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§ 1. Introduction.

ccording to the quantum theory of line spectra, the
A effect of a magnetic field on the fine structure of the
hydrogen spectrum should be lo split each fine structure
component into an undisplaced component polarized parallel
to the magnetic field and two components displaced equal
distances on each side of the first and polarized perpen-
dicular to the field so that three complex lines should
appear having the same fine structure as the original line™.
H. M. HanseEN and JacoBsex® have made an investigation of
the effect of a magnetic field on the 4686 line of the helium
spark spectrum which has an origin analogous to the hydro-
gen spectrum and find that their experiments show an
agreement with the theory for fields up to about 6000 Gauss.
For larger fields they find that the distance between the
two stronger components of the fine structure becomes less
and especially that the shorter wave length component is
shifted toward the red. Recently K. ForsteERLING and G. Han-
sEN have published the results ® of similar experiments on the
Zeemaneffect of the H, and H; lines of hydrogen which
appear as narrow doublets and have also found that the
two members of the doublet seem to move closer together
' DEesyE, Phys. Zs. 17, 507, 1916; SoMMERFELD, Phys. Zs. 17, 491,‘
1916; Borr, Quantum theory of line spectra, Part. I, p. 82, D. Kgl. Danske
Videnskabs Selsk. Skrifter, naturvidensk. og mathem. Afd., 8. Reekke, 1V, 1.

2 H. M. HansEn and J. C. Jacossen, D. Kgl. Danske Vidensk. Selsk.

math.-fys. Meddelelser III, 11.
® K. ForsTERLING and G. Hansey, Zs. fiir Phys. 18, 26, 1923.
1*
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as the intensity of the magnelic field is increased. At the
highest field intensities used (about 10000 Gauss) the three
doublets have merged into three broad lines each with a
total width somewhat less than that of the original doublets.
Both H. M. Hansex and Jacossen, and FORsTERLING and
G. HaANSEN mention the possibility that these effects may
not be due to the direct influence of the magnetic field on
the atom and therefore at variance with the theoretical
predictions but may be due to the action of small perturbing
electric fields in the tube, caused by the change in the
discharge due to the magnetic field®,

In view of the great theoretical interest of this question
this possibility will be investigaled more closely in the
present paper. In the first place we shall consider the pos-
'sible effect of uniform constant electric fields of different
intensities and directions acting on the atoms simultaneously
with the magnetic field. To the problem of the origin of
these fields and of the possible more complicated effects of
the discharge on the spectrum we shall return after the
calculations of the mentioned effect.

The effect of an electric field on the fine structure of
a hydrogen line has been treated by KraMERS % His results
apply directly also to the case where a magnetic field
parallel to the electric field is present, since in this case
we obtain a simple superposition of the perturbations due
to each field separately. For our purpose it is necessary,

' K. ForsTERLING and G. Hansen state that there was no visible change
of the discharge when the magnetic field was turned on. Yet, as is evi-
dent from their photographs, the intensity of the light emitted in the
presence of a magnetic field of 10000 Gauss is less than in the case of
no magnetic field. This indicates a change in the character of the exci-
tation even if it is not apparent to the eye.

? Kramers, Zs. fir Phys. 3, 199, 1920.



On the Effect of perturbing Electric Fields. o

however, also to consider the simultaneous effect on the
fine structure of an electric and a magnetic field, which
make an angle with each other. If, as in our case the
electric field is so small that it will only produce compara-
tively small changes in the fine structure, it will be suf-
ficient to consider an electric field perpendicular to the
magnetic field. In fact an electric field can always be re-
solved in a parallel and a transverse component and in the
case under consideration the effects of these components will
be simply superposed’.

§ 2. Calculation of the influence of a transverse electric field
on the stationary states of the hydrogen atom under the
influence of a magnetic field of such intensity that the rela-
tivity and Zeeman effects are of the same order of magnitude,

The Hamiltonian function for this problem disregarding
lerms proportional to H? is*®

2 2 12
1 P Py Ne*  p,He
. 2 T - S EE ) N L S ®
me {1 | mzcg(p"_{ 1'2_‘—1'2 sin? 0)} 1} :

where Ne and — e are nuclear and electronic charge respec-

r 27 me

tively, and m the electronic mass, and r, 8 and ¢ are the
polar coordinates of the electron if the origin is taken at
the nucleus and p,, py and p, are the conjugated momenta

! Epstemvy (Phys. Rev. 22, 202, 1923) has announced that the problem
of the hydrogen atom under the influence of crossed clectric and mag-
netic fields can be solved by the method of perturbed systems, if the
relativity effect is neglected. Recently HarpeErn (Zs. fiir Phys. 18, 287,
{1923) and O. Kiein (Zs. fir Phys. 22, 109, 1923) have also treated this
problem. It is obvious that we cannot usc these solutions for our pro-
blem since we are primarily interested in the effect of magnetic and
electric fields on the fine structure.

® A simple calculation shows that the energy term proportional to
H? is of the order of magnitude a®e® H*8m c% where a is the semimajor
axis of the ellipse, and is therefore quite negligible. (See HaLpErN, Zs.
fiir Phys. 18, 352, 1923).

— 4 ——+Fersinfcosep
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and H and F are the magnetic and electric field strengths
respectively. We shall use the following set of uniformizing
variables (angle variables), adapted to the treatment of a
perturbed Keplerian motion.

J = twice the absolute value of the energy divided by
the frequency of revolution.

27w = mean anomaly multiplied by the frequency of
revolution.

P/27 = total angular momentum of the electron around
the nucleus.
2w = angular distance between the line of nodes and
the major axis.

Q/2x = magnitude of the angular momentum of the
electron about the polar axis.

97y = angular distance between the meridian plane
¢ = 0 and the lines of nodes.

With these variables the energy function can be written

in the form
E = E,+ Fex, (1)

where E, is a function of J, P and Q only, given by the
equation

212 2,4 752\ 2
B qum[H(nz\e)(_?)# 4)]i QHe

J? c 2 IR/ T anme

and x represents the displacement of the electron in the
direction of the electric field as a function of the J, P, Q,

w, # and y and is expressed by the simple formula

x=>"'D, cos 27w (zw+B+y)— > Dy cos 2n(ew—RB8-+y) (2)

where the D, and D are functions of the J, Pand Q only".
' Kramers® Dissertation, Intensities of Spectral Lines pp. 16 and 28,

D. Kgl. Danske Vidensk. Selsk. Skrifter, naturvidensk. og mathem. Afd.,
8. Reekke III, 3.
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The motion of the electron in the unperturbed system
for which F = 0 can be described as a motion in a Keple-
rian ellipse with frequency e on which is superimposed a
precession of the ellipse in its plane with frequency o and
of the plane about an axis parallel to the direction of the
magnetic field with frequency ¢. The frequencies w, o and

o are given by the equations

4

_dw _0E, _ d8 0E,

w =

uaia— g _ a[ld :gﬁ:%—— _H_e>
dat — 87’ % T at T op T a0 T Timmer

and ¢ and ¢ are very much smaller than w. ¢ will be posi-
tive or negative depending on whether the angle between
the magnetic field and the vector of the angular momentum
of the electron about the nucleus is less or greater than
a right angle. While in the unperturbed motion, the vari-
ables J, P and () are constant and the variables w, A and
y increase uniformly with the time, this is no longer true,
when the system is perturbed by the electric field. In this
case the system can now be described by means of the
variables J', P, O, o', ‘,8' and ;/, related to the former vari-
ables by the infinitesimal contact transformation® defined

by the equations

85 B és ., 8
T =J+Fego, P =P+Fegg, Q' =Q+Feg,
W= w—FelS, g =pg—rSS 25

a3 /= y—F a e
57 “op’ VT T VT80

‘where . .
o R T ) —
S — E 2n(¢w+d+9)sm acw+B8-+y)
. - Dy -
v Eﬂ;(m Sin 27T (’L’ w — /9 —l‘ }/).

1 This was first used in BurcEERS’ Dissertation, Het Atoommodel van
Ruruerrorp-Bougr, Haarlem 1918. For a complete review of the quantum
theory of perturbed systems see Bomr, Zs. fir Phys. 18, 117, 1923.
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Since ¢ and ¢ are very small in comparison with @ all terms
of this series may be disregarded except those for which
v is zero. If the motion of the perturbed system is expressed
in these new variables, the energy E becomes independent
of the iangular variables w', £, ;' if we disregard terms
proportional to the square and higher powers of I and

terms of the order of magnitude FZ and FL. With this
(17 o

approximation J', P and @’ will be constant and w', 8 and
7 increase uniformly with the time. The substitution of
these variables in the expression for the displacement
gives

([M:@S daxdS dxdS dadS daxdS 8a:6’S>
x,— Fe ¢

dJdw dP&B 8Q by GwdJ ABIP 8y dQ
where x, is the function x (2) in which the new variables
have been substituted for the old. The displacement x of the
electrical centre of the perturbed atom relative to the
nucleus is given by the mean value of a. Since x, is zero,
x is seen to be proportional to F, and by means of EHREN-
FEST's theorem on adiabatic invariance it is possible to
calculate from this displacement the energy term propor-
tional to F? in the expression for the energy in the stationary
states of the perturbed atom (there occur no terms propor-
tional to F). It is easily shown to be equal to the displace-
ment T of the electrical centre multiplied by Fe/2.*

Since in this calculation we are interested only in the
displacement of the electrical centre, we need only find
those terms in the expression (3) for x, which do not in-
volve # and y. When the indicated calculations are per-
formed using the relations

! See KramERS’ Dissertation p. 78, loc. cit. See also SCHRODINGER, Zs.
fiilr Phys. 11, 170, 1922; Kramers, Zs. fir Phys. 13, 312, 1923.
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P+ Q) YIr—

»Mu »4:-\:,:
- ’T.Jl% "Ul%

P—Q)VP—P
"= P NEm
and substituting for J', P’ and Q" from the equations

J =nh, P =kh, @ =jh,
where n, k and j are inlegral positive quantum numbers
satisfying n> k> j> o, the energy expression is found to be

9 PR 02| k4

—_ 5 — 21 918 __ 1.2
E=E 5127 N2 m® I | (o + 9)? @k =31 — Kot
(n*k —n%—2k%) 9| + (Li) [ (22— 8K* + %)) o— (n2k + % —2K%) ¢ ]}
where €]
272 N2e*m 7t Né?
Ey =~ CnfR: {1+< he ) ( 2+nlﬂ>}+lh0’

and ¢ has a positive or negative value depending on whether
the vector of the electronic angular momentum about the
nucleus makes an angle less or greater respectively than a
right angle with the direction of the magnetic field.
Before concluding this paragraph we shall investigate a
little more closely the special cases where the magnetic
field is of such an intensity that in a certain stationary
state |o| and |g¢| are exactly equal. Here we have an
example of accidental degeneration of the perturbed system.
In such a case the ordinary method cannot be used, since
the expression (4) for the energy would be infinite, but the
so-called BorLin’s® method is applicable. Borx and HEISEN-

! K. Bourmn, Uber eine neue Anndherungsmethode in der Stérungs-
theorie. Bihang till K. Svenska Vet. Akad. Handlingar 14, Afd. I, No. 5.
Stockholm 1888. Compare Porvcakg, Méthodes nouvelles de la mécanique
céleste (Paris 1893), Vol. 2, Chap. 9.
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BErRG' have shown how the quantum theory should be
applied to such a case. The method can be briefly summa-
rized. It is always possible in such cases to effect a canoni-
cal transformation of variables such that with the new
uniformizing variables J, J,, .... J;, wy, wy, .. .. w; the
frequency corresponding to one of the angle variables, say

the w; is zero, 1. e. in the stationary state under considera-

. d . . .
tion oL — ('in the unperturbed systeni. If the Hamiltonian

dt
function is given in the form
H=H,+1H + ...,
where H, is a function of the J’s and AH,+ . ..., which

is a function of the J’s and w’s, represents the perturbing
potential, the energy in the corresponding stationary state

of the perturbed system will be of the form
E=E,«-AE++ ...,

where the additionally energy term 4 E, is secured by taking
the mean value of 2AH; over all the w's except w;. In the
corresponding stationary state of the perturbed system wy
~will have a stationary value w; which must be determined
from the relation —

dH,

0wy

and those roots of this equation give mechanically stable
o2
— [ 0°H,
motions for which H, / Y is a minium.
f

For our problem we may use the Hamiltonian func-
tion (1) given above after making the canonical transforma-

tion defined by the equation

J:J, =J]_5 T :JZ’

w=w, B+y=w, —B+y=w,.
' M. Born and W. HEISENBERG, Zs. fir Phys. 14, 44, 1923.
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Then using the method outlined ahove we obtain for the
case that o+ = 0

3Fh2 n 5 7o L
167° Nem k Vi =k (& +) (1a)

and for —¢+o =10

)hEl -

2 e
1B, = —SER n e e gy (4b)

167> Nem k

Thus for conditions such that accidental degeneration
occurs in one of the stationary states of the unperturbed
system consisting of the atom in the presence of the
magnetic field alone, the energy of the stationary states of
the perturbed atom contains a term proportional to the
first power of F in contrast to the case when |¢| and ||
are not equal. This is due to the circumstance that the
atom remains so to speak in oriented positions in the
electric field and thus permits the effects of the field to
accumulate from one revolution to the next and thus to cause
a change in the motion of another order of magnitude.
However, the effect can occur for only a few values of the
magnetic field and has no general interest for the discussion
of the observations of H. M. HANSEN and JacoBsEN and of
ForsTERLING and G. HANsEN.

§ 3. Influence of the perturbing electric fields on the Zeeman
effect of the hydrogen lines.

We shall now proceed to discuss the theoretical eflect
of the electric field on the spectrum. The frequency of the
emitted light will be given by the Bohr frequency condition

El _ EII

Y h

where E' and E” represent the energies of the syslem in
the initial and final state respectively. In the presence of
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a homogeneous magnetic field alone, there will appear in
the motion of the atom harmonic components of two types,
linear components parallel to the field of frequencies zo & o
and circular components perpendicular to the field of fre-
quencies zo =+ o4-¢. From the correspondence principle it
follows therefore that, while transitions are possible for
which n changes by any number of units, the quantum
number k& can only increase or decrease hy one unit,
further that any component of the spectral lines which
would appear in the absence of the magnetic field will be
split up in three components, one for which j remains
unaltered, and two for which j changes by 4-1 unit. The
first is polarized pal‘allél to the magnetic field, while the
two latter are polarized perpendicular to this field. It has
been shown in a general way by Bour' that in the pre-
sence of an external electric field new vibrations occur in
the motion of the electron whose frequencies are the sums
and differences of the {requencies in the undisturbed motion
and whose amplitudes are proportional to F and that there-
fore in accordance with the correspondence principle new
transitions would occur giving lines with intensities propor-
tional to F* A simple calculation shows that in the case

of superimposed parallel electrical and magnetic fields the

new frequencies |zw| and |zw-=2¢| occur in the motion
parallel to the fields and [zw-4 | and |rw+4-2¢49¢] in
the motion perpendicular to the fields. We must expect
“therefore in accordance with the correspondence principle
new p-components in which % remains unchanged or
changes by 2 units and also new s-components in which
k changes by 0 or -t 2. These calculations have been made

! Bonur, Quantum theory of line spectra, loe. cit. pp. 96—98.



On the Effect of perturbing Electric Fields. 13

by Kramers®. In the case of crossed electic and magnetic
fields the new frequencies in the motions paraliel to the
magnetic field are |vw+¢| and |zw+ 20+ and those
perpendicular to the field |0 -£2¢ |, |70 20|, |r0+-20420]|
and |zw|. We therefore expect new p-components corre-
sponding to changes of & by 0 or =2 and of j by 41
and new s-components corresponding to a change of & by 0
or =2 and of j by 0 or £ 2.

Fig. 1 illustrates these effects diagramatically. The first
plot shows the components into which a hydrogen “lineg”
is broken up by the presence of a pure magnetic field. In
this we have represented the whole group of possible fine
strueture components by a single line. The s-components are
displaced from the position of the line in the absence of the
field by £ ¢ and the p-component has the position of the
original line. The second plot shows the components produced
by a strong magnetic field and a weak electric field parallel
to it. The solid lines indicate the presence of the compo-
nents present in the absence of the electric field and the
dotted lines superimposed on these indicate the presence
of new components corresponding to &'—k%” equal to 0 or 4-2
with intensities proportional to F2. The general appearance
of the Lorentz triplet would be the same as in the absence
of the electric field. The third plot shows the components
in the presence of a strong magnetic field with a weak
electric field perpendicular to it. The solid and dotted lines
have the same meaning as in the second'plot. The p-com-
ponents in this case consist of a triplet, one member having
the position of the original line and the other displaced
from this position by L ¢. The s-components consist of five

1 KraMERs® Dissertation, Ch. IV and VI
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lines one having the position of the original line and the
others displaced from this position by +¢ and 4 2.

In figure 2 are shown three theoretical plots of the fine
structure of the s-components of H, (displaced by the
amount ¢ from the original line) in a magnetic field first
without a superimposed electric
field, second with a superimposed Unperturbed.
electric field of 200 Volt/cm parallel ~
to the magnetic field and finally
with an electric field of 600 Volts/em ° ] ’
perpendicular to a magnetic field
of 10,000 Gauss. These plots are Farallel Field.

labelled unperturbed, parallel and p ‘

transverse respectively. For H, we
have ' = 3 and n’’ = 2. The values
of the X's for the initial and final

turbed components and these are
indicated below by Ek—k”. The
“values of the j’s for the initial and

states are written above the unper- Trornsverse Feld
i
I
1
f
I
I

i
1
1
final states are written at the ends ;
t

of the components appearing in the Fig. 1.
presence of the parallel fields and

transverse fields. These are indicated below by j—j” and
(-+) j'—f" respectively. In the parenthesis beside these num-
bers in the latter case is placed a plus or a minus sign to
indicate whether é has a positive or negative sign in equation
(4) for the calculation of the component. The components of
the fine structure which do not appear in the presence of a
pure magnetic field are represented by dotted lines and all
»new« components originating from these so-called »forbid-
den« components are also represented by dotted lines to indi-
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cate that their intensities are proportional to the square of the
electric force while the intensities of the original components
to a first approximation are independent of the field strength.
The relative intensities of the components are roughly shown
by the widths of the lines and are taken from KramEers’
dissertation. In Fig. 3 are shown similarly the undisplaced
p-components. The methods of representation is the same
as for Fig. 2. For the calculations the formula?

9 ( h )8 F2c?

P =BT \aa) oo

has been used for the case of the parallel fields and formula

n°k(n?—2k%4 %)

(4) for the case of the transverse fields. For an electric
field which makes an angle other than 0° or 90° with the
magnetic field, the effects of its parallel and perpendicular
components will be simply superimposed as mentioned above.

§ 4. Discussion of Experiments.

The experiments in the case of H, are clearer than for
any other line investigated. 'FOrRsTERLING and G. HANSEN
state that the two components move together as the field
is increased in a way that is approximately but not exactly
symmetrical. The photograph which they reproduce, show-
ing the effects of fields of 4000 and 10000 Gauss respec-
tively on the p-component of H,, indicates that the stronger
component under a field of 4000 Gauss has very nearly
the same position as without the field and that the weaker
compounent has shifted toward the stronger component under
the influence of the field. The components have quite mer-
ged, however, under 10000 Gauss and both components
have moved from their original position. Moreover the inten-
sity has become very much less indicating that some change

! KRAMERS, Zs. fiir Phys. 3, 214, 1920.
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has taken place in the character of the excitation. These
authors state that the effect on the s-component is quite
similar to the effect on the p-component.
As is evident from the figure the etfect of a transverse
electric field would be
Fe very small compared
with that due fo a
parallel field of the

same intensity for

Ha-1

A magnetic fields of the

order 10000 Gauss.

Therefore if the effects

,» of the change in the

3+ 2 discharge (which ori-
o e——— 52 )

Q12 — 3> ginate from the pre-

----- sence of neutral or
13- ¥ _____ /-2 :
N 2-/

charged atoms or of

72 “electrons) can be actu-
N/—z—4ﬂx&ﬁ2 ally found from com-
parison with the effects

on the atoms of uni-

form fields with direc-

- tions distributed at
(i) J"*‘j” ]{I___]{If .il_jll N
Transverse % Unperturbed Parallel random  the Changes
e 3—2 s-Componeunts in the spectrum due
Fig. 2.

to the transverse com-
ponent may be neglected in comparison with the changes
due to the. parallel component. Apart from a random
distribution of perturbing fields due to the presence of ions
or electrons in the discharge, directed uniform fields may
be expected for two reasons. On one hand we may expect
an increase of the electric forces in the discharge parallel to
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the current. With the experimental arrangement used this '

means a perturbing electric force parallel to the magnetic

force. On' the other hand a ftransverse electric force may

arise from the motion
of the radiating atoms
in the magnetic field.
In faet, if these do not
move strictly parallel
to the magnetic force,
the motion of the
charged particles in
the atom will on
account of the Lo-
RENTZ force be affected
in a similar way as
if the atom was placed
in a uniform electric
field®. A simple cal-
culation shows, how-
ever, that it would be
neccessary for the
atoms to be moving
with a velocity com-
ponent perpendicular
to the magnetic field
corresponding to the

p e - |
22
&2-2
e
tiz2 2
“““ \ amman/-f
I Neshuntnioie 2-2
-2
pp———— /-t
Er-
(i‘) jl_j/l If,——kll 5 jl_jll
Transverse Unperturbed Parallel
,3—2 p-Components

Fig. 3.

fall of a hydrogen ion through ten volts in order to bhe

acted on by Lorenrtz force of two electrostatic units and

thus to produce the effect shown in the figures. It seems

quite improbable that many atoms could be moving with

transverse velocities this large. Moreover no p-components

' Comp. W. Wien, Ber. d. Berlin. Akad. d Wiss. 48, 70, 1914.
Vidensk. Selsk. Math.-fys. Medd. VI, 2, 2
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are observed in which j changes by =1 and no s-compo-
nents in which j changes by 0 or &2, as would be expected
in the presence of a relatively strong transverse field (comp.
Fig. 1). Therefore we can definitely conclude that the ob-
served effects are not due to transverse fields. The observed
effect on the p-component at 4000 Gauss on the other hand
might be ascribed to the effect of the components of the
perturbing electric field parallel to the magnetic field and this
same assumption might explain the effect on the s-compo-
nents as well. But it seems impossible to explain the observed
anomalous effect of larger magnetic fields satisfactorily in
this way. If the observations are not essentially influenced by
experimental errors due to the difficulties of separating lines
which are so near each other, it appears then thatl the cause
for the anomalies observed must be the irregular and vary-
ing fields present at encounters and that their effects are not
similar to those of homogeneous fields. It may be noted
that in the well known broadening of spectral lines due
to pressure we meet with a similar problem. As pointed out
'by Stark?! this broadening shows a general resemblance
with the effect of homegeneous electric fields on these spectra.
The attempts to account for the effect quantitatively? have
proved, however, that in many cases the obervations can
be explained only by assuming a particular effect of encoun-
ters ‘essentially different from that of homogencous fields®.

Another effect which perhaps shows still greater simila-
rity to our case has been observed by H. M. Hansen,
T. TakaMINE and S. WERNER in their work on the effect of

! Compare J. STark and H. Kirscueaun, Ann. d. Phys. 43, 1040, 1914

2 J. HoLrsmark, Ann. d. Phys. 88, 577, 1919. :

3 J. Franck, Festschrift der Kaiser Wilhelm Gesellschaft zu ihrem
zehnjihrigen Jubildum, pp. 77—81, 1921.
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magnetic and electric fields on the mercury spectrum . Thus
the line 1S —2p, (2270 A) which does not appear in the
spectrum of the undisturbed atom, could not be excited in
a homogeneous electric field and appeared only as a weak
line in the presence of a magnetic field parallel to the direc-
tion of the discharge. It was excited quite strongly, however,
in a condensed discharge or in a transverse magnetic field.
These authors conclude that the line would not be produced
in appreciable intensities in homogeneous electric or magne-
tic fields as is also to bhe expected from the theory but
that the magnetic field modified the discharge in such a
way that the conditions were similar to those found in the
condensed discharge where the effect of these varying and
irregular fields at encounters is greatest. Although unfor-
tunately the present state of the spectral theory does not
permit us to describe in detail the effect of these varying
fields, it seems quite probable that the observed effect of large
magnetic fields on the fine structure of the hydrogen and
helium lines is due to the modifying influence of the mag-
netic field on the discharge rather than to a direct effect of
the magnetic field itself. _

In conclusion the author wishes to express his best
thanks and indebtedness to Dr. H. A. Kramers for his’
interest and advice during this work.

! D. Kgl. Danske Videnskabernes Selskab. Math.-fysiske Meddelelser
Vv, 3, 1923.

Fzerdig fra Trykkeriet d. 10. Juni 1924, 9%
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