MATEMATISK-FYSISKE

MEDDELELSER

UDGIVET AF

DET KGL. DANSKE VIDENSKABERNES SELSKAB

BIND 29

KOBENHAVN 1954-55
I KOMMISSION HOS EJNAR MUNKSGAARD







12

ot

10.
11.
12.

13.
14.

15.

16.

INDHOLD

FoLNER, ERLING: On the Dual Spaces of the Besicovitch Almost
PenriodiciSaCestalOnd s ot sty i d 0% o e B 0 st o o T R e
EEBEL, MaRvIN E.: Causal Behaviour ot Field Theorles with
Non-Localizable Interactions. 1954 ¢

WiLeTs, LAwRENCE: Excitation of Nuclear Rotallonal States
in p-Mesonic Atoms. 1954 e el e S - B RS
Barraausen, C. J.: Studies of Absorption Speclra. l Theory
of Copper (IT)- Speclla 1954 .

Natvr, PETER: The Energy Production in (‘onvectl\e (‘ous in
S e LY S s e P PSP Ly - TR U e o]
NieLseN, O. B, and Koroep-HANSEN, O A Su Gap f-Ray
Spectrometer. 1955 .. ot i 38 e o A A I s s ) B i .l e o R e
JORGENSEN, CHR. KLIXBULL: Studies of Absoxptmn Spectra. VI
Actinide Ions with two 5 f-Electrons. 1955, . ... ... . ...
BaLLnausen, C. J.: Studies of Absorption Spectra. V. The
Spectra of Nickel (1) Complexes. 1953.....................
Araca, G, ALpkr, K., Bongr, A, and MorTteLson, B. R.: Inten-
sity Rules for Beta and Gamma Transitions to Nuclear Rota-
tional States. 1955. .. A T o

BOHR A, FH(“)MAN P. O, and M()I‘TELSON B. R.: On the Fine

Jﬂnun\sEN CHR. KLIXBULL: Sludles of Absorption Spectra. VII.
Systems wilh three and more f-Electrons. 1955 ............
Haag, R.: On Quantum Field Theories. 1955. ... ... ... ...,
HERMANSEN, ALFRED: A Theory of Interference Filters. 1955 .
BaLLHAUSEN, (€. J., and JoRGENSEN, CHR. KLIXBULL: Studies of
Absorption Spectra. X. d-Electrons in Crystal Fields of Diffe-
rent Symmetries. 1955, ... .. I it N I DL UL e
Koroep-HANSEN, O., and NIELSEN, A.: Constr udmn ot a Spec-
trometer for Neulrmo Recoils: Tnvestigation of the Decay
O AT OGS e e o s gy s s Simind o by g i o e
NiLssoN, SVEN GosTa: Binding States of Individual Nucleons
in Strongly Deformed Nuclei. 1955. 2 :
KALLEN, G, and SaBRyY, A.: Fourth Order Vacuum Polarization.
DS s i i 2 e B e & S i S b T g e S
ALDER, KurTt, and Wanu:n AAGE: Matrix Elements between
States in the Coulomb Field. 1955
ALDER, KurT, and WINTHER, AAGE: On the anct Ev(uluhon
of the Coulomb Excitation. 1955 ... ..... ......,

Side
1—27
1—31
1—22
1—18
1—14
1—19
1—21
1—18
1—22
1—20
1—29
1—-37
1—96
1-32
1-—60

. 1--68
1—20
. 118
120



-fJ- v ';';.-5 o 5
o sy Lo e

T M




Det Kongelige Danske Videnskabernes Selskab
Matematisk-fysiske Meddelelser, bind 29, nr. 19

Dan. Mat. Fys. Medd. 29, no. 19 (1955)

ON THE EXACT
EVALUATION OF THE COULOMB
EXCITATION

BY

KURT ALDER anp AAGE WINTHER

Kebenhavn 1955

i kommission hos Ejnar Munksgaard




L
il
III.
V.
V.
VI
VIIL

CONTENTS

Introduction . ....... ! p e e e
Reduction of the Coulomb Cross Sectlon to Radl xl Matrlx Elements % L
Evaluation of the Radial Matrix Elements ......................... b

R CUES 001 ORI A i o e 15 it 15 e e o AR i it o L B KR B e AR SE g = 7
ATV DY GV it e e vl e e e M e R e o et ()
Conclusions . o T e N e s AT R Fook i o ot R e 0 o A
Numerical Results i R e e e s TSR L L 14

Appendix: Some Pmpextles of (yeneralued Hypergeometrlc Functions of Two

AV ATIARIES: Wik & aeiivs in e & eiem s : AR e ST T [

Referulces . 20

Printed in Denmark.
Binnco Lunos Bogirykkeri A-S,



It is shown that the calculation of the total cross section for Coulomb excita-
tion can be reduced to the calculation of radial matrix elements between eigenstates
in the Coulomb potential. With the method developed in the preceding paper, one
is able to give closed expressions, convenient series expansions, and recursion
formulae for these matrix elements. The case of vanishing energy loss and the
semi-classical limit are also discussed.

I. Introduction.

he exact evaluation of the Coulomb excitation cross section

has hitherto only been performed in the dipole case®2 The
radial matrix elements for the higher multipoles are more com-
plicated and have previously been treated only in the WBK
approxmation3. With the method developed in the preceding
paper?, one is able, however, to give closed expressions and
suitable series developments of these matrix elements.

The closed expression given there contains a generalized
hypergeometric function of two variables. It is one of the main
points of this paper to give the analytical continuation of this
function into the domain where it is of physical interest and from
which the numerical evaluation can be performed. Once this is
derived it will be easy to discuss the different limiting cases. We
shall deal here especially with the limit of no energy loss and
the classical limit. Furthermore, we shall give a number of
recursion formulae which will considerably facilitate a numerical
evaluation.

II. Reduction of the Coulomb Cross Section
to Radial Matrix Elements.

The electromagnetic excitation of nuclear levels by means of
impinging charged particles is a phenomenon analogous to the
nuclear photoeffect, since specific nuclear properties enter only
through matrix elements identical with those encountered in radia-

1%




4 Nr. 19

tion theory. If one neglects the penetration of the projectile into
the nucleus, one finds easily in the non-relativistic limit the
following differential cross section for excitations by means of
the electric field:

do 4le1e u, 7 B(EX) I

I',-Ir“]‘MIYA (19,<p)17\",>|2. (1)
a2 = Rt o R s
my, Z;, and v are the mass, the charge, and the velocity of
the projectile, respectively. The indices i and f refer to the initial
and final states. B(E 1) is the square of the nuclear o pole electric
transition matrix g)lement in the notation of BoHr and MoOTTEL-
son®. The states | k> are eigenstates in the Coulomb field of the
nucleus which, at distances far from the nucleus, behave as “‘plane
waves’’ (distorted by the Coulomb ficld) with definite wave
numbers k. These states may be decomposed in partial waves®:

> o ! >

k> =2 4m(—1)"i'e %Y, 4 (k) Yy, (B, @) kr Fy (kr), (2)

=10

where ¢, = arg I'(I -+ 1 4 in) is the Coulomb phase and F,(kr)
the regular solution of the wave equation behaving as

1
sin(kr—gln— nln 2 kr 4 a,) for kr>) 1.

Introducing this into (1) one may integrate over the angles,
utilizing the formula*

" / e - | 1
S‘-"’:,m.Yz.m.Yz,m,d9= ‘/(2Il+l)(212+1)(213+1)(h]213)([1 b 13)_ (3)

4x 00 0/\my myimg

By integrating over the direction of k one obtains the total cross
section
64n2 Zietmiv; ' B(ER)

h* v; (244 1) l

Opl =
y (4)
XZ(H B g 1)( 060)| Mig P ’

* Here we use the ngner notation for the vector addition coefficients. The
relation between those and the Clebsch-Gordon coefficients of Condon and Shortley
(E. U. ConpoN and G. H. SuorTLEY, Theory of Atomic Spectra, Oxford 1936) is

1, —1ly—m
hilah) o e e el
(ml = << hLmm, | (1) my >.

Va1
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with

Fy (k;r) g F{ (kyrydr. (5)
(1]

—A—1 __
1‘11;],, . 1('1‘ kIS
The selection rules for the angular momenta /; and /; are directly
seen from equation (3):

| L— | <A<+ and [+ + 1 even.

The evaluation of the total cross section is thus reduced to
the evaluation of the radial integrals M7, The differential cross
section and the angular distribution of subsequent y quanta can
also be expressed by these radial matrix elements. In a forthcoming
review article’, formulae will be given for these cross sections
together with a more complete discussion of electromagnetic
excitations.

IT1. Evaluation of the Radial Matrix Elements.

According to the formula (22) of I, the radial matrix element
is given by
_ TG+ i || TG+ 1 + i
QL4112 Uit 1)!

—A—1
1”’:’ [/'

a 24 9
G+ L —A+ 1)1 YA ikl o SO0 1D (jgy— e )h 2

F2(1i+1/ Z+2, Ii—{—luin,-,l,le+in,,21,~+2,21,+2,x,—y),

where o
e 27y and gy = - i,
& &
further Zy Zy e*
& = Ny — i and n = 2
hv

Since the series expansion of the F, function only converges for
x and y in the neighbourhood of zero, one has for the numerical
evaluation to find the analytic continuation of this function in
the neighbourhood of inlinity.

The analytic continuation is in fact given by the Barnes
integral representation®, and suitable asymptotic expansions may
casily be derived from this. However, we shall here use only the

(6)



Fo2l+2,14+2A+1—in I+14+in,214+2442,2142,2,—y) =

(— DT @I+ 224+ 1) |(— )7

Fz(—2l+1,1+14i17,, 1+1+in,,—z+1—i5,—z+1+i§,1,1)
X X

-+ 2 Re { (—x)_ZZ“le—iE .

X

M

44 . { 5
ﬁlle i 655 Ml(m) (2 ](i)l—zx ”w
T+1+in) | \y G =1
F2(~2l+1,1+1—in,,l+l+im,~l+1—i§,ﬁl+1+i§,i~ iy
2n; 27y

+

X

6 Nr.19

analytic continuation for the special case I; = I, +- 4 and derive
the other matrix elements by means of recursion formulae,.

In these matrix elements, where the change of [ is maximum
(maximal matrix elements), the F, function reduces to an Fy
according to formula A5. This may again be expressed by an
F, function (A5) for which an analytic continuation in terms of
F, functions is known (A4). One thus obtains immediately, e.g.,

| TG+ i) :
rEy|rd+i+i+in)l?

r—i—id

T(+1—in) T(I+A+1+in)

Fa(*l+1+i5,1+1+1—ini,l+1+i»7,,1+1+i5’_'1+1+i§’ l’l)H'
x x

With this formula one gets for the radial matrix element®

2 Re {(eins )’-“f F+a+1—ig) I'(—i—-if)
27 -1~ i)

Fz(—l‘i‘l-f—l'f, l+l+1—i77,~, 1+1+l"’]/, A4+1418,

L laliebag) 5-)}].
2n 2y

* Dr. L. C. BIEDENHARN has kindly communicated to us an independent
derivation of expressions equivalent to formulae (8) and (9) which were obtained
directly without explicit use of the properties of the hypergeometric functions.

(7

(8)
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Similarly, for the other maximal matrix element, one obtains
i _a I+ 1+iy ) e rG+ig)f?
Mt} = R DL |1 e [ITGHIDF
1"2(—21+1,1+1+im,1+1—i17,-,~2+1—i§,~/1+1—'r1'5,_—§,j)
2n; 2
At+i& p N ([
+2Re[(i) I'(+i+1+in) .( A—i&)
29 ra+i1+in)
sz(f A1 08, ek A L oy, T L, A+ 18,

—A+1+i5,_5,_5)}]

27; 2w '
= e M e — ).

In the first F, function of these formulae, the first parameter,

— 21+ 1, is a negative integer. Thus the functions are reduced

to polynomials which for the lowest mullipole orders are given
explicitly by

20 2y
0 for 1=1
L mCmtm) L
= 3 21+ &) 77
1 ﬂi(’ii+71f)[ 2 2 y
S 51(ni+n) E+4(3n;—2%7)] for 1 = 3.
2(1+£2)(4+8%) "7(; (mi+ny) (3 7y i)

The formulae (8) and (9) are well suited for a numerical evalua-
tion, since the series expansion of F, converges for nearly all
interesting values of the parameters. However, for [ >> 5 the con-
vergence is rather slow.

1V. Recursion Formulae.

The non-maximal radial matrix elements can be derived from
the maximal ones through recursion formulae. We shall first
derive a recursion relation of this type, which we shall use for
quadrupole matrix elements.

(9

(10)



8 Nr.19

Recursion relations connecting dilferent mullipoles can be
used, e. g., for the calculation of the octupole matrix elements
from the quadrupole ones.

For the numerical evaluation of the maximal matrix elements,
it may also be advantageous to use recursion formulae connecting
successive maximal matrix elements.

From the general formula I (17) one gets a recursion formula
of the first type by demanding the condition

besides the two conditions 1 (18, 19). In the quadrupole case,
this leads to two recursion formulae, where one has to set [; =
[,—1 and [; = I; + 1, respectively.

MR o P M My g M7 = 0, (12)
M g M MU MG =0, (13)
where

g = ki (1--2)QI+3)| 1+ 14|yl = —3k(I-+ 1)1+ 1)|1+2+ i
o = — QUL DI+ 1+in| g = 3k(I+ D@1+ 3)|I+in|

, ‘(14)
ys = Sk(I+D)QIFD|I+2+in| gy = —k(I+2) 21+ 3)|I1+1+in]
Yo = —3k A+ 1)QI+3)|l+in]| gy = kII+D)|I+1+in,].
By elimination of the matrix clement Mﬁ_‘o’l,ul from (12) and
(13) one obtains a recursion formula of the desired type
M = nMpte + M o b MG 2 M (15)
with
[(l+1) 2
= (77?—770
3
e 1'77/H1+2+i’)/,| z3=nﬂl—i—l—l—i’r/illl—i—2+‘im| (15)
21+
Zy = 7; ]["1+ |l—{—1171||1+1+17],| g 7,7],91 |I+17]/|‘l+1+177|
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By means of (15) the non-maximal quadrupole matrix elements
are determined from the maximal ones already calculated in
(8) and (9).

The recursion relation connecting matrix elements of different
multipoles may also be derived from I (17). One relation involving
octupole matrix elements is, e. g., obtained with the subsidiary
condition x; = 0. This leads to

gy MOt = g M g My MY (17)
where " :
yo= 2k |1+ 1+ i
y'=(+2)Q21+3) yy=k(21+ 1)1+ 2+ i - (18)
!];’:_ki(21+3)|1+,'1h|, ’

In order to obtain recursion relations which involve only maximal
matrix clements, we shall use the general properties of the F;
functions which occur in these matrix elements. The property
which we shall utilize is the following:

Fl((t+n1,ﬁ+llz,ﬂ/+ns,7+"4,$,y) l

d 0 ; (19)
=A@+ By +C@Y) 5| Fi(@ b b2y, |
where n, are arbitrary positive or negative integers and 4, B, and
C rational functions in x and y°.

A method of deriving recursion formulae is then to eliminate

82 F, and aiFl between three such equations. The F, function
x g

which occurs in the maximal matrix elements is, for [; = I+ 2,
Pl e 11—l 20 B g A s i 2 10 903 T o = B ]

= y=—".
i+ ni—n;

(20)
with

One easily obtains

(214+24+2)(21+2i+3) 1 l

F,{+1) = o
S [ I+ 2+ 1+ i [P 11+ i (x—y)

(21)

) 9 . 9
{ (I—{—l—zn,)(:c—l)%—(l—l—l+111,)(y~1)ay}F1(l). J
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Similar expressions for F;(I—1) and F;(1 4 2) can be derived. The
elimination of the derivatives gives the desired recursion formula

wy MY s+ wa M e+ ws M + w M =0

with

w, = 277i17,|l—2—{—i17f”l~1 —|—1'17,H1+l_2+i77i|

we— —|[1— 1+ in |[B@ g} + 475 + 1[4 (A—2) (7 + ) + i — n]]

+(A—2) [(2A—3) 7 — 3 nj] + 6 77 7y]

wy = %|l+l—1 img | [P 20 + 14 G—2)f + 0 — )]
20— 27 + 61}l

wy=— 2|1+ A—1+in |1+ 4+in |1+ in].

V. Limiting Cases.

We shall here study two limiting cases of the general formulae
for the Coulomb matrix elements. The one is the case of vanishing
energy loss, i.e. 7y —n; = & = 0, where one easily can obtain
a simple expression for an arbitrary Sommerfeld number. The
second case is the classical limit where #;, 1, >> 1, while 5; — 7
is finite. This must lead to expressions identical with the usual

classical integrals'® i,

a) & = 0.
For the maximal matrix elements, the second term of equa-
tions (8) and (9) is zero* while the first F, function is equal
to one. One gets thus immediately the result

(A=D1 I'd+1+in

MG = M = @R :
M) 1+4,1 (2 k) @Ai—1D|CI+21+1+1y)

(24)

The other matrix elements can be obtained by means of the
recursion formulae. For the quadrupole case one may use
equation (15)**. However, this becomes singular for & = 0, and
the limiting process & — 0 has to be performed with some care.
* This is not true for 4 = 1, the result (24) is, however, right also in this case.
** The formula (25) has been found also by L. C. BIEDENHARN and C. M. Crass*

who have given a numerical evaluation of the total cross section and one of the
coefficients for the angular distribution of the subsequent y’s for the case & =0.

(22)

(23)
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, .
M =— n i liml[ Ia+1 +’_”I)
221+ 1)1+ 1) e»0& U TA+1+iny)

iy (m)z 1—2 e—gf]

(1
w g
/le‘.’.

f

_‘F(1+ 1+ in;)

F(l+1+i7]f) 772i i
1
= 204+ 1—mn+i l+1—inp) —pd+1+in]).
21(1+1)(21+1){ an+inly( i) —y( ]}

We have here used the expansion I'(x + 6) = I'(x) [1 4+ dyp(2)],
where p(x) is the logarithmic derivative of the I™-function.

For the octupole case one may use equation (17), and one
gets directly

_4 [ k S -
LTSI D)+ 2) I D@13 |1+ + in|
RI+1—ap+inp+1—in—yp+1+in)]—1{+1)(21+ D).

(31414 in|

The limiting case n = 0, i.e., the case where a plane wave Born
approximation applies, is immediately obtained from (24) and (25).

For #)>> 1 one obtains the classical limit for & = 0. The
deflection angle 0 is there determined through tg0/2 = 5/l (see
below) and one gets, e. g., for the quadrupole case

: 11 .,
Mt =Mp2,= ~ - sin?0/2
n*6
11 n—0
M} = — v R 0 1_;,“021.
L1 0 2 g0/ 9 g0/

(27)
|

These matrix elements are just 4/52% times the classical integrals
for £ = 0 given by Ter-Martirosyan (loc. cit.). The connection
between the matrix elements and lhe classical integrals is ob-
tained by the WBK approximation.

b) The classical limit.

In the classical limit % >> 1, the main contribution to the

> >
matrix element < 1\',-| et Y;.,u‘kl > of equation (1) will arise from
a narrow region of [ values around?!®

(25)

(26)
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[ f?;i’p = 1 cotg0/2, (28)
1

where p is the classical impact parameter and 6 the angle between
ki and L.

For # >> 1 and ¢ finite, the F, functions of (8) and (9) ap-
proach the confluent hypergeometric functions of two variables
¥, according to equation (A3). One obtains thus, in view of
equation (28),

I k;.—? kﬂ.—‘l i x 5 i 3
Miil = ==, 1, (0) = -2 sin*f[2 e SCotOR T ORI
47~ 4
X |MT

W 1) NS R R e S ST ey (29)

2 Rele B P (A1 if AR TiE, =l Tt 182, 2] :I

with ; Lo &
D e R L L e
e R

Zhi=

N vy

The classical integrals I3, (0) are defined in ref. 10. Similarly,
one obtains

A—2
Sy ki 1\
Mu+}. = 4'/1 IU.(B)
A—2 3 ;
Eo 2}. sin}“ 0/2 eE(col 6/2 +6/2—mn/2)
4177L
|F(l+i§) 2 ; ;
Xol—= - 2 W (2441, —A4+1—i& — A+ 1 +i§ —z% —2z) .
{ GID Gl

+2Re[I(—A—i§) (2 + 1 (—1)
Po(—A+1+i&,A+1+i8—A+1 +i§,——z*,—z)}l[

A—2
= e ()

The non-maximal matrix elements may be obtained by means
of the recursion formulae.
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The series expansion (A3) of the ¥, function converges for all
values of the variables, and the formulae (29) and (30) are thus
directly suited for a numerical evaluation.

Since the limiting formula (A 8) also holds for any value of 5
in the limit 7)) 1, the formulae (29) and (30) constitute the limits
ol the general formula (6) for large values of [; and ;.

VI. Conclusions.

By means of the results obtained in this paper it is possible to
calculate the exact matrix elements needed for the computation of
the total and differential cross sections in Coulomb excitation. The
main difficulty encountered in a numerical evaluation is the rather
large number of angular momenta which contribute to the pro-
cess. The main contribution will in fact arise from [ values of
the order [ = 7, bul also much higher [ values must be taken
into account. A direct application of the formulae for the matrix
elements is made dillicult by the fact that the F, functions con-
verge rather slowly for [> 5. However, this dilfliculty is over-
come by the use of recursion formulae, whereby one may com-
pute all matrix eclements from the maximal matrix element,
corresponding to [ = 0,1, and 2. Furthermore, in the limitl>) 1,
the matrix elements approach always the classical integrals
B2 17}“1;1“ (0, &), with tg 0/2 = g/l. Extensive tables of these
integrals have recently been compiled®.

VII. Numerical Results.**

A numerical evaluation along the above mentioned lines has
been carried out on the high speed electronic computer BESK
in Stockholm. The first three maximal matrix elements were
calculated with an accuracy of 107!, A comparison between
the directly evaluated matrix elements and those obtained by the
recursion formulae proved that (his accuracy was sufficient for
the application of successive recursion from these three first matrix
elements.

* This tabulation, which was made by the authors, is not published, but
parts of it are available on request.

** This chapter has been added to the original manuscript on May 10th 1955.
‘We are greatly indebted to Prof. G. BREiT for drawing our attention to an
error of sign in the numerical calculation of ref. 11.
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Fig. 1. The ratio of the exact to the classical total cross section function f., (;, &)
[t (00, &) for electlric quadrupole excitation as a function of 7. The curves for differ-

ent values of & < 2 coincide within the accuracy of drawing for # )1.
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Fig. 2. The angular distribution coefficient a, as a function of £ for different
values of ;.
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Fig. 3. The angular distribution coefficient a, as a function of £ for different
values of #;.

03

An extract of the results is shown in Figs. 1—3.
The total cross section function fro (), &) is connected with the
total cross section for electric quadrupole excitation through

2 2
mlv/

Zfez‘g B(E2) fga (0, &)

OrpyT

With this definition one expects from the WBK approximation
that the quantum mechanical corrections on f are small. Thus

9

64 n
fea (s &) = 95 %1 by

(81U —1) ;3 2 U+ 1)Q21I41), _—a2
s T ]
% “{2(21—1)( e (21—1)(21+3)(M”)

3_(I+1)(I—|—2)( oy ).zl

oy 1+2,1 | ;

221+ 3)
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The classical limit of this funetion is

0,5 |2 sint6/2.

o 8
foz (0, &) = \sin0 d0 = S| va, G0
Yo 120 u

This function was tabulated earlier (ref. 11) and is reproduced

in Table 1. The results for the total cross section function is plotted

in Fig. 1 as the ratio fgs (5, &)/ frs (o¢, &). Within the accuracy of

drawing the curves for different values of & < 2 coincide for > 1.
The angular distribution coefficients are given by

a, = b,/b, and a, = b,/b,

4
with
i ;;1(1_1)({—2)( )2 1(I+1)£21+1_)_(_)717f3()1+5} (4312
- @Gr=1 1—2,1 Gl 1 Kl

ol B (-2) (¢ + 8) (M_3 )2
' 21+ 3)° e

A—DId+1)
B I— 1) Mz 213 M cos (0, — 0;_2)

i+ 1) (14 2) M3 |
— 6 o 35-—— M1+z ; M, " cos (o — 0,+2)’-.

{ 9 1(1—1)(1—2)(1—3) (W )2 9(1 _l)_I(I—_% l)(1+2)(2I+ l)( )2
2,1 11

16 21—1)%(21+1) & W)

16 (2 i+ ) OFE3)

1+2,1

9 (+1) (+2) (+3) (+4) Doty

CBI= A=) I+ 1) LT
1 @D e e )

18Tl TR AY ( £') o
T T Mo M 008 G Gea)

105 (—1)Id+1)(I+2) Sl |
8 @I—1)@I+1)(21+3) 1+ar -2, 080200
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The results for a, and a4 are plotted in I'igs. 2 and 3. The classical
curves (n = oc) calculated earlier!' contain an error of sign.
The curves for #; = 0 are discontinuous having the values

for £ =0

b | —

ty (n; = 0, &) = |

e

for &£+ 0

for £ =0
ag(q; = 0, &) =
for £ + 0

NS | Qo

Table 1.

5 (20, 8)- 10FF
0.8954
0.8638
0.7289
0.5608
0.4046
0.2781
0.1844
0.1189
0.7511
0.4663
0.2855
0.1035
0.3628
0.1238
0.4143
0.1363
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L
.

The classical total cross section function for electric quadrupole excitation
for & < 2.
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Appendix:
Some Properties of Generalized Hypergeometric Functions
of Two Variables.

Besides the function F, defined in I, we shall here use the
following Appell [unctions:

’ v‘i'la i
Fi(o B B s ) = } ;"+"_ﬂ'"ﬂ"xmyn
*"'r('-:r()ym%—nm!ﬂ-

m, w ; . (A])
173 (C{, o, ﬂ, ﬂ', v, %, y) = }s_’gﬂ'ﬁx’"gn’

where
_T(a+n) _

a”—_m a(a+1)....(a+n—1).

These double series have the following domain of absolute con-

vergence:
|z <1 [y <1 (A2)

From these hypergeometric functions one can obtain related
functions by a limiting process, (the so-called confluence), e. g.,

i | ,
im Fy |, —, =, 9,9, 612, & y) — 1% (oo, Py 5T (A3)
&0 V& &

&g —> 1)

where

’ w7 o
‘Pz(a,%%xy)=2 e

T r
y:nynm! n!
m,n =0

is a series expansion which converges for all values of x and y.
There exist a large number of functional relations connecting
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different hypergeometric functions. Some of these represent an

analytic continuation, such as

Fy(a,a, B, 8. y.@,9) = f(a, &', B, ) (—x) % (—y)~ %
F2(¢¢+a'+l—y,a,(¢',a+l—ﬂ,a'—f-l—ﬂ',1,1)
xy
+ f(a. B B, &) (— 2y (—g) P
1 1

Fz(“+ﬂ’+1~w,a,ﬂ',a+1—ﬁ’ Aty ;)

+f(B. e e, B (— x)—ﬂ (—y)~®

) I |
Fz(ﬂ+a'+1—y,ﬂ,a',ﬂ+l—a,a'+1—ﬂ' ;,;)

+ (B, 0, e, ") (— r)ﬂﬁ (— y)_ﬂ'

e =
|-
SN

Fz(ﬂ"{‘ﬂ’%‘l*’)/, B, 8, p+1—ea,f +1—4da,

where
_ 'L e—HIe—p
'@ r'@r'y—i—uw

f(A, u,e,0)

(A4)

Others represent the reductions which occur for special choices
of the parameters. We shall here use the following reduction

formulae:
W, BBy e, =1 —ypF 1 (ﬂ, «— BB,y
VB ey m ) = A~ P R(Ff e o L
y

Lyl

e, e, By—B. vy =10 —y % ”1(/‘3’ O oy
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