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he discovery by Rapr and his collaborators [1] of the elec-
tric quadrupole moment of the deuleron has brought to light
the existence in the law of interaction between a pair of nucleons
of a term of non-central coupling, as a result of which the ground
state of the deuteron is not a pure S state, but contlains also
a D component. In fact, if the interaction is assumed to be inde-
_pendent of the charges (protonr or neutron states) of the nucleons,
it follows from general considerations of invariance of the inter-
action operator with respect to linear transformations of space
[2] that for the two-body system the only type of non-central
coupling to be taken into consideration involves a spin depen-
dence of the “axial dipole” form*
b= (3 (PR L
* The following notations are used: To the i'th nucleon of the system
considered correspond space coordinates’;") with conjugate momenta (mul-
tiplied by ©) —1:"“, spin coordinates (), iéotopic coordinates 7%, and coordinates
discriminating the “large” and “small” components of the wave-functions
(’(zi) (1=1,2,3). The :7)"3, )‘i") are taken in the usnal Dirac representation (except
for the sign of the ¢’s). Relative space coordinates and momenta of the pair
(i k) will be defined as )
. ;ik) == ?;(i) _?:(k)" _;(ik) == l(;{i)_;{k));
further 2

-> > ->
|x(ik)‘ T r(ik)' xgik) = m(ik)/r(ik);

if there is only one pair, the index ™ will be dropped. Summations over 7, k
must always be understood to exclude = k.
The meson potential is represented by

¢ (r) = e Krjdnr;

the quantity X, which is a measure for the inverse of the range of the po-
tential, is connected with the meson mass M, by the relation

K=M_¢h’

The mass of the nucleon (neglecting the difference between proton and nentron
mass) is denoted by M.
1*
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which just provides the desired mixing of S, with *D, states.
As it 1s well known, several forms of meson field theories of
nuclear forces include such a term of non-central interaction
even in the approximation in which only static effects are
retained. However; this nomn-central interaclion is introduced
through the operator -

1> > ‘ '
s = ( a“)grad_m) (rf(g)gl'ad(z,)) 9 (r) )

which can be decotnpoSed into

- ; P2 T Vlz) _____ C(}Q}

‘ >
V’()_]Q) - $(1) (2) (’)

li

(12) __ A1) L 3 3 i
Vi =D F(r) F(r) = < T'}'(‘“fJF‘;Qrz)‘JJ(l)
(12 3 {2 oy e > TaT
G =y elim Sd(x """ 005 (5 de, (& = &%),
L

e it involves, . besides a central spin-spin coupling V( )and
an ax1al dipole coupling V() , an additional term of “contact”
interaction, the presence of which was first emphasized by BELIN-
FaNTE [3]."Even the distance dependence F(r) of the axial dipole’
coupling, having a pole of the third order al the origin, would
by itself cause the eigenvalue equation of the energy of the
system to break down, and the same may be said of the siill
more singular contact interaction. A law of nuclear force of the
form 8"” can therefore not lead, as it stands, to any well-defined
result. It has been attempted [4] lo avoeid this inconvenience by
arbitrarily “cutting off”” the singularity, i.e. by replacing in V;jm
the distance dependence F(r) by some constant for distances
smaller than a certain critical value r,, and further ignoring the
contact term C(1 ) But, apart {rom its arbitrariness, such a proce-
dure would not seem [5] to be consistent, because the non-static
interactions arising from the precession of the spin and isotopic
variables under the influence of the static forces should, on this
theory, be expected to hecome of an order of magnitude compar-
able to that of the static forces themselves. Another way out of
the difficulty has therefore been put forward [5]. It consists in

i

(3)
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adopting a combination of two suitable types of meson fields,
generated by the nucleons with such relative intensities ' that
their respective contributions of the $" form to the static inter-
action just compensate each olher. The mixing of states with
different orbital momenta, revealed by the occurrence of the
electric quadrupole moment of the deuteron,, is then brought
about by smaller coupling terms depending on the -velocities of
the nucleons. '
The “mixed” meson theory contrasts with the “cut-oft” theory
also in another important respect, viz. as regards the assumed
charges of the meson fields. As is well known, two possible
choices of lhese charges are formally compatible with the
charge-independence property of the nuclear forces: either are
the meson fields neutral, or they enter into a definite, so-called
symmetrical combination of both neutral and (positively and
negatively) charged ones. Now, the cut-off theory yields the right
sign and magnitude of the deuteron quadrupole moment only
in its neutral form. This is certainly a very uusatisfactory feature
of the cut-off theory, for it is hard to see by which physical
arguments any neutral meson theory could be justified: since,
namely, such a theory cannot have any peint of contact with
the evidence from cosmic ray mesons or g-radioactivity, the
special distance dependence of the nuclear interaction to which
it leads is nothing else than an arbitrarily assumed one, distin-
guished from any other only "by its unhandiness. Worse still, a
law of interaction independeul of the isotopic variables of the
nucleons, such as implied by a neutral meson theory, cannot
be reconciled with the saturation properties of this interaction
as exhihited in heavy nuclei. Indeed, if one assumes that the
non-central forces give a large contribution to the total inter-
action (as is the case in the cut-off theory), it is doubtful [6]
whether any saturation can at all be obtained. And, under the
alternative assumption that the main part of the interaction can
be represented by a central, charge-independent potential, one
finds that the saturation requirements fix the dependence of this
potential on' the isotopic variables to a factor of the form
A+ BV, with 4 <{B: to a sufficient approximation, therefore,
these requirements are fulfilled just by a symmetrical theory,
characterized by a dependence on the T's of the type
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T(12) = T(I)T(z). ’ 1)

For these reasons, the symmetrical form of the. mixed theory
has been adopted and only this form, Which involves a com-
bination of pseudoscalar and vector meson fields, has so far
been discussed,” although a neutral type of mixed theory can
formally be just as well set up by means of the dual combi-
nation of fields (scalar and pseudovector).

It counld be shown, then, that the above-mentioned velocity-
dependent coupling of the symmetrical mixed theory was .able
to yield the right sign and order of magnitude of the deuteron
quadrupole moment, provided that the parameters expressing
the intensities of the meson field sources were appropriately
connected . by simple relations [5, 7]. There subsisted, however,
a flaw.in this derivation, inasmuch as the same coupling appa-
rently gave rise to a very large perturbation of the energy of the
ground state. It was even contended by FeErarTTi [8] that we
would actually here have to do with an essential divergence of
the theory. The main purpose of the present note is to show
how a closer analysis of the velocity-dependent coupling leads
to a simple solution of the difficulty just mentioned, at the same
time clearing up the physical meaning, hitherto rather obscure,
of the coupling in question: in the two-nucleon case, this coup-
ling effectively reduces to just an axial dipole interaction, in
agreemen! with expectation on general invariance grounds.

The symmetrical mixed theory is, however, confronted with
a much more serious difficully in connexion with the recent
Italian experiments [9] on the angular distribution of fast neu-
trons (of aboul 12—14 MeV energy) scatlered by protons. The
considerable asymmetry found in this angular distribution is
namely in complete disagreement, as regards sign as well as
absolute value, with the predictions of the symmetrical theory
[10]. On the other hand, it has been pointed out that the
asymmetry would agree in sign-—and roughly, in order of magni-
tude—with the value deduced from the neutral cut-off theory
[10]. In view of the serious objections against the latter theory, .
enunteraled above, it would be rash to altribute much weight
to this coincidence; it rather seems that, if the results of the
Italian experiments are confirmed on further investigation, a
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much more radical departure from current theories of nuclear
interaction would be required than a mere adoption of some .
form of neutral meson theory, Nevertheless, it might be of some
interest, for the sake of information, to ascertain the kind of
velocity-dependent coupling to which the mixed neutral meson
theory gives rise: this discussion, carried out in the last section of
- the present paper, leads to the rather surprising result that in the
two-nucleon case there is no velocity-dependent coupling between
states of different orbital momenta. This form of meson theory
is thus utterly unable to account for the deuteron quadrupole
moient.

§ 1. Nuclear Forces on Symmetrical Mixed Theory.

The symmetrical mixed theory starts from the following
expressions of the source densities of the meson fields in terms
of the nucleon variables:

Vector field,

N > > . S >
. I M =g m, m= 1% (m_~~~-x(’))
vector density o
N=gn n=_1" 27
i

> ” > > R > >
SxPg g = S0 (x— %)
tensor density* « i
) > (e ™ = . I > Sy
T — JKzt’ f = ZT(’)Q,Z"’G“.)()‘ (x B xm/,_
: ;

Pseudoscalar field,

. Ry . > ey
pseudoscalar density R = fir, » = > 1,7 (r —

>
|55
pseudovector density N
] 0= {f q. @ 3%z —20).

. >
* The formula for 8 is correct only to the first order in the nucleon velo-

- cities, a factor ¢{? having been replaced by 1 in 8.
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In terms of these density functions and intensity parameters
g’s and f's, the static interaction potential may be written in
the form- ‘

V=giV, +a V,+12V,

v, = A () (2 (23] oar

9 2
, - L e
v, =— 511?25 [; (g') A grad’ ('p] rot ; G) dvdu’ + 2it<2 Ss 2(_iv
v, = —2%2 S [; (;’) - grad’ g)] div ; (;) dodv’.

After insertion of the above expressions of the source densities,
the V’s defined in (5) are easily reduced to

V=32 T 0 ()
9 27%
1 0T o) (i)
Vg.za,-,ZkVT(l)[ Gk~“’ ] . (6)
1 (@) iR,
V=1 ZL T 19,

in these formulae, use has been made of the notations (2), (3),
and (4). By comparing the last expressions of V, and V, , it
becomes obvious that the non-central interactions S can be
suppressed by simply assuming

g =fs- (7

We are then left with a purely central potential; in particular,
. . . 2 . . .

the spin-spin coupling V; ™ is entirely responsible for the sepa-
ration of the 38 and 'S stales of the deuteron.

Besides the static potential (5), the theory yields, to the first

order of approximation in the nucleon velocities, a non-static
coupling -

W= 9_13_2 S {n (;') H (;—;) grad ¢ + [; (Z') A grad’ g)] m G:) } dodp’

(8)
+ ﬁKf—E S; (;’) r G:)) grad ¢ dvdv'. k
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We shall now fmfllvze lhls formula by replacing the velocity-

dependent factors t m » by their approximate expressions
resulting from a transformation analogous to. the well-known
_Gordon decomposition of the current density in the Dirac electron .
theory. This transformation eliminates the variables 9(1')’ 9‘2') and

brings out explicitly the dependence on the momenta. It yields*

= >
171221'('”) d( - (’))+i ot; h_dt

7 A’I 2 2 "1 -2MC Cd[
- —— 5 hod >
> - W (l) b > (z) % l ,,!?}
t-—ZT a /\Méd(x )+2 Mcgrad12+2Mc cdt 9)
. h > h
¥ = ~—l—divs—~——g

2 Mc 2 Mc cdt

_ 0) (I)P i) ‘,IL df:
q = ZT Me 6(5“'—3“ )+‘)Mccdt

the terms containing time derivatives are of higher order in the
veloclhes and must here consistently be neglected. The terms
in 1n and t explicitly depending on the momenia give rise, when
inserted in (8), to an interaction

s ( AiK) ‘
7 _ 219 1 1 iky P (r™)
Woporh. = — v M 2 -IZA " NETN

o' +0o

_ 2019 Mm 1 (11<( ~_L _ ~1—) ik
= e ‘;;'r LD T g G g (1)

(304 59) Goa™)

(10)

> > > >
) 75 1k
(701,59 Goop 5
of the usual “spin-orbit” type, involving, for each pair of nu-
cleons, the scalar product of total spin-and relative orbital mo-
mentum. The remaining terms of (9), though not explicitly
containing the momenta, are nevertheless of the first order in

* In the derivation of these formulae, a convenient algebraic method, in-
dicated in 1L ¢ [11), § 5, has been followed. The bars mean that the under-

Iying expressions have to be symmetrized. The time derivatives refer, strictly
speaking, to a system of free nucleons.
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the velocities on account of the factor /2 Mc; they yield -con-
tributions to W of the same structure as the static potentials,
apart [rem certain contact interactions of the form

1 1 ; ol
_ Co—*—“2k2$nzdu ~ gt .](“5( (’”) 1y
and )
PR B W U RIS
C«f“z'K'zSSdU _Qﬁr Gy :
: (12)
. E T BT
i 1;; TG g (Zw) [
Indeed ,a comparison with (5) shows; after a partial mtegrahon
and application of the equatlon gk = "(;(L"*x), that
these contributions reduce to
M
m o e m v .
‘9190’:,‘4“[ Vv ‘_Co+ ‘ - u]‘l“/lf M ‘fg- 13)

Summing up, and transforming (13) by means of (6) and (3),
we fidally get

g(_] (ig,_;i/iﬁ_)_" m 1 > F(II\)V(IA)
3 M 27%

(14)

M1 by 1(’”[ i 9192 + fife (w(“\‘)]

M 27F 919> 3 o

m 1 el I -
g AR S S TV

sp.-orb. ;

the three first lines represent central and contact interactions,
“while the last one contains non-central couplings of axial dipole
and spin-orbit types.

8§ 2. The Deuteron Problem on Symmetrical Mixed Theory.

In the case of the two-nucleon system, we can think the
wave-functions expanded in series of eigenfunctions of the



Nr. 13 : 11

energy corresponding to static central forces which are charac-
terized by definite values of the orbital angular momentum. All
matrixelements of the contact interaction operators between such
stationary states vanish on account of the radial dependence of
the eigenfunctions, except for the diagonal elements pertaining to
S states. For the calculation of these matrix elements, the .ope‘rator
ng) is clearly equivalent to (J(_l“)‘), so that the non-static coupling

o

(14) takes the somewhat simpler form

‘w: ¢ 2 L ->
W= T(IZ).{~—9192 @ (r)—- N2 =il V?m

8 lx) ff
z 2) 20100 fifs v .
192 W2 -+ - "q“l“q—g—»-*-l--fv Cy (15)

sp.-orb.”

+(q.9. + flf‘l) Vfrl;z)} + W

In this operator, the only term bringing about a mixing of states
with different orbital momenta is the last but one, the axial
dipole coupling. In particular, the spin-orbit coupling in this
case is diagonal with respect to orbital momentum.

By setting up the four-componenl wave-equations of the
deuteron, including the operator W given by (8), FErreETTI (8] -
came to the conclusion that there was no regular solution for
$ states. The same conclusion can be reached without this com-
plicated procedure by considering the transformed operator (15):
this presents in fact the same kind of singularities as the static
operator $"?. However, the non-static operator is smaller than
the static one by a factor of about M, /M, representing the order

“of magnitude of the ratio of the velocities of the nucleons to
the velocity of light: it is therefore in keeping with the general
rules for the inlerpretation of the formalism of mixed theory [5]
to treat it as a perturbation and to retain as significant only
the effects which can be derived in an unambiguous way by
application of the perturbation method. From this point of view,
the contact terms, as already stated, do not offer any difficulty
of convergence; and the same is true for the terms in r con-
tained in the axial dipole as well as the spin-orbhit couplings,
the situation being here entirely analogous to that in the atomic
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theory of fine and hyperfine structures. The apparent divergence
of the expectation value of rin § states is namely due solely

—2

. i . g1
to the neglect of a relativistic correction factor <1+ ------ >

(¢ being the unrelalivistic eigenvalue of the energy): the poten-
tial energy V hecoming infinite at the origin, this factor is indeed
sufficient to secure the convergence of the expectation value in
question®*. When account is taken of this circumstance, it is
immediately clear that both the spin-orbit coupling and the
diagonal elements of Vgg) for S states vanish.

At this point, however, arises ‘the difficulty mentioned in the
introduction: if we determine the energy of the ground state, in
the initial approximation, by the static central forces alone, and
compule the correction due to the non-stalic coupling by the
usual perturbation method, we find indeed a very large contri-
bution** from the central and contact terms of W. Furthermore,
as noted vhy FerrerT! [8], the corresponding perlurbation of the
eigenfunction is even represented by a diverging series. On closer
examination, it is found that the interactions mainly respounsible
for this situation are the contact ones. But it now becomes clear
how to remedy these defects. In the first place, contact inter-
actions can always be eliminated by addition of suitably chosen
invariants lo the Hamiltonian of the system. So the term

- M M ¢
m g 2
9192 31 Co 21K§ Zl/;s *dv

&

disappears if the invariant

M, 0
(giq TI \ (’;;2___ n“) do

is added: 1t is then replaced by an interaction of the same type,
but of higher order in the nucleon velocities, which must there-
fore be discarded according to the general rules for the inter-
pretation of the formalism of mixed theory [5]. Similarly, the

* Cf. H. Berng, Hdb. d. Phys. XXIV/1, p. 307, 3853863 W.PavLi, ibid. p-
237, equ. (8%).

** [ wish here to emphasize that a substantially correct statement of the
reason for this ubnormally large energy perturbation is already contained in
SERrer’s thesis [12], in which the decomposition (9) of the field sources was
applied to the general interaction between nucleons and free mesons. However,
Serpe did not follow up the matter.
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term in C, can be reduced to higher order in the velocities by

o g

addition of the invariant S(s“— & )du with a suitable coefficient.
As regards the central interactions, on the other hand, they can
simply be reckoned with those which determine the initial ap-
proximation; the central polential in that approximation thus
becomes, on taking account of (7),

, M M_ 9 AW e
‘(,70 — (g.-i L. 1‘}" 9'1.[]2) ‘7‘(]1 _ll_ (gg._-_ _]T}B . q1q23 flf ) 5 LZ]“ T( 1)‘/((;1(). (16)

The remaining non-static interaction is then

M
Weﬂ" = ({]1(]” + flfa) Z T(II\)VM\) + ‘Vsp.-orb.‘ (17)

In the deuteron case, this interaction gives rise to a perturbation
of the energy of the ground state which is of the second order
only and may be neglected. There is, however, a first order
perturbation of the eigenfunction of this state, resulting in an
admixturé of *D;-slates and a corresponding quadrupole moment.

Although working with a non-central coupling of exactly the
same type, viz. axial dipole coupling, the cut-off theory presents
a quite diﬁ'erent'picture:.the. non-ceniral coupling appears with
a coelficient as Jarge as that of the central interaction and can
therefore not be treated as a ‘perturbation. It gives rise to a
‘large contribution to the energy of the ground state,. scnsnnely
depending on the cut-off radius r,. All the same, the admixture
of . state to the eigenfunction of the ground state is_small (as
required to explain the small quadrupole moment), the cut-off
so to say compensating here the largeness of the coefficient of
the axial dipole term. The mixed thieory is unquestionably much
simpler, and also more natural inasmuch as it deduces a small
effect by means of a perturbalion calculation and not by a
device involving a considerable departure from the simple 1epre-
sentation of nuclear forces by a central potential.

~ The intensity constants g,, g, are prlmanly determined, in
the mixed theory, by the binding energy of the ground state of
the deuteron and the energy of the virtual 'S state, which together
fix the numerical coefficients of the central poieniial Vy; the
inclusion in (16) of the non-static central Tnteractions implies
0111y relatively small modifications of the resulting values of
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these costants. In particular, even when account is taken of the rela-
tion (7), which further fixed |£,|, the sign and magnitude of the
calculated quadrupole moment, which is proportional to gigs+ fifs,
can still be adjusted to fit observation. As a matter of fact, the
experimental value of the quadrupole moment can be used to-
gether with the other evidence just mentioned to determine the
four parameters ¢ and f. One has the system of equations

<2 A/[nl
g1 M g9, —
. 1M, '
giy Qg — ) = 8 a9)
g2+ Nz = s
92 = I3,

«, 8, 7, being given positive numerical quantities (of the dimen-
sions of energy times length) of comparable orders of magnitude.
It is easy to see that this system yields two essentially distinct
solutions®, according to the sign assumed for the product g,g,.

The mixed theory can ix this respect admittedly be blanved
for a wealth of adjustable’ parameters affording it an unfair
amount of self-protection. A not unattractive possibility of restrict-
ing the number of independent source constants is suggested by
the preceding discussion. If one would assume that

29:9,— i, =0, ' (19)

the contact interaction €, would be completely eliminated as
well as the additional spin-spin interaction, so that the value
of g5 would directly be fixed by the coefficient 8 of the zero-
approximation central potential, Then, the absolute value, though
not the sign, of the eleclric quadrupole moment would be pre-
dicted by the theory. It remains to be seen, however, whether
this predicted value would not come out a little’ too small to
fit observation: an estimate by HuLtnEN [7] would namely rather
seem to suggest the relation g9, —f.f, = 0. '

* There subsists, of course, an arbitrariness in the signs corresponding to
the invariance of the cquations (18) for simultaneous change of sign of g1 and

g2, or f1 and f2, 6r both pairs. But this arbitrariness is- of no physical signi-
ficance. ' ’ o
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§ 3. Velocity-dependent Coupling on Neutral Mixed Theory.*

On the neutral mixed theory, the source densities of the
meson fields are as follows: -

Scalar field,
scalar density** = fi n
1

. r > 1 ’
vector density = fam, o fs n;
Pseudovector field,
pseudovector density - g} .—;, gia
' 1 .- 1,2
pseudotensor density®* <92 t, = L Y28

>
the functions n, in, s, t, ¢ are the same as those denoled by the

same letters in the symmetrical theory, -except that the factors
™0 are to be cancelled. The resulting static. interaction may be
written, in our notations,

5 S ) g v - gy s o)

the last term disappearing if one puts ‘
P =gy - @D
The non-stafic coupling in this case takes the form ’

W= — lef S n (@) m@) grad ¢ dvdv’

I )7 G grad g 4 TG (A Do

After insertion of the expressions (9) (without the 1’s) for 1;, ? and
g, it is immediately apparent that the terms not explicitly involv-
ing the momenta yield vanishing contributions. The scalar part .
thus reduces to

W — 2f1fé m IZ

seal k2 M 2%

(22)

grad") 'y, (28)

* Note added in proof. After completion of the present paper i have been
informed that the results of this Section have been obtained indepedently by
Bexet HoOLMBERG in a paper published in Kungl. Fysiografiska Sillskapets
Forhandlingar, Lund, 14, No. 22, 1944,

** The factors 0“) have here been replaced by 1
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while the pseundovector part may successively be written:

‘ 2 'q’ N
"Vps.vect.: _q‘ EYE 1( (),U ) pC grad(")sa (r(ll\))) )

—11\

>
(1) Oy i
=+ ((r Al;ic) (a(”/\ grad(k) [ (r(’k)))}
’ (24)

291.]2 21% "y k) (p o 7S )
e M 2% (U Ao ) o Agrad

+__**_
(“’(r)*(k)) ;;i - gra 2 }

These expfes\sions are not at all of a form which would be
expected on general invariance considerations for first order
velocity-dependent interactions, but, from this point of view,
rather belong to the second order typés [as may be seen by

>
replaeing glad 9 by — fio (pgo gop)]

It is clear that a coupling of the form (23) will not give rise
to any mixing of states with different orbital momenta. Indeed,
the operator* WM1 commutes ‘with that of the total orbital mo-
mentum T;:.’I: Ap(i). The same applies to the last-term of (24),
while the first term, which has the general form

C e (5 s T
20.9» %zzl g (" ) LN (A)} (ak) ® >
KM 23,: KON ( [ Ay ( p )J

~ vanishes for any two-nucleon system whose center of gravity is at
rest. There is thus in the neutral theory no alternative to. the
cut-off procedure Lo explain the quadrupole moment of the deuteron.

* In the two-nucleon case, the aperatoqucal may be written

2f1f2M p—)(p(r)

W

eat " kK M ne r

a more familiar form is obtained by going over to a representation in terms
of quantized amplitudes ¥, ¢¥: the energy densxty then becomes

wtw el ¥ = e { 53 - div [yﬁ grad g ] — — (grad Wt —yt grad ) grad (p}
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