriptions as they appear in statistical models of atoms . Fo r
a further justification of the present line of argument, the reade r
is referred to LINDHARD (1953) .
A detailed description of an atom is afforded by the Hartre e
model, where the wave function of the total system is the produc t
of one-particle wave functions . When the system is disturbed by
an external field these wave functions will of course not develo p
independently in time . Still, since the one-particle wave function s
are governed by the same one-particle Hamiltonian, they will
automatically remain orthogonal . This has the advantage tha t
the exclusion principle need not be taken into account in th e
dynamical treatment .
Now, in actual treatments of atomic dynamics, one usuall y
has recourse to the so-called independent particle model . By th e
independent particle model we shall here understand a description of the sYstem as particles moving independently of eac h
other in a fixed atomic field . This differs from the Hartre e
description in that the dynamics is governed only by the actio n
of the external forces, the internal forces being regarded a s
unchanged . It is apparent that in this simplified description to o
the exclusion principle may be disregarded .
Let us apply the general expression for the average energ y
loss given by BETxE, where the logarithmic term in equation (1 )
has the form
fik log

L
k

2mv2

.

wtk

For the present we assume that the velocity of the particle is
high compared with the electronic velocities in the atom, an d
ask for the corresponding limiting value of the average excitatio n
potential I . If we were concerned with only one electron boun d
in a static potential it would be the spacing between neighbourin g
quantum states which determined I, equal to h times the effectiv e
adiabatic frequency limiting the energy transfer . For high quantu m
numbers these quantities are then simply given by the frequenc y
of revolution of the electron .
When the Hartree model or the independent particle mode l
is introduced in (1 ' ) we may, according to the above, sum over
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all final states k for each electron, without regard to the exclusio n
principle . We can then write, instead of (1') ,
L =

1

log

2mv 2
kiw i

logw i =

log co in ,

(6 )

where L contains only one simple summation over frequencie s
attributed to completely independent electrons . This formulatio n
allows a direct application of correspondence arguments, as for
one electron, and in the independent particle model the frequencies w i will for high quantum numbers represent essentiall y
the revolution frequencies for the electronic states in question . It
is clear that, if one took the same electronic states in the independent particle model as in the Hartree model, the formula woul d
lead to different results in the two instances, on account of th e
neglect of polarization effects in the former model .
The picture with independently moving electrons is thu s
characterized by certain frequencies of revolution in the classica l
limit, and it is based on an analogy with a single electron in a
fixed potential . Now, we found in § 2 that the two kinds o f
frequencies one may imagine in the atom-the classical resonanc e
frequency determined by the interaction, and the frequencies o f
revolution-behave in the same manner in the statistical description . It even appeared that a distinction between the two wa s
rather artificial in the present dynamical problem . On account
of this equivalence of the two kinds of frequencies it seem s
possible to picture the dynamical behaviour of the atom as bein g
governed only by the interaction and inertia of the electron cloud ,
instead of by the frequencies of the independent particle model .
In order to appreciate the consequences of the interactio n
picture we shall first . consider the effect of interaction in the simpl e
case of an extended homogeneous electron gas . It has been show n
by KRAMERS (1947) that the specific energy loss by a heav y
charged particle in a gas of free electrons at rest is given b y
dE

47rz2e4

dR

mv2

l0g

2mv2

(7 )

hwo '

where e is the density of electrons, and w o = (4a e2 P/m)
classical resonance frequency of the medium .

112 th e
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Equation (7) shows that the frequency determining the adiabatic limit is just w o . This result may be obtained directly whe n
considering in more detail the competition between the polarizatio n
in the gas and the direct force from the penetrating particle
(A . BOHR (1948)) . In fact, for a collision with impact parameter p
between an electron and the particle, the force on the electro n
will be approximately ze e /p 2, and since the collision time is p/v
the displacement in space of the electron during the impact mus t
be (ze e /mp g ) • (p/v) 2 = ze e /mv 2. The electronic displacements giv e
rise to a polarization force 4 :,zeze4 /mv 2 , and accordingly the forc e
from the particle will be compensated by the polarization fo r
an impact parameter p = v/wo, from which follows the formul a
of KRAMERS .
In this deduction the electrons were supposed to be at res t
before the collision . But it can be shown easily that, even for a
degenerate gas, the formula (7) remains valid for a penetratin g
particle of velocity high compared with the velocities of th e
electrons in the gas . Indeed, we may, as mentioned, neglect th e
exclusion principle in the calculation of the perturbed motion o f
the electrons, and it is then seen that the displacements of th e
individual electrons during the collision will be just as above .
We thus find the same adiabatic limit as before, and, since th e
average energy transfer for a given impact parameter is to th e
first order independent of the electron velocities, we arrive agai n
at formula (7) .
In calculations of the effects of polarization, where one i s
concerned primarily with large impact parameters, the behaviou r
of the electrons can be described on classical mechanics whe n
their quantum numbers are sufficiently high . Already from this
circumstance it could be foreseen that for a free electron gas th e
adiabatic limit is determined by the classical resonance frequency ,
which is the only frequency defined in a classical description o f
the system .
For lower velocities of the particle the energy loss differs fro m
that given by the equation (7) . In the limit for very slow particles, FERMI and TELLER (1947) have shown that the energ y
loss in a degenerate gas is approximately proportional to v . We
shall here use a similar estimate by LINDHARD (1953), where the
logarithmic term per electron, L, is found to be approximately
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L ti 20 \ /Iw o

(7 ' )

instead of the value L = log (2 mv 2 /h co o ) in (7) . The two formula e
are to be joined for an argument somewhat larger than ten .
In this discussion of polarization effects we have used th e
conventional picture of a free electron gas . It may be that thi s
picture does not represent closely an actual extended system o f
electrons . Still, it does seem to give a sufficient indication of th e
behaviour to be expected in atomic systems, when combine d
properly with the ,corresponding ideas regarding the orbita l
motions and revolution frequencies of the electrons .
We have seen that for the present purpose the extended electro n
gas may be described essentially as a compressible classica l
liquid of a given density of mass and charge . It is clear that, i f
the density of the system-and consequently also the classical
resonance frequency wpvaries only slowly in space, we ca n
compute the total stopping of the particle by averaging (7) over
space . But if we try to extend this liquid picture to the case o f
an atom we meet with the apparent difficulty that here the densit y
varies quite rapidly in space . Still, let us tentatively apply th e
procedure of averaging (7) over the atom . This leads to th e
following expression for the logarithmic term in the stoppin g
formula
2 wv 2
L
r e (r)log n
(8)

=Z~d3

0

where co = 4 ae 2 e(r)/tn varies in space proportionally to th e
electron density e (r) . It is now seen from the structure of formula (8) that it may be expected approximately to account fo r
the stopping by heavier atoms . Indeed, in formula (7) a sum mation is supposed already to have been made over the distribution in momentum space . When we now average over ordinar y
space this will correspond to an integration over phase space .
More precisely, we can consider (8) as an outcome of the Beth e
formula (1 ' ) with generalized oscillator strengths, when th e
statistical model is applied in a literal manner and only th e
electronic interaction is included in the dynamics .
In order to illustrate the connection between the two pictures
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used above we shall compare them for the case of an extremel y
simple statistical model of atoms . Let the orbital velocity and
radius of the n'th electron in an atom be given b y
an = ao

nv 2,
n= 1,2,•

•,Z .

}

(9 )

n

vo

v,

where the effective quantum number v is supposed to be the sam e
for all the electrons, and equal to a constant, y, times Z 113 . I n
this description the atoms have the same similarity as in th e
Thomas-Fermi model, and if y is slightly less than 1, formula (9 )
even gives approximately the same density distribution as th e
Thomas-Fermi model for the major part of the atom . For th e
n'th electron we now find that the revolution frequency co n =
vn /an = (v 0 /ao) • (n 2 /v 3 ) is exactly equal to the classical resonanc e
frequency wo for the density given by (9) at the distance a n fro m
the nucleus . The frequencies w i and wo (r) entering in (6) an d
(8), respectively, are thus the same and the two formulae giv e
equal results .
Thus far, we have treated separately the revolution frequencie s
of the independent particle model and the classical resonanc e
frequencies . As mentioned, it will seem difficult to distinguis h
between the two, and it is possible to describe the dynamics o f
the atom using only one of the two concepts . Nevertheless, fo r
any particular model of the atom the magnitude of the separate
contributions of the two frequencies is prescribed . When tryin g
to find the total effect on the stopping we note that the forc e
constants involved will be proportional to the squares of th e
frequencies . The total effective frequency squared is then th e
sum of the two squares . Since the two kinds of contribution s
behave in the same manner we can writ e

L=2• d3 r .

z
(r)log

2 hw
x

(8' )
o

where x is a constant . The value of we estimate from the simplified model (9) where wn and wo are equal in magnitude . O n
the basis of this result we assume in the following, for simplicity,

Nr . 15

23

the value x = 2 112 for heavier substances . For the very lightes t
substances, where the polarization in the atom is of minor importance, the quantity x will be expected to approach the value 1 .
The formula (8 ' ), as it stands, should give an accoun t
of non-relativistic polarization phenomena in dense substances ,
and from the deduction of (7) it is clear that the formula wil l
give a fair representation also of the stopping contribution ' fro m
free electrons . An interesting question is here the effect of dampin g
by resistance, due to random collisions of the freely movin g
electrons with the lattice . If the collision frequency were comparable with the resonance frequency an essential change woul d
result in the stopping formula . However, in all known cases the
collision frequencies are small, and the effects of resistance ca n
be neglected . This circumstance was not recognized by HALPERN
and HALL (1948) in their treatment of polarization effects in
carbon . The damping introduced by these authors leads to a n
anomalously high effective value of I in graphite (« 190 eV) .
Their result is at variance with recent measurements (BAKKE R
and SEGRÉ (1951), I = 76 eV) .

§ 5 . Theoretical Estimates of Stopping Power .
On the basis of equation (8') we can compute the excitatio n
potential per electron, Io, in Bloch's formula (2) . The results
for various atomic models are listed in Table 1 . For th e
constant x we have chosen the value 2 112 introduced above . On e
finds approximate agreement with the empirical value of th e
Bloch constant, about 10 eV . The result of the Lenz-Jense n
description appears to be a fairly good average of the Hartre e
model . The value for the Thomas-Fermi model is a little lower ;
it is characteristic that, while the average binding in the Thomas Fermi model is closely equal to that in the Lenz-Jensen descrip TABLE 1 . Values of the Bloch constant I o = I/Z (in eV) ,
112 .
calculated from (8 ' ) with x = 2
Thomas-Fermi

Io

8 .9

Hartree

Lenz-Jensen

10 .7

I

A

atomic I1g

11 .0

9 .6
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tion, averages of the kind (8') are better represented by th e
latter model . Regarding the value of Io for mercury we note tha t
in the metallic state it will be slightly higher than for free atoms .
The agreement in Table 1 with the empirical values may b e
regarded as fortuitous, but it gives a useful guidance in th e
further treatment . The above results apply in the case of particles of velocity so high that the potential I remains velocityindependent . We shall now consider some of the aspects of th e
rather involved case presented for lower velocities, and in particular treat the simpler question of stopping for the lowes t
velocities covered by the statistical model, or 0 .1 x 5 . As
before, it can be useful to apply the less familiar picture of polarization when estimating the energy loss .
Formulae such as (6) show that I is no longer independen t
of velocity when the arguments 2 mv 2 /h w i in the logarithmi c
terms are not large compared with unity . The resulting gradua l
change in I with velocity may just as well be calculated from th e
electron gas description corresponding to (7) . In this picture th e
energy loss will be much reduced if w,nax = 2mv 2/Ii is of th e
order w o , as seen from (7 ' ) . The reduction in the contributio n
to the energy loss from the individual electrons, or from th e
different regions in the atom, does not set in at all abruptly, bu t
the summation over electrons with widely different revolutio n
frequencies makes it natural to proceed at first as if the chang e
were abrupt . We then assume that the low frequencies in th e
atom contribute in the usual manner to the energy loss, whil e
the high frequencies give no contribution, the division betwee n
high and low frequencies being given by wmax/C, where C is a
constant . The effect of this cut-off procedure can be seen mos t
directly from the simplified atomic model (9) . Indeed, the mor e
refined statistical models of the atom lead in this case essentiall y
to the same result . Using (9) we now sum in (8 ') over th e
frequencies less than w max /C and fin d
( 2y)212v
L _ v 0 Z112

1 + log C 112
C 112

,

(1~ )

where the effective quantum number v is written as y . Z '12 . Th e
specific energy loss thus becomes proportional to Z 1f2 /v, cor responding to the simple law for a-rays mentioned earlier . This
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derivation is similar to that used by N . Bolin (1948), equ . (3 .5 .7) ,
but the resulting formula is somewhat different .
As to the value of the constant of proportionality in (10), w e
see that it varies only slowly with the cut-off C . The parameter y
is now so adjusted as to give for high velocities the correct valu e
of Io = 10 eV ; this requires y = 0 .71 . We can then compar e
with the approximate value of L determined from the experiments at low velocities, which lead to L = 1 .35 . x '12 (see Fig . 2) .
The value required for C from this is C = 5 .6 . Such a hig h
value for the cut-off in the energy loss is in line with the discussio n
by BETHE for hydrogen, or K-shells in general, where the reductio n
is considerable when v is of the order of the electron velocity ,
i .e . for a value of the argument in the logarithm much large r
than unity .
A similar result is obtained when formula (7 ' ) is applied . I n
the atomic model (9) the integration is performed over the electrons for which respectively (7) and (7 ' ) are applicable . Thi s
gives
L = 1 .36 . x 112 -0 .016 . x312 ,
(11 )
and it so happens that formula (11) for lower values of x is i n
close agreement with the experiments shown in Fig . 2 . The fullline curve on the figure represents (11) . If one allows for an
uncertainty by a factor 2 in (7 ') a latitude will result of abou t
10 0 / in the formula (11) . The formula joins smoothly to th e
one which applies for high velocities at a value of x equal to 19 .
The variation of (11) with x is qualitatively of the kind foun d
on Fig . 1 . For increasing x the effective potential defined b y
(11) = log (2 nw 2 /I) increases from low values to a maximu m
of about 16-17 eV, occurring at x - 5, and then decreases t o
10 eV . The gradual cut-off (7 ' ) is in this respect superior to th e
abrupt one leading to (10), because it is effective for considerabl y
higher values of x . But even though the initial part of the curv e
(11) is not wrong the maximum in I is too narrow, and for x
between about 6 and 30 the curve should lie somewhat lower .
One might suppose that the shortcomings of formula (11) fo r
higher values of x are due to the defects of the simplified atomi c
model (9), where the firmest electron bindings are not properl y
accounted for . One could then attempt to use, e .g ., the Lenz-

26

Nr . 1 5

Jensen model . This leads to a slight improvement for highe r
velocities, but only part of the experimental deviation from th e
Bloch formula can be accounted for . For low velocities the
Lenz-Jensen description gives even worse agreement with th e
experiments, which indicates that the good agreement of (11) i s
somewhat accidental .
We shall not attempt further improvements of the presen t
treatment, which would appear to demand not merely a mor e
detailed picture of the electronic states, but rather a descriptio n
of the adiabatic effects and the polarization considerably mor e
elaborate than in the present discussion .
Let us return to the question of the calculation of the averag e
excitation potential I in the limit of high velocity of the particle .
In the first part of this paragraph we found values of I fro m
various atomic models . As soon as a more detailed atomic description as the Hartree model is used there will appear minor
individual deviations from the relation of Bloch (2) . This i s
indicated in Table 1, for argon and atomic mercury . Similar
differences occur when the bindings in molecules or solids ar e
taken into account . One can attempt to evaluate such difference s
on the basis of equation (8') . However, estimates of this kin d
are not expected to be very accurate, since they involve the mos t
loosely bound electrons in atoms .
In order to see how much the formula (8 ' ) can be in erro r
for the most loosely bound electrons we use it in the cas e
of the lightest elements, where it should be least applicable . W e
introduce the actual density distributions in the light atoms an d
find then from (8 ' ) a corresponding potential I . For these sub stances it will be natural to put x = 1, because in the dynamic s
each electron moves in a nearly static atomic field, the separat e
effects of polarization being small . The results are shown in
Table 2, where for molecular hydrogen we have simply pu t
Z = 1 .2 . For helium we have used hydrogen wave functions ,
with Z = 1,69 . The valence electrons in metallic lithium ar e
assumed to be distributed with constant density in space . Thes e
rough descriptions of the lightest elements will be accurate enoug h
for our purpose .
The approximate correctness of the results in Table 2 an d
Table 1 seems to indicate that one can estimate the changes AI
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2 . Comparison between the measure d
I (in eV), and the value given by (8 ' ) with z
= 1 . The measurements are by MANo (1934) ,
and BAKKER and SEGRÉ (1951) .
TABLE

Formula
(8 ')

Bethe' s
formula

Exp .

2 Ha

16

17 .62 '

15-1 6

He

37

43

35

solid Li

36

45 1'

34-37

1

1)

Estimate by A . Soa p. (1948).
PLATZMAN (1952) quotes the value 19 eV .

in I due to chemical bindings, or due to deviations from th e
statistical model for different atoms, by introducing the densit y
changes in formula (8 ' ) . The calculated values of 4I can hardly
be more in error than corresponding to the latitude in the value s
of x . The changes 4 I, thus obtained, can never become ver y
large, so that only minor deviations from the Bragg rule wil l
occur for a particle of high velocity . We note that this conclusio n
disagrees with some of the measurements concerning liquid wate r
and water vapour, where considerable deviations from the Brag g
rule have been reported (cf . PLATZMAN (1952)) .
§ 6 . Straggling in Energy Loss and Range .
The straggling in energy loss, or straggling in range, can b e
calculated in a direct manner when the cross sections for th e
individual possible energy transfers are known (N . BOFIR (1948)) .
We shall for the present consider only the case where the particl e
has penetrated a layer of thickness sufficient to ensure that th e
distribution in energy loss is approximately Gaussian . The averag e
square fluctuation in energy loss then determines the distributio n
completely, and it is given by the familiar formul a
S22 = <(dE-<dE>)2> = NdR7T~

6i ,

(12 )

where a, is the cross section for energy loss Tl . The contributions to the straggling are thus weighted towards the clos e
collisions, and the effect becomes independent of the screenin g
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in the distant collisions if the velocity n is large . For a fast particl e
the cross section for energy transfer T in close collisions i s
da =

2~z2e4 dT(1-ß2

T
Tma x

17IU

)

(13 )

where relativistic effects are included, and ß3 = o/c . We assum e
that the particle is so heavy that the maximum energy transfe r
to an electron is Tmax = 2 nw 2 /(1 -- ß 2 ) . The straggling in energ y
loss is accordingly

1-2

2

= 4n z2 e 4 N dR Z 1

ß~ ,

(14)

which leads to an average square fluctuation in range given b y
2

sEdE'

(4 R) = 4 zcz2e4NZ (dR')

31 -

1 - ß2 dE '

(15 )

0

where /3 = ß (E') .
For lower velocities the problem is more involv ed and, as fo r
the average energy loss, one will expect that the more strongly
bound electrons give reduced contributions . The discussion her e
is in line with that in the preceding paragraphs, but of a mor e
qualitative kind . Of course, the same holds for the measurements
where the straggling cannot be determined as accurately as th e
range or specific energy loss .
While the absolute value of the straggling per unit path is a
constant for high, but non-relativistic, velocities it will for lowe r
velocities decrease towards zero . Since this is true for each
separate frequency in the atom, one may introduce a cut-off
for a suitable value of 2 inw 2 /1 wo, and in this way estimate th e
straggling in collisions with atoms . The important question is then
the place at which the reduction sets in . This can be estimate d
by taking, for instance, the result for the case of a free gas . It is
here convenient to quote the value of the straggling relative t o
the energy loss, which quantity is a measure for the magnitude s
of the energy transfers in the collisions . For a free Fermi gas o f
high density one finds roughly, in the limit of low velocities.
(LINDHARD (1953)),
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Q2
dE = v(5rnhw o ) 1f2,

(16 )

corresponding to an effective cut-off at about 2 mv 2 /I coo = 3 .
In collisions with atoms sufficiently heavy for the statistica l
model to apply, the relative straggling is according to (16) o f
the form
S2 2
m • u (x) ,
(17)
EdE
M
where M is the mass of the particle . When integrating over th e
atom, using the formulae (14) and (16) in the atomic model (9) ,
it is found that for low values of x the function u tends to a
constant value, given approximately b y
u(x)

1,

x

3.

(17 ' )

This result for the relative straggling coincides with that foun d
by N . BohR (1948) . For higher velocities the straggling approache s
smoothly the value given by (14), and one may writ e
u (x) _

L (x)

,

(17 " )

where the formula holds when relativistic corrections can b e
neglected .
The straggling in range for lower velocities can he foun d
directly from (17 ' ) . We obtain here

(4R) 2 _ 3 m
R2

4M '

For higher values of x one can derive from (15) the approximat e
formula (cf. N . BOHR (1948), equ . (5 .2 .7) )

(4R) 2
R2

2 m(
2 v2'
= L(x)M. 1 - 5 c2 / '

(19 )

where terms in v/c are included up to second order . The simpl e
formula (19) is not much in error for proton energies even a s
high as those used in the measurements of MATHER and SEGR È
(1951) . It should be mentioned that these authors employed a n
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essentially non-relativistic formula for the straggling in range ,
different from (15) and (19) .
The measurements of straggling in energy loss are mainl y
in the region of high values of x . As regards a comparison wit h
experiments for cases where also smaller values of x enter, an d
equation (17 ' ) should apply, the reader is referred to a recent
publication by C . B . MADSEN (1953) .
We are much indebted to Professor N . Bolin and M . Sc .
A . BOHR for numerous enlightening discussions and comment s
on the subject of the present paper . Dr . C . B . MADSEN has kindl y
placed at our disposal the results of his experiments befor e
publication, which has been of great value in this investigation .
Further, we wish to thank Mr . KNUD H . HANSEN for help with
numerical calculations .
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