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Introduction.

Among. the experimental tests of a theory of nuclear forces
one of the most important is the comparison of its results
concerning the process of f-decay with experimental evidence.
From the assumptions on which a theory of nuclear forces is
based, it should be possible not only to derive the magnitude
and the general character of these forces, but also to calculate
the lifetime of f-radioactive elements and to predict the shape
of the energy distribution curve of the f-rays emitted. A theory
based on the assumption of a nuclear meson field must further-
. more yvield a value of the lifetime of a free meson, which agrees
with the value of the lifetime of mesons in cosmic radiation.
Various types of a meson theory of nuclear forces have been
developed, but, so far, none of them has proved to be satisfactory
in all respects. Particularly, the scattering of fast neutrons by
protons is a phenomenon for which the experimental results
seem to be very difficult to bring into harmony with the theoretical
expectation. One type of a meson theory has been put forward
by MoLLER and RosenreLb [1] who regard the meson field as
a superposition of two components, one of which is described
by a vector and the other by a pseudoscalar wave-function.
Against this theory (in the following denoted as the MR-theory) the
objection has been raised that the results concerning the character
of the scattering of fast neutrons by protons are in disagreement
with known experiments. In fact, it follows from the theory that
a beam of fast neutrons will be scattered in such a way that the
intensity' in the direction anti-parallel to the incident beam is larger
(about 1.5 times) than the intensity in the direction perpendicular
to it, the angles being measured in a system of reference where
the centre of gravity of the two colliding particles is at rest. The
experiments, on the contrary, seem to indicate that the ratio of
1‘
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the intensities anti-parallel and perpendicular to the neutron beam
is smaller than unity. Two remarks should be made in this con-
nection. First, the accuracy of the measuremenis is so far not
sufficient to allow a decisive statement. Even the experiments of
CuamproN and PowEgrt {2], who use the powerful photographie
méthod, are not accurate enough. It is possible, however, that
an improvement in the geometrical arrangement will lead to
conclusive results. Second, as pointed out by HuLthEN [3], the
discrepancy in question, if real, will appear in every consistent
meson theory of nuclear forces and not in the MR-theory, only.

Owing to the progress in the experimental technique during
the last years, a very extensive and well-founded knowledge of
the shape of different f-ray spectra could be gathered. In contrast
to earlier investigations, the recent measurements seem to indicate
[4] that, in the case of the so-called allowed transitions, the spectra
coincide—at any rate for not too small energies of the eleétron
emitted—with  the curve given by the original formula of
Ferwmr [5]. In the tegion of lower energies, a certain deviation
from the Fermi law has been found. Whether the f-spectrum
really differs from the pure Fermi distribution law and is given
by another formula as, for example, the generalized Fermi law
[13], which also follows from the present investigation, is diffi-
cult to decide with certainty. In the case of positron emitters,
this latter law leads to a curve which differs from the pure
Fermi law only little and in the same direction as the expe-
rimentally found spectra, and the elements examined were ob-
viously all positron emitters. On the other hand, the deviation
may be due to the scattering of the B-rays from the support, an
effect which, if sufficiently large, also would explain the devia-
tion from an original distribution given by the pure Fermi law.
If it is true that the f-spectrum is given by a generalized Fermi
formula, the deviation from the pure Fermi law would be more
pronounced in the case of electron emitters which are not
found among the light nuclei so far investigated. All these
considerations show that it may be of some value to examine
what kind of law for the f-decay follows from the MR-theory.

In an earlier paper ([6], in the following quoted as I), the
theory of f-decay was developed for light nuclei from the point
of view of the MR-theory of the nuclear meson field. The calcula-
tions resulted in a formula for the disintegration probability
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which besides terms of the Fermi type includes terms diﬁéring
from them. Whether such terms really are of significance for the
shape of the spectrum or not depends on the relative magnitude
of the coefficients. Since the number of constants involved in
these coefficients is very large, the discussion of all possibilities
is rather troublesome, and the formula would become still more
complicated in the case of heavier radioactive elements. It 'is‘
possible, however, to reduce the number of independent con-
stants and to determine their values, and the final formula for
the energy distribution becomes easy to survey.’

The notations used in the present paper are the same as in I.

Determination ot the Constants.

The method applied to the derivation of the decay probability
of heavy nuclei is similar to that used in I. The starting point
is a Hamilonian describing a system of heavy particles (nucleons),
light particles (electrons, neutrinos), and the meson field (vector
and pseudoscalar). With this expression for the Hamiltonian the
probability is derived for a process in which a neutron is trans-
formed into a proton at the same time as a neuirine in a negative
energy state disappears and an electron in a positive energy
state is created. This probability (per unit time) is given by the
formula '

2 .
P(E) = :hfa(WqLEﬁ——Es)i(n,sIHﬂ|no, o) |2, D

where Hg is the part of the Hamiltonian responsible for the
B-emission, n, and n denote the initial and the final states of the
nucleus, and ¢ and s the states of the neutrino and the electron,
respectively. The energies of the electron and the neutrino are
denoted by E, and Eg while W = E, —E, is the total energy
released in the f§-process. The expression Hg is built up of wave-
functions and contains a number of universal constants. Thus,
the constants g, and g, govern the strength of the coupling
- between the nucleons and the vector meson field, while the inter-
action between the nucleons and the pseudoscalar part of the
meson field depends on the value of the constants f; and f;.
Similarly, the constants' §,, §, and f, f; appear in the terms
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, Whlch descrlbe the interaction between the light partlcles and
the vector and the pseudoscalar meson field, respectively. ‘All
these cvonstants have the dimensions of electric charge.

Furthermore, the expression Hg contains four constants of a
character deviating from that of the f’s and g¢'s. The Hamiltonian
of the nuclear system is not defined in a unique way by the
-demand of relativistic invariance. In fact, we can write down
four expressions (I, formula 10) which ‘are relativistically in-
variant-and which, therefore, can be added to the Hamiltonian
provided with the constant factors #, %', %', #'”, respectively.

According as such a coefficient is put equal to 1 or 0, the cor-
responding term will or will not appear in the Hamiltonian.

One of the main pdints of the MR-theory is in the expression
for the nuglear force to make disappear terms with a singularity
of dipole ‘type. The singular terms originating from the vector
and the pseudoscalar meson field, respectively, become equal
with opposite sign, and cancel each other, if

fa=g3.

A more effective reduction in the number of constants involved
can be achieved by following MgLLER [7], who has developed a
formalism in which the vector and the pseudoscalar parts of the
meson field are united into one five-dimensional scheme. ‘The
constants connected with the two kinds of fields are, then, no
longer independent and have to satisfy the following relations:

Ch= @ .
fo=—g,
)f1 = ' @)
fa= —§a

Moreover; if this formalism is adopted, it will be quite natural
to demand that the four terms provided with the factors %, #’, %"’
and #'” and added to the Hamiltonian should be invariant with’
respect to the group of rotations in the whole five-dimensional
space in question. From this assumption we get as a necessary

condition
n = n"
: ; 3
o | @
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In this way, the number of constants is reduced from twelve
to six.. The values of. the universal constants gy, ¢s §1, §» can
now be fixéd bysusing some experimentally known properties
of atomic nuclei and mesons.

As regards the two constants g,, they and g, are found from
the value of the binding energy of the deuteron and the range of
the nuclear force. We have approximately

4nmhc 35 4mhe 15

N i _ 1 92 1 (4)

As regards the values of the constants §, and §, we have, as
already mentioned, to consider the connection between the
B-decay of light elements and the radioactive properties of cosmic
ray mesons. In the meson theory the f§-disintegration is imagined
to take place in two steps. In the first step, a meson is virtually
created under the transition of a nucleon from the neutron to
the proton state. In the second step, the meson is annihilated
into an electron and an antineutrino. The probability of the
second step, for which the decay constant of the meson is a
direct measure, is an essential part of the probability of the
whole complex process of j-decay.

Thus, the constants §; and §, appear both in the expression.
found in I for the decay constant 1,4 of a light f-radioactive
nucleus (the transition being an allowed one) and in the decay
constant of a free meson. According as the meson is of vector
or of pseudoscalar type, we get for the decav probability the
following formulae (8, 91: !

M, 1 /2 . g\ =,
1v=4—71h—< i+ 3 94) -G
M c

i 1 ( 4L~>2 (5b)
T 4nk ke \T' M,

wlhiere M,, and p are the masses of the meson and of the electron,
respectively. No agreement between the lifetimes of light f-radio-
active nuclei and the lifetime of a meson can be obtained, if
we consider vector mesons, only. For every possible choice of
¢, and §, compatible with the empirical values of .4, the cal-
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culated lifetime of the vector meson lurns out to be about 1000
times smaller than the measured one which is of the order of
magnitude of 2x 10 %sec. [10]. As soon as we assume, how-
ever, that the cosmic ray mesons are of the pseudoscalar type
with the decay. constant (5b). the discrepancy disappears [11],
if only o )

PR ®

The ratio between §; and g, has to be chosen of the order of
magnitude of 0.02—0.05. From this assumplion it follows that
the vector mesons created simultaneously with the pseudoscalar
mesons in the upper lavers of the atmosphere will, due to their
very short lifetime, disintegrate before they can reach the surface
of the earth and, consequently, only pseudoscalar mesons will
be found in our laboratories where the measurements are
performed. '

If the condition (6) is fulfilled, we get, from the disintegration
formula in I, an energy distribution which, for # = 1 follows
the curve given by the Fermi function

F(E) = EYE*—1 (W—E)* (D)
and for n =.0 the curve

@ (E) = F(E) (1 + ]'—1:> : (3
where the upper sign’ refers to the emission of positrons and the
lower to the emission of electrons. Actually, we have

= 2 (e (e gy (L A0 8 ;
P(E)dE = = <M> ( p >F(E) \liT>(§c)§2|M|9 dE. (9)

Here, ]M |2 is a matrix element depending on the wave-funec-
tions of the nucleons. It is independent of the value of %', but is
different according as the constant # has the value 0 or 1. The
empirical selection rules seem to indicate that the first of these
matrix elements should be preferred, since it is of the proper
spin-dependent type [12]. It will, therefore, be appropriate to
put the constant » equal to 0.
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It should be mentioned here that the spectrum given by the
function (8) is the same as that which, as pointed out by FIERZ
[13], follows from the most general Fermi theory. For positrons,
the shape of the spectrum differs from the pure Fermi distri-
bution (7) only in the region of lower energies (cf. I, Fig.1), but
it is ditficult to say whether the deviation from the distribution (7)
found experimentally (all light elements for which the transition
is allowed are positron emitfers) is of the type given by the
generalized Fermi function (8).

Derivation of ‘the Disintegration Formula.

The formula for the decay prdbabﬂity derived in I applies
to elements with a small nuelear charge Z fulfilling the condition

where « is the ﬁng structure constant

&1
o = h_C = l—?ﬁ .
The simplifications carried out ‘in- the preceding Section now
allow to extend the calculationi to heavier elements for which
the condition (10) is not satisfied.

The method used in this case is similar to that adopted in I,
where all details of the calculations can be found.

We start with the expression for the Hamiltonian and go on
with the evaluation of the quantity (1). It must be noticed that,
despite the relation (6), it is not allowed in the Hamiltonian to
cancel all terms with §,. Although, in the final formula, the
terms with the coefficient §, or. §; generally are small compared
with terms with §3, they may in some cases play a decisive part,
when the other terms happen to vanish due to selection rules.

In order to find the matrix element in (1) belonging to the
transition of the nucleus from the initial stage n, to the final
state n, we insert the wave-functions of the light particles. The
neutrino is not affected by the charge'of the nucleus and can
therefore be described by means af a plane wave while, for the
electrons, exact solutions of the wave equation have to be applied.
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The expressions involving such wave-functions are integrals ex-
tended over the volume of the nucleus. Since we may assume
that the radial part of the electron wave-function ¢, (x) (= stands
for all spatial coordinates, and s denotes the electron state) does
not vary appreciably inside the nucleus, we can replace the
radial part of the wave-function by its value at the boundary
of the nucleus, a value which in its turn is nearly equal to the
value—taken in the same point-—of an exact solution of the
wave equation for a Coulomb field.

After the summation over all states of the neutrino belonging
to the energy Es, we get the formula

P(E)dE = 2w 1 (W—E)*dE > U, (11)

where the terms U are composed of the electron wave-functions
and the Dirac spin operators. The summation is extended over
all electron states with the energy E,. The four-component wave-
functions in the Coulomb field can be used in the shape given
by Rose [14], who denotes the radial parts of the two first and
the two last components by f, and g., respectively, where # is
a quantity connected with the total angular momentum number.
The funections f, and g, are given by the formula

T(y+ig“2£)
\ p

aZE
VIFE@pr) " Vpe »

f _
{9} - Ver@y+n

T v M R
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F(y+1+i“”3

X

,2v7+1; 2ipr)¥c. c.}.

Here. p is the momentum of the electron, F is the confluent hyper-
geometric function, I' is the gamma function, and

y=VE 2

All quantities are expressed in atomic units, With these notations
the sum in (11) transforms into a sum >V of terms, each of which
t4

is a fuhction of the f,, g,, and the unit vector
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Generally, it is UNNecessary to e‘clend the summauon over
all #.- The funclions f, and g, are taken at the boundary of
the nucleus: r = r,, <(1. From (12) it is seen that the values
of f, and g, for ry,, decrease very ‘rapidly with mcreasmg‘
| x ] In meost cases, we can confine ourselves to the terms with
# =+ 1, but in some terms V, particularly in those which
involve derivatives of the wave function, it is necessary to take
also terms with lx| = 2 into consideration.

Discussion of the Decay Formula.

The final formula giving the probability P(E)dE per unit
time- for the emission of an electron with the energy (expressed
in units uc?) between E and E + dE consists of a number of
terms. The most important terms are the “Fermi terms”, i. e.
terms which in the limit of light nuclei would give a pure or
generalized Fermi distribution. Other terms containing an extra

factor ]/E 21 or (E*—1) are in addition multiplied by

2
»M‘l—‘;ziéaor (Min) z40300 and may, therefore, be cancelled.
The “Fermi terms’ can be classified according as the constant
factor is g3, §,§, or §i. Mostly, only terms with the large coeffi-
cient g3 have to be retained, the others being small owing to

the relation (6). One of such terms with ¢35 is
2 "2

(ﬁ )2

Here, o, (B, B) (cf. I, formula 42) is a matux element of the
Gamow-Teller type [12]:

wy (B, B) = $\ B () B* () d d, (14)

©y (B B) (f+1)2 (13)

where

N
= >\ ur 050w, d® D Y ™
i=1
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is an integral over the wave-functions & of the nucleus in the
initial and final states, Q¥ is an operator transforming the i’th
nucleon from the neutron state into a proton state, N is the

_number of the nucleons in the nucleus, and _c;(i) is the Pauli spin
operator to the 7’'th nucleon.

The most important case is that of an allowed transition,
i.e. a process for which the matrix element (14) attains its
maximum. value

wy (BB) = {{(By B, + B} B,+ B} B) de'dx = 3.

In this ease, the result is quite independent of the value of #'.
All terms with 3 and g17: are small and can be cancelled. The
remaining terms are the same for %' =0 and %' = 1. In the
limit of small Z, i. e. when condition (10) is satisfied, and for
that part of the S-spectrum where

aZE
P

«1,

we get, as it was to be expécted, the formula (9) with 5 = 0.
Actually, ‘it is seen from (12), when expanding in series, that

f is, for Ze« ({1 small of the order of magnitude of oy <<l
as compared with f,,, and the other terms with ¢2, viz.

(qhig)% 4(f_) @y (B, B), (15)
where '

> > )
oo (B, B) = (B @) B* @) G @) 7 @) ,
T (B @) 7 @) (@) B* (@) l (16)
> .
+(B@) 7 (x) (7 () B* () } de’ dx
are negligible, so that (13) is the only remaining term. We get a
B-spectrum. of a generalized Fermi type described by the func-
tion (8). )

With increasing Z we get a deviation from the Fermi distri-
‘bution and the energy distribution is now characterized by a function

F(E) C(E, Z)



Nr. 11 13

“which is found in substituting the proper function f+y1 into (13).
The correctional factor C' bécomes, of course, equal to 1 for small
Z. Moreover, with increasing Z the function f ; remains small as

compared with f.; only in the region where ig-‘E((l,- i. e for
. P

sufficiently great energies. This means that, if orﬂy wy, does
not vanish, the correction introduced by the term (15) is not
negligible and makes itself perceptible in a part of the f-spectrum
which lies below a certain electron energy, this limit energy
becoming higher and higher with increasing nuclear charge ~.

In the case of a forbidden transition, i.e. when w, (B, B) va-
nishes, the situation is changed. The term (13) disappears, and if o,
is also equal to 0, other terms with the coefficient §,, and with other
matrix elements will now be responsible ‘for the general character
of the f-spectrum. In contrast to the case of allowed transilions,
there is now a difference between the formulae for »' = 0 and
7’ = 1. In the disintegration formula we have terms of pure
Fermi type and of the type F(E) (E®—1) (cf. I, Fig. 2). The
decay constant, which is simply the integral over P(E) from
E = 1t0 E = W, is now smaller and, consequently, thelifetime is
longer than in the case of an allowed fransition with the same
maximum energy W, since the constant coefficient §,g, in P(E)
is smaller than the coefficient g3 appearing in the decay formula
for allowed transitions. Also the selection rules for the transition
are now given by the differing form of the matrix elements
appearing in the disintegration formula.

Summary.

A theory of p-decay for elements with high nuclear charges
is developed on the lines of the special meson theory proposed
by MgrLEr and Rosenrerp. The values of the universal con-
stanls involved have been determined from the requirement of
a consistent qualitative description of the nuclear forces, the
B-process and the disintegration of the meson. The discussion
of the disintegration formula indicates that, for an allowed
transition, the spectrum is repr esented by the generalized Fermi
formula. For a forbidden transition also terms of other type
can coeur.
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