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INTRODUCTION

Acording to HEIsENBERGY, the well-known convé‘rgence difficul-
ties, inherent in all quantum field theories so.far developed,
are due to the existence of a new universal constant of the
dimension of a length. This constant plays the role of a minimal
length representing a limit to the application of the ordinary
concepts of quantum field theory in a similar way as the exi-
stence of Planck’s constant limits the unambiguous application
of classical mechanical concepts to atomic systems. The correct
incorporation of this universal length.into the theory is still
unknown. ;

Recently, however, HErsENBERG? has taken an important step
towards the future theory. In ordinary quantum mechanics an
atomic system is completely defined by the Hamiltonian function
of the system. Now, the assumption of a Hamiltonian which by
means of the Schrédinger differential equation defines a con-
tinuous time-displacement of the wave function seems to be in
contradiction with the existence of a universal minimal length.
HEeisEnBERG therefore concludes that the Hamiltonian function
will lose its predominant importance in the fulure theory, and
that the atomic systems in this theory must be defined by other
fundamental functions.

A primary problem will be to determine these functions. This
problem is intimalely connected with the question which quantities
of the current theory will keep their mea‘ning or, in other words,
which quantities will still be regarded as ‘observable’ in the future
theory. Although it is difficult to give an exhaustive answer to
this question at present, it is natural to assume that any quan-
tity, whose determination is unaffected by the existence of the
minimal length, may be considered as ‘observable.’

1*
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Such guantities are the energy and momentum of a free
particle, the cross section of any collision process with
or without creation and annihilation of particles, and the dis-
crete energy values of atomic systems in closed stationary
states. In quantum mechanics these quantities may be calculated
by means of the Schrodinger equation when the Hamiltonian
of the system is known. The collision cross seclions, however,
are given more directly by the matrix elements of a certain
unitary matrix S, which in a rather complicated way depends
on the Hamiltonian. Therefore HEISENBERG assumes that in the
future theory this characteristic matrix S or an Hermitian ma-
trix ¢ connected with S by the relation

S =7

will take over the role played by the Hamiltonian in quantum
theory, i. e. in future the atomic systems should be defined by
giving the matrices § or 7. ‘

In quantum mechanies the Hamiltonian of a special system
could be obtained by a simple procedure from the classical
Hamiltonian of the system. The most urgent, and until now
entirely unsolved, problem will now be that of finding the pro-
cedure by which the characteristic matrix may be derived in
each special case. As a first step towards a solution of this pro-
blem we may try to find the general conditions satisfied by
the matrix S in any case, and it seems natural to assume that
all conditions satisfied by S in quantum mechanics indepen-
dently of the special form of the Hamiltonian, will hold also in
the future theory. : '

A condition of this kind, stated by Hesenserc? in his first
paper, is the equation

StS =88"=1,

expressing that § is a unitary matrix. In section 1 of the pre-
sent paper, we shall give an alternative, and perhaps a some-
what more rigorous, proof of this equation.

Another important condition stated by HeisenBere is the
invariance of the matrix S under Lorentz transformations. In
section 2 we shall prove this property by using the transforma-
tion properlies of cross sections and the connection belween
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these quantities and the elements of the matrix S. The invari-
ance of the fundamental matrix § brings about a considerable
simplification in the description of atomic systems, as compared
with the quantum mechanical description in which the funda-
mental matrix—the Hamiltonian—has rather complicated trans-
formation properties. In section 3 it is shown how the invariance
property of § may be used to find a number of general ‘con-
stants of collision’, i.e. variables which commute with S and
with the total kinetic energy. Such quantities as have the same
values “or mean values before and after the collision will pro-
bably in the future theory play a similar important role as the
constants of motion in ordinary quantum mechanics.

When the matrix elements of S are given as functions of the
(real) momentum variables of the system, we are thus able to
calculate the eross sections for all collision 'processes, but, as
shown in section 1, the discrete energy values in closed stationary
states of the system are so far completely undetermined. How-
ever, if S is assumed to be an analytic function of the momen-
tum variables now regarded as complex variables, these energy
values may, as remarked by KraMmeERs and HE1sENBERG®,* he
obtained as the energies corresponding to those purely imaginary
values of the momentum variables which make S equal to zero.
In a sequel to the present paper these problems will be con-
sidered in more detail and new general conditions for the matrix
elements of S will be derived.

Thus, all the quantities which according to HEISENBERG are
to be considered ‘observable,’ are in this way derivable from
the matrix S, which therefore in fact plays a similar role as the
Hamiltonian in the old theory. It remains to be seen if the
atomic systems are completely defined by a given S, or if the
future theory will contain observable quantities which cannot be
calculated from the matrix S.

* I am greatly "indebted to Professor He1sENBERG for an opportunity of
secing his manuscript before publication.
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1. The characteristic matrix S.
The unitarity condition. Independence of § of the energy
values in closed stationary states.

In this section we shall consider a collision between a certain
number of like particles from the point of view of ordinary
quantum mechanics. Let &, be the momentum operator of the "th
particle. If k is the rest mass of the particle, the corresponding
kinetic energy is W, = VKZ—{—](?, and the total kinetic energy
and the total momentum of the particles are given by

Wo=2W, =D Vet l
1 i
(D
K->k, I
respectively.* '

If the eigenvalues of k; are denoted by X, the wave func-
tion in momentum space will be a function of the vectors X;.
Since we want to treat the general case of a collision in which
annihilation and creation processes may take place, the total
number n of particles is not a constant of the motion, and we
shall have to consider a succession of wave functions®

const., llf(kl) ilf(k'l, k'z), - lIJ(k'

PRERY -

L B
corresponding to the different eigenvalues n’ of n. For simplicity
we shall in what follows treat the different particles as distinguish-
able, which means neglecting all exchange effects. However, if
the particles for instance have Bose statistics, all the wave func-
tions are of course symmetrical in the variables k.

In a representation where the kA, are diagonal matrices
(a ‘k-representation’), any quantity like the potential energy
V will be represented by a matrix (K- K |V|E] - E),
where n' may be different from n”’ corresponding to a transi-
tion in which the number of particles is changed. We shall
often simply write (k'|V|&") for these general matrix elements.

The representation is not uniquely determined by the con-
dition that the &, are diagonal, since the phase factors in the

* Throughout this paper are used the same units as in HEISENBERG'S paper,
where &, W, and « all have the dimensions of a reciprocal length.
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representation may be chosen arbitrarily. If (k'| V| E”)* denotes
the representative of the operator Vin an other &-representation
we have ] )

& | VB = 0 & | V| E) e 1“0, (2)

where o (K') = « (K}, --- EK) may be any real function of the
variables (E) = (K, --- E,). Similarly, if (&'[)* and (%&'|)
are the representatives of the same state in the two representa-
tions, we have

(K'[)< = '@ (K']). , (2

Let us consider a stationary state of the system with the
energy E. The corresponding time independent Schrédinger
equations in the different momentum spaces may then be written

(E—W)w(k -k, =
Zg(k; B\ V|E] - K) AR AR - dEL W (K KL Y(3)
<

n
n=1,2,3--

Here W’ is the eigenvalue of W corresponding to the values
(Ky, -+ K,) of the momentum vectors, and @k is a volume-
element in the momentum space of the i’th particle. The inte-
gration and summation on the right hand side of (3) is to be
extended over all the different momentum spaces. In what follows

we shall simply write Sdk” instead of ZSdk;’---dk;;,, and
(3) will be written
(E—W)&w ') = g(k'| v

EHYar’' wE'", €))

where (k') is short for (K, .- k).

We shall now in particular consider a stationary collision pro-
cess in which the primary particles have the momentum values
(K{, -+ K%) = (K°). Thus, the corresponding wave function
being a function of both (&%) and (%'), it will be denoted by

(K- B |

K- K = (I

@ | K. ()

If we consider all possible collisions with varying initial mo-
mentum vectors (&%), the functions (5) define a matrix &, which
may be called the wave matrix.
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According to (4) the components of the wave matrix satisfy
the equations

(WO — W) (B | w

k) = S(k’| VIE) dk" (K| @K, (6)

where £ = W° =Z]/K2+Ic?2 is the total energy of the system
for the given initial conditions. Using the ordinary rule for matrix
multiplication, (6) may be written
TW—WE =V, )
The wave matrix & is a sum of two parts:

W= w4+ T, (8)

where #° and T represent the incident and the scattered waves,
respectively. In configuration space the function & represents
a set of plane waves. In the K-representation #° is simply

B 0| ) — (R —
[ 0 forn' +n° )
l d‘(k;—k?) 5(]5:1,—]:?10) for n’ = n°.

Thus we get for & » _
w=1+T, (10)

where 1 denotes the.unit matrix.

We shall from now on treat the quantity & as an operator
whose representatives in different representations are connected
by the ordinary rules of quantum mechanical transformation
theory. In particular a change in phase leads to a change in
the representatives of & given by (2). Thus ¥ will in any re-
presentation have the form (10) with the first term equal to the
unit matrix.

If we put

U=—2riV¥ = —2aiV—27iVT, (11)

we get, from (6), (10), and (11),

(Wo— W) (| TIR) = — = (&' |U| 1. (12)
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Solving with respect to T, we obtain the general solution

1

X oy — 1 (g oy l—1

+ A (WO —W") |, (13)

where 4 is an arbitrary constant. If T is to represent outgoing
waves ‘only, 2 must, according to Dirac® and HEeiseNBERG?, be
chosen equal to —iw. Here it is understood that an integral over

—WT_I:W must be taken as the
Cauchy principle value, defined as the limit for ¢ — 0 of the inte-
gral when the small domain W°—: to W°+ ¢ is excluded from
the range of integration.

If we introduce the improper functions

W’ containing the singular factor

+1

m 9 5(‘/‘71 VVO) (14)

o (W —W° =

(13) may be written
(K|TIEY =6 (W—W) (K'|U|E). (15)

If T is eliminated from (11) by means of (15), we get an inte-
gral equation, which completely determines U when the potential
V is given.

Since the total momentum is conserved, the elements of the
wave matrices &, T, and U must have the form

U = 8 (K — K% (&' | Uy | &), (16)

where (k' | Ug.| k%) is a submatrix of U corresponding to a fixed
value K' = K° of the total momentum.
If AT is the Hermitian conjugate of a matrix A defined by

(I |AT | B = (E"|A| K7, an

we get from (11)
U= 27i@V, (18)

since VI = V, on account of V being Hermitian. Multiplying (11)
by &' on the left, and (18) by ¥ on the right, and adding, we get

w4+ Ut = 0, 19
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or, using (10), -
U+U+TU+UT = 0. (20)

This equation, in which the potential V has disappeared, repre-
sents a general condition for the wave matrices. From (15), (14),
and (17) we get

F|THE) = o (W W) (E'|UT| K, 21
and the matrix equation (20) becomes

B\ U+ U E) + ]
(@0t ) 20 @ (U [0, (W = W)+ 0, (W — W9 = 0. J

We now define a new matrix R by

(E|R|EY) = 6 (W —W°) (k'|U| K =

O (R — F®) § (W — W) (B | U o | K9, } 9

where (&'| Ugoyo | K°) is a submatrix corresponding to fixed
values H°® and W? for the tolal momentum and energy. When
(22) is multiplied by (W' — W?), the integral in (22) will con-
tain a factor
S(W — W [8, (W'~ W)+, (W — W] =
(W —WH(W' —W% = (W —W") (W' — W% }

on account of (14), and by (23) we thus get the simple matrix
equation
R+R+RR =0. (25)

Now, if we define HeisensERG's characteristic matrix S by the
equation
S =1+R, (26)

(25) becomes identical with the equation
StS=1. @7

This condition alone is not, however, sufficient to make S a
unitary matrix. We must also have

SSt=1. (28)
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In order to prove this last equation we consider that solution
& _ of the Schrédinger equation (6) in which the outgoing waves
T in (10) are replaced by ingoing waves. We then have

T =1+T (29)
with
(E'|T_|E) = 6_(W —W" (E'|U_| EY, (30)

where the function J, in (15) has been replaced by ¢_. Since
W _is a solution of (6) and, by (14),

1
2ai

U =2xiV_ 31

(W'—WHd_(W—W% =

s

we have

on the analogy of (11). From (31) and the Hermitian conjugate
equation '

Ul = —27ipt v (32)
we get as before
‘ v U +U w_=0, (33)
or, by (29),
o U +UL4+TTU_+ULT =0 (39)

analogously with (20). If this matrix equation is written out,
we obviously get an equation obtained from (22) by replacing
U and d_ by U_ and d_, respectively. Therefore, if we define
a matrix R_ by

(E'|R_|E%) = §(W —W% (E'|U_| EY), (35)
we get from (34) analogously with (25)
R +R +R.R_=0. (36)

Further, multiplying (18) by 4 _ on the right, and (31) by
&t on the left, and subtracting, we get

Ul _—wty_=0, (37)
or
U'—U_ +U'T_ —TU_=0 (38)

by (10) and (29).
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Written in terms of representatives this equation reads

&\ U—U_|E + _
S(k’ |Ut | By @k (B[ U TR [3_(W' — W) —d, (W —W")]=0

on account of (21) and (30).

Since
6+ (Wi— W) =4 (W' — W9,

we get by mulliplication of (39) with (W' — W% and using
(23) and (35) .
Rt=R_. (40)

(36) may thus be written
R+ R'--RRf = 0. 1)

This equation together with (25) shows that R and R are com-
muting:
RR' = R'R. (42)

Therefore also the matrices S and S' commule, and the equa-
tion (28) holds as a consequence of (27). On account of the
unitarity conditions (27) and (28) S may now be written in the
form .
S = e, (43)

where 4 is an Hermitian matrix—HEISENBERG’s y-matrix,

In a perturbation theory, where V is considered as small,
U, T, R, and 7 are also small, as is seen from (11), (15), (23),
and (43). In the first approximation. we get from (11)

U= —2naiV, (44)
and from (26), (43), and (23)

1=1R, (45)
and

T |q|E) = =278 (W —W°) (K| V|E"), (46)

showing that the p-matrix is essentially equal to the poiential
energy in this approximation.
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Instead of the 3 n’ variables (& --- k) we now introduce
the total momentum #L’, the total energy W', and 3 n'—4 other
variables (x') = (x}-‘- a5, _,) as independent variables. When

[a) ras 4 P
—0(—1,£¢WL, denotes the functional determinant correspond-
Ok - lcn,) '
ing to this transformation, the connection between the matrix
elements of any matrix A in the two representations is given by

(B |A|E) = Va4 (KW' |A| KW )AL, (47)

A =

provided the phase factors are unaffected by the transformation.
For the representatives of any state in the two representations
we have similarly

&) = V4 (KW')). (47)
In the new representation any of the three matrices R, S,
and 7 have the form

(K'Wa' |R|K'W2) = ¢ (' —K*) 3 (W — W% («'|R|2%. (48)

Here @ |R|2%) = @' | Ugoypola®) (49)

is a submatrix corresponding to fixed values I = IK° and
W = W of the total momentum and energy. For the sub-
matrices an equation like (27) takes the form

Y18t ) de’ (] S| 2?) = S(x"|s|x')* da’’ (x| §]2®) = & (@' — ). (50)

It should be remembered, however, that Sd:x:” is an abbreviation

for >’ de'{ o day ., just like

e

Sdk” = > \ax; .- ar;,. (51)

e

Returning now to the general equation (22) we get in the
new representation with y = (K, x)
(Wy'|U+ U Woy%) +
f vy 1o wey ™y dwr dy” (W | O] Wy [8, (W=W")+  (52)
' 8, (W' —W9] = 0.
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If we multiply this equation by W%W’ or by d, (W' — W9,

a special investigation of the singularity at W' = W?°® will
be necessary. By (15) and (21) the result of a multiplication
with 6, (W' — W% can be written

W'y | T+ TH Wy%) +
S(“ﬂyi| UTI W//yu) dW/ldgn (W”yul Ul W()y[))
8, (W' — W) [0, (W —W")+d, (W — W] =
A(Wos y,s Uo)a(Wl_WO),

where A so far'is an arbitrary function of W?°, y’, and y° The
right hand side is zero except for W’ = W? and vanishes entirely
if multiplied by W'—W?°, thus in fact (53) reduces to (52) by
maultiplication with W’ — W?. The function 4 must be determined
in such a way that an integration of the equation (53) with
respect to W’ over a range containing the value WO leads to a
correct result. We need only integrate (53) from W°—s to WO+ ¢
and afterwards we can let ¢ go to zero.
Now we get from (14) by a simple calculation

8, (W—W2) [6_ (W —W")+d, (W —W)] =

1 L SW/—W) | 1 o(W'—W)
Cri(W—W)(W'—W " dxi W —W° ' dni W—W

+

(5
SOV — W 6 (W'~ W) = 8, (W—W") 3, (W — W%+

id(W’—W“)d(W”——W“).

Further we have, for any function f(W’) which is continuous

at W' = W°,
WOt ¢ WO L f(WO)
lim\ f(W) &, (W'—W)dW' = f(W°) anm (W — W) dW' = , G
>0 o, £20 o, 2
and
WO+ e
i F(W") dW’ CFW) 8 (W — W)
ilfé S @a)® (W —W") (W —Ww% 1 . (56)
Wo—¢
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In fact, we have, with § = W’ —W?

WOt g
. dw’
lim NI 77 77 =
exo | @D (W —W") (W' — WP
Wo—g
1 —&—§ .
mln‘;’_—? for §<<—¢ (57)
. 1 e+ &
}:]—i% 4ﬂ2§ln€_—.§ for —s<E<e
1 e+ & )
47,2_'5 In F—s for &>,

and this function is easily shown to be equal to = 6(E)
= 6(W" W% in the limit eé— 0.

Wo+e
When the operation lideW' is applied to the equation

€0 Yo,
(53), we thus, using (15), (21), the first equation (54), (55), and
(56), get

AWy, y°) = %(W"y’l U+ U | W) +

S(Woyl | U‘Tl W/I II) dWII dl]ll (WII II| UI Woyo)

1 (58)
h 8 (W — W) +36 (W — W)

1 4 43 rt 7
ey iweyyag ey uiwey).
Here we have also used the equation

(Woy' | U+ Ut WOy°) +
S(W"y' | Ut | Woy") dy” (Woy" U} Woyoy =0, (9

which follows from (23) and (25) by integration of (25) with
respect to W',

Introducing the expression (58) for A into (53) we get, using
the last equation. (54),
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(Wy' | T+ T Wy +
g | U Wy dW"dy"”" (W'y"" | U| WyP).
I, (W—W")d (W' —W" =0,
o T+T 4 TT=0. (61)
For the wave matrix & in (10) we have therefore

iy =1, (62)

which shows that the matrix elements (k'] % | k%), considered as
functions of (&') with fixed (k°), are normalized eigenfunctions
of the Hamiltonian H = W4V belonging to the continuous
eigenvalues £ = W° = ZVK2+ k32

The matrix &, however, will not in general be a unitary
matrix, since the equation

it = 1 (63)

will hold in special cases only. When (63) holds, the reciprocal
of & exists, and & ' = %', From the Schrédinger equation (7),
which may be written

WW = HW, (64)

we then, by multiplication with @' on the right, get
H=wwg ', (65)

showing that the mairices H and W have the same eigenvalues.
(63) can thus only be true for systems which do not have any
closed states.

In the general case we may define an Hermitian operator

& = 1— wyt (66)
which, on account of (62), satisfies the equation
2 =12yt 4 yyptypyt =1 — gt = &, (67)

Hence & has the eigenvalues 0 and 1.
Further we have
Hyt — @t H = (. (68)
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To prove this equation, multiply (64) by %' on the right and
the conjugate equation

Wt = @ty (69)

by & on the left, and subtract.
(68) shows that &' and therefore also & commute with H.
‘Thus & and H have a common system of eigenfunctions.

Since
" Sy =0 (70)

according to (66) and (62), the functions (k'|w |k’ belonging
to the continuous eigenvalues of H, are also eigenfunctions of &
belonging to the eigenvalue 0. Moreover these functions are
the only eigenfunctions of that kind. To prove this, let us assume
that @ (k') is another independent eigenfunction of & with the
eigenvalue 0, then @ may be taken orthogonal to all the func-
tions (&' | @& |K°), i.e.
o =0

and (7D
S0 =0

which, by (66), leads to the equation
D =0.

The eigenfunctions &, (k') of H belonging to the discrete*
eigenvalues are therefore also eigenfunctions of & with the eigen-
value 1. If ¥ (k') is considered as a mairix with one column
only, while @& (k") = &, (K" is considered as a matrix with
one row only, the orthogonality relations for the discrete eigen-
stales may be written

gy =

I‘lIS JI‘S } (72)

Pt = 0.
Since the functions & (&) are the only eigenfunctions of & be-
‘longing to the eigenvalue 1, all other eigenfunctions belonging to
the eigenvalue 0, we obviously have

(K'| 6| K" = D> w (k' wi(k"), (73)

* The index r numerating the ‘discrete’ energy values will in general also
include continuous variables such as the total momentum J° of the system.

D. Kgl. Danske Vidensk. Selskah, Mat.-fys, Medd. XXIII, 1. 9
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and the equation (66) may be written
(E|wwt |+ D w (KYyw (k") = (K|t k"), (74)

which in the general case replaces (63).

We shall now discuss the question whether the discrete
energy values in the closed stationary states are at least partly
determined by the S-matrix, as originally indicated by HEisEn-
BERG”. A priori, this seems possible, since the asymptotic form
of the wave function in great distances which determines
the collision cross sections, depends chiefly on the form of the
potential function in small distances, which again is essential
for the position of the discrete energy levels. From the preced-
ing developments it follows, however, that the discrete energy
values are completely independent of the form of the S-mafrix.
To see this, let us assume that we do not know only the sub-
matrices § and R, but the whole matrices U and . With given
W the operator & is given by (66). Determining the eigenfunc-
tions of & belonging to the eigenvalue 1, we get simultaneously
the eigenfunctions & (k") of H belonging to the discrete energy
values or at least linear combinations of these functions.
The values of the energy in these states, however, are com-
pletely undetermined. The energy levels in the closed states may
be changed in an arbitrary way without any change in &, i.e.
without- any effect on the results of collision processes. New
fundamental assumptions about the S-matrix will thus be neces-
sary in order to determine the energy values in the closed states.
To this question we shall return in the sequel to this paper.

2. General definition of cross sections.
Connection between the cross sections and the characteristic
matrix S. Proof of the invariance of S. ‘

In order to investigate the transformation properties of the
matrix S under Lorentz transformations it seems natural to use
the connection between the matrix elements of S and the cross
sections. For this purpose we need a general definition of cross
sections in an arbitrary Lorentz frame of reference. The current
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texibooks give definitions of cross sections only for the special
frames of reference, where either the center of gravity or one
of the particles are initially at rest. In the general case it will
now be most convenient to use a definition which makes the
cross sections entirely independent of the frame of reference.
This condition, together with the well-known expression for the
cross section in the system where the center of gravity is at
rest, uniquely determines the definition to be’ adopted in the
" general case. -

We shall first consider a collision between particles 1 and 2
withont creation of new paltlcles Let o and gy be the den-
sities of particles 1 and 2 in the incident beams and let 2¢% and
) be the corresponding particle velocities. If dQ = ¢d 2 denotes
the differential cross section for a scattering of particles 2 say
into a solid angle d®, we have in the center of gravity system

_ dN
ores el — ]’

a0

where dN is the number of particles 2, which, pr. unit volume
and unit time, i. e. pr. unit four-dimensional volume, is scattered
into the solid angle d.

Since the four dimensional volume is invariant, the number
dN must be independent of the frame of reference. Thus the
cross section must in general be given by

_dN )

where the factor F* is an invariant, which in the center of gravity
system reduces to glpo|ee] —ee)|. As is easily seen, F® must
then be given by -

_9192'/'“1 wo P —|ee) <uy P, (76)

Here 269 X @ is the vector product of the vectors e¢{ and 2¢J,
which is zero if @), and u2 are parallel, as is the case in the
center of gravity system.

To prove the invariance of F° we use the fact that the quan-
tities ki = (K&;, W,) and kl# = (k,;,—W,) by any Lorentz trans-
formation transform like the components of a four-vector. The

2‘
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quantities k{'ky — kik{’ are thus the components of an antisym-
metrical tensor and the quantity

B =VEW,— kW, P— |k <k, [? =

— : W)
B l/? (et deg — ) (b godeay — Jea e

is an invariant.¥ Further we have for any Lorentz transformation
connecting the variables of two frames of reference K and K.

B 1 —wue,
0 T O l/gl—j o2
(78)
W W 1— v, ki
L= . — s W, = ——,
) 1 1 V]. _/02 1 Wi

where @ represents the velocity of K relative to K. Hence
Gee _ 9@ and the quantity F° in (76) may be written as

a product of two invariant quantities:

o _ 0105 0
F® = WOW? -B
with B° given by (77).

Thus the cross section defined by (75) and (76) is invariant.
Further it is symmetrical in the two particles and reduces to
the usual definition of cross sections in the center of gravity
system, The same holds for that system in which one of the
parlicles, say parlicle 1, is initially at rest, since in this case F°
reduces to F? = o%0d uf.

We shall now trace ithe connection between the scattering
cross section dQ and the matrix elements of S. For this purpose
we need the Schrdodinger function & (ae19e,) in configuration space.
This function is obtained from the wave matrix (K &, | & | kS k)

by means of the equation
W (aey00,) — | (aoyory | B 1) B, U, (BT | 0| BSRY)  (79)
with the transformation function

* Here the usual convention is made regarding the summation from 1 to 4
over dummy indices like » and » in (77).
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(wlwzlk,l kvz) = (2 7'17)_3 ot o, + Kior,) eiy(kl’k;)’ (80)

where y' = y(Kkik3) is a real function of &i and %; depending
on the phases in the chosen K-representation.® y' may also be
a function of the time. For the incident waves we get, by (8)
and (9),

(wlwz) _ (2 n_)—3.ei (o, + Kyoc,) eiy" = (2 H)—3eiK“:r:l eik: (e, —ae)) e.i;/°’ (81)

while the scattered waves on account of (8), (15), and (16), are
given by

o a0)) — (270)3 S,ef (e, + K)oy § (R — )
8, (Wi + Wo— WO (K, | Uy,

fzn)—e.e:'li"ac1 S eik;(ac,—@l)ei’y(m*k;,k;)

LK) Ak, dk, =

Vi | — By P4 VP IR — WO) (K — Ky, By | Uy | RSB @R,

Now we are only interested in the asymptotic values of T

for r = |oe, —ae, | — 0. Introducing polar coordinates in the K,-
' . . . ' Xy — I . .
space with the direction e, = wlwz acl| as polar axis, the inte-

5 |

gration with respect to the angles in the integral in (82) leads
to the expression?

res 2 © C
e1%,), , ,, = (2 w) e e [ S e (KK —ky ey, by e, | Uy | K, K);

ir
0

ety (KoK, ke) 5 (Vi 1 [ — Kye, P+ Ve + kg — WO) kydk, —

S - r ’ . . - o r
K+ Ky ey, — Ky ey | Ugd B2, KY) o'y (01 K e, — K €)

d, Ve | ' T Ky ey P+ Ve ki — WO) Ky dK,, }

1 .
where only terms of the order - have been retained. When the

argument of the d_ -function is denoted by A(ky), and when
f(ky) is any fanction of k,, we have?, neglecting terms of the

order —,
r

(82)

(83)




22 Nr.1

o0

iklir 7y,
ik r ’ . e ky
Soe P 0, () by, = s o

0 1?2 const. e;

k), (84)

where &, is the value of k}, determined by
AGE) =0, 5

and the differentiation of A (k}) with respect to k) is to be per-
formed by constant e.
In the same approximation we have

Se— W p(Ky) 8, (A) Ky di, = 0, (86)
Q

so that the second integral in (83) may be neglected.
In the first integral we put

E, = kye, and Kk, = K°—T,e,. (87)

Thus &) and %) are now the values of the momentum variables
following from the theorems of conservation of momentum and
energy. When W, W;,w} and @, are the corresponding energies

and velocities, we get, since the differentiation in —— is to be

’ 8k
performed by constant ej, 2
7A kE, &K\, , e,
R = o = — ) by
3]4‘2 const. e} (W2 Wl) €: (?"2 ,I'tl) € (88)

Using (84) and (88) in the calculation of the first integral in (83)
we finally get for the total wave function in configuration space
the asymptotic expression®

@ (2, 25)r >0 = U (90106,) + T (20,00,)r 500 =

e i 1 T o0
= @2n) P K™ { (e iyt g dre” Ky B K | U] B2 ) .

r (u,—u')e,

The probability of finding the particle 2 in a distance
r=|a,—ae;| from the particle 1 after the collision is thus pro-
portional to

* This asymptotic expression for & is seen to' be correct only if the potential
function goes to zero faster than % as r tends to infinity, Thus, a slight modi-

fication of the theory is necessary in the limiting case of a Coulomb'ﬁeld‘
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(270)% K| (K By | U oyl BYER) P
rt |2}, —wu') €, ]

(90)

To get the number of particles 2 which pr. unit time are scat-
tered into the solid angle d® in the direction. e,, we have to
multiply (90) by the factor |(u2 u))e,| r’d2, which
determines the current through a surface élement r’dQ placed
‘at right angles. to the direction e, in a constant distance r from
the particle 1. Taking account of the particle densities in the
incident waves we finally for the scattering cross section get

2| (F k| Uy | BOED |?
. jlg 1 20| Kl;l 1 2’)| : ,'d.Q. (91)
V]ul—u2|>—|u1><uz| '|(u2_u1)ezl

dQscat. = 47—[2

The matrix Ug.y, occurring in this expression is, apart from the
d-functions, identical with the matrlx R in (23).
If we put

I =YW Wy (K, | Ugoya| RO YWIWY (92)
(91) may be written
IR K2dQ
4 l H 93
B [ wy) e, WiW @)

dQscat. = 4

where B° is the invarlant quantlty defined by (77).
Since the vectors % and Kk, are determined by the con-
servation theorems, we hav

‘ B(W +W) oW

(94)

where K| in W is to be put equal to H°—k,e, before the
differentiation, which then is performed by constant e, . (93) may
therefore also be written

Ay, = 47 ‘“"I' \| o — ) s ow— W°)dk %ﬂ 95)
1 2

where the integration in Sdk’l is to be extended over the whole
k) -space, while the integration in galk'2 ranges from 0 to «. For

small U and V, where (44) holds, the expression (95) is easily
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seen to be identical with the usual gquantum mechanical ex-
pression for the cross section, derived by a perturbation method
in which the potential V is treated as small. The integral in

r

-dE.
(95) is obviously invariant, ¢ (' — K% d (W —W?®) and V’l

being invariant quantities (cf. equation (129) section 3). Since

the same holds for dQ and B° (95) shows that the modulus of

the quantity 1, defined by (92), must be relativistically invariant.

Let us now consider the case where a new particle 3 is

created during the collision. The cross section for a process in

which the new particle obtains a momentum between Kk, and

K+ dk;, while particle 2 is scattered into a solid angle dQ

in the direction e,, may be derived as before. We simply get
k2 | (B By By | Uy | K K3) |2

:v4n2 dek’
Vwl—wiP—fwixw[ |(vw,—w) e, | ’

on a close analogy of (91). By the same arguments as before
we find that the modulus of the quantity

VW WL W, (B By | Upgoo | BOED) Y WIWE

is a relativistic invariant. The same holds for a general matrix
element of Ug.y, and therefore also for the elements of the
matrix R defined by (23).

Let us now consider an arbitrary Lorentz transformation.
In the momentum space of the i"th particle, say, this will in
general be a non-linear transformation

E = &(Fk). (97)

If all transformed quantities are distinguished by a bar, the re-
presentative of the transformed matrix R in a_Kk-representation
will be denoted by (k' | R|E"). Further let I, and K9 denote
those eigenvalues of Ll which are connected w1th the exgenvalues
Ek; and K} by (97), i.e.

K = CE); R = L&) (98)

The result of the preceding investigation may then be written

VW] (% | RI&)| TWE] = [T (B IR NV Iwe]. (99)
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where the symbol [Wf] is used for the product of the energies

1

corresponding to the values (Ey, -+ K) of the momentam

variables.
In his papers quoted above HeisenseErG® has stated a more
general equation viz.

YT R (1] = T3 G [ oy

where the modulus |( &'|R|&°)| in (99) is replaced by (&'| R| K°).
In contrast to the equation (99) which holds for any choice of
the phases in the E-representation, the equation (100) cannot
be trae for all %-representations, since a change in phase in
the %-representation will change the right hand side of (100)
in accordance with (2) while the left hand side remains un-
changed. By means of the equation (25) and the corresponding
equation

R+R+RR=0 (101)

for the transformed matrix E, it may be shown, however, that
it is possible, for given phases of the k-representation, to choose
the phases in the Z-representation in such a way that (100) is true.

According to the special theory of relativity the momentum
and energy variables of a particle transform like the components
of a four vector. Hence we find by a simple calculation that the
functional determinant ', corresponding to the transformation

Ky, E)—~ (E'l, -+ k) given by (98), is

oK - E,)  [W
£ = o= 102)
T K, (W (
We may now put
(F'|R|K®) = |(K'| R| K°) | elrvs %) (103)
and o o o
(K'|R|E") = | (K| R|E") |7 "5, (104)

where the arguments r (%'; k°) and r(&'; &°) are real functions
of the variables (%&',%k°) and (&', k"), respectively.

If we change the phases in the K-representation in accord-
ance with (2), the argument r (&’; k%)* of the new represen-
tative of R, defined by
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(E'|RIE)* = | (' | R|K) | eir®:0 (105)

is obviously given by
r(k B =1 (B K + o (B)— o (K. (106)

When we use (104) and (17), the equation (101), written in
terms of representatives, becomes

|(E' | R|EY)| eir®:2) 4 (B | R| K| e—iTR:E) L ]

_ - o (1(
+Sl(k/tll‘,|kr)| ark’ I(kNIleO)I el ir (B k) —r(K K'Y — 0, J

where (&', %', k°) are connected with (K", E', E°) by equations
of the form (98). On account of (99) and (102), (107) may
be written C

(%' | R| E%)| 7 5 - (B0 | R| )| e~ irdes®) 4
+S |(k” | R I kl)l ar’ |(k” , R I kﬂ)' ei[-"(i’i”;—ico)ﬁ;(i";.ic’)] -0
or, by means of (103)
(K'|R| E") el 0B —r G k00 (B | RY| K) o P 1) — 0, B +

e 1
S(kllRT ‘ kﬂ/) dkll (]ell l R l k()) ei[l‘(k";k")Ar(k”;k’)—r(k";k“)-I—r(k”;k’)] — 0! (

The equation (108) must, for arbitrary < in (98), be iden-

tical with the equation (25), which, in terms of representatives,
reads

(k’|R|k°)+(k’|RT|k°)+S(k'|RT|k”)dk”(k”lleO):0. Q

This is possible only if the three exponential functions in (108)
are equal for all values of the momentum variables. Thus we
get the following two equations:

TG EY TR = r (B R - (B K (110)
TE BT (R B+ T (R B = r(kEY—r(BSE) (G E). (1

These equations are not independent, however, since (110) may
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be derived from (111) by adding the equation obtained from
(111) by interchanging (k') and (&°).
We can now put

r(k; E%) = T (KB + F (R R, (112)

where the function f, by means of (98), may be regarded as a
function of the transformed variables. If we introduce (112)
into (110) we get

A EY = — (R B). (113)
Similarly we get from (111), (112), and (113)
fEE)+ R E) = f(R; R, (119)

This equation must hold for all values of the independent
variables (%', &', k°) and represents a functional equation for f.
The general solution of (114) is

[(FEY) = o () —a(kY), (115)

where z (k') is an arbitrary function of the variables (%') only.
Thus, (112) takes the form

r(&; K% =1 (K K°) + o (B — & (K°). (116)

By a suitable change of the phases in the K-representation, in
accordance with (106), the right hand side of (116) may be
made equal to the argument function r(&';%%* in the new
E-representation. If we afterwards omit the cross by which all
functions in the new i:-representation are distinguished, we
thus have

r (k5K = 7 (B RY, (117)

showing that the quantity r(&’; k% is invariant provided the
phases of the K-representation are suitably chosen. With this
choice (100) is seen to bé a consequence of (99), (103), (104),
and (117). The equation (100) will then hold also for the
matrices § and 4 defined by (26) and (43).
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Even on condition that (117) and (100) are to hold, the
phases of the K-representation are not at all uniquely deter-
mined by the phases adopted in the K-representation, since the
representatives of R, on account of the d-functions in (23) will
be invariant under all such transformations of the type (2),
where « is an arbitrary function of the total momentum and
energy only. In particular we may choose the same phases in
the %-representation as in the F-representation, in which case
the representatives of a matrix A in the two representations,
according to (47) and (102), are connected by the equation

A EY) = I/g‘% &' A| K l/%g} i (118)

Now the representative of S in the E-representation is, by
(118) and (100) applied to S instead of R, given by

(E'|S| K = l/@ (E'|S| K% I/@

or .
S=s. (120)

— (&'|S|EY, (119)

Thus Heisenberg’s characteristic matrix is an invariant
matrix, i.e. § and S have the same eigenvalues and the same
eigenstates.

The matrix S, however, is not only invariant in the sense of
equation (100). Since all frames of reference moving with con-
stant velocity, are entirely equivalent as regards the development
of the collision process, all functions like (K'|&|E%), (K'|U|EY),
and (E'|S|%" must be what may be called invariant in form,
i.e. (&'|S|E®) is the same function of the transformed variables
(%) and (k°) as the function (K'| S| K of the variables (k")
and (k). This means that the invariant quantities in (100) must
be functions of the four-dimensional scalar products kL —WW,
E R — W, W, or EOE)— W)WY, only.

In what follows we shall exclusively have to do with form-
invariant matrices. Any such matrix A will obviously have the
same eigenvalues as the corresponding transformed matrix A,
but 4 and A will not in general have the same eigenstates. As
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an example we may take the magnitude M> of the total angular
momentum, the total kinetic energy, or the matrix U in (11).
Only if A is invariant in the sense of (100) or (120), the
eigenvalues and eigenstates of A and A will be identical.

3. The eigenvalue problem in the new theory.
Constants of collision. Consequences of the invariance of §.

The main problem in the usual quantum mechanies is that
of finding the canonical transformation which brings the Hamil-
tonian on diagonal form, or in other words of determining the
eigenvalues and eigenfunctions of the Hamiltonian. This pro-
blem is equivalent to the problem of finding a complete set of
commuting constarits of the motion, i. e. variables which com-
mute with the Hamiltonian and with each other. In the repre-
sentatioh where these constants of the motion are represented by
diagonal matrices, the Hamiltonian will also be on diagonal form.
In some cases it is possible at once to write down a number of
constants of the motion. For instance, if the Hamiltonian is a
form-invariant under all rotations in ordinary space, the com-
ponents of the total angular momentum commute with the Ha-
miltonian, and the magnitude .of the angular momentum tbgether
with the component in a fixed direction then will form an (in-
complete) set of commuting constants of the motion.

In the new theory we are faced with the analogous problem
of transforming the characterislic matrix on diagonal form. Since,
however, the matrix S is invariant under a larger group of trans-
formations than the Hamiltonian, we are able at once to write
down a larger number of quantities, which commute with S.
The most important among these quantities are those which
also commute- with the total kinetic energy W. Such quantities
commuting with § and W we :may call constants of collision or
collision constants, since they have the same values (or mean
values) in the inilial and final states.'?

On account of the factor (I — I (W —W% in (23),
R and therefore also S = 1+ R commute with the components
of the total momentum # and with the total kinetic energy W.
The four quantities

(K*) = (K, K, K, W) (121)
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thus represent a set of commuting collision constants. This result
is connected with the invariance of S under space-time trans-
lations. Similarly the invariance of S under all rotations
in four-dimensional space gives us at once six other quantities
commuting with S,

Let us for a moment consider a space of m dimensions with
coordinates (x7) = (a%, 2% - --,2™). A general infinitesimal trans-
formation of coordinates in this space is then given by

T =a"+ef (x, -0, ™), (122)

where ¢ is an infinitesimal parameter, while f7is an arbitrary func-
tion of the coordinates. Now, consider a quantity a = a (1, - -, ™)
depending on the coordinates (7). If @ is the corresponding
transformed quantity, the ‘substantial’ variation of a is defined by

da =a(@)—a(x), (123)
while the ‘local’ variation is given by
0*a = a(x)—a(x). (124)
Neglecting terms of the second order in ¢, we obviously have
d
— J% T
da=124 a+62rff el (125)

If a is a form-invariant quantity, i.e. if @ (x) is the same funec-
tion of the transformed variables (x) as a of the variables (x),
we have a(x) = a(x), or

d*a = 0. (126)
Hence

da = EZ ffai,a. (127)

Now, let the variables (x7) be identified with the components
of the momentum vectors { (&), (E°)} = {&\-- K, K} --- K.}
and let a be the function a (&', k%) = 6 (' — K°) 6 (W —W?),
For an infinitesimal Lorentz transformation in the direction of
the x-axis we have for all particles, if ¢ is the infinitesimal
relative velocity, o
ky, = ki,—eW,, Ly, = ki, kK, = k; (128)

ix iy iz iz
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and similar transformation equations for the variables &}. By
means of (127) we get in this case, since x d(x) = 0,

da=0(HK —HK)I(W —-W°) — 0 (K — K% (W — WP

8
P 0 ’ 0 ’ Q
- 82( lak,+W,ako)a(K—K)a(W—W)

— e [ (K KY (W W) 3 (W)

)
+ (K, — K2) 6 (K, — K) 0" (W' — W] & (K, — K & (K, —KY)
= 0.

In the same way it is shown that the function
S (I — K (W —W) = ¢ (iK' — K°) 6 (W —W (129)

is invariant for a gelleral Lorentz transformation, in contrast to
the function ¢ (H'— K d, (W' —W?’), which has more com-
plicated transformation properties.

Now, let a be given by

a(l, B = |/ [W] (KA B [W?],
where 4 is any form-invariant matrix. 4 need not, however, be

really invariant in the sense of (100) and (120). For the Lorentz
transformation (128) we then by means of (127) get

da = Wi G| AR W8 — /(W O’ 4| 1) )

=_£Zi( ;a‘z,grwgn )V T | AR TV

e 1 W 0 0 W
el OILOPR HUA
l 0 a 8 0 ! 0
oWt | 1415,

Here we have used equations of the type

7l 8
‘61c VI =YWl ( ‘81\'+WW> (131)

which follow immediately from the definition of [WIJ in (99).

(130)
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Now, let § = (§,7;,{,) be the vector operator, which, in the
E-representation, is identical with the operator of differentiation

. 6 (0 4 §
0K, 0K, 5K, Bk;z)

when operating to the right, and with

PO AY (N
R T T \GK 9K kT

when operating to the left. When we define a new vector operator
N = (N, N, N, by

N = Z —:—E—l = ';"Z(Wi§i+§iwi)’ (132)

the equation (130) may, after division with ]/[W;J V[W?}, be
written

(k'|5|k°)—(k’|A|k°)=—%(k’|NxA—ANx|k°), (133)

where we have made use of (118).
Introducing the quantum Poisson Bracket (P.B.) of two vari-
ables A and B by

4, B) :%(AB—BA), (134)
we may write (133) as
dA = A—A = ¢[A,N,)]. (135)

For a finite Lorentz transformation with the relative velocity v

we then have
A — %N gp— =N, (136)

with x = tgh—!v. If instead we had considered ' Lorentz irans-
formations in the directions of the other coordinate axes, we had
got similar formulae with N, replaced by N, or by N,.

We shall now consider a rotation through an infinitesimal
angle ¢ in ordinary space around the z-axis. The transformation
equations are for each particle
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o = Ko ok,
ki, = K,—ek}, 137
k,iz - k;'z

and similar equations for %&J.
By means of (127) we get in this case in the same way as
before

0A =A—A=¢[4,M), (138)

where M, .is the z-component of the vector operator M defi-

ned by
M= (5xE). (139)

Hence for a finite rotation through an angle 8
A — (OM.q,—i0M, (140)

For rotations around the x- and p-axes we have simply to
replace M, in these formulae by M_ and M,, respectively. The
transformations (136) and (140) are contact transformations.
Thus any functional relation between (form-invariant) matrices,
as for instance commutation relations, will be covariant under
Lorentz transformations.

According fo its definition the operator §; depends on the phases
in the E-representation and, by 4 suitable choice of the phases, §; may
be made equal to the coordinate vector ae; of the i’th particle. In this
latter case the phase constant »* in (80) is zero and the vector M is
identical with the total angular momentum. In another Lorentz frame
of reference we have a similar operator ¢, which in the %-representa-
tion is represented by differentiation operators. Provided the phases
in the K- -representation are chosen in accordance with the transforma-
tion formula (118), the connection between f and & is given by (136)
and (140).

The variables f defined in this way, however, in general will not
be equal to the coordinate vectors ;;: of the 7th particle in the new
Lorentz frame, even if the phases in the E-representation are chosen
in such a way that §; is equal to a;. This may be simply illustrated
by considering the non-relativistic approximation, where the Lorentz
transformation takes the simple form of a Galilei transformation

L=, =y, L=y
_ - — 141
ki, = k;,—ux, ]ciy = kiy, k, =k, (141)

"
D. Kgl. Danske Vidensk. Selskab, Mat.-fys. Medd. XXIII, 1. 3
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In this approximation we have
N :Z] ©§;. (142)
i
Thus ¥ commutes with &, #;, and ¢; and we get from (136)
E=¢&, (143)

so that & will be different from x; defined by (141), even if ¢ is equal
to a;. In this latter case we have " = 0 in (80), but the corrcsponding

’

phase constant " in the new Lorentz frame will be given by
¥y = vl K. (144)

When 4 in (135) and (138) is the matrix S, we have
0S=8—8 =0 on account of the invariance of S under all
rotations in space-time. Thus S must commute with the com-

ponents

M,, M,, M, N,, N,, N, (145)

y’

of the vectors M and N. The components of the former vector
are even constants of collision, since M commutes with W.
This follows from (138), remembering that W is invariant under
all rotations in ordinary space.

The concept of a constant of collision is obviously more
comprehensive than the concept of a constant of motion. The
latter quantity can only be defined in cases where a Hamiltonian
exists, while a constant of collision for its definition only requires
the existence of the characteristic matrix, If a Hamiltonian of
the system exists, six of the seven collision constants in az2n
and (145), viz. the components of I and M, are constants of
the motion, while W is a collision constant only. The total
kinetic energy of the particles has the same value in the
initial and final states and is thus a constant of collision,
but it is not, of course, a constant of the motion, since the
kinetic energy is partly transformed into potential energy during
the collision. In the new theory, which renounces a detailed
description of the collision process and considers the results of
the collision as observable only, the constants of collision will
probably take over the role played by the constants of motion
in gquantum mechanies.

The quantities (145) are not commuting. Our next pro-
blem will be to construct a maximal number of functions of
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the variables (121) and (145), which commute with each other
and with the variables (121). These functions will then also com-
mute with S and they will together with the variables (121) form
a set of commuting constants of collision. Now let («) denote
a complete set of commuting collision constants. In the
«-representation the matrix S (or 4) will then be diagonal and
the eigenvalues of S will be functions of the eigenvalues of («).
Thus § may in any representation be regarded as a function of
the «’s. Since S is an invariant matrix, it will, however, be a
furiction of invariant combinations of the «’s only.: Such invariant
combinations are also constants of collision and ‘it-is convenient
from the beginning to choose these invariant collision constants
as members of the complete set. We shall therefore begin with
an investigation of the transformation properties of the variables
(121) and (145). For this purpose we must establish the com-
mutability relations for these variables.

For the variables ¥; and k; we have the canonical relations

ki Kyl = 0, [&,, 7] =0, [§, k] = 0 (&5 Ky) = 0, (146)

etc. Hence for the components of the vector M in (139) we get
the well-known commutation relations for the components of
the angular momentum in quantum mechanics

(M, M] =M, (147)

Here we have explicitly written down one only of the three
equations, following from each other by cyclic permutation of the
letters x, y, z. In the same way we get, by (132), (139), and (146),

(No» M) =0, [N, M)] = N,, [N, M,] = —N, }(148)
[Nxx Ny] = _Mzs .............................

where again, as everywhere in what follows, the dots indicate
equations, which may be obtained from those explicitly written
down by cyclic permutation of the letters x, y, z.

Finally for the P.B.’s of a variable (121) with a variable
(145) we get

(M. K] =0, (M, K] =K,[M,K)=~K,[M, W| = 0- }

[N, W] =K,[N,, K] = W, [N,, K| =0cccreeeeann
3*
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The commutation relations (149) simply express the four-
vector character of (I{") = (K, W). For an infinitesimal Lorentz
transformation in the direction of the x-axis, we have, for in-
stance, by (135) and (149)
0K = — W, ()‘Ky = 0K, =0

X

150
OW = —sK_, } (160)

which are the transformation equations of a four-vector.

Thus the P.B.-relations (149) must remain true, if (I, W)
is replaced by any other matrix four-vector.

Similarly it follows from (147) and (148) that the quantities

0 M, —M, N
—~M, 0 M, N,
M,—M, 0 N, 50

—N, —N, —N, 0

< A’I‘L“,) —

are the components of an antisymmetrical tensor; in fact we get
as before, by (135) and (148), the equations

dM, =0, 0M, = —eN,, 0M,=¢N,

JN_ = 0N, = ¢M ON, = M (152)
ON, =0, yﬁsﬂrz, N, = —¢ iy
which are just the transformation equations for the components
of an antisymmetrical tensor. The square of this tensor

1 1, s »
MM, = (M= | N P)

is an invariant scalar, it thus commutes with the components
of M and N. Further, as a fuunction of the variables (145) it
also commutes with §.

The antisymmetrical tensor M*” has a ‘dual’ tensor M™“,
which is obtained from (151) by replacing M by N and N
by — M. The product of the two tensors

1 72y 'a
MM, = MN

is a pseudoscalar, i.e. it behaves like a scalar under all rota-
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tions in space-time, bul changes its sign by spatial reflections at
the origin. The quantities

Slme—|NF), N  (153)

thus commute with S and with all the variables (145). Moreover
they are the only independent functions of the variables (145)
of that kind.

The quantities (153) do not, however, commute with the
variables (121). If we construct the P.B.’s of these quantities
with the components of the four-vector K* = (I, W), we gel
a new four-vector

G = (6,69 = 3 [| P~ | N k] (154)
and a pseudo-four-vector
“ =@, ) = [MN, K“]. (155)

By means of (149) we get at once the following expressions for
G" and I'*:

G =—(MxK)—NW l
W —
G { ¢ — — NK J (156)
and
) I = (NxK)+ MW l
o
! {ﬂzﬂIK : j (1sm

On account of the symmetrization bars in (156), which have
the same meaning as in (132), all the variables G* and " are
Hermitian. A comparison of (156) and (157) with (151) and
with the corresponding expression for M" shows that

Gt = MK,
. 158
rt = M"K,. (158)

From G* and I'** we can construct two scalars and one pseudo-
scalar:
P22
GG, I'“r,; G“I,. | (159)

Since the quantities G*K,, and I'*K,, are identically zero, on ac-
count of the antisymmetry of M"” and M#”, the variables (153)
and (159) together with
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K=}—K‘EK, =)W —K* (160)

are the only independent invariant functions which can be con-
strucled from the quantities (121) and (145). K is the rest mass
of the system as a whole.

We are now particularly interested in those of the variables
(153)—(160) which commute with the four-vector (K*). By means
of (149) it is easily seen thal only the variables

=, Y, mr, = |2 —(r*e (161)
given by (157); have this property, i.e.
[r#, k"] =0, [r*r,, K] = 0. (162)

To prove these equations it is not, however, necessary explicitly
to use the relations (149). On account of the covariance of all
commutation relations under Lorentz transformations we need
only prove (162) for a single component of I'*, say for I'*
Now, I'* = MK is the component of M in the direction of J£.
Thus, by (138), K7, M K] determines the variation of the vari-
ables K = (K, W) by a rotation about the direction of I,
and since both the vector KK and W are unchanged by such a
rotation, we must have :

(K", MK = [K”, '] = 0.

The variables - I'* do not commule with each other, but they
commute with the quantity 7' I,,. This statement may be verified
by direct calculation, but it also follows from the fact that 11,
is invariant, for this means that I'”I', commutes with M and N
besides with K” and therefore it also commutes with the I'*,
which are functions of M, ¥, and K”. As a. set of commuting
constants of collision we may then for instance take the variables
(121) together with the two variables

r“r, = (— Nx K+MW) (- Nx K+ W) - (HK) (MK)
r% =TI, = —N,K,+N,K,+MW. }(

z

We shall now determine the eigenvalues and eigenfunctions
of I‘f“I'# and I,. These variables both commute with the K and
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they must therefore in the (M, W,x)-representation, defined by
(47), have the form

(K'W'a' | #1, | K*Wa0) =

164
= (K —K»0(W —W% (:c’[(l“”l“#)mwohco), } (164)
where (I'*I',) oy is a submatrix corresponding to fixed values
JK°, WO of the total momentum and energy. Since I'“Iu is in-
variant, we have for any Lorentz transformation

rer, = r“r,, (165)

where all the variables in the new frame of reference are dis-
tinguished by a bar. For the functional determinant correspond-
ing to the transformation (K', W', «') - (K', W', x'), we get
(K, W,z S, W,x) 0k, -K) 0, -KE,)
G, W) 0y K ok Ky) 9K, W, a)

. (166)
o ] [WJ . 1
Wy
by means of (47) and (102). Here # is the same function of the
new variables as the function " of the variables of the original
frame of reference. Thus (165) may be written
P V1.7 |
“ IJHWJ LZ_W (167)
(K'Wz |TT, | K W°z%) |/~
T LA

Now let the new system of reference be chosen in such
a way that JK° = 0. In this ‘center of gravity’ system, which
of course depends on the value of the vector K° the matrix
elements of I'*Tu have a particularly simple form. From the
definition of I in (163) we simply get

(KW' |T*T, | K°W'z%) = (KW' || MP| KW'z - W™,  (168)

Since the square of the total angular momentum does not com-
mute with the components of £, we cannot in general assign
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numerical values to M? and J simultaneously. In the special
case, however, where the components of I are all given the
value zero, we may also assign a definite numerical value to one
of the components of M and to M2 since this will not con-
tradict the commutability relations (149). Thus, in the center of
gravity system the matrix elements of M% have the form

(K'WZ || MP| KW= = 6(I) d(W'—W) @' |1 M |0_g 7017
From (164), (167), 168) and (169) we now get a simple relation
between the submatrices (I'*1',) gy, and |Jil_|%u=0, we- Since the
factor & (K "—K% § (W'—W?) is invariant (see (129)), and since
further Wo? — Wo2 — | E°|* = K°* = K°® by (160), we get, omit-
ting the indices (F{° W9 and (IK° = 0, W in the notlation
of the submatrices,

(@' | 10, | 2% = KOYID| G || ME|Z)VIDY,  (170)

71w
4" [W]
K’ = K°and W = W° D’ is simply the functional determinant
corresponding to a Lorentz transformation in the subspace de-
fined by the variables (x) for a fixed energy-momentum four-

vector K°#, i. e.

where D' = D(IK° W° x') is the value of V for

., 0@
D = 3Ex,§, (171)
and (1..7‘0)’>may thus be written
1 . _
giE (00 seye = | M lgge o, (172)

From the commutation rules (147) it now follows in the
usual way that’ the eigenvalues of the square of the angular
momentum are given by I°(°+ 1), where I° may be any integral
positive number or zero. The quantity L defined by

r‘r,

thus has the eigenvalues
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L°=I°(l°+l), P=0,1,2---. (174)

Further if o . _
(' W x| K°=0, W, [9

is the representative of any eigenfunction of | M|% the function
(K'W'x'| K°, W°, I = VID|(KK'W'z' | K° =0, W°, %) (175)

will represent an eigenfunction of L with the eigenvalue
LY = (P +1).

The eigenvalues of I, may be obtained in a similar way.
Since the I transform like a four-vector by Lorentz trans-
formations we have, instead of (165), for the vector I

F:F+v{r‘v(L—1)+ r } (176)

Wi ) YT

14
where the vector » denotes the velocity of the new system of
reference relative to the old system. It is assumed that corre-
sponding coordinate axes in the two systems are parallel. If the
new system is the center of gravity system, @ is the velocity
of the center of gravity, i.e.

0
v = % (177)

In this system we may, according to the definitions (157),
simply write

C=MWwW’, I*=o0,
and by a simple calculation we get instead of (172)
1 = =
KO—(TZ)KL,,W,,:(aIMI+ayMy—I— a,M) k=07 (178)

with
a = (a, a, a) =

uzvx( 1 ) vzvy( 1 ) UZUZ( 1 )) ](179)
e T v A A T f
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For the scalar product @M on the right hand side of (178)

we have - _
alM = |a| M, (180)

where ME is the component of M in the direction of the vector a,
while |e]| is the magnitude of @. By means of (179), (177),
and (160) we get

— — =3 =% U;A / 1{22
]u|:l/ax+ay—l—a;=l 1+E~2= 1+Rgg-- (181)

Now, the component of M in a given direction has the eigen-
values m’, where m® is an integer ranging from —I° to +°.
From (178), (180), and (181) it then follows that the submatrix

() gowo
IYII(0 we = W (182)

has the eigenvalues m® with — 2 <m® <[, and the full matrix

TZ
™= VTR (183)

therefore will also have the eigenvalues m’ with

— P <mt<p.
Instead of the quantities (163) it will now be convenient to
take the six variables

K* =K, K,K,W,L,m, (184)

defined by (121), (173), (183), and (163), as a set of commuting
constants of collision. The total number of particles n commutes
with the variables (184), but n does not in. general commute
with S. n will be a constant of collision in the special case,
only, where annihilation and crealion processes are excluded. In
this case n will have a definite numerical value. For n = 2 the
variables (184) will form a complete set of collision constants.
The matrices S and 7 then will be functions of K and L, only
since these last variables are the only invariant combinations
of the variables (184). Thus, the eigenvalues 7° of 4 will only
depend on the eigenvalues K and L° of K and L, i.e.
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70 =7 (K% 1. (185)

These eigenvalues of 4 are obtained automatically if we introduce
that representation in which the quantities (184) are diagonal,
thus the complete solution of the eigenvalue problem in this
case follows from the invariance of § and % under Lorentz trans-
formations.

For n>2 or in the more general case where n is not a con-
stant of collision, a complete set of collision constants (&) will
of course contain other variables hesides the variables (184),
and 4 will be a function of other invariant collision constants
besides K and L. If S and 4 are invarianl under other groups
of transformations besides the Lorentz transformations, for in-
stance the group of permutation of variables, this property may
in a similar way be utilized in the derivation of new constants
of collision. '

As an application of the general theory developed in this
section we shall now express the total cross section for the col-
lision between two particles 1 and 2 as a function of invariant
quantities. By means of (47), (49) and the generalized equation
(96) we have for the differential cross section in which new

particles with the momenta k&, & --- k), are created
//0 . A’ . 4 R 0 2k12 , ,
at.emis.— 47 == | 0L| l|0(:c | le)l e doadk;- - dE,, (186)
View] —wg P—| ) xui|?- [(a)), —}) e} ,
with

(@' |R|x") = (&' | Ugory| %) = (2’| &7 —1]2")

on account of (26) and (43). Since we are now constantly
working in the subspace corresponding to fixed values K°, W°
of the total momentum and energy, we may from now on
omit the indices K°, W° in submatrices like (x| R|x°).

It is now convenient t{o choose the variables (xr) In the
following way:

@) =C.¢, Ky, - Ep) ' l

' ' ' (187)

’ ’ 2z 2y
= cosf = —, = arctg -+,
¢ ‘ Ko 9 oA gkgx J
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i.e. 8, ¢’ are the polar angles of the direction e}, = Tz For
’ 2
the functional determinant a simple calculation gives

,_ (w—wy) e

; (188)
Further we have kS
dedk; ---dk, = di'dy' dk;- - - dk;, = dx’,
so the total cross section is given by
0 = (1@ [R|2) [ da’ (189)
with
; 2 40
¢ = in] ] (190)
Vloe? el P — el xaed P
and

Sda;’ = 5 7§d‘§'dg)’dk’3 - Ak,

=2 ¢

Now, let («) = (H, W, 8) be a complete set of collision
constants and let (x'|8%) g, o = (2’| 8°) be the transformation-
functions connecting the (x)-representation with the (8)-repre-
sentation. Since

{1 IR a9 P o’ = (a | RIE] )

and by (25) and (26) and (43)

RIR=—R—R = 1—el+1—¢ i
= 2(1l—cosy) = 4siugg,
we get =
Sl(x'|R|;r°)|2 dx' = 4(:c° sinzg xo) = 4§sinzq]—(§2 dg' | (=8 |°.
Thus,
Q =4¢° (m” sinzg m0> = 4C°Ssin2@ da' | (x| ) [2,  (192)

where of course Sdﬂ' is to be replaced by a sum in the case

of discrete eigenvalues of 4.
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The variables (8) may be divided into two groups
(8) = (¢, ), where (») contains all the invariant collision con-
stants, while (y) contains only non-invariant quantities. Thus L,
defined by (173), will be a member of (z), while the quantity
m, defined by (183), is contained in (y). 4 then will be a func-
tion of K and (¢), only, and (192) may be written

Q=4c°§sm”( D s a0, 0) (193)
with v

fla0, ) = S| 0 ) Pdy (194)

Let us now consider an arbitrary Lorentz transformation,

d let _
e e 8= (.7 =UsU"" (195)

be the collision constants in the new frame of reference, con-
nected with the old collision constants 8 = (¢, y) by a contact
transformation. The unitary matrix U is given by (136) and
(140). Since the (/) are invariants, we have

L= (196)

The transformation funclion connecting the B-representation
with the S-representation thus has the form

B8 ==Y

and since

@ 13) =\ @18 d8° (8|8,

we get
@ =, =YD @ (7=, 70 = (G dr 6°17), (1o7)
where the functional determinant D° is given by

o _ 8 A4 [W?)
D= = AW (198)

On account of the fundamental relation
\ 17 d7 G 17 = {6170 a7 Gl = 0G0 —r)

holding for any transformation function, we then from (197) get
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ja7 1@ r=s e = (@l ke, am)
or ' _
f@, ) = [D[f@E, 7=, (200)
where
f@.o = |G 1Py (201)

is the function corresponding to (194) in the transformed system.
By integration over all values of (2% for n® = 2 we get from
(200) and (198)

Sf(x°, V) da® = Sf(‘o D=

n"=2

2 (x%)
d(x)

which shows that the function

dz® = V(;O, V=)dz°, (200

n®=2 Yn'=2

g0 = S f(@®, 1) da (203)
no=2
is an invariant function of the eigenvalues of the invariants (.).
Now, let the new system of reference be a ‘center of gravity’
system in which F° = 0. Then the function f defined by (201)
will be constant for all values of (z°), i.e. f is independent of
the direction of kJ. This follows from the fact that f(z°) as a
function of the variables (z’) is invariant and form-invariant
under all rotations in ordinary space. So we have

(@0, 7=1) = Sf(jc =) dz = 9»4%') (204)

by (202) and (203). In an arbitrary frame of' reference, where
K" 3£ 0, we then by (200) and (204) get

F@, o) = || (203)
7t
and for the total cross section (193)
0= GOSg(L') Sinz/—r‘-(zb—)d/, (206)
where
0 1y0!
@ — 42}?' W W 207)

on account of (190), (198), and (77).
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Since ¢ = — K, we further, by means of (188), (77), and
(160), get
,[IOIWoWO l(k w1 _kOWO)e l Wng_‘Wg
e kd (208)
(Wo W°)2—|I_c°+i§g ,2 B ﬁz_
VIRSW, —RSWO P— | RO x RSP B
Thus we get the general formula
02 , K%,/
Q= 4’;:2 Sg(/) sin”—%’—‘) de, (209)

by which the total cross section is given as a function
of invariant quantities.

In the special case where the total number of particles n
is a constant of collision, we have (:) = L and (y) = m, and
by (203) and (194) we get

) U
gy = Sf(mO,l')de =27S](;c°[ Im)Pda® = 20 +1 (210)
m =~

on account of the normalization condition for the eigenfunctions
(°|I'm’). Thus in this case g (I') is simply equal to the number
of eigenstates corresponding to a delinite value L' = I'(I'+1)
of the variable L and the total cross section is

C 4K G, K. T)

- § @r+1 sm”( (211)
F=0

In a system where the center of gravity ié at rest, i.e. " =0,

(211) reduces further to the well-known formula

Q=17 5 (21 +1)sin? 1, (212)
Iey 2

and in this special case the numbers I’ and m’ may be inter-
preted as the quantum numbers determining the magnitude and
the component of the angular momentum in a definite direction.
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